
> > 

> > 

(7)(7)

> > 

(6)(6)

(3)(3)

> > 

> > 

> > 

> > 

(2)(2)

(4)(4)

(5)(5)

(1)(1)

> > 

restart:
with(plots):
with(plottools):
with(Statistics):

Digits:=40;
digits:=Digits:

Digits 40

cv := 299792458:
MEv:= 597237*10^19:
Gv:=667430*10^(-16):
alv:=2*MEv*Gv/cv^2:

Surface:= 3189000;  # in meter
Surface 3189000

Av:= 1-al/r;

Av 1
al
r

evalf(alv);
0.008870355361295248856668158627529007790505

# The Lagrangian for material points in a Schwarzschild 
gravitational field (in polar coordinates)

-A*c^2+dr^2/A +r^2*dte^2:
sqrt(-%):
L:=%;

L A c2
dr2

A
r2 dte2

# Conjugate momenta

diff(L, dr):
#simplify(%):
#radsimp(%) assuming r>0, A>0:
pr:=%;

diff(L, dte):
#simplify(%):
#radsimp(%) assuming r>0, A>0:
pte:=%;

pr
dr

A c2
dr2

A
r2 dte2  A

pte
r2 dte

A c2
dr2

A
r2 dte2

# Legendre transform: solve momenta for velocities



(11)(11)

(7)(7)

> > 

(9)(9)

> > 

> > 

(10)(10)

> > 

> > 

(8)(8)

[Pr-pr, Pte-pte]:
solve(%, [dr, dte]):
allvalues(%):
[%][1]:
op(%):
simplify(%):
S:=%;

S dr = Pr 
A

A Pr2 r2 Pte2 r2
 r c A, dte =

Pte 
A

A Pr2 r2 Pte2 r2
 c

r

subs(S, dr):
Dr:=%;

subs(S, dte):
Dte:=%;

Dr Pr 
A

A Pr2 r2 Pte2 r2
 r c A

Dte
Pte 

A
A Pr2 r2 Pte2 r2

 c

r
# Hamiltonian

Pr*Dr+ Pte*Dte - L:
subs(S, %):
simplify(%):
radsimp(%) assuming A*Pr^2*r^2 + Pte^2 + r^2>0:
simplify(%):
%;

c A Pr2 1  r2 Pte2  A
r

# Total energy first integral

pr*dr+pte*dte-L:
%^2:
simplify(%):
factor(%):
subs([dr^2=dr2, dte^2=dte2], %):
cons1:= %=c^4*ep2;

cons1
A3 c4

A2 c2 r2 dte2 A dr2
= c4 ep2

# Angular momentum first integral



(11)(11)

(7)(7)

> > 

> > 

> > 

(12)(12)

(13)(13)

> > 

pte^2:
simplify(%):
factor(%):
subs([dr^2=dr2, dte^2=dte2], %):
cons2:=%=k2;

cons2
A r4 dte2

A2 c2 r2 dte2 A dr2
= k2

# Weierstrass equations

[cons1, cons2]:
solve(%, [dr2, dte2]):
op(%):
factor(%):
%;

subs(%, [dr2, dr2/dte2]):
simplify(%):
%;

subs(A=Av, %):
simplify(%):
%;

wPhi, wPsi := op(%):
wPhi;
wPsi;

dr2 =
A2 c2 ep2 r2 A r2 A k2

r2 ep2
, dte2 =

k2 A2

ep2 r4

r2 k2  A c2 ep2 r2  A2

r2 ep2
,

c2 ep2 A  r2 A k2  r2

k2

r al 2 c2 ep2 1  r3 al r2 k2 r k2 al
r5 ep2

,

r c2 ep2 1  r3 al r2 k2 r k2 al
k2

r al 2 c2 ep2 1  r3 al r2 k2 r k2 al
r5 ep2

r c2 ep2 1  r3 al r2 k2 r k2 al
k2

wPhi:
subs(k2=K2*ep2, %):
limit(%, ep2=infinity):
lwPhi:=%;

lwPhi
r al 2 c2 r3 K2 al K2 r

r5



(11)(11)

