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Preface

The theory which is commonly known as General Relativity is at least three different things.

First of all, it is a paradigm (in the sense of T.Khun; see[1]) about which is the structure of a physical theory in order to allow a meaningful description

of physical reality and its relation with observers. It is a definition of what is absolute knowledge in physics together with the claim that physical

theories could and should be described in such an absolute fashion.

Second, it is a specific implementation of this paradigm which deals essentially with describing when and where events happen, especially in presence

of a gravitational field. As such it is essentially a theory of spacetime.

Third, it is a specific dynamical theory of gravitation formulated by Einstein and Hilbert which provides an implementation of these points.

The title of this work refers to these three aspects of General Relativity (GR).

Relativistic theories refer to the first aspect. It deals with observers and how the description of one observer is mapped into the descriptions of other

observers so that they altogether can provide an absolute description of physical reality. Relativistic theories deal with general covariance principle and

how dynamics can be formulated to implement such a principle. A theory which implements general covariance principle is called a natural theory.

We shall also give an extension of such a principle called gauge-natural covariance principle. These allow more general symmetries than in natural

theories, which are used for gauge theories but also for frame formalism and spinor fields.

Gravitational theories refer to a general dynamical description of spacetime structure. These deal with gravitational field, let us say with possible

models of gravitational field. Dynamics are more general than standard GR. We believe that we currently need at least to discuss which is the most

suitable description of the physical gravitational field, despite the great successes produced in the last century by standard GR.

General Relativity refers to a specific gravitational theory, formulated by Einstein and Hilbert which has been used to describe astrophysical and

cosmological observations. Usually, hereafter we refer to this specific theory as standard GR.

Before starting, a special discussion is also needed for the relation with Special Relativity (SR). Of course, historically speaking, SR came 10 years

before GR. Hence Einstein used SR and its world description to elaborate standard GR as well as a motivation. Moreover, SR is definitely better

known, tested and used by physics community than GR. Also for these reasons, often SR is assumed as a foundation for GR; for example, the dynamics

of material points in GR is obtained via equivalence principle, which loosely speaking can be formulated by claiming the existence of a class of observers

for which SR (approximately and locally) holds true.

However, logically speaking, obviously GR is a more fundamental theory than SR. We believe it would be important to have a framework to introduce

GR as much independently of SR as possible. SR should be then obtained as a limit case of GR as a solution of “no gravitational field”. Of course,

that is not really and exactly SR.

This is not something peculiar of relativity and it happens basically every time a theory is obtained as a limit of a more fundamental theory; see[1]. When one obtains

Newtonian physics as a low speed limit of SR (or as a formal limit for the speed of light which goes to infinity, whatever that means) one can recover most equations of

Newtonian physics. However, one should be aware that, in this limit theory, absolute time is approximately absolute, that most of the forces used in Newtonian fields

has no counterpart in SR to be obtained easily, that space and time have a different meaning with respect to the usual Newtonian framework. Similarly, the classical

limit of quantum mechanics is quite well known; however, the meaning of position, velocity and trajectory in such a limit is approximately classical.
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4 Preface

We shall try to find a logical path to GR which is independent of SR and then obtain SR as a special solution of standard GR with no gravitational

field (or weak field approximation).

A second issue is about the role of Mathematics in this work and more generally in Physics. The standard attitude is to regard mathematics as

a support for physical intuition. Mathematics is considered a language for expressing and making precise the physical intuition. Accordingly, one

develops a (sometimes minimal or simplified) mathematical framework in which one can represent the features of physical systems and predict their

behaviour in paradigmatic situations. Paradigmatic predictions are then tested and become the standard for extending the application area of the

theory.

We do not share this view for different reasons. First reason is that the mathematics behind GR is relatively old and it is not impossible for students

to approach it in its full generality, if not in its full depth and detail. With relatively little effort, one can get a more general and abstract view which

sometimes highlights connections and bridges among subjects which seem at first unconnected. Moreover, the things that one needs to know about

GR is growing massively and it is difficult to cover it, especially without a basic language which is sufficiently abstract to get the essential issues and

delegate the details to computations and details filling which can be long and complex but still standardised.

Second reason is that we believe that it is physical intuition which has to be build on computations, not vice versa. In physics, one studies a physical

system. To do that one set up a framework, a mathematical framework, which encodes the physical aspects of the system under consideration and

defines how the mathematical systems behave in different situations. This is done, e.g., by specifying a dynamics for the system. Then one has a

mathematical counterpart of the physical system and can check and test if the two representations behave the same way. On the physical hand side,

one has experiments and observations which are something we are not allowed to question. On the mathematical hand side, one needs something

similar. Something we cannot bend at will, which is somehow determined when we defined the framework. In other words, we need the mathematical

framework to be developed enough so that the behaviour of objects is something out of our control.

As a third reason, the relation between language and intuition is a bootstrap process. Not only new physical insights produce their mathematical

representations, but also, the other way around, mathematics defines new physical intuition. There is a big deal of the current mind representation of

quantum and gravitational world which is just a translation of the mathematical framework used to describe it. This is not our idea. I believe that

that what was meant by Feynman and von Neumann when they said:

You don’t understand quantum mechanics, you just get used to it.

We believe they meant that intuition is not there, it must be grown and trained. Which is another way to say that it must be built out of the

mathematical framework which is the only thing that must be preserved. Now, one should know that mathematical framework in order to be able to

compute basically anything, not just what we need to confirm mathematically what we already grasp by our intuition.

All these reasons are motivations to develop somehow standard mathematical tools to a level which is probably annoyingly detailed for standard

physics. In order to keep it self contained, we collected all mathematical background material in the fourth Part. Some of the background material

in Physics (standard classical field theories, variational calculus, conservation laws) is collected in Chapter 1. Keeping these parts separate from the

relativistic stuff allows the reader to skip them or part of them, or just review notation.

The material is organised as follows.

:Index: :AIndex: :Symbols: :Notation:



Preface 5

Part 4 contains a brief review (just about 230 pages) of the mathematical common law we should share. It goes from basic algebraic constructions

(from quotient to category theory) to topological spaces (with a focus on topological manifolds), from smooth manifolds (from vector fields to Frobenius

theorem) to tensor fields and differential forms, from structures on manifolds (metric, connections, curvature, and symplectic structures—which are

essential for Hamiltonian formalism) to Lie groups and Lie algebras (with a brief focus on classification of representations). Finally, we discuss fiber

bundles (which are so extensively used in field theories that for a number of years I believed they were invented for that) and a Chapter on natural

and gauge-natural bundles which are the mathematical counterpart of generally covariant theories and gauge theories, respectively.

Unfortunately, it contains a good portion of all mathematics we know. This should not be a problem for mathematicians; it just exhibits the

connections among different parts of mathematics and mathematical physics. Physicists might be annoyed; they would probably ask whether do we

really need all this stuff to deal with GR? The answer is naturally, no.

There are plenty of books about GR which develop a somehow minimal mathematical framework, in which mathematical concepts are introduced

under a strong physical motivation, often providing a beautiful intuitive representation of the most important concepts. However, I believe that the

concept of connection is there since more than a century ago, that we do not really need to rediscover it from a physical viewpoint, especially if by

doing so we obtain a minimal, utilitarian view on it which in principle could even hide relations which may be relevant in the future. I believe it is

time to leap ahead, using what we have to set on a firm foundation.

On the other hand, I believe that, having some spare time, a physicist may appreciate the relatively short tour through modern mathematics,

considering relativistic theories as a motivation and regarding physics as a tool to show connections between different areas in mathematics.

Chapter 1 also collects background material (for just about 80 pages more). It deals with basic background in classical Lagrangian field theory. Any

student should be able to take a Lagrangian, compute field equations, check whether a transformation is a symmetry and compute the Noether current

associated to it. By doing this review, we introduce the bundle framework for variational calculus, we discuss globality and transformation rules of

mathematical structures and bridge them to their physical meaning. Some of the material of Chapter 1 is then used to discuss in the following Chapters

some important issues and features of relativistic theories.

Without a precise definition of Lagrangian symmetry, one could not even define what a relativistic theory is. Without a good grasp on geometry and

bundle framework, one could not prove that Noether currents of relativistic theories are necessary exact (i.e. the existence of superpotentials), and

discussing under which conditions two field theories are dynamically equivalent (and how one can find out when a theory is just a different theory in

disguise) would be impossible without a clear understanding of variational calculus from a geometric perspective.

The rest of Part I, deals with the main features of relativistic theories. I think it is important to realise that relativistic theories are somehow

pre-physics. They are more about how a physical theory should be structured and how to extract information from it, than speaking of a particular

theory and its physical meaning.

Chapter 2 is devoted to discuss covariance (general covariance and gauge covariance) and its relation to globality on one hand, and to relativity

principles on the other. An important technical issue is determining which dynamics are compatible with covariance, depending on fields allowed.

These are the so-called Utiyama-like theorems. Usually, they go as saying that:

– if the Lagrangian depends on these fields and their derivatives up to a specific order, then the Lagrangian must be necessarily in this form and obeying these identities.

:Notation: :Symbols: :AIndex: :Index:



6 Preface

Utiyama-like theorems are important also because they are a tool to obtain general properties for covariant theories which then allow to study them

in full generality. We shall also set up some basic notion (passive vs. active transformations, initial value problems, hole argument, physical state)

which will be useful later for discussions. Finally, we shall consider some examples of field theories in a deeper perspective: Hilbert–Einstein standard

GR will be considered and defined as a generally covariant theory and extended to describe interactions with electromagnetism and Klein–Gordon

matter fields. We shall also introduce Yang–Mills theories as an extension of Maxwell electromagnetism (which is based on—and entangled with—the

interpretation of the electromagnetic potential as a principal connection) as well as Vielbein formalism for standard GR and its coupling with spinor

fields. We also consider the so-called conformal gravity, which is interesting as a relativistic theory because it has extra symmetries (Weyl conformal

transformations). Conformal gravity may or may not be a reasonable physical proposal for describing the gravitational field; it is, however, certainly

important to understand what is observable in relativistic theories and how that relates to its dynamics.

In Chapter 3 we consider conservation laws in covariant theories. We have to apply the basic tools introduced in Chapter 1 to the specific case of

relativistic theories. General and gauge covariance rely on a huge group of symmetries and, because of that, their conservation laws gain more structure.

It is important to be technically able to extract such information from a relativistic theories, which is not trivial, and it is the basis for later being able

to interpret the physical meaning of these quantities. We shall also consider conservation laws for standard GR, Yang–Mills theories, Chern–Simons

and spinor theories, as well as conserved quantities for some solution of Einstein equations.

There is a decades–long argument about whether and how physical quantities such as energy or angular–momentum relate (if at all) to covariant

conserved quantities. This is a specific issue in which one really sees how the tradition from SR may turn out to be misleading. In SR one has fixed

geometric structures and some terms in conservation laws vanish or not for reasons which do not extend easily to GR. One needs a new perspective,

starting from scratch, to deal with GR which then specialises to SR, partially recovering the SR theory, in part giving a new perspective on it.

There are many frameworks, some very popular, for extracting physical quantities from a field theory. Some of them (e.g. ADM conserved quantities

framework) use extra structures, which are often considered essential for a spacetime to make physical sense. In many ways, these additional structures

are equivalent to a Hamiltonian formalism and inspired by a post Newtonian-like attitude. However, these constraints are clearly not dictated by the

dynamics, but they are added as ad hoc requests. Of course, they may be reasonable and even necessary on the physical stance. However, I think it

is interesting to check how far one can go without them, taking general covariance seriously. In a general covariant theory, conservation laws are a

tool to extract geometric information which is absolute. If one believes that that physics must be absolutely described, then physical quantities must

be found, or at least searched, in covariant conservation laws, or doomed to be observer dependent. In any event, one can go pretty far preserving

covariance, and recovered extra structures later, on an observer–dependent basis, sometimes in a more general context. I think this shows that extra

structures may be just an artefact of our Newtonian background, not really necessary to describe the physical world.

Chapter 4 is about dynamical equivalence between field theories. Two field theories are dynamically equivalent if one has a one-to-one correspondence

between solutions. That means that solving either of the theories is equivalent to solve the other. That is similar to what happens with canonical

transformations in mechanics. In view of later applications, one has also to discuss to what extent a dynamical equivalence extends to a complete

physical equivalence.

In general, proving dynamical equivalence between two different theories is pretty easy if one knows which transformation to use. If not, it is pretty

hard and, sometimes, one still discovers equivalence between very well-known theories which were believed to be inequivalent. We present the case of

standard purely metric and metric-affine GR which are usually considered generically inequivalent (though in some cases, depending on the details of

:Index: :AIndex: :Symbols: :Notation:



Preface 7

matter coupling, they are known to be equivalent). We show that, by designing the transformation properly, one can extend the dynamical equivalence

to be generally true. That is a theorem, so no discussion, and it does not come out of the blue. It comes with an extension of Routh transformations

from mechanics to field theories. Routh transform may not be the most general mechanism to produce equivalence between theories, though all known

cases can be recovered that way. We shall need to discuss dynamical equivalence between different theories in Part II to connect different theories,

aiming to reduce the theories to discuss.

In Part II we try to discuss the most general relativistic theory to describe gravitational field. We keep what we learnt from Einstein that the geometry

of spacetime is dynamical (it is determined by the matter content as well as it determines the evolution of matter fields) and there is a general identity

between geometry of spacetime and the gravitational field. The gravitational field is a dynamical theory for the geometry of spacetime and matter.

We do not necessarily buy what Einstein was forced to assume in view of the limited knowledge of what a geometry should be. When GR had being

developed, geometry on a manifold meant essentially a metric field. Following Minkowski’s work in SR, Lorentzian metrics were considered, but Levi

Civita and Ricci were at the same time developing a modern and satisfactory theory for connections. Today we know quite a bit more about what a

geometry can be in general, so maybe it is worth starting over from scratch.