(16)(16)

(7)(7)

(14)(14)

> > 

(17)(17)

> > 

> > 

(19)(19)

> > 

> > 

(15)(15)

> > 

> > 

> > 

> > 

> > 

(18)(18)

wPsi:
subs(k2=K2*ep2, %):
limit(%, ep2=infinity):
lwPsi:=%;

lwPsi
r c2 r3 K2 al K2 r

K2

# now we need to slow down and put Weierstrass in a smart form 
# so that later we can analytically integrate Weisrstrass 
equations.
# essentially we want to factorize it in first order polynomials

# Remember that:  -c < ep < 0

numer(wPsi)/r:
collect(%, r):
P:=%;

P c2 ep2 1  r3 al r2 k2 r k2 al
P + (ep2*c^2-1)*(rp-r)*(r-rm)*(r-r0):
collect(%, r):
[subs(r=0, %), subs(r=0, diff(%, r)), subs(r=0, diff(%, r, r))]:
simplify(%):
solve(%, [ep2, k2, r0]):
op(%):
Sol1 := %;

Sol1 ep2 =
al2 rm al2 rp al rm2 2 al rm rp al rp2 rm2 rp rm rp2

c2 al rm2 al rm rp al rp2 rm2 rp rm rp2 , k2 =

al rp2 rm2

al rm2 al rm rp al rp2 rm2 rp rm rp2 , r0 =
al rm rp

al rm al rp rm rp

wPhi:
subs(Sol1, %):
simplify(%):
mPhi := %;

mPhi
r rp  rm r rp  al r rm rp  r al 2 c2 r rm  r rp  al

rm rp  al rp  al rm  r5

wPsi:
subs(Sol1, %):
simplify(%):
mPsi := %;

mPsi
r rm  r r rp  al rp  rm al rp  r al rm rp

rp2 rm2

A*c^2/Phi - 1/A - r^2/Psi:
sqrt(%)/c:
%;
subs([Phi=mPhi, Psi=mPsi, A=Av], %):



(11)(11)

(21)(21)

(7)(7)

(14)(14)

> > 

(23)(23)

> > 

(22)(22)

> > 

(19)(19)

> > 

(20)(20)

> > 

> > 

> > 

> > 

simplify(%) assuming c=1, al=1, rm=10, rp=30, r=20:
radsimp(%) assuming c=1, al=1, rm=10, rp=30, r=20:
factor(%):
dtau := %;

A c2 1
A

r2

c

dtau
r3 2 al rm2 al rm rp al rp2 rm2 rp rm rp2

al  al r rm al r rp al rm rp r rm rp  r rm  rp r  c

r0:
subs(Sol1, %):
subs([rm=3, rp=5, c=1, al=1], %):
r0v:=%;

r0v
15
7

Sol1:
subs([rm=3, rp=5], %):
subs(%, P):
subs([c=1, al=1], %):
%;

plot(%, r=-5..7, 
color=blue,
thickness=2,
view=[-2..7, -1/4..1]):

p1:=%:

7
71

 r3 r2
225
71

 r
225
71

r0-rm:
subs(Sol1, %):
subs([c=1, al=1], %):
simplify(%):
solve(%, rm):
rmv:=[%][2];

rmv
2 rp
rp 1

P:
subs(Sol1, %):
subs([rm=rmv], %):



(11)(11)

(7)(7)

(14)(14)

> > 

(23)(23)

(19)(19)

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

subs([c=1, al=1], %):
subs([rp=5], %):
%;

plot(%, r=-5..7, 
color=red,
thickness=0.5,
view=[-2..7, -1/4..1]):

pt:=%:
1
10

 r3 r2
25
8

 r
25
8

pal:=plot([1, s, s=-250..250], linestyle=dash, thickness=0.5, 
color=red):
A1:=plot([s, 0, s=1..r0v], thickness=3, color=red):
A2:=plot([s, 0, s=3..5], thickness=3, color=red):

display(pal, A1, A2,
p1, pt,
view=[-1..6, -1/8..1/3], 
tickmarks=[[], []], 
labels=["", ""]);