In Chapter 5 we review Ehlers–Pirani–Schild (EPS) axiomatic framework for spacetime geometry. It is a wonderful piece of research, purely and

beautifully mathematical physics in nature, which has not originally obtained the attention it deserves. They started the project for showing that they

can prove that the geometry of spacetime was a Lorentzian geometry, instead of assuming it. They arrived surprisingly closed to their goal, leaving

though some extra freedom.

Our review will differ from the original for essentially one issue: we do not base the motion of particles on equivalence principle but we prove it based

essentially on covariance. By doing that, we give a (to the best of our knowledge) new definition of gravitational field as the interaction which is left

once every other interaction which can be switched off in an absolute way is gone. This is a good hint about how different gravity is from the other

interactions, something of which we have endless evidences here and there (for example, gravitational field has no linear or affine structure as any other

known physical fundamental field).

Chapter 6 is devoted to discuss extended theories of gravitation, i.e. gravitational theories in which the dynamics is compatible to EPS analysis. In

particular, we consider Palatini f(R)-theories which are quite generally extended theories. We briefly review some of the typical features of these

theories and we shall also discuss a number of dynamically equivalent formalisms for Palatini f(R)-theories which are useful to discuss the interpretation

of the theory and compare with observations in astrophysics and cosmology.

In Chapter 7, we consider Palatini f(R)-cosmologies, i.e. exact solutions which happen to be spatially homogeneous and isotropic. We prefer there

to use exact methods over approximations (even when the approximation is well supported and reasonable). Once again, I think one should define a

good approximation as a situation in which the exact solution and the approximated one are closed together, so it is not particularly wise to base the

general theory on approximations. The motivation of approximation is physical intuition, which is what we would like to support, not something we

are born with. Moreover, the exact methods are often not too complicated to be applied.

Also we shall define what homogeneous and isotropic means, in an intrinsic way. That is a bit long, though a good example of discussion of global

issues and their relation with local physics.

:Notation: :Symbols: :AIndex: :Index:



8 Preface

Part III is devoted to generalize (or, better, recover as a special case) the observational protocols of standard GR to the more general geometries

described by Weyl frames. This is, on one hand, the basis for being in principle able to observe deviations from standard GR, on the other it provides

a better foundation for observations, even if eventually standard GR will go through with no modification as the description of physical gravitational

field.

Going through Part I and II one for sure has the impression of a theory which describes something quite far from our physical experience. Everything

is beautifully geometric though our physical world is described as a 4 dimensional spacetime, with no preferred notion of time, no preferred notion

of coordinates at all, no affine structure, no spatial objects (force, physical accelerations, physical velocities). This picture is very far from our

previous, Newtonian, description of the universe and, honestly, it appears difficult to reconcile with everyday experience as well as with the way we

perform scientific observations and experiments. Imagine to ask someone to send a probe to Mars and back without ever referring to spatial velocities,

accelerations, or forces (as well as never mentioning rigid bodies and giving a covariant account of chemical forces to describe how fuel burns, or the

interaction between the probe and cosmic radiation).

It is common experience to think that although general covariance is beautiful, it needs to be broken eventually to reconcile relativistic theories to

physical worldview. Well, in Part III we shall discuss how this is done, as well as discuss how this procedure is conventional and how it relates back

with a covariant world.

The main idea is that the gravitational field, as any other field, is observed through its action on test particles. Hence every observation, should be

reduced to observing the worldlines of test particles, i.e. geodesics. In a relativistic theory there are no fundamental preferred time or space, which are

not absolute. On the other hand, we have preferred physical devices, namely atomic clocks, which define a time, which may be conventional, still it is

what is used in physic practice.

And atomic clocks do not only conventionally agree with an arbitrary time we appear to use in our everyday experience. They also have proven to

provide a framework — that we call SR — which simply renders and accounts for quantum properties of matter.

In standard GR, one assumes that the time measured by atomic clocks is the same time measured by the metric which describes free fall. EPS analysis

shows how this assumption is not forced, even maintaining a pretty conservative attitude. For that reason, we would like to extend observational

protocols to (at least integrable) Weyl frames, which capture this freedom and in which atomic time is not assumed to be the gravitational time.

Then one would like to extend all protocols of standard GR, which are given in a Riemannian structure, to a more general Weyl frame, from

synchronisation protocols to definition of distances, from cosmological parameters to astronomical distances.

There is also a more subtle reason to “extend” observational protocol to Weyl geometries. As far as gravitational theories are proposed as imple-

mentations of relativistic theories, i.e. as fundamental theories, they cannot rely on other less fundamental theories to account for observations or

whatever. They need to account for how a naive observer can set up its protocols and descrive physical reality around it, before it knows any simplier,

non-relativistic, approximated theory or before assuming some specific dynamics such as standard GR, which eventually force a simplification of geom-

etry from a Weyl frame to a Riemannian structure. Accordingly, the general protocols can (and should) specialise to standard GR, SR, and Newton’s

physics. In principle though, they should not be defined relying on them.

The observational protocols depend on different conventional structures and hence are easily classified in terms of the additional structures they

depend upon.

:Index: :AIndex: :Symbols: :Notation:



Preface 9

In Chapter 8 we discuss geodesics, which are covariant and do not depend on additional structures. They are the basis on which the other structures

are built. We also discuss special coordinate systems which implements equivalence principle (or we should say equivalence principles since we have

different formulations).

Chapter 9 we discuss clocks, standard clocks, proper clocks. They implements the notion of uniform clock given a Weyl frame. Then we discuss

synchronisation of clocks at a distance, as well as the relation between conformal factor and synchronisation. Clock synchronisation in turn defines

spatial distances, which come in a number of versions depending on the details (and, pratically, on scales). We also discuss distances in cosmology

and astrophysics, which are different from the ones used locally on Earth since one cannot effort to wait a signal to come back from another galaxy.

Finally, we shall also discuss relativistic positioning systems which are a standard way to define observable in a relativistic theory and can accordingly

be used to compare gravitational theories and test one against the others.

This work is a work in progress. I suppose I’ll keep adding to the original core more and more topics.

By now, this material is free to use.

I’d also like to keep track of who is using it and how, so please let me know any comment (to my.gr.book@gmail.com).

Let me end this Preface setting some rules about versioning.

This book comes with a version number, its current version, denoted in the format: version:subversion:release. For example, the original version

is 1:0:0, which is the first edition of the minimal core. Before that version, some of the material appeared as stand alone Chapters, though version

1:0:0 was the first edition where the material was collected together.

Version is increased on every major rearrangement. Usually, to increase the version number we need to add a Chapter. Subversions are issued for

adding Sections. Releases are usually issued for correcting typos or small changes.

The book also has a branch, which is currently branch 2, of which I am responsible. If you want to start your own branch and reuse some material, write

to the manager of the branch you are branching off. I will provide you with your branch number (to track dependencies) and managing instructions

for you.

:Notation: :Symbols: :AIndex: :Index:
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Highlights

Going around, people keep asking me the same question: what are you working on?

I never know exactly what to answer, so I decided to write this book to account for what I am working on.

This book is essentially a book on general relativity (GR). Since, as such, it is not unique, let us highlight here what is peculiar in it, with respect to

the similar literature out there.

Some of the material is pretty standard. We provide detailed introduction for students to get used to techniques in classical field theory. They need

to grow confident on how to obtain field equations out of a Lagrangian, how to check if a transformation is a symmetry, to compute its Noether

current, to find the most general Lagrangians depending one some fields which has a given group of symmetries, discuss general covariance, compute

superpotentials and discuss equivalence among theories. And they need to do it in a general coordinate system.

We append a rich library of mathematical background. Mathematical topics are developed in their generality, usually independently from the physical

motivations. We cover manifolds, tensors on manifolds, Lie derivatives, metric structures and connections; we mean natural connection (connections

on a manifold, as well as principal bundle connections). Then we also introduce fiber bundles which allows a global view on field theories without

forcing intrinsic notation. Bundle theory also allows us to define in full generality physical observers. I do not think one could separate fiber bundles

from relativistic theories, which appear really naturally in a bundle framework.

There are a number of detours with respect to what one usually does.

� Special Relativity and Equivalence Principle

We often avoid considering GR as an extension of SR to treat gravity. Relativistic theories are more general than SR which is to be considered as a

special case. Accordingly, SR is sometimes used as a qualitative motivation (for example not to assume that simultaneity is absolute) or as a simple

example to show computations (as in relativistic positioning systems). In the second case, to be honest, that is not even SR! It is rather Minkowski

spacetime as a particular solution of GR.

In particular at some point in Chapter 5 we need to specify how material test particles move. Usually, this is done by using equivalence principle,

declaring that in SR they obey the equation ẍ = 0 (in a suitable coordinate system), writing it in general coordinates obtaining the geodesic equation

(though for Minkowski metric, just in general coordinates) and then declaring that test particles move along the geodesics of an arbitrary Lorentzian

metric or connection, allowing curvature.

This is not completely unreasonable, though it is hardly less than assuming a geometry on spacetime by axiom. We prefer to spend few pages

discussing in what form the equation for test particles can be assumed in view of covariance principle discussed at that point. We shall prove that

geodesic equation of a connection (or better of a projective class of connections) are naturally selected. This discussion better clarifies in my opinion

the relation between gravity, covariance, and symmetries.

As far as Equivalence Principle is concerned, it cannot be a principle, it is either a theorem or something to be tested in the real world. As a general

perspective, we try to avoid foundation on equivalence principle (which, at least in some formulations, calls for SR). After the more than century-long

conflict between Equivalence Principle and General Covariance Principle as foundation of GR I believe one can argue that covariance has been dismissed

as an aesthetic and mathematical request with a heuristic role only. I think, among other things, Utiyama-like theorems supports this view. That

attitude is not standard, is is also believed to be a wrong perspective. We discuss it in Chapter 2 before applying it.

:Index: :AIndex: :Symbols: :Notation:



Highlights 11

� Killing vectors in Conservation Laws

In view of what happens in SR, it is often assumed that one needs Killing vector to define physical quantities in GR. Unfortunately, generically

spacetimes have no Killing vector at all. On the other hand, in view of general covariance it is clear that any spacetime vector field defines a Lagrangian

symmetry for a relativistic theory. In view of Noether theorem, it then defines currents and in view of naturality (or gauge-naturality) it defines

superpotentials.

This quantities are geometric and, unlike pseudo-tensors, they define absolute properties of spacetime. Whatever the relation between these quantities

and physical conserved quantities such as energy-momentum, angular-momentum and so on, in view of general relativity principle, either physical

conservation laws are irrelevant for describing physical laws, or there is a deep relation between them and superpotentials.

Whatever, this relation is, it clearly point to reduce the role of Killing vectors in conservation laws. A detail discussion clearly shows that the

fundamental theory of conservation laws is in fact independent of Killing vectors. These only are needed in SR to restore conservation in quantities,

which was originally compromised by fixing a metric structure in spacetime instead of treading geometry as a dynamical structure as relativistic theories

demand.

� Spatially Homogeneous and Isotropic Spacetimes

When we turn to cosmology we need to define spatially homogeneous and isotropic spacetimes. This are usually simply defined as spacetime for which

there exists a coordinate system in which the metric is in FLRW form (or even worse by resorting to non-existing of special points or directions in

space).

Although it is undeniably longer, we believe it is better to provide an intrinsic characterization of spatially homogeneous and isotropic spacetimes,

based on isometry group instead of coordinates. The real reason for this detour, is that it sheds light on the relation between some structures which

appear in cosmology (the space foliation and the comoving motions) which are important later to clarify the measurement protocols used in cosmology.

� Invariance with respect to re-parameterisations

Another odd attitude which is maintained along the whole book concerns invariance with respect to changes of parameterisation of worldlines in

spacetime. This is argued by trivially noticing that the parameter along worldlines is not a physical time. A trajectory in spacetime already contains

all information to obtain the physical motion of a test particle, parameterisations of it are a mathematical add-on, it is something we add in order to

re-use some of the formalisms and tools introduced for Lagrangian mechanics.

Usually one fixes proper time along timelike trajectories as a physically preferred time. This is not our way. Leaving parameterisation unfixed in the

beginning allows to treat mass test particles and light rays on an equal footing. It also allows to leave the discussion about the role of proper time

separate from test particles. Besides, one can always fix proper time later. As a matter of fact, trajectories on spacetimes are more physical in nature

than parameterised curved. In a quite precise sense, they are also more geometric, supporting the tight relation gravity has with geometry.

Going this way is not particularly efficient. It takes time to build a theory out of thin air, actually bootstrapping it out of very limited and general

preconceived ideas of how reality should be described. That it is even possible to do it is quite a surprise. If some readers cannot wait the long road,

they are free to leap ahead. However, there is beauty in the road that one misses that way. We try, to the extent we can, to do things as they are

supposed to be done. The material is a lot, so sometimes we may fail, though that is what we want to do.
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12 Highlights

The order of topics is also quite unusual. If we decide to define relativistic theories before having a Newtonian picture of reality, necessarily time and

space need to appear much later. We first go for a description of spacetime which is objectively more natural. Accordingly, we are lead to anticipate

considerably with respect to what is usually done, a number of issues such as globality of structures and the hole argument. Usually these topics are

considered as advanced topics in a primer, here they appear in Chapters 1 and 2. These are also a good motivation for geometerisation of gravity, so

we believe it is worth the attempt. The whole dynamics is covariant and it does not need a specific time even when the pointwise causal structure

(e.g. the light cones) appears in EPS framework. I think the discussion of covariant issues in a covariant framework is easier and clearer.

We leave the discussion of Newtonian physics to Part III. Relativistic theories are not Newtonian, they do not prefer special coordinates, they do not

require one coordinate to be a time and three to be positions in space. Space itself does not exist as an absolute structure. In a relativistic theory, the

position of events in spacetime can be given by 4 spatial coordinates or 4 times (as in relativistic positioning systems). Most of Newton fundamental

concepts (such as forces, acceleration, and energy) do not even exist in a relativistic theory, in the sense they are not absolute. In view of relativity

principle, one can (and should) describe physics in terms of absolute objects only. Accordingly, such concepts emerge eventually in Part III to highlight

their conventional nature and to show that they are not really needed in many situations. Proceeding this way at least one sees how one has, e.g.,

different notions of time (the time along a clock, in a neighbourhood of a clock, coordinate, cosmological time) which are conventional in different ways

and degree.