Sol1:
subs([rm=3, rp=5, c=1, al=1], %):



(11)(11)

(7)(7)

(14)(14)

(25)(25)

> > 

(23)(23)

> > 

> > 

> > 

(19)(19)

(27)(27)

> > 

(24)(24)

> > 

(26)(26)

> > 

> > 

> > 

> > 

> > 

%;

subs(%, [ep2, k2]):
ep2v, k2v:= op(%);

ep2 =
64
71

, k2 =
225
71

, r0 =
15
7

ep2v, k2v
64
71

,
225
71

P:
subs([ep2=ep2v], %):
subs([c=1, al=1], %):
subs(r=5, %):
solve(%, k2):
k2v:=%;

k2v
225
71

P:
subs([ep2=ep2v, k2=k2v-0.05], %):
subs([c=1, al=1], %):
%;

plot(%, r=-5..7, 
color=blue,
thickness=2,
view=[-2..7, -1/4..1]):

p3:=%:
7
71

 r3 r2 3.119014084507042253521126760563380281690 r

3.119014084507042253521126760563380281690
P:
subs([ep2=ep2v, k2=k2v-0.05], %):
subs([c=1, al=1], %):
solve(%, r):
rrM:=%[1];

rrM 5.300272335902873663267025806013140872580
A3:=plot([s, 0, s=1..rrM], thickness=3, color=red):

display(pal, A3,
p3, pt,
view=[-1..6, -1/8..1/2], 
tickmarks=[[], []], 
labels=["", ""]);



(11)(11)

(7)(7)

(14)(14)

> > 

(23)(23)

> > 

(28)(28)

> > 

(30)(30)

(19)(19)

> > 

(24)(24)

> > 

> > 

(29)(29)

> > 

> > 

> > 

> > 

> > 

P:
#subs([ep2=1.2], %):
subs([c=1, al=1], %):
#subs([k2=0.5], %):
pp:=%;

pp ep2 1  r3 r2 k2 r k2
pp:
diff(%, r):
solve(%, r):
[%][2]:
rrv:=%;

rrv
1 3 k2 ep2 3 k2 1

3 ep2 1
pp:
subs(r=rrv, %):
#subs(ep2=2, %):
simplify(%):
solve(%, k2):
[%]:
simplify(%):
k2v:=%[2];

k2v
9 ep2 8  9 ep22 8 ep2 27 ep22 36 ep2 8

8 ep2 8
# ep2 > 8/9:

pp:
subs(k2=k2v, %):
subs(ep2=8, %):
simplify(%):



(31)(31)

(11)(11)

(7)(7)

(14)(14)

> > 

> > 

(23)(23)

> > 

> > 

(19)(19)

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

plot(%, r=-15..7, 
color=red,
thickness=0.5,
view=[-7..7, -7..100]):
pt:=%:
pp:
subs(k2=k2v-8, %):
subs(ep2=8, %):
simplify(%):

plot(%, r=-15..7, 
color=blue,
thickness=2,
view=[-7..7, -7..100]):
p4:=%:

A4:=plot([s, 0, s=1..7], thickness=3, color=red):

display(pal, A4,
p4, 
pt,
view=[-4..6, -7..120], 
tickmarks=[[], []], 
labels=["", ""]);

pp:
subs(k2=k2v+3, %):
subs(ep2=8, %):
simplify(%):
solve(%, r):
[%]:
map(Re, %):
evalf(%):
rr2v, rr0v, rr1v:= op(%);



(31)(31)

(11)(11)

(7)(7)

(14)(14)

> > 

(23)(23)

(19)(19)

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

rr2v, rr0v, rr1v 1.782110776511725278957306369716575162270,
3.267389693468106527876493514881827177283,

1.342421774099238391776330002308109157871

pp:
subs(k2=k2v+3, %):
subs(ep2=8, %):
simplify(%):

plot(%, r=-15..7, 
color=blue,
thickness=2,
numpoints=2000,
view=[-7..7, -7..100]):
p5:=%:

A5:=plot([s, 0, s=1..rr1v], thickness=3, color=red):
A6:=plot([s, 0, s=rr2v..7], thickness=3, color=red):

display(pal, A5, A6,
p5, 
pt,
view=[-4..5, -7..140], 
tickmarks=[[], []], 
labels=["", ""]);



(31)(31)

(7)(7)

> > 

(19)(19)

(33)(33)

> > 

(34)(34)

> > 

> > 

(11)(11)

(14)(14)

(23)(23)

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(32)(32)

# First satellite

rp0v := Surface+20900000;
rm0v := Surface+20100000;

t0in := -1500:
te0in := Pi/6:
tau0in := -1500:

rp0v 24089000
rm0v 23289000

Sat0 := [te0in, t0in, tau0in, rm0v, rp0v];

Sat0
6

, 1500, 1500, 23289000, 24089000

# for each satellite we can analytically integrate Weierstrass 
equations
# This is painfully detailed and sensitive. 
# Small changes end up with Maple find worse representations of the
integrals.  

te0in:
evalf(%);

t0in:
evalf(%);

tau0in:
evalf(%);

rp0v:
evalf(%);

rm0v:
evalf(%);

0.5235987755982988730771072305465838140329
1500.
1500.

2.4089000 107

2.3289000 107



(31)(31)

(11)(11)

(7)(7)

(14)(14)

> > 

(23)(23)

> > 

(19)(19)

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

ComputeSat0:= proc()
 global te0in, t0in, tau0in, rm0v, rp0v;
 global t0r, te0r, tau0r, Te0, T0, Tau0;
 
 mPhi:
 1/%:
 simplify(%)assuming c=cv, al=alv, rm=rm0v, rp=rp0v, r=(rm0v+rp0v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm0v, rp=rp0v, r=(rm0v+rp0v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm0v, rp=rp0v], %):
 int(%, R=rm0v..r) assuming  r>rm0v, r<rp0v:
 simplify(%) assuming r>rm0v, r<rp0v:
 radsimp(%) assuming r>rm0v, r<rp0v:
 t0r:= %:

 mPsi:
 1/%:
 simplify(%) assuming c=cv, al=alv, rm=rm0v, rp=rp0v, r=(rm0v+rp0v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm0v, rp=rp0v, r=(rm0v+rp0v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm0v, rp=rp0v], %):
 int(%, R=rm0v..r) assuming  r>rm0v, r<rp0v :
 simplify(%) assuming r>rm0v, r<rp0v:
 radsimp(%) assuming r>rm0v, r<rp0v:
 te0r := %:

 dtau :
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm0v, rp=rp0v], %):
 int(%, R=rm0v..r) assuming  r>rm0v, r<rp0v :
 simplify(%) assuming r>rm0v, r<rp0v:
 radsimp(%) assuming r>rm0v, r<rp0v:
 tau0r := %:

 te0r:
 subs(r=rp0v, %):
 simplify(%):
 Te0:=%:

 t0r:
 subs(r=rp0v, %):
 simplify(%):
 T0:=%:

 tau0r:
 subs(r=rp0v, %):
 simplify(%):
 Tau0:=%:
end:



(31)(31)

(7)(7)

> > 

> > 

> > 

> > 

(19)(19)

(39)(39)

> > 

> > 

> > 

> > 

(37)(37)

> > 

(11)(11)

(14)(14)

(23)(23)

(38)(38)

> > 

(24)(24)

> > 

> > 

> > 

(35)(35)

> > 

> > 

> > 

> > 

(36)(36)

ComputeSat0():

# (half-)periods

evalf(2*T0);