Another last issue we have is with approximations. We try to define things and give some examples without approximations. Approximations are

often reasonable in view of a physical discussion. However, we have two remarks: first, if we are bootstrapping a description of physical reality, we

cannot rely too much on our physical intuition, which is often based on part of physics (SR or Newton) which are known to be wrong. Once again,

these (wrong) frameworks should be recovered later as an approximation of the relativistic model. Our attempt will be to derive physical intuition

from mathematics, not vice versa.

Second, when we approximate, we would like to approximate with respect to some exact framework that should be, at least in principle, known. That

means that we should be able to do computations at least in some simple cases before calling for simplifications and approximations. In fact, one

thing is solving numerically an integral, which is completely different from neglecting a term in the Lagrangian because it is expected to be small on

solutions. The simplest cases at least force one to find the simplest way to solve a problem, e.g. avoiding inverting functions when it is not necessary.

As a extra token we get that without approximations, it is easier to consider deviations of one theory from the other and tests are clearer in principle.

If I had to summarise what we are going to do and why we are doing it this way, I think one could say that we want to introduce extended theories of

gravitation (which though are stricter than the usual meaning) as a family of theories of gravitation which encompasses standard GR as a special case

and extend the physical interpretation of the theory to this extended framework. Part III appear to be the attempt to build a solid bridge between

the mathematical framework and observation protocols, which allows a mathematical, rigorous control on experiments, aiming to set up tests able

to in principle discuss differences among different extended theories. One can say we wish to solve once and for all, at least for extended theories

of gravitation, the issue of whether one can physically distinguish between them on an observational stance and see if they can account for current

observations in astrophysics and cosmology, besides of course the observations on Earth and in the solar system.
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Notation

� Usually manifolds are denoted by capitol letters, M , N , . . . and their dimension is usually denoted by the same lower letter, namely m = dim(M),

n = dim(N).

� We shall use the signature (3, 1), i.e. (�1, 1, 1, 1) or, more generally, (m� 1, 1) for Lorentzian signature on a spacetime M .

� Since we shall use fiber bundles, we shall often use sections meaning maps σ : M ! B. When we refer to Sections of a Chapter, it will be capitalised.

� In equations we shall sometimes color terms. Terms in the same color cancel one with the other. Underlined terms are similar and they sum. Framed

terms are zero (usually by symmetry) on their own.

� Spacetime will be written with no dash, contrary to English grammar. Space-time is reserved to the 3 + 1 (or ADM splitting) of a spacetime done

by one observer (or a class of observers).

� Forms (of degree at least 1) are denoted by bold letters. For example, the Lagrangian is a horizontal m-form denoted by

L = L(q, u)dt

where L(q, u) is the scalar density and dt is the basis of horizontal 1-forms induced by coordinates.

The notation is somehow ambiguous since the same object dt can be considered as the differential of a function, thus denoted by dt, or as part of

the basis of 1-forms, thus denoted by dt. Thus in this case both dt and dt denotes in fact the same object and the difference is just a matter of

readability.

Since the metric is symmetric, hence not a form, the differentials in the metric tensor should not be boldface.

� We use grey for universal and coupling constants such as c, G, κ, or g. One can drop them in most theoretical arguments, though they help

dimensional analysis and become essential when comparing with observations. Constants are carried over consistently, so, when comparing with

other books, one can define them to match a formula and the rest should agree.

Universal constants, as c, G, are usually equal to 1 in homogeneous unit systems and are denoted in grey boldface.

� For gravitation the coupling constant is denoted by κ := 8πG
c3

. Of course, in most cases one could simply understand it to be 1 or 16π depending on

the context.

� For electromagnetic and Yang–Mills theories the coupling constant is denoted by g := c
ε0

. Of course, in most cases one could simply understand it

to be 1 as well as 4π depending on the context.

[F ] = MLT−2� Dimensional analysis is noted at a side in grey. Dimensions are standard: M for mass, L for length, T for time, C for electric charges. On spacetime,

x0 = ct is usually a length.

� SR stands for special relativity, GR for general relativity.

� For definitions, we use A := B which defines A by setting it equal to B. The same thing can also be written as B =: A.
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Notation 23

That is not to be confused with A = B which claims that two existing objects are equal (either as an identity or as an equation if one of the two is

parametric).

� . . .� [µν] means: . . .minus the same terms with the indices [µν] exchanged. It has higher priority that the sum.

Thus, for example, Aµν = Bµν + Cµν � [µν] means:

Aµν = Bµν + Cµν � [µν] := Bµν + Cµν �
�
Bνµ + Cνµ

�
while Aµν = Bµν +

�
Cµν � [µν]

�
means:

Aµν = Bµν +
�
Cµν � [µν]

�
:= Bµν + Cµν � Cνµ

� . . .+ (µν) means: . . . plus the same terms with the indices (µν) exchanged. It has higher priority that the sum.

Thus, for example, Aµν = Bµν + Cµν + (µν) means:

Aµν = Bµν + Cµν + (µν) := Bµν + Cµν +
�
Bνµ + Cνµ

�
while Aµν = Bµν +

�
Cµν + (µν)

�
means:

Aµν = Bµν +
�
Cµν + (µν)

�
:= Bµν + Cµν + Cνµ
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24 Notation

Best observed values

Newton constant G = 6.67 � 10−11 Kg−1 m3 s−2

Vacuum speed of light c = 2.99 � 108 m s−1

Planck constant h̄ = 6.626 � 10−34 Kgm2 s−1

Hubble parameter H0 = 2.2 � 10−18 s−1

Today abundance of Dark energy Ω0
Λ = 0.714

Today abundance of barionic matter Ω0
b = 0.046

Today abundance of cold dark matter Ω0
CDM = 0.24

Today abundance of curvature Ω0
k = 0

Best computed values

Newton constant κ = 8πG
c3

= 6.27 � 10−35 Kg−1 s

Planck length `P =
q

h̄G
c3 = 1.616 � 10−35 m

Critical density today ρc0 = 3
κcH

2
0 = 7.74 � 10−10 Kgm−1 s−2

Density of visible matter today ρ0 = Ω0
b � ρc0 = 3.56 � 10−11 Kgm−1 s−2

:Index: :AIndex: :Symbols: :Notation:



Part I

Relativistic theories
.Next Part

.Next Chapter

Uscendo dal tempio dove aveva tanto studiato ed erano passati tanti giovani anni della sua vita, si sent́ı vecchio.

—Maestro—gridò nel vento—è ora che io conosca il segreto?

—No! Fila a divertirti—rispose una voce lontana.

On his way out of the temple where he had studied so long and where he spent so many years of his young life,

he felt old.

— Master—he shouted in the wind—is it time for me to know the secret?

—No! Go and have fun—a far voice answered.

(Baol, Stefano Benni)
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I. Introduction to Part I

Physics is about inventing mathematical models able to represent physical entities, predicting their evolution and forecasting the results of observations

and experiments. Sometimes one wishes to describe the evolution of certain quantities in time, sometime one wishes to describe the values of some

quantities somewhere in space and at some time.

Mechanical settingIn the first case, for example one wants to describe a falling body and forecast its position as time goes by. For the position one fixes some conventions

(a reference frame) about which quantities are relevant, where one should start measuring distances, which units are to be used, and so on. One

can decide that horizontal position in a given direction and height above the ground are relevant, to measure distances in meters. Let us call x the

horizontal distance and y the height above the ground. What one wants to know is how these quantities changes in time, i.e. the functions x(t) and y(t).

This kind of setting is called mechanics. The first part of fixing conventions is called kinematics. The duty of kinematics is to fix enough conventions

in order to be able to encode all possible observations (the positions of the falling body) in terms of numbers (the value of x and y at a given t). The

collection of all these conventions will be called an observer.

Field theory settingIn the second case, for example one wants to describe the wind in a room. One can measure a vector (the wind velocity) at any point x in the room

and at any time t. The vector can be described by its components wi with respect to a fixed basis (e.g. the one determined by the walls). One would

like to predict the functions wi(t, x). This kind of setting is called a field theory. Again what we have done so far is the kinematical specification of the

system and the observer.

Def: dynamicsIn both cases, when kinematics is done, one would like to specify some differential equations which, once the initial state of the system is known,

are able to (possibly uniquely) determine the evolution of the system. In mechanics, one expects equations to be (a system of) ordinary differential

equations (ODE). In field theory, the equations are expected to be (a system of) partial differential equations (PDE). In both cases, the order of the

equations (i.e. the highest order of derivatives appearing in the equations) determines how much information one has to specify at t = 0 in order to

be able to (uniquely) determine the evolution of the system. If equations are first order, in general one expects the evolution to be determined by the

initial position only, if the equations are second order initial velocities (first derivatives of positions) will be also needed. In any event, one would like

the equations to be sufficiently regular to obey some kind of Cauchy existence and uniqueness theorem. The specification of the equations is called a

dynamics of the system.

Finally, one would like to check that the evolution of the mathematical model agrees with the evolution of physical quantities they describe. If it does,

one can predict the behaviour of the physical world by investigating the behaviour of the mathematical model.

This classical and standard scheme is so simple (and somehow trivial) that things almost never are that clear and simple. We shall see that almost

always the equations describing the dynamics are at the same time (which, I know, it is hard to believe) underdetermined and overdetermined. By

underdetermined we mean that part of the fields are not determined by dynamics. In some sense, they can be changed at will and in fact they describe

the freedom of observers to fix their conventions. At the same time, they are overdetermined, meaning that not all initial conditions are allowed. In

fact, some of the equations are not evolution equations (they do not contain time derivatives at their higher order) and in fact they become constraints

for the initial conditions.
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Variational settingAlthough field equations could in principle be chosen at will, as a matter of fact they often come from a variational principle. A variational principle

is given by choosing a functional space, usually the space of (global) sections of a bundle called the configuration bundle, and fixing a functional over

it, called the action. Then field equations are defined and obtained out of the action by requiring that solutions are critical sections (usually minima,

but sometimes also maxima or saddle points) for the action. This condition, usually called principle of stationary action or Hamilton principle, is

equivalent to well-defined equations which describe the dynamics.

Lagrangian settingThough configurations can in principle be any functional space, often they are section of a fiber bundle, called configuration bundle. Though the action

could in principle be an arbitrary functional of the space of global sections of the configuration bundle, usually it is a so-called local action, meaning

that the action is computed by integration of a particular form, called the Lagrangian, computed along fields and one assumes that the Lagrangian

depends on the value of fields at a spacetime point, together with their derivatives up to some finite order k, which is also called the order of the

Lagrangian. We shall always consider dynamics given in terms of a local action, i.e. a finite order Lagrangian.

Probably, one should remark that why nature decided to describe all its fundamental dynamics (as well as most of its non-fundamental ones) in terms

of variational principles is essentially a mystery. Variational principles were historically discovered in geometry and optics. Since variational principles

are global principles in which the evolution is determined so that an integral property (the action) is minimal that is definitely unclear. For a long

time variational formulations were considered a tool or a curiosity. In the end, variational techniques were recognised to be fundamental in view of

their deep relation with quantum mechanics (and quantum field theory). This relation is very fascinating though beyond the scope of this book.

Since most of the times dynamics is described by a variational principle, then one has as many equations as fields. If fields have components encoding

observer freedom which are not determined by dynamics, usually an equal number of equations become constraints on initial conditions, since the other

field equations are enough to determine the evolutions of the other fields’ components.

Another important issue which is simply understood in terms of action principle is that if one chooses the action intrinsically (i.e. the value of the

action depends on the fields, not on the observer conventions to describe the fields) then field equations are guaranteed to be global (i.e. themselves

independent of observers’ conventions).

Being independent of observer conventions is utterly important. It is the root of a possible absolute description of physical real world. In fact, any

observer gives a subjective description of the world, where subjective means that it is influenced by the observer conventions.

Let us stress that such a description contains particularly few (if any) information. If we receive the news of a supernova in the sky with declination

+9◦54′31”, right ascension 13◦12′54” which is reaching its maximal luminosity at 13:58:12, we in fact do not learn anything unless we know where

the observatory is located on the Earth and which clock conventions is using. In physics we use units and systems of units in order to specify classes

of conventions in order to be more informative. Still the report alone is not at all informative and systems of units take the form of maps between

observers. For example, we can force all observatories to report as if they were at the poles.

Let us now remark that our knowledge is almost completely hidden in the conventions, in the sense that without a detailed knowledge of the conventions

we do not learn anything about the physical world. For example, if we received two reports about a supernova in the sky, we are unable even to say if

the two reports are about the same supernova or two different events.

Now, specifying conventions is particularly hard in principle since we should essentially become able to predict the report generated by any event

observed. Of course, there are infinitely many possible events to be reported, but this is not the problem (that is what functions were invented for, for

specifying infinite objects corresponding to infinite objects). The real trouble with it is that, while we control possible reports (specifying a grammar,
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reports are essentially mathematical objects), we are not able to control the possible events. Here in fact we are setting up a mathematical way of

describing events, while it is precisely such mathematical description which defines what are the possible events to be observed. In other words, one

could say that the models are mathematical, i.e. they are under our control in the sense that we invent them, while the events themselves are out of

our control in the sense that we discover them. It is precisely the model which brings the events under control (until something unexpected happens).

We are here discussing how to bootstrap a description of the physical world and probably this is the right place to discuss how to avoid circular

reasoning. What saves the bootstrap operation is that we do not need to map reports to events. We already remarked that systems of units take the

form of mapping observer conventions into conventions of a canonical observer. The point is that in general what we need is to predict the correlation

of reports between pairs of observers. If an observer sees an event and produce a report about it, we have to be able to predict the report of a different

observer looking at the same event. In other words, we have to map the reports of an observer into the reports of another.