#  578.2234591614062585345827291631405035785
#  
578.223459161406258534582729163140503578589853184028782842424361455
32288544239669

36284.71748955450437211827339668244435732

evalf(2*(Te0-Pi)); # Precession (in radiant)

#   0.855426927304387916145739391498158141514
#   
0.85542692730438791614573939149815814151016744762639239692633389527
82391051596014

3.530118319583244013709182628732 10 9

evalf(2*Tau0); 

#    548.2685107899354105296154089371823438856
#    
548.268510789935410529615408937182343885925910474622853044502085646
92352991626784

evalf(Tau0/T0); # Slowing time factor

#    0.9481948580659208884284741653980008983505
#    
0.94819485806592088842847416539800089835106361454635876625224347352
747293450158832

36284.71747936438432604891704060460015266
0.9999999997191622051624669169824116350436

cv;
Surface;

299792458
3189000

# Second satellite

rp1v := Surface+21900000;



(31)(31)

(7)(7)

> > 

> > 

> > 

(19)(19)

(39)(39)

> > 

> > 

> > 

(11)(11)

(14)(14)

(23)(23)

> > 

(40)(40)

(24)(24)

> > 

> > 

> > 

> > 

> > 

rm1v := Surface+21100000;

t1in := -1600:
te1in := -Pi/6:
tau1in := -1600:

rp1v 25089000
rm1v 24289000

Sat1 := [te1in, t1in, tau1in, rm1v, rp1v];

Sat1
6

, 1600, 1600, 24289000, 25089000

ComputeSat1:= proc()
 global te1in, t1in, tau1in, rm1v, rp1v;
 global t1r, te1r, tau1r, Te1, T1, Tau1;
 
 mPhi:
 1/%:
 simplify(%)assuming c=cv, al=alv, rm=rm1v, rp=rp1v, r=(rm1v+rp1v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm1v, rp=rp1v, r=(rm1v+rp1v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm1v, rp=rp1v], %):
 int(%, R=rm1v..r) assuming  r>rm1v, r<rp1v:
 simplify(%) assuming r>rm1v, r<rp1v:
 radsimp(%) assuming r>rm1v, r<rp1v:
 t1r:= %:

 mPsi:
 1/%:
 simplify(%) assuming c=cv, al=alv, rm=rm1v, rp=rp1v, r=(rm1v+rp1v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm1v, rp=rp1v, r=(rm1v+rp1v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm1v, rp=rp1v], %):
 int(%, R=rm1v..r) assuming  r>rm1v, r<rp1v :
 simplify(%) assuming r>rm1v, r<rp1v:
 radsimp(%) assuming r>rm1v, r<rp1v:
 te1r := %:

 dtau :
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm1v, rp=rp1v], %):
 int(%, R=rm1v..r) assuming  r>rm1v, r<rp1v :
 simplify(%) assuming r>rm1v, r<rp1v:
 radsimp(%) assuming r>rm1v, r<rp1v:
 tau1r := %:

 te1r:



(31)(31)

(7)(7)

(43)(43)

> > 

> > 

(19)(19)

(39)(39)

> > 

> > 

> > 

(41)(41)

> > 

(11)(11)

(14)(14)

(23)(23)

> > 

> > 

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(44)(44)

(42)(42)

 subs(r=rp1v, %):
 simplify(%):
 Te1:=%:

 t1r:
 subs(r=rp1v, %):
 simplify(%):
 T1:=%:

 tau1r:
 subs(r=rp1v, %):
 simplify(%):
 Tau1:=%:
end:

ComputeSat1():

evalf(2*T1);

#    1184.261809516394362783565152572288103278
#    
1184.26180951639436278356515257228810327784636341212704244297393369
22389943742940

38606.36422604910466665323861070683352712
evalf(2*(Te1-Pi)); # Precession (in radiant)

#   0.433936566761730862324754330813933136873
#   
0.43393656676173086232475433081393313687251190888468448812882215639
76738953752606