At this point mathematics kicks in. If the two observers are mapping events on spacetime reporting their coordinates, than the maps between observers

reports are transition functions. And one can show that, if one knows a family of local descriptions of the spacetime each given by arbitrary (local)

observers and their transition functions, then there exists a unique (modulo diffeomorphisms) manifold M which is an absolute model for spacetime.

If observers are reporting about values of fields, their transition functions turn out to be changes of fibered coordinates and one can show there is a

unique (up to bundle isomorphisms) configuration bundle which provides an absolute description of fields in terms of sections.

It is particularly inspiring that the absolute description of the real world obtained in these cases is encoded essentially in the relation between pairs

of observers. One should also stress that although we often introduce a spacetime manifold (or a configuration bundle) as an absolute description of

the real world, what is to be understood is that spacetime manifold (or configuration bundle) is a convenient representative of the absolute description

which is in fact their class of isomorphisms.

A very similar situation occurred in geometry. Geometry studies properties of surfaces. Though surfaces are defined through parameterisations, different parameteri-

sations can describe the same surface and geometry is interested in the properties of surfaces which do not depend on the parameterisations (exactly in the same sense

in which physics is interested in properties which are independent of the observers, though the only description of reality available is the one through the subjective

description given by observers). All possible different parameterisations of a surface provide an absolute description of surfaces.

As for parameterisations in geometry, observers are in general local observers. Only specific situations allow to be globally described by a single

observer. An observer is a set of conventions which allows to map the real world by a set of numbers. Such conventions in general fail to apply to any

event anywhere and sooner or later fail to do their job.

For example, an observer which rotates (with respect to an inertial one) may set its conventions as it were not rotating. In this way, going away from

the rotation axis, sooner or later the velocity of the frame will reach the speed of light and become unphysical. Another example is when curvilinear

coordinates are used but at some point the coordinates fail to be a bijection.

These two examples are examples in which the conventions fail to be global. Sometimes it happens that a specific situation simply does not allow

any global description and local observers are the only ones available. This is what happens on a surface when the surface does not allow global

parameterisations and one is forced to use many local parameterisations. This is when conventions fail to be global not because the observer chooses

them in a poor way, but because some physical reason dooms any convention to fail somewhere.

Part I will be organised as follows.
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In Chapter 1 we shall introduce basic facts about classical field theories by using a very basic mathematical framework. We shall show how one can

obtain field equations from an action principle and compute conservation laws from symmetries. Since we shall not use fancy geometric framework

computation will be rather complicated though somehow elementary. This is meant also to convince the reader that the geometric framework introduced

later makes in fact things simpler. We shall start discussing globality of objects which will turn out later to be essential for relativistic theories. This

Chapter is for introduction of standard techniques that will be used extensively later. Of course, it should be skipped by readers which are already

familiar with geometric framework for field theories, which will be discussed later in Chapter 2. This Chapter 1 will also provide basic examples of

field theories which will later used to illustrate properties of relativistic theories.

In Chapter 2 we shall introduce relativistic theories (as natural and gauge-natural field theories) and discuss general covariance. The purely metric

formulation of standard GR will be also provided as an example. We shall also show how symmetries constrain compatible dynamics (Utiyama-like

arguments) and sketch a framework for later discuss initial value problems in field theories.

Chapter 3 will be devoted to conservation laws, the theory of superpotentials and conserved quantities. The whole Chapter is based on Noether

theorem which connects symmetries groups to conserved currents.

In Chapter 4 we shall discuss dynamical equivalence between different theories. We shall also prove that standard GR in purely metric and metric-affine

formalism are (always) dynamically equivalent, contrarily to what is usually believed (and provided one suitably defines the correspondence).

In Part II we shall use the material of Part I to study in more details gravitational theories.

In Part III we shall collect a detailed discussion of standard GR and its limit SR.

In Part IV an extended collection of mathematical background is presented.
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Chapter 1. Spacetime and �eld theories

.Next Chapter

Wax on, right hand. Wax off, left hand. Wax on, wax off. Breathe in through nose,

out the mouth. Wax on, wax off.

Don’t forget to breathe, very important.

(Miyagi Sensei)

1. Overture

.Next SectionIn this Chapte, we shall introduce basic facts about classical field theories by using a very basic mathematical framework. That means long (though

somehow elementary) computations.

In particular, we shall present a bundle framework for variational calculus, discussing how one can describe a Lagrangian dynamics in field theory and

how to extract field equations from it. Even if one needs time to get used to it, we believe this geometric framework leads eventually to a clearer and

more general understanding of field theories, especially concerning covariant theories. Although it will be discussed in more details later in Chapter

2, we shall here start discussing globality of field equations. This will turn out to be a key issue in relativistic theories which is strictly entangled

with general and gauge covariance. Since some problems are better understood in this way, we start also to introduce Poincaré–Cartan forms in field

theories and discuss their globalisation and uniqueness.

Then we shall discuss symmetries, Noether theorem, and conservation laws in field theories. Again, the whole Chapter 3 will be devoted to cope

with this issue. However, here we introduce the basic ideas and techniques which will be there applied to general covariant theories. It is important

to understand that, to some extent, there is nothing to understand in computing field equations for a Lagrangian, in discussing if a transformation is

a Lagrangian symmetry, if it is, in computing its Noether current. These are general variational techniques which are used over and over in different

contexts. One has to practice them until (s)he is sufficiently confident about them.

As examples, we shall discuss some basic ugly examples and somehow pathological cases: cases in which its hard to see the geometry behind it, cases

in which degeneracy of dynamics produces really awkward field equations, or cases of local Lagrangians still producing global field equations. These

examples are important when discussing general theories; they provide counterexamples which guide us safely.

We shall also discuss under many viewpoints classical covariant formulation of electromagnetism. This is an example, probably the most basic example,

of a covariant theory and we all need to keep it in mind and remark the relation with its original non-covariant formulation. Electromagnetism is very

well understood from a physical viewpoint and it is important to keep well in mind how its geometrisation relates to its physical meaning. It is also a

good start off in the direction of gauge theories.
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We shall also give a first glance to field theories to describe the gravitational field. We shall introduce Hilbert–Einstein standard GR, f(R)-theories

and Brans–Dicke theories in their purely metric formulations. These will be discussed for the rest of the book in better details. However, I believe it is

convenient to start to set the computation aside, even for allowing a later more essential discussion about their physical meaning without getting lost

in the analytical computations.

Finally, we review mechanics in its Lagrangian and Hamiltonian formulations. Mechanics is another important corner stone to compare field theories

to. Some of its structures survive in the extension to field theories, some do not, some, finally, need to be reformulated. Anyway, they inspire field

theories and often that are a first battleground to experience and test a better formulation.

We shall introduce the reader with no background in classical field theories to standard techniques such as obtaining field equations from an action

principle and computing conservation laws from symmetries. By doing it with almost no geometric background should later convince that geometric

methods really simplify your life.

Students should go through the examples and check that they can repeat computation. If they cannot, they can fill in the gaps of the mathematics

they need from Part IV. It does not really matter at this stage that one grasps the physical meaning in the examples. The physical meaning will come

later, now it is a maths exercise so that we shall be able to discuss later the physical content without worrying too much about computational details.

We shall present a number of worked out examples in full detail. The reader who can work them out can skip them entirely, just tuning notation.

Teachers can choose examples to discuss based on future plans. I have to confess I chose the examples I most often use in courses so to have a reference

where they are treated in details and in a coherent formalism.

2. Spacetime

.Next SectionA relativistic theory is a field theory on spacetime (of course, with some further characteristics). Later on, we shall give a precise definition. However,

we need to introduce spacetime and homogeneous formalism.

The world “spacetime” does not really exist in English, the correct spelling would be “space-time”. However, we use a brand new word “spacetime”, which I believe

is better than the old “space-time”. In fact, each event is a collection of information about when and where something happens. Relativity taught us that one cannot

really split the information about when from the information about where, not in a way which is the same for all possible observers, anyway. The description of physical

reality in terms of events is more fundamental, as we shall see, than the description in terms of space and time. Spacetime provides an entangled description of physical

reality which is more fundamental exactly because it entangles space and time together. One should not break space from time too easily and the world “spacetime”

reflects this fact.

Essentially, spacetime is the arena where physics happens. Field theories are about some fields which values can be measured at points in space and

at time. Spacetime takes into account where fields can be measured, i.e. both spatial position and time. A point in spacetime is called an event. Unlike

in Newtonian physics, we shall not assume that there is a canonical way (i.e. which is the same for any observer) to split spacetime into a space and

time. On the contrary, we shall show that different observers give different spatial positions and times to the same event.
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Part of this observation is trivial and applies to Newtonian physics as well. Two observers can fix different origins for the spatial reference frame and different clocks

and consequently they assign to the same event different numbers for describing its spatial position and time.

Here we are referring to a more fundamental issue. We all know (and eventually we shall show hereafter) that two observers with identical clocks, when they are in

motion one with respect to the other, will experience a time dilatation. This, in SR, is a consequence of Lorentz transformations. Even more essentially, different

observers have different notion of contemporaneity: two events that are contemporary for an observer are not for another observer.

All these effects are probably known from special relativity (SR) where this happens whenever a relative motion of the observers is taken into account. Any gravitational

field has a similar effect, compromising the synchronisation of clocks. We shall eventually describe these effects in detail later on (see here).

It would be nice to discuss (and we shall do) these effects on the physical ground. However, in order to be able to do it we cannot impose unphysical

structures on the mathematical stance in the beginning. One has to maintain a cautious attitude and be initially liberal about what it might happen.

While it is clear that any observer can report information about where and when an event happened, we have to be more liberal about how the report

of an observer relates to the report of another observer.

It is clear that in principle, if one analyses in details all the observers’ conventions, one should be able to determine what would be the report of

one observer once the report of the first observer is given. In other words, one should be able to map the measurements of one observer into the

measurements of the other. This mild assumption is in fact enough to assume that reality can be described in an absolute (i.e. independent of the

observer) way on a spacetime manifold M and to identify observers with charts on spacetime.

Since there is no need for an observer to be a person, for us it will be neutral. An observer is a collection of conventions which enable it to encode observations in terms

of a collection of numbers.

This is called homogeneous formalism. In this framework, events are points on the spacetime manifolds and different (natural) observers (namely,

local charts) map it into different coordinates. The description at spacetime level is more fundamental than the description in terms of observers.

This is both because the spacetime description is global and because the description is absolute. We shall hereafter discuss more in detail the relation

between global and absolute; see here.

As far as we know, a priori observers need to fix far more conventions than the ones needed to single out events. If one is describing the temperature in a room, a

convention about temperature is needed as well. If one is describing the wind in a room, a basis to break a vector into its components is needed. If one is describing the

electromagnetic field in terms of the 4-potential, one will need a gauge fixing which singles out a representative potential for each gauge class. In other words, beside

the conventions about events in spacetime, one usually needs conventions about fields. This will lead to identify the observer with a fibered chart on the configuration

bundle of the system.

Def: Natural observersSometimes, there is a natural choice of the field conventions in terms of the chart of spacetime. If the configuration bundle is the tangent to spacetime, then any

spacetime vector can be referred to the natural basis induced by the spacetime coordinates. In other words, the spacetime chart does induce a fibered chart on the

tangent bundle. Then we define a natural observer as a spacetime chart and a natural observer canonically induces fibered coordinates on the tangent bundle.

In more general cases (for example, in gauge theories), an observer really needs more conventions than spacetime coordinates. We shall consider this case later on. Here

we can define a gauge-natural observer as a system of fiber coordinates on a principal bundle P, which canonically induces an observer (a fibered chart in configuration

bundle which in these cases is associated to P).

For now and for the sake of simplicity, let us start by considering the cases in which observers can be identified with a system of spacetime coordinates, i.e. they are

natural observers. This will lead us to the so-called natural theories; see here.

Eventually, some field equations will be given to determine the dynamics of the system. These equations in a classical (i.e. not quantum) setting

will be (partial) differential equations. For derivatives to make sense, one needs spacetime to be a differential manifold. If equations are of order k,
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one should be able to define k order derivatives. We shall not be strict with regularity conditions; we shall assume spacetime to be a (connected,

paracompact) smooth manifold M of dimension dim(M) = m.

We shall also often need to describe the geometry of spacetime. The simplest way to do it is in terms of a Riemannian metric structure on M .

Here there is possible confusion in notation. Sometimes in the literature Riemannian means a definite positive metric structure and pseudo-Riemannian refers to

definite but not necessarily positive metrics.

Sometimes, Riemannian refers to non-degenerate but not necessarily definite-positive metrics, while a definite positive metric is called a strictly Riemannian (or

Euclidean) metric.

We shall hereafter follow the second notation.

For many different reasons (to obtain SR and Minkowski geometry as a special case, or for fitting observations, or for a posteriori confirmation of

the setting by observational evidences, or deriving it from Axioms), the metric structure on spacetime is assumed to be Lorentzian, i.e. of signature

(m� 1, 1).

Some books prefer the signature (1,m− 1) for Lorentzian case. Each choice has pros and cons. However, in the end, it is only a convention and, as for any issue about

conventions, one has to do a choice. We shall always use signature (m− 1, 1).

Here is a first beautiful interaction between physics and mathematics. One can show that not all manifolds support a global Lorentzian metric.

In fact, suppose M allows a global Lorentzian metric g. Then, since the manifold is paracompact, one can always define a Euclidean metric h.

One can compute the eigenvectors (corresponding to the negative eigenvalue λ) of the quadratic form g with respect to the metric h, namely the (non-zero) vectors

v ∈ TxM such that

gµνv
ν = λhµνv

ν (1.2.1)

This defines a global family of subspaces Vx ⊂ TxM on which g induces a definite-negative metric (i.e. for any v ∈ Vx one has g(v, v) < 0). Analogously, the (m − 1)

eigenvectors corresponding to positive eigenvalues define a family of g-space-like subspaces Ux ⊂ TxM (i.e. ∀u ∈ Ux : g(u, u) > 0). At any point, since the form g is

symmetric and thence it can be set to a canonical form, i.e. there exists an h-orthonormal basis of eigenvectors, one has TxM = Ux ⊕ Vx.

In view of the regularity conditions that we are using here, one can define the subbundles U = ∪x∈MUx and V = ∪x∈MVx in T (M) and one has T (M) = U ⊕ V .

Of course, the subbundles U and V depend on the auxiliary metric h, but in any event the tangent bundle T (M) splits as the sum of a rank 1 and a rank (m − 1)

subbundle.

Now one can show that a sphere S2 cannot match these requests. In fact, if TS2 split as TS2 = U ⊕ V , then in particular one could choose a h-unit vector at any Vx

and define a nowhere vanishing field of directions on the sphere, which is known from topology to be impossible on any even dimensional sphere.

On a sphere S2, there is no (continuous) field of directions which is defined everywhere. This is also called the hairy ball (or no-hairing cat) theorem.

Hence, as long as we need a global Lorentzian metric on spacetime, we can be mathematically sure that there are manifolds which are allowed as

spacetimes and manifolds which are not. If a manifold allows global Lorentzian metrics, it is called a Lorentz manifold and spacetimes are necessarily

Lorentz manifolds.

The odd thing is that being a Lorentz manifold is something which is decided in differential topology (it is a diffeomorphism invariant property), hence

it is a global property. It is odd, though not a unique case in mathematics, in which the existence of differential structures (which are locally expressed

in terms of fields) turns out to impose a global topological constraint (i.e. something which is homeomorphic invariant). For another example, one

can define surface integrals only in orientable manifolds. Orientability is equivalent to a nowhere vanishing volume form, which though amounts to a

topological condition.
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There is also a different attitude about globality in field theory. Let us discuss this point once and for all. Since dynamics produces equations which

are local (they involve the values of fields and their derivatives up to some finite order k, all things that are perfectly defined once one knows fields in a

neighbourhood of a point x) sometimes local fields are allowed. In this context they usually solve the equations locally, determining a local description

of the system, and then define the global spacetime by glueing together local solutions which match on the patch overlaps.

The glueing procedure depends on the regularity required. If analyticity is used, then the extension is even uniquely determined by the local solution

in any open set. If the solution is only required to be smooth (as we usually do) then there is more freedom and the extension is non-unique but still

one can define the global spacetime manifold M by glueing together patches.

In the analytical case, the extension is unique. This means that knowing exactly the behaviour of the system around a point will contain enough information to know

the system everywhere in the universe. This is not completely unreasonable form a classical viewpoint. It means that anything happening anywhere in the universe

produces an effect here.

Not considering philosophical arguments connected to it, this is certainly disturbing, even if we simply allow a certain amount of uncertainty in our knowledge of the

system. For this reason, we prefer to assume smooth and not necessarily analytic systems.

In any event, this situation is totally general; any manifold can be defined by glueing patches. And in the end, fields will be global fields on that

manifold. Hence our approach (starting from a global spacetime M and considering only global fields on it) is exactly equivalent to the local attitude

so common in physics.

When we fix a specific manifold M and solve the equations on that specific manifold, we can obtain only the solutions which are global on that

manifold. To recover all possible spacetimes that can be considered locally, we only have to repeat the discussion on all possible manifolds. A possible

advantage of this splitting of solutions of the local problem into many different global problems comes from the fact that often less solutions can be

treated more easily since possibly one can better control their properties. In any event, we shall see that in view of general covariance principle, often

one can discuss the situation on a generic spacetime manifold without entering the details until very late when specific solutions are discussed. This

makes quite easy to discuss general properties of the theories disentangling almost completely the discussion about the properties of the system from

the discussion of specific solutions.

3. Variational setting

.Next Section

Configuration bundle

In a field theory, the configurations of the system are global sections of a bundle C = (C,M, π, F ) which is called the configuration bundle. Let us

consider a system of fibered coordinates (xµ, yi); the local expression of a section is a map σ : M ! C : xµ 7! (xµ, yi(x)). Hence the local description

of a section amounts to provide the fiber coordinates as functions of the coordinates in the basis. For these reasons, the base of the configuration

bundle, i.e. the manifold M , is identified with spacetime (which is where the fields can be measured) and the coordinates yi along the standard fiber

are identified with fields (which, in a configuration, are measured at a spacetime event).

Here the term configuration is somehow different with respect to the standard use. In mechanics a configuration is a collection of positions which encodes all possible

snapshots of the system. In snapshots there is nothing about velocities.
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[Here we are not considering that one can in fact take snapshots of velocities in some circumstances! For example the velocity of an electric charge has an effect through

the magnetic field it generates; the magnetic field can affect a compass. In a snapshot, one can infer information about the velocity of the charge from the position

of the compass. Let us forget about all this and regard configuration as pure information about positions. All these examples use the strange (well, not so strange)

properties of the electromagnetic field which is, in its own nature. a spacetime object as we shall argue below.]

Then one has the evolution of the system which assigns a configuration as a function of time. This is called a history of the system. If the space of all possible

configurations is called the configuration space, then a history is a curve in the configuration space.

In homogeneous formalism, the configuration of a moving particle is a curve (well, actually, a trajectory) in spacetime and, as such, it represents the history of the

system. A field over spacetime collects all possible measures of fields in space and time; accordingly, it encodes the evolution of the system as well, i.e. its history.

The configuration bundle is a more fundamental description than the local fields (exactly in the same sense in which the description in spacetime is

more fundamental than observers’ description). A section X : M ! TM in the tangent bundle T (M) associates a vector X(x) 2 TxM to any point

x 2M . This is an absolute fact; any observer will agree on that. Then any observer chooses different coordinates on M , they induce a different natural

basis and define different components Xµ(x) for the vector field. Then any observer describes the configuration using different component functions

Xµ(x), though they all agree on which vector they define.

As discussed for the manifold structure on spacetime, if one just assumes to be able to map the local description of fields of one observer into the local description of

fields of another observer, that eventually allows to define the configuration bundle and gives an absolute description of the physical situation. The map above do in

fact define the transition maps of the configuration bundle and any bundle can be defined by glueing tubes together. We are not adding global information which may

be unphysical. The global information is already encoded by the relation among local observers.

The configuration bundle encodes all kinematic information about the system. Once the configuration bundle is given, its global sections are in

one-to-one correspondence with system configurations (on that spacetime M).

We shall always assume that our systems are variational. Hence dynamics is specified by choosing a Lagrangian and assuming Hamilton principle of

stationary action.

Let us start defining the Lagrangian of a field theory. There are essentially two ways: one is defining the Lagrangian functional locally, the other is

using jet bundles.

Of course, the functional approach seems easier at first sight (see[2]). A Lagrangian is defined as a map from the functional space of configurations

into local m-forms on M which can be integrated on a spacetime volume D to define the action. One has

AD[σ] =

Z
D

L[σ] (1.3.1)

Notice that L[σ] is a m-form over M , i.e. a suitable object to be integrated over m-dimensional D �M .

Let us define a k-region of spacetime to be a compact submanifold D ⊂ M of dimension k with boundary ∂D ⊂ M which is a compact submanifold of dimension

(k − 1). Of course k is an integer k ≥ 1.

The notion of k-region D will be useful hereafter since it is a good integration region for k-forms and in view of Stokes theorem it prevents problems when one wants

to integrate over the boundary ∂D. In particular, we shall use m-regions to integrate the Lagrangian to define the action.
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Although the Lagrangian functional seems easier to be defined, one soon finds out a lot of problems. We shall need to specify some regularity

conditions on the functional. For it, one would need a detailed knowledge of its domain, i.e. the functional space of configurations. It is well known

that, depending on the regularity conditions required, functional spaces have different structures. It is not always easy to guarantee that the action

integral is well defined, especially considering that we are not working with the relatively easy case of functions in Rm but often we shall need to

consider tensor fields over a manifold (which, even if one decides to work locally, are equivalence classes of functions).

All this preliminary work is necessary when one is interested in applying the analytical techniques which are necessary to obtain existence results.

Although this is an important mathematical problem, in the cases we shall consider hereafter, it is hardly ever the case since it will be relatively easy

to directly exhibit exact solutions which are smooth.

Moreover, in all physical cases we shall consider, the actions are definitely not generic functionals. For example, the action integrand (i.e. the

Lagrangian functional) does depend on fields only locally. For example, there are no Lagrangians which depend on integrals of configurations or feel

the values of fields at far away points. Even local quantities enter in a finite number: Lagrangians depending on all infinite derivatives of fields (which

would be somehow local) will never be considered. In other words, the Lagrangian functionals of physical interest in fact depend only on a finite number

of parameters (at any spacetime point), not on the infinitely many degrees of freedom encoded into the functional space of configurations!

.Jet BundlesThe second strategy is using jet bundles. The advantage is that most of the objects to be defined are maps between smooth finite dimensional

manifolds and, in any event, one finally obtains the existence of the action integral without resorting to “exotic” functional spaces. This produces

the correct field equations and allow a detailed discussion of conservation laws. Locally, it reduces to the naive discussion (which ignores at first all

problems from regularity conditions). Of course, jet bundles need some preliminary work to be defined as well.

We shall follow this second strategy. We shall also stress when most of the following results in this Chapter can be obtained using local expressions

forgetting about the global geometry of jet bundles.

A k-order Lagrangian is a horizontal m-form L on JkC. Here the bundle JkC is the k-jet prolongation of the configuration bundle C. If (xµ, yi) are

fibered coordinates on the configuration bundle C, they induce fibered coordinates (xµ, yi, yiµ, . . . , y
i
µ1...µk) on JkC. The coordinates yiµ1...µp represent the

p-order partial detivatives of fields and are hence assumed to be symmetric with respect to lower indices.

Locally, a k-order Lagrangian is expressed by

L = L(xµ, yi, yiµ, . . . , y
i
µ1...µk)d� (1.3.2)

We shall write shortly L = L(jkσ)d� where jkσ : M ! JkC denotes the k-order prolongation of a configuration σ to JkC.
In what will follow, we shall always deal with first and second order Lagrangians. A first order Lagrangian is locally simply

L = L(xµ, yi, yiµ)d� (1.3.3)

while a second order Lagrangian is locally

L = L(xµ, yi, yiµ, y
i
µν)d� (1.3.4)

Let us stress that, unless we explicitly say differently, we shall always consider global Lagrangians. A global Lagrangian produces global field equations.

There are examples of local Lagrangians which produce global equations, though these cases need extra care to be dealt. When the Lagrangian is

global, there is nothing to be checked and the equations will be global. We shall soon see some explicit examples.
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Hamilton principleBefore discussing field equations, let us discuss Hamilton stationary action principle from a global viewpoint. Let us start by defining the action on a

m-region D �M along a configuration σ

AD(σ) :=

Z
D

(jkσ)∗L (1.3.5)

Notice that (jkσ)∗L is in fact an m-form on M that can be integrated on D.

We shall not even really need the action integral to exist! As far as we are concerned, one just needs to specify the dependence of the action from fields and their

derivatives. The quantity AD(σ) does not need to be a number. If one defines the Lagrangian as a formal series, then compositions and integrals are well defined and

we can go through all the argument hereafter even if AD(σ) is a formal series and even if one could not control its convergence. At a classical level, one has to stress

that the value of the action does not play any relevant role, not if one is interested in the Lagrangian to find field equations.

In any event, the m-region D is compact so that the action is well defined as a number.

Let us now define a deformation (or a variation) to be a vertical vector field X on the configuration bundle C. Its prolongation to the k-order jet

bundle JkC will be denoted by jkX. The support of the deformation X will be defined as the closure of the projection in M of set where X is non-zero.

It will be denoted by supp(X). Let us stress that supp(X) �M is in the spacetime.

A deformation is locally given by

X = Xi(x, y)∂i (1.3.6)

which is prolonged to

jkX = Xi(x, y)∂i + dµX
i(x, y)∂µi + dµνX

i(x, y)∂µνi + . . . (1.3.7)

For notational convenience (and to adapt to standard notation), the components of a deformation are also denoted by δyi := Xi. For the prolongation, we have

δyi := Xi δyiµ := dµδy
i = dµX

i =: Xi
µ δyiµν := dµνδy

i = dµνX
i =: Xi

µν (1.3.8)

We have to stress that for us δyi is here one object (namely, a function of (x, y)), not an operator δ acting on the fields yi, as it is usual in literature.

Once a deformation X is given, one has its flow Φs; the prolongation jkΦs is also the flow of the prolonged deformation jkX. As usual, the vector

field X contains the same information as its flow Φs. With it we can define a lot of things.

First of all, we can drag any configuration σ to define a 1-parameter family of configurations

σs = Φs � σ (1.3.9)

Since everything is global, then the sections σs are global at least for s in some neighbourhood of s = 0 2 R.

Even if the vector field X is global, there is nothing guaranteeing that its flow extends to all s ∈ R. For example, on M = R with coordinate x one can consider a

global vector field X = f(x)∂. A curve γ : R→M : s 7→ x(s) is an integral curve of X iff

dx

ds
= f(x) ⇒ s− s0 =

∫ x

x0

dx

f(x)
(1.3.10)

In the special case f(x) = x2 then s− s0 = − 1
x from which one obtains the integral curve

x(s) = − 1

s− 1
x0

=
x0

1− sx0
(1.3.11)
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where the integration constant s0 has been fixed so that one has x(0) = x0. Of course, the integral curve is defined in the range s ∈ (−∞, 1
x0

) and when s→ 1
x0

then

x(s)→ +∞. The integral curve goes from x = x0 to x = +∞ in a finite time s.

Then we can define

δXAD(σ) :=
d

ds
(AD(σs))

���
s=0

=

Z
D

d

ds

�
(jkσs)

∗L
� ���

s=0
(1.3.12)

We are finally able to state Hamilton principle. Mathematically speaking, the principle has the form of a definition for critical configurations.