3.387058204639403473473545986712 10 9

evalf(2*Tau1);

#   1148.119711746172713886661882040516422037
#   
1148.11971174617271388666188204051642203779309198998560051125124650
11723679785136

evalf(Tau1/T1); # Slowing time factor

#   0.9694813279632983767886496732257281563804
#   
0.96948132796329837678864967322572815638077325059505847684117689144
014037883456925

38606.36421564612652034851377459707960800
0.9999999997305372221690469175902316869746

2*(T1-Tau1):



(31)(31)

> > 

(7)(7)

> > 

(47)(47)

> > 

> > 

(45)(45)

(19)(19)

(39)(39)

> > 

> > 

(46)(46)

> > 

> > 

> > 

(11)(11)

(14)(14)

(23)(23)

> > 

> > 

(24)(24)

> > 

> > 

> > 

> > 

> > 

> > 

(44)(44)
evalf(%*10^5);

1.040297814630472483610975391912

# Terzo satellite

rp2v := Surface+22900000;
rm2v := Surface+22100000;

t2in := -1400:
te2in := 0:
tau2in := -1400:

rp2v 26089000
rm2v 25289000

Sat2 := [te2in, t2in, tau2in, rm2v, rp2v];

Sat2 0, 1400, 1400, 25289000, 26089000
OrbitalParameters := [Sat0, Sat1, Sat2];

OrbitalParameters
6

, 1500, 1500, 23289000, 24089000 ,
6

, 1600, 1600,

24289000, 25089000 , 0, 1400, 1400, 25289000, 26089000

ComputeSat2:= proc()
 global te2in, t2in, tau2in, rm2v, rp2v;
 global t2r, te2r, tau2r, Te2, T2, Tau2;
 
 mPhi:
 1/%:
 simplify(%)assuming c=cv, al=alv, rm=rm2v, rp=rp2v, r=(rm2v+rp2v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm2v, rp=rp2v, r=(rm2v+rp2v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm2v, rp=rp2v], %):
 int(%, R=rm2v..r) assuming  r>rm2v, r<rp2v:
 simplify(%) assuming r>rm2v, r<rp2v:
 radsimp(%) assuming r>rm2v, r<rp2v:
 t2r:= %:

 mPsi:
 1/%:
 simplify(%) assuming c=cv, al=alv, rm=rm2v, rp=rp2v, r=(rm2v+rp2v)
/2:
 sqrt(%):
 radsimp(%) assuming c=cv, al=alv, rm=rm2v, rp=rp2v, r=(rm2v+rp2v)
/2:
 #%;
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm2v, rp=rp2v], %):
 int(%, R=rm2v..r) assuming  r>rm2v, r<rp2v :
 simplify(%) assuming r>rm2v, r<rp2v:
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> > 

> > 

(49)(49)

> > 

(24)(24)

> > 

> > 

(48)(48)

> > 

> > 

> > 

> > 

(44)(44)

 radsimp(%) assuming r>rm2v, r<rp2v:
 te2r := %:

 dtau :
 subs(r=R, %):
 subs([c=cv, al=alv, rm=rm2v, rp=rp2v], %):
 int(%, R=rm2v..r) assuming  r>rm2v, r<rp2v :
 simplify(%) assuming r>rm2v, r<rp2v:
 radsimp(%) assuming r>rm2v, r<rp2v:
 tau2r := %:

 te2r:
 subs(r=rp2v, %):
 simplify(%):
 Te2:=%:

 t2r:
 subs(r=rp2v, %):
 simplify(%):
 T2:=%:

 tau2r:
 subs(r=rp2v, %):
 simplify(%):
 Tau2:=%:
end:

ComputeSat2():

evalf(2*T2);

#   1924.315710825429852475357649680441260847
#   
1924.31571082542985247535764968044126084813532041389925656422929650
42562209255413

40975.51797465026227484852871798838888234
evalf(2*(Te2-Pi)); # Precession (in radiant)