A configuration σ is critical iff for any m-region D and any deformation X compactly supported in D one has

δXAD(σ) = 0 (1.3.13)

We have to stress that Hamilton principle is completely expressed intrinsically, i.e. without any reference to coordinates or local objects.

Local Euler–Lagrange equations

The condition for a configuration to be critical can now be expanded in coordinates. Let us first do it locally, expanding everything in a coordinate

system. Let us consider a second order Lagrangian.

The condition of Hamilton principle expands as

δXAD(σ) =

Z
D

�
∂L

∂yi
δyi +

∂L

∂yiµ
dµδy

i +
∂L

∂yiµν
dµνδy

i

�
d� = 0 (1.3.14)

Notice as formally δX acts as a derivative and, by an abuse of notation, it is often denoted by δ for short. Equation (1.3.14) can be regarded as the chain rule. All in

all, we shall see that the integrand will be recasted as jkX dL and the contraction jkX (·) is well known to be a derivative of the exterior algebra.

One can do some integrations by parts

δXAD(σ) =

Z
D

�
∂L

∂yi
δyi � dµ

∂L

∂yiµ
δyi � dµ

∂L

∂yiµν
dνδy

i

�
d�+

Z
D
dµ

�
∂L

∂yiµ
δyi +

∂L

∂yiµν
dνδy

i

�
d� =

=

Z
D

�
∂L

∂yi
� dµ

∂L

∂yiµ
+ dµν

∂L

∂yiµν

�
δyid�+

Z
∂D

��
∂L

∂yiµ
� dν

∂L

∂yiµν

�
δyi +

∂L

∂yiµν
dνδy

i

�
d�µ = 0

(1.3.15)

Let us define the naive momenta

pi :=
∂L

∂yi
pµi :=

∂L

∂yiµ
pµνi :=

∂L

∂yiµν
(1.3.16)

and the formal momenta

fµi := pµi � dνpµνi fµνi := pµνi (1.3.17)

:Index: :AIndex: :Symbols: :Notation:



Variational setting 39

With these notation the above formula reads as

δXAD(σ) =

Z
D

�
pi � dµpµi + dµνp

µν
i

�
δyid�+

Z
∂D

�
fµi δy

i + fµνi dνδy
i
�

d�µ = 0 (1.3.18)

Since the deformation X is compactly supported in D (i.e. it vanishes on ∂D together with all its derivatives) one has

δXAD(σ) =

Z
D

�
pi � dµpµi + dµνp

µν
i

�
δyid� = 0 (1.3.19)

Since the m-region is arbitrary the integrand must be zero �
pi � dµpµi + dµνp

µν
i

�
δyid� = 0 (1.3.20)

Since d� is a basis of the m-forms then the coefficient must vanish. Since the deformation is arbitrary one has

Ei(L) := pi � dµpµi + dµνp
µν
i = 0 (1.3.21)

These are PDE generically of order 4. They are called Euler–Lagrange equations or field equations.

For a first order Lagrangian, Euler–Lagrange equations are obtained setting pµνi = 0

Ei(L) := pi − dµpµi = 0 (1.3.22)

which are PDE generically of order 2.

Similar formula can be found at any order. These are quite useless formula. They are interesting because they are general: for example, one can easily

see that a k-order Lagrangian necessarily induces equations of order at most 2k. However, often the Lagrangian depends on relatively complicated

functions of the derivatives of fields and it is easier to follow this procedure from scratch rather than computing the naive momenta. Moreover, often

one wishes to write equations in terms of covariant combinations to maintain manifest general covariance and such combinations may be difficult to

be collected in equations written in terms of naive momenta.

Global Euler–Lagrange equations

As we noticed, the variation of the action can be written intrinsically as

δXAD(σ) =

Z
D

(jkσ)∗
�

(jkX) dL
�

(1.3.23)

This formula can be given a beautiful geometric meaning. If one notices that, since jkX is vertical, one has jkX L = 0. Then the action variation

(1.3.23) can be written as

δXAD(σ) =

Z
D

(jkσ)∗
�

(jkX) dL + d
�

(jkX) L
��

=

Z
D

(jkσ)∗
�

£jkXL
�

(1.3.24)
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and Hamilton principle can be stated by saying that the Lagrangian is invariant under deformations.

If the Lagrangian is global then field equations are global.

We could prove it at any order. For the sake of simplicity, let us prove it for second order Lagrangians (which include also first order ones just by setting the second

order naive momenta pαβi everywhere to zero). The configuration bundle is covered by local observers each identified with a fibered chart. Two nearby observers are

related by transition functions in the form {
x′µ = x′µ(x)

y′i = y′i(x, y)
⇒

 y′iµ = J̄
α
µ

(
J iα + J iky

k
α

)
= J̄

α
µdαy

′i

y′iµν = J̄
α
µdα

(
J̄
β
νdβy

′i
) (1.3.25)

.Standard JacobiansLet us assume standard notation for Jacobians. If the Lagrangian is global then

L′(x′µ, y′i, y′iµ , y
′i
µν)dσ′ = L(xµ, yi, yiµ, y

i
µν)dσ (1.3.26)

This can be recast in terms of the Lagrangian density

JL′(x′µ, y′i, y′iµ , y
′i
µν) = L(xµ, yi, yiµ, y

i
µν) (1.3.27)

from which it follows 
J
(
p′kJ

k
i + p′αk d

′
αJ

k
i + p′αβk d′αβJ

k
i

)
= pi

J
(
J̄
µ
αp
′α
k J

k
i + p′αβk

(
d′α
(
J̄
µ
βJ

k
i

)
+ J̄

µ
αd
′
βJ

k
i

))
= pµi

JJ̄
µ
αJ̄

ν
βp
′αβ
k Jki = pµνi

(1.3.28)

The formal momenta transform as

fµi = pµi − dνp
µν
i = JJ̄

µ
αp
′α
k J

k
i + Jp′αβk

(
d′α
(
J̄
µ
βJ

k
i

)
+ J̄

µ
αd
′
βJ

k
i

)
− dν

(
JJ̄

µ
αJ̄

ν
βp
′αβ
k Jki

)
=

= JJ̄
µ
αp
′α
k J

k
i + Jp′αβk

(
d′α
(
J̄
µ
βJ

k
i

)
+ J̄

µ
αd
′
βJ

k
i

)
− dν

(
JJ̄

ν
β

)
J̄
µ
αJ

k
i p
′αβ
k − Jd′α

(
J̄
µ
βJ

k
i

)
p′αβk − JJ̄µαdβp

′αβ
k Jki =

= JJ̄
µ
αf
′α
k J

k
i + Jp′αβk J̄

µ
αd
′
βJ

k
i + JJ̄

ρ
σβJ

σ
ρ J̄

µ
αJ

k
i p
′αβ
k − JJ̄νβλJλν J̄

µ
αJ

k
i p
′αβ
k = JJ̄

µ
α

(
f ′αk J

k
i + f ′αβk d′βJ

k
i

)
fµνi = JJ̄

µ
αJ̄

ν
βf
′αβ
k Jki

(1.3.29)

.Contact formsLet us also compute transformation rules for the contact forms

ω′i = dy′i − y′iµdx
′µ = J ikdy

k + J iνdx
ν − J̄λµ

(
J iλ + J iky

k
λ

)
dx′µ = J ikdy

k + J iνdx
ν − J iλdx

λ − J ikykλdx
λ = J ikω

k

ω′iα = dy′iα − y′iαµdx
′µ = J̄

λ
αd
(
J iλ + J iky

k
λ

)
− J̄λαdβ

(
J iλ + J iky

k
λ

)
dxβ =

= J̄
λ
α

(
J ikλdy

k + J ilky
k
λdy

l + J ikdy
k
λ

)
− J̄λα

(
J ikλy

k
β + J ilky

l
βy

k
λ + J iky

k
βλ

)
dxβ =

= d′αJ
i
l ω

l + J ik ω
k
λ J̄

λ
α

(1.3.30)

Finally, let us prove the following formula

dµ
(
JJ̄

µ
α

)
= J

(
J̄
ρ
βdµJ

β
ρ J̄

µ
α + J̄

µ
αβJ

β
µ

)
= J

(
−J̄ραβJβρ + J̄

µ
αβJ

β
µ

)
= 0 (1.3.31)
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Then one has

Ei(L) =pi − dµpµi + dµνp
µν
i = Jp′kJ

k
i + Jp′αk d

′
αJ

k
i + Jp′αβk d′αβJ

k
i − dµ

(
J
(
J̄
µ
αp
′α
k J

k
i + p′αβk

(
d′α
(
J̄
µ
βJ

k
i

)
+ J̄

µ
αd
′
βJ

k
i

)))
+

+dµν

(
JJ̄

µ
αJ̄

ν
βp
′αβ
k Jki

)
= Jp′kJ

k
i + Jp′αk d

′
αJ

k
i − dµJJ̄

µ
αp
′α
k J

k
i − JJβµ J̄

µ
αβp
′α
k J

k
i − Jd′αp′αk Jki − Jp′αk d′αJki +

+Jp′αβk d′αβJ
k
i − dµ

(
Jp′αβk J̄

ν
βdν

(
J̄
µ
αJ

k
i

)
+ Jp′αβk J̄

µ
αd
′
βJ

k
i

)
+ dµ

(
dν

(
JJ̄

ν
βp
′αβ
k

)
J̄
µ
αJ

k
i + JJ̄

ν
βp
′αβ
k dν

(
J̄
µ
αJ

k
i

))
=

=J (p′k − d′αp′αk ) Jki − JJ̄
β
λJ

λ
βµJ̄

µ
αp
′α
k J

k
i − JJβµ J̄

µ
αβp
′α
k J

k
i + Jp′αβk d′αβJ

k
i − dµ

(
Jp′αβk J̄

µ
αd
′
βJ

k
i

)
+

+dµ

(
−JJ̄ρσβJσρ p

′αβ
k J̄

µ
αJ

k
i + JJσρ J̄

ρ
σβp
′αβ
k J̄

µ
αJ

k
i

)
+ dµ

(
JJ̄

µ
αJ

k
i

)
d′βp
′αβ
k + Jd′αβp

′αβ
k Jki =

=J
(
p′k − d′αp′αk + d′αβp

′αβ
k

)
Jki + JJ̄

µ
βαJ

β
µp
′α
k J

k
i − JJβµ J̄

µ
αβp
′α
k J

k
i + Jp′αβk d′αβJ

k
i − Jp

′αβ
k d′αβJ

k
i +

−Jd′αp
′αβ
k d′βJ

k
i − dµ

(
JJ̄

µ
α

)
p′αβk d′βJ

k
i + dµ

(
JJ̄

µ
α

)
Jki d

′
βp
′αβ
k + Jd′βJ

k
i d
′
αp
′αβ
k =

=J
(
p′k − d′αp′αk + d′αβp

′αβ
k

)
Jki = JE′k(L′)Jki

(1.3.32)

Then we can define the form

E(L) := Ei(L) ωi ∧ dσ (1.3.33)

which is, in fact, global since

E(L) =Ei(L)ωi ∧ dσ = E′k(L′)Jki ω
i ∧ dσ′ = E′i(L′)ω′k ∧ dσ′ = E′(L′) (1.3.34)

One can also define the global form

F(L) := fµi ω
i ∧ dσµ + fµνi ωiν ∧ dσµ (1.3.35)

which is global since
F(L) =fµi ω

i ∧ dσµ + fµνi ωiν ∧ dσµ =

=JJ̄
µ
αf
′α
k J

k
i ω

i ∧ dσµ + JJ̄
µ
αf
′αβ
k d′βJ

k
i ω

i ∧ dσµ + JJ̄
µ
αJ̄

ν
βf
′αβ
k Jki ω

i
ν ∧ dσµ =

=f ′αk ω
′i ∧ dσ′α + f ′αβk

(
d′βJ

k
i ω

i + J̄
ν
βJ

k
i ω

i
ν

)
∧ dσ′α = f ′αk ω

′i ∧ dσ′α + f ′αβk ω′kβ ∧ dσ′α = F′(L′)

(1.3.36)

Notice that we have the following equation

(jkX) dL = X E(L) + d
�

(jk−1X) F(L)
�

(1.3.37)

This is called the first variation formula and it encodes (globally) many properties of variational principles. The form E(L) is called the Euler–Lagrange

part of L. A form F(L) for which the first variation formula holds true is called the Poincaré–Cartan part of L. The first variation formula encodes

global field equations which are intrinsically written in terms of the Euler–Lagrange part of L. A configuration σ is critical iff one has

E(L) � (j2kσ) = 0 (1.3.38)

Uniqueness results

Given a Lagrangian, we look for forms which satisfy the first variation formula. If we consider a form which has contact degree 2 (or higher),

e.g. e = eµνij !
i ^!j ^ d�µν , and we modify by it the Euler–Lagrange part E′(L) = E(L) + e then the form E′(L) satisfies the first variation formula as
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well. In fact, the contraction along the vertical vector field X leaves a contact form, which will be eventually pulled back along a holonomic section to

give zero. The same argument for adding f = fλµνij !i ^ !j ^ d�µνλ to F(L).

A similar argument applies to horizontal forms (i.e. forms of contact degrees 0). Both E(L) and F(L) appear everywhere above and below contracted

with a vertical vector field. Thus the addition of any horizontal term is irrelevant. As a consequence both E(L) and F(L) are to be considered as forms

of contact degree 1 and we shall denote by � the equality up to horizontal and contact forms of degree 2 or higher.

As a matter of fact, the first variation formula has to be understood as an equality up to forms which have contact degree other than 1. Accordingly,

the Euler–Lagrange and Poincaré–Cartan parts are defined up to forms which have contact degree other than 1. This is true because of the usage done

of such forms. Neither field equations or conservation laws we shall discuss hereafter will be affected by forms which have contact degree different from

1.

If one adds a term with contact degree 1 to E(L) then the first variation formula does not hold true anymore. Thus the Euler–Lagrange part of the

Lagrangian is uniquely determined by the first variation formula up to forms of contact degree other than 1.

If one considers instead F′(L) = F(L)� d� with, e.g., � = 1
2α

µν
i !

i ^ d�µν then we have

d� �� dναµνi !i ^ d�µ � αµνi !iν ^ d�µ

(j1X) d� =� dναµνi δyid�µ � αµνi dνδy
id�µ = �dν

�
αµνi δyi

�
d�µ � �d

�
1
2α

µν
i δyid�µν

�
) d

�
(j1X) d�

�
� 0

(1.3.39)

Thus F′(L) and F(L) both define the same first variation formula and field equations, while, as we shall see below, they define two different Noether

currents. For this reason, one has to consider (E(L),F(L)) and (E(L),F′(L)) as two different pairs for which the first variation formula holds true.

While the Euler–Lagrange part appearing in the first variation formula is essentially unique (i.e. unique up to forms of contact degree other than 1),

one can add to the Poincaré–Cartan part any exact form and the first variation formula still holds true. However, one can consider Poincaré–Cartan

parts with the additional properties of being symmetric with respect to upper indices, namely to be in the form

F̃(L) = f̃µi !
i ^ d�µ + f̃µνi !iν ^ d�µ (1.3.40)

with f̃µνi = f̃
(µν)
i . Such Poincaré–Cartan parts are called reduced. While Poincaré–Cartan parts are essentially non-unique, one can show that reduced

Poincaré–Cartan parts are unique.

Let us suppose that F(L) = fµi ω
i ∧ dσµ + fµνi ωiν ∧ dσµ is a Poincaré–Cartan part for the Lagrangian L. Then one can split F(L) as F(L) = F̃(L) + ∆ by setting

F̃(L) =
(
fµi − dνf

[µν]
i

)
ωi ∧ dσµ + f

(µν)
i ωiν ∧ dσµ ∆ = f

[µν]
i ωiν ∧ dσµ + dνf

[µν]
i ωi ∧ dσµ (1.3.41)

where F̃(L) is now reduced. Hence let us set f̃µi := fµi − dνf
[µν]
i and f̃µνi := f

(µν)
i so that one has

F̃(L) = f̃µi ω
i ∧ dσµ + f̃µνi ωiν ∧ dσµ (1.3.42)

Since we can always write ∆ as

d
(

1
2f

[µν]
i ωi ∧ dσµν

)
≈ 1

2dλf
[µν]
i dxλ ∧ ωi ∧ dσµν − 1

2f
[µν]
i ωiα ∧ dxα ∧ dσµν = −dνf [µν]

i ωi ∧ dσµ − f [µν]
i ωiν ∧ dσµ = −∆ (1.3.43)
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i.e. ∆ is a pure divergence and both F(L) and F̃(L) define the same first variation formula.

Thus any Poincaré–Cartan part F(L) can be replaced by a reduced one F̃(L).

Moreover, let us suppose that F̃
′
(L) is another reduced Poincaré–Cartan part equivalent to F(L). That means that F̃

′
(L) = F̃(L) − dα for some (m − 1)-form

α = 1
2α

µν
i ω

i ∧ dσµν . Thus one has:

f̃ ′µi ω
i ∧ dσµ + f̃ ′µνi ωiν ∧ dσµ =

(
f̃µi + dνα

µν
i

)
ωi ∧ dσµ +

(
f̃µνi + αµνi

)
ωiν ∧ dσµ (1.3.44)

However, since both F̃
′
(L) and F̃(L) have to be reduced one has

0 = f̃ ′[µν] = f̃
[µν]
i + α

[µν]
i = α

[µν]
i (1.3.45)

Hence α = 0 and F̃
′
(L) = F̃(L).

Thus any Lagrangian L defines two forms E(L) and F(L) with F(L) reduced, which are both uniquely determined and such that the first variation

formula holds true.

Non-globality of Poincaré–Cartan part at order 3

Although we shall always consider field theories of order at most 2, let us remark that the situation with Poincaré–Cartan part becomes involved at

higher orders. Let us consider a third order Lagrangian

L = L(xµ, yi, yiµ, y
i
µν , y

i
µνρ)d� (1.3.46)

Then by standard variation we have

δL =
�
piδy

i + pµi dµδy
i + pµνi dµνδy

i + pµνρi dµνρδy
i
�

d� =

=
�
pi � dµpµi + dµνp

µν
i � dµνρpµνρi

�
δyid�+ d

h��
pµi � dνpµνi + dνρp

µνρ
i

�
δyi +

�
pµνi � dρpµνρi

�
dνδy

i + pµνρi dνρδy
i
�

d�µ

i (1.3.47)

and we should define
E(L) =

�
pi � dµpµi + dµνp

µν
i � dµνρpµνρi

�
!i ^ d�

F(L) =
�
pµi � dνpµνi + dνρp

µνρ
i

�
!i ^ d�µ +

�
pµνi � dρpµνρi

�
!iν ^ d�µ + pµνρi !iνρ ^ d�µ

(1.3.48)

Let us define Ei(L) = pi�dµpµi +dµνp
µν
i �dµνρpµνρi and one can show that Ei(L) = JE′k(L′)Jki . Accordingly, the Euler–Lagrange part E(L) is a global

form.

On the other hand, let us define the formal momenta as

fµi := pµi � dνpµνi + dνρp
µνρ
i fµνi := pµνi � dρpµνρi fµνρi := pµνρi (1.3.49)

One can show that these objects transform differently from the coefficients of a form as F = fµi !
i ^ d�µ + fµνi !iν ^ d�µ + fµνρi !iνρ ^ d�µ. Thus the

Poincaré–Cartan part as defined above in (1.3.48) is not a global form.
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Two nearby observers are related by transition functions in the form

{
x′µ = x′µ(x)

y′i = y′i(x, y)
⇒


y′iµ = J̄

α
µ

(
J iα + J iky

k
α

)
= J̄

α
µdαy

′i

y′iµν = J̄
α
µdα

(
J̄
β
νdβy

′i
)

= J̄
β
µν

(
J iβ + J iky

k
β

)
+ J̄

α
µ J̄

β
ν

(
J iαβ + J iαky

k
β + J ikjy

j
αy

k
β + J iky

k
αβ

)
y′iµνρ = J̄

σ
ρdσ

(
J̄
α
µdα

(
J̄
β
νdβy

′i
)) (1.3.50)

.Standard JacobiansLet us assume standard notation for Jacobians and compute transformation rules for the contact forms

ω′i ∧ dσ′µ = JJ ikJ̄
ρ
µω

k ∧ dσρ

ω′iα ∧ dσ′µ = Jd′αJ
i
kJ̄

ρ
µ ω

k ∧ dσρ + JJ ikJ̄
λ
αJ̄

ρ
µ ω

k
λ ∧ dσρ

ω′iαβ ∧ dσ′µ = JJ̄
ρ
µdy

′i
αβ ∧ dσρ − Jy′iαβλJ̄

ρ
µdx

′λ ∧ dσρ = JJ̄
ρ
µdy

′i
αβ ∧ dσρ − Jdλy′iαβ J̄

ρ
µdx

λ ∧ dσρ =

= JJ̄
ρ
µ

[
J̄
ε
αβ

(
J ikε + J ikly

l
ε

)
+ J̄

ε
αJ̄

σ
β

(
J ikεσ + J iεkly

l
σ + J ikljy

j
εy
l
σ + J ikly

l
εσ

)]
ωk ∧ dσρ + JJ̄

ρ
µ

(
J̄
λ
αβJ

i
k + J̄

ε
αJ̄

λ
βJ

i
εk + 2J̄

ε
αJ̄

λ
βJ

i
kjy

j
ε

)
ωkλ ∧ dσρ + JJ̄

ρ
µJ̄

σ
β J̄

λ
αJ

i
kω

k
λσ ∧ dσρ

(1.3.51)

Thus the coefficients transform as
fρk = J

[
f ′µi J

i
kJ̄

ρ
µ + f ′µαi d′αJ

i
kJ̄

ρ
µ + f ′µαβi J̄

ρ
µ

(
J̄
ε
αβ

(
J ikε + J ikly

l
ε

)
+ J̄

ε
αJ̄

σ
β

(
J ikεσ + J iεkly

l
σ + J ikljy

j
εy
l
σ + J ikly

l
εσ

))]
fρλk = J

[
f ′µαi J ikJ̄

λ
αJ̄

ρ
µ + f ′µαβi J̄

ρ
µ

(
J̄
λ
αβJ

i
k + J̄

ε
αJ̄

λ
βJ

i
εk + 2J̄

ε
αJ̄

λ
βJ

i
kjy

j
ε

)]
fρλσk = JJ ikf

′µαβ
i J̄

ρ
µJ̄

σ
β J̄

λ
α

(1.3.52)

The transformation laws for fρλσk are compatible with the fact that this coefficient turns out to be totally symmetric. On the contrary, the transformation laws for fρλk
are not compatible with the symmetry of coefficients; if we assume that f ′µαi is symmetric, this does not guarantee that fρλk is. In fact ,we have

f
[ρλ]
k = Jf ′µαβi J̄

[ρ
µ J̄

λ]
αβJ

i
k (1.3.53)

which has no reason to vanish even in view of the total symmetry of the coefficient f ′µαβi .

One can show that, in order to define a global Poincaré–Cartan part for a third order Lagrangian, a connection on the base manifold is needed and in

fact there are infinitely many Poincaré–Cartan parts parameterised exactly by connections on the manifold M , in the sense that, chosen a connection,

one can single out a reduced Poincaré–Cartan part (which is reduced with respect to that connection but not with respect to other connections).

Changing the connection amounts to change the reduced representative. Since we shall not consider Lagrangians of order 3, we refer to[3].

4. Symmetries and Noether theorem

.Next SectionAnother variational technique is about symmetries and conservation laws. This will be extremely important for relativistic theories. Let us hereafter

review the basics in a generic field theory first.

There are different notions of symmetries, from the sharpest to the most general. Let us start from the strict ones and then consider some generali-

sations.
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Lagrangian symmetries

Let us consider a field theory defined on a configuration bundle C = (C,M, π, F ). Dynamics is described by a k-order Lagrangian L = L(jkσ)d�.

An isomorphism Φ : C ! C of the configuration bundle is called a Lagrangian symmetry if its prolongation jkΦ : JkC ! JkC leaves the Lagrangian

invariant, i.e.

(jkΦ)∗L = L (1.4.1)

One can also say that the Lagrangian L is covariant with respect to the transformation Φ.

A 1-parameter flow of Lagrangian symmetries is called an infinitesimal Lagrangian symmetry. An infinitesimal Lagrangian symmetry is also represented

by the vector field Ξ which generates the flow Φs on the configuration bundle.

.Lie derivativesIf Φs is an infinitesimal Lagrangian symmetry generated by the vector field Ξ, then

(jkΦs)
∗L = L () £jkΞL = 0 (1.4.2)

Lagrangian symmetries Φs are fibered transformations, and consequently the generator Ξ is projectable. Let us denote by ξ := π∗Ξ the induced

spacetime vector field. Then we have the so-called covariance identity�
jk£Ξ

�
dL = d (ξ L) (1.4.3)

Let us consider a system of fibered coordinates (xµ, yi) on configuration bundle. The Lie derivative along Ξ = ξµ(x)∂µ + ξi(x, y)∂i induces a generalised vector field

£Ξ =
(
ξµyiµ − ξi

)
∂i. Let us denote by Φs the flow of Ξ.

The condition (1.4.1) for Φs : C → C : (xµ, yi) 7→ (x′µ, y′i) to be a Lagrangian symmetry, with the usual conventions about Jacobians, reads locally as

JL(x′µ, y′i, y′iµ , . . .) = L(xµ, yi, yiµ, . . .) (1.4.4)

which is equivalent to its infinitesimal version obtained by taking the derivative with respect to the family parameter s, i.e.

∂µξ
µL+ ∂µLξ

µ + piξ
i + pµi ξ

i
µ + . . . = 0 ⇒ dµξ

µL+ dµLξ
µ + pi(ξ

i − yiλξλ) + pµi (ξiµ − yiµλξλ) + . . . = 0 (1.4.5)

Taking into account that for the prolongation of a vector field one has ξiµ = dµξ
i − dµξλyiλ and

ξiµ − yiµλξλ = dµξ
i − dµξλyiλ − yiµλξλ = dµ

(
ξi − ξλyiλ

)
= −dµ (£Ξ)

i
(1.4.6)

then one has

pi(£Ξ)i + pµi dµ(£Ξ)i + . . . = dµ (ξµL) (1.4.7)

which is exactly the local expression for the intrinsic expression (
jk£Ξ

)
dL = d (ξ L) (1.4.8)

A (projectable) vector field Ξ on the configuration bundle is an infinitesimal symmetry iff it satisfies the identity (1.4.3).

The reader is urged to compare the condition for a Lagrangian to be global, namely (1.3.27), with the condition to be covariant, namely (1.4.4).
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Noether theorem

Let us consider a Lagrangian field theory with a 1-parameter flow of symmetries represented by the generator Ξ. The covariance identity (1.4.3) holds

true. Since the Lie derivative £Ξ is a vertical vector, for it the first variation formula holds true as well. Hence it is easy to recast the covariance

identity into the following form�
jk£Ξ

�
dL = (£Ξ) E(L) + d

�
(jk−1£Ξ) F(L)

�
= d (ξ L) ) d

�
(jk−1£Ξ) F(L)� ξ L

�
= �(£Ξ) E(L)

(1.4.9)

This has to be considered as an identity between horizontal forms. Let us set E(L,Ξ) := (jk−1£Ξ) F(L) � ξ L, which is called the Noether current,

and W(L,Ξ) := �(£Ξ) E(L), which is called the work current. Let us stress that the Noether current is a global horizontal (m� 1)-form on J2k−1C,
while the work current is a global horizontal m-form on J2kC.
For any configuration σ, one can pull back both these quantities on spacetime to obtain

d
�

(j2k−1σ)∗E(L,Ξ)
�

= (j2kσ)∗W(L,Ξ) (1.4.10)

If σ is a solution of field equations, then (j2kσ)∗W(L,Ξ) � 0 and the Noether current is closed. If the Noether current can be split as

E(L,Ξ) = Ẽ(L,Ξ) + dU(L,Ξ) (1.4.11)

and the form Ẽ(L,Ξ) vanishes along solutions of field equations then the form Ẽ(L,Ξ) is called the reduced Noether current and the form U(L,Ξ) is

called a superpotential.