#    0.294379407208569363342410862227269176774
#    
0.29437940720856936334241086222726917677259654106927873817281741201
71223188204281

3.255144378771119121674646905539 10 9

evalf(2*Tau2);

#    1882.60269996846567590953514332037139238
#    
1882.60269996846567590953514332037139238641896732647845547207631266
20447505944419
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> > 

> > 

(44)(44)

(51)(51)

evalf(Tau2/T2); # Slowing time factor

#    0.9783231978919553190159001177497485928619
#    
0.97832319789195531901590011774974859286184191659675804133111562569
483350916747710

40975.51796403869490373491748337091511434
0.9999999997410266447960824347153030507972

# Again we need to put Weierstrass in a form suitable for later 
integration
# even though in this case we have both scattering and infalling 
rays.

numer(lwPsi)/r:
lp:=%;

subs(r=al, %):
#subs([al=alv, c=cv], %):
%;

lp c2 r3 K2 al K2 r

al3 c2

lp:
diff(%, r):
solve(%, r):
rcrit:=[%][1];

rcrit
3  K2

3 c
lp:
subs(r=rcrit, %):
subs(K2=K^2, %):
radsimp(%):
%/K^2:
simplify(%):
solve(%, K):
%^2:
K2crit:=%;

K2crit
27 al2 c2

4
rcrit:
subs(K2=K2crit, %):
simplify(%):
radsimp(%) assuming al>0, c>0:
%;

3 al
2
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> > 
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(44)(44)

lp- c^2*(r-rp)*(r-rh)*(r+rp+rh):
collect(%, r):
[subs(r=0, %), subs(r=0, diff(%, r)), subs(r=0, diff(%, r, r))]:
solve(%, [K2, rh]):
allvalues(op(%)):
[%][1]:
%;

subs(%, [K2, rh]):
K2v, rhv := op(%):

K2v;
rhv;

K2 =
rp3 c2

al rp
, rh =

al rp 3 al2 2 al rp rp2  rp
2 al rp

rp3 c2

al rp

al rp 3 al2 2 al rp rp2  rp
2 al rp

lp:
diff(%, r):
solve(%, r):
rv:=[%][1];

lp:
subs(r=rv, %):
solve(%, K2):
K2v:=[%][2];

rv
3  K2

3 c

K2v
27 al2 c2

4
lp:
subs([K2=K2v], %):
subs([c=1, al=1], %):
%;
plot(%, r=-7..7,
color=red,
thickness=0.5,
view=[-4..7, -10..20]
):
pt:=%:

27
4

27
4

 r r3

A1:=plot([s, 0, s=1..7], thickness=3, color=red):
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(44)(44)

lp:
subs(K2=K2v-2, %):
subs([c=1, al=1], %):
%;
plot(%, r=-7..7,
color=blue,
thickness=2,
view=[-4..7, -10..20]
):
p1:=%:

r3
19
4

19
4

 r

display(pal, A1,
pt, p1,
view=[-1..4, -3..10], 
tickmarks=[[], []], 
labels=["", ""]);

lp:
subs(K2=K2v+1, %):
subs([c=1, al=1], %):
solve(%, r):
[%]:
evalf(%):
map(Re, %):
rr2v, rr0v, rr1v := op(%);

rr2v, rr0v, rr1v 1.935337087253970310092241045550283201789,
3.190471451899441186705627712067160627054,

1.255134364645470876613386666516877425266

lp:
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(44)(44)

subs(K2=K2v+1, %):
subs([c=1, al=1], %):
plot(%, r=-7..7,
color=blue,
thickness=2,
view=[-4..7, -10..20]
):
p3:=%:

A2:=plot([s, 0, s=1..rr1v], thickness=3, color=red):
A3:=plot([s, 0, s=rr2v..7], thickness=3, color=red):

display(pal, A2, A3,
pt, p3,
view=[-1..4, -3..10], 
tickmarks=[[], []], 
labels=["", ""]);