In a second order field theory, the local expressions for Noether current and work current are8<
: E(L,Ξ) =

�
fµi £Ξy

i + fµνi dν£Ξy
i � ξµL

�
d�µ

W(L,Ξ) = � �pi � dµpµi + dµνp
µν
i

�
£Ξy

i d�
(1.4.12)

which are of course global since they have been first obtained intrinsically.

Notice that Noether currents in principle carry information about field equations. If one knows a Noether current E(L,Ξ), its differential dE(L,Ξ) =W(L,Ξ) gives the

work current which contains information about field equations.

In fact, one obtains in this way W(L,Ξ) = −(£Ξ) E(L) and to obtain field equations one would need either extra information about the symmetry (basically should

know how to isolate the factor £Ξ) or to have enough symmetries so that the Lie derivatives £Ξ span a basis of vertical vectors and the system W(L,Ξ) = 0 for all

symmetries Ξ implies the vanishing of the factor Ei(L) = 0. We shall see examples of this situation.

Of course, the Noether current is an (m� 1)-form. In mechanics m = 1, hence the Noether current is a 0-form, i.e. a function. In that case it is called

a first integral. A 0-form is closed iff it is constant, so a first integral is constant along solutions of Euler-Lagrange equations of a holonomic mechanical

system.
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Continuity equations

Let us set (j2k−1σ)∗E(L,Ξ) = Eµ(x)d�µ for the local expression of Noether current evaluated along a solution σ of field equations. The global

conservation law (1.4.10) is locally expressed as

d
�Eµd�µ

�
= dνEµdxν ^ d�µ = dµEµd� = 0 ) dµEµ = 0 (1.4.13)

The quantities Eµ form a vector density of weight 1 (since (j2k−1σ)∗E(L,Ξ) is a global (m� 1)-form).

The equation dµEµ = 0 is called a continuity equation and it is related to conservation laws.

Suppose M is Minkowski spacetime with Cartesian coordinates (x0, xi). The continuity equation is in fact

d0E0 + div~E = 0 (1.4.14)

The component E0 is called the density while the “spatial vector” ~E = Ei∂i is called the flow.

Let us define

Q =

∫
D

E0dσ0 (1.4.15)

on a (m− 1)-spacetime region D lying on a x0 = const surface.

Then one has

d0Q =

∫
D

d0E0dσ0 = −
∫
D

diEidσ0 = −
∫
D

djEidxj ∧ dσ0i = −
∫
D

d(Eidσ0i) = −
∫
∂D

Eidσ0i (1.4.16)

In other words, the change in time of the quantity Q is controlled only by the flow of ~E through ∂D. This means that within D there is no source of the quantity Q

which can change only by entering or leaving the region D by crossing the boundary ∂D.

More generally in a spacetime the integral Z
∂Ω
Eµd�µ =

Z
Ω
d
�Eµd�µ

�
= 0 (1.4.17)

along any m-region Ω �M .

Consider now the case in which one has two (m � 1)-regions D1 and D2 which together form the boundary of an m-region Ω, i.e. ∂Ω = D2 � D1.

Then one has Z
∂Ω
Eµd�µ =

Z
D2−D1

Eµd�µ =

Z
D2

Eµd�µ �
Z
D1

Eµd�µ = 0 )
Z
D2

Eµd�µ =

Z
D1

Eµd�µ (1.4.18)

Hence the integral of a Noether current is a homological invariant. It is an invariant characteristic of the solution which will be called a covariantly

conserved quantity. The equation dE = 0 is called a covariant conservation law.

When in a spacetime M = Ω� fpg fields are defined on an m-region but with a singularity at a point p (which of course is removed from spacetime

since fields on spacetime have to be regular), one can consider an (m� 1)-region D wrapping around the point p and define

Q =

Z
D
Eµd�µ (1.4.19)
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This is a number, covariantly determined, which is independent of the particular choice of D. It is characteristic of field singularity at p, as a kind of

residual at p.

. Conserved quantitiesCovariantly conserved quantities are the analogous of conservation laws in a relativistic theory in which there is no preferred notion of time. We shall

later on investigate the relation between covariantly conserved quantities and quantities which are conserved in time.

5. Pure divergences

.Next SectionWe can discuss what happens when a Lagrangian is the differential of a horizontal (m � 1)-form � on some jet prolongation of the configuration

bundle. In that case, we call it a pure divergence since, e.g. on the first jet bundle, we have

� = αµ(j1y)d�µ ) L = d� = dλα
µ(j1y)dxλ ^ d�µ = dµα

µ(j1y)d� (1.5.1)

We have to show that these Lagrangians are trivial, in the sense that they produce identically satisfied field equations, as they have trivial (though

non-zero) conservation laws. Hence, if we have two Lagrangians which differ by a pure divergence, they have the same field equations and somehow

equivalent conservation laws. More on conservation laws in this case will follow in Section 3.5.

A first order pure-divergence Lagrangian is

L = dµα
µ = dµα

µ = ∂µα
µ + ∂iα

µyiµ + ∂νi α
µyiµν (1.5.2)

Its variation is

δL = dµ∂iα
µδyi + dµ∂

ν
i α

µdνδy
i + ∂iα

µdµδy
i + ∂νi α

µdµνδy
i = dµ∂iα

µδyi + dµ∂
ν
i α

µdνδy
i − dµ∂iαµδyi − dµ∂νi αµdνδyi + dµ

(
∂iα

µδyi + ∂νi α
µdνδy

i
)

(1.5.3)

Hence the Euler-Lagrange part E(L) = 0 is identically vanishing, i.e. any configuration is a solution. The Poincaré-Cartan part is

F(L) = ∂iα
µωi ∧ dσµ + ∂νi α

µωiν ∧ dσµ (1.5.4)

where we set ωi = dyi − yiαdx
α and ωiν = dyiν − yiναdx

α for the relevant contact forms.

For conservation laws, we can show that any transformation is a symmetry for a pure divergence Lagrangian.

Let us consider a generic projectable vector field ξ = ξµ∂µ + ξi∂i on the configuration bundle. The covariance identity reads as

pi£ξy
i + pµi £ξy

i
µ + pαµi £ξy

i
αµ = dα (dµα

µξα) (1.5.5)

The relevant Lie derivatives are £ξy
i = yiαξ

α − ξi as well as

£ξy
i
µ = dµ£ξy

i £ξy
i
αµ = dαµ£ξy

i (1.5.6)
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The covariance identity is identically satisfied since we have for the left hand side

pi£ξy
i + pµi £ξy

i
µ + pαµi £ξy

i
αµ = dµ∂kα

µ£Ξy
k + dµ∂

α
k α

µdα£Ξy
k + ∂iα

µdµ£Ξy
i + ∂αi α

µdµ£Ξy
i
α = dµ

(
∂kα

µ£Ξy
k + ∂αk α

µ£Ξy
k
α

)
= £Ξdµα

µ = dε (ξεdµα
µ) (1.5.7)

The Noether current is

E =
�
∂kα

µ£Ξy
k + ∂αk α

µdα£Ξy
k
�

d�µ � ξµdνανd�µ = £ξ�� ξµdνανd�µ = ξµdνα
νd�µ + d

�
ξναµd�µν

�� ξµdνανd�µ =

= (ξµdνα
ν + dν (ξναµ)� dν (ξµαν)� ξµdναν) d�µ = 2dν

�
ξ[ναµ]

�
d�µ

(1.5.8)

which can be recast as

E = d
�
ξ[ναµ]d�µν

�
= dλ

�
ξ[ναµ]

�
dxλ ^ d�µν = 2dν

�
ξ[ναµ]

�
d�µ (1.5.9)

where the reduced current Ẽ is identically zero (as it should be since it should be zero on shell, which in this case means along any configuration, i.e. it

coincides with the off-shell vanishing) and the superpotential is

U = ξ[ναµ]d�µν (1.5.10)

Symmetries of the action

A Lagrangian symmetry leaves the Lagrangian invariant. Hence it leaves the action functional invariant. The same action implies the same field

equations and the same solutions.

However, one can preserve the action without necessarily preserving the Lagrangian. Let us consider a global horizontal (m� 1)-form �. Consider a

transformation Φ : C ! C such that

(jkΦ)∗L = L + d� (1.5.11)

This will be called an action symmetry.

The transformation Φ projects over a spacetime diffeomorphism φ : M !M and it maps D into D′ = φ(D).

Then one has

A′D′(σ) =

Z
D′

(jkσ)∗(jkΦ)∗L =

Z
D

(jkσ)∗L +

Z
D

(jkσ)∗d� = AD(σ) +

Z
∂D

(jkσ)∗� (1.5.12)

However, the boundary contribution
R
∂D � is constant with respect to field deformations. Hence it does not contribute to the action variation and to

field equations. The covariance identity for action symmetries is�
jk£Ξ

�
dL = d (ξ L) + d� (1.5.13)

where Ξ is the infinitesimal generator of a 1-parameter flow of action symmetries Φs, and � has to be linear with respect to the symmetry generator,

namely � = a(Ξ) = ξµaµ + ξiai with the coefficients (aµ, ai) functions of the points in JkC.
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Also in this case one has a kind Noether theorem. In fact, by the usual integration by parts, one has

E(L,Ξ) = (jk−1£Ξ) F(L)� ξ L +� (1.5.14)

which is the corresponding generalised Noether current.

Generalised symmetries

TC

CJkC

(πk0 )∗TC

M

........................................................................................................................... ............

.....................................................................................................................................
.....
.......
.....

......................................................................................................................................................... ............
πk0

................................................................................................................................................................................................................... ........
....

πk

.....................................................................................................................................
.....
.......
.....

.....................................................................................................................................
.....
.......
.....

π

.........
....

........
.....

........
.....

.......
......

.......
......
.......
......
.......
......
...........
.. ................ ............

Ξ

Noether currents are linear in momenta. Of course, there are conserved quantities which are not linear in the

momenta. Noether theorem can be generalised to transformations which depend on field derivatives, e.g. Φ :

J1C ! C. Forms on jet bundles can be lift to any order of prolongation along the jet bundles projections. Then

one can define generalised symmetries when they preserve the Lagrangian (or the action), i.e.

(jkΦ)∗L = (πk+1
k )∗L (1.5.15)

An infinitesimal generalised symmetry is a generalised field, e.g.

Ξ = ξµ(x)∂µ + ξi(xλ, yi, yiλ)∂i (1.5.16)

These objects are global sections in a suitably defined bundle, namely the one shown in the commutative diagram

here beside.

Let us stress that original papers by Noether do considered these cases (in mechanics).

Generalised symmetries produces conservation laws in mechanics which can be more than linear in momenta,

as for example the Runge–Lenz vector.

Symmetries of a differential equation

A symmetry of a differential equation is a transformation mapping solutions into solutions.

An action symmetry leaves the equations invariant and hence are symmetries of the field equations.

AD′(σ
′) =

Z
D′

(jkσ′)∗L =

Z
D

(jkσ)∗(jkΦ)∗L =

Z
D

(jkσ)∗L +

Z
∂D

(jkσ)∗� = AD(σ) +

Z
∂D

(jkσ)∗� (1.5.17)

If σ is a critical point for the action functional, then σ′ is a critical point as well.
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6. Examples of field theories

.Next SectionWe shall hereafter provide some examples of field theories in order to get familiar with variational principles before introducing relativistic theories

and gravitation. We are also going to fix some notation that will be useful later on.

Vibrating flat plate

Let us consider a vibrating 2-dimensional homogeneous planar continuum. This can be seen to be described by a function ϕ(t, x) which measures the

vertical displacement at the time t of the point x from the equilibrium. The dynamics is given by the Lagrangian

L =
√
g

2

�
ρϕ2

0 � (∆ϕ)2 + 2(1� µ)det(rijϕ)� 2f(t, x)ϕ
�

d� (1.6.1)

where we set ∆ϕ = gijrijϕ for the Laplacian and f(t, x) is the density of external forces acting on the plate, ρ and µ are constants representing the

mass density of the plate and the Poisson’s ratio of the material, respectively; see[2].

In this example, we are understanding the dimensions of some of the coefficients so we cannot use dimensional analysis. In fact, one can see that the terms in the

Lagrangian have different dimensions, as they are written.

This is a second order Lagrangian for the field ϕ, which is a section of the bundle M � R with M = Σ � R and Σ the two dimensional manifold

modeling the plate. The Lagrangian also depends on some functions gij which represent the coefficients of the metric induced on the plate which

depend on coordinates xi used on the plate Σ. However, whatever the coordinates xi on the plate are, the curvature R of the metric g is always

vanishing as long as the plate is planar (which is of course an approximation during small vibrations). Here the point is that there is no reason to

change coordinates xi on time (thus gij just depend on xi but not on time t) and the metric gij (as well as its Levi Civita connection) is assigned once

and for all. It is not a field to be varied (as ϕ is) since one is not required to determine it from some field equations.

The variation of the Lagrangian is

δL =
p
g
�
ρϕ0∂0δϕ� (∆ϕ)gijrijδϕ+ (1� µ)(r22ϕr11δϕ+r11ϕr22δϕ� 2r12ϕr12δϕ)� f(t, x)δϕ

�
d� =

=�pg
�
ρϕ00 + ∆2ϕ+ f(t, x)� (1� µ)(r11r22ϕ+r22r11ϕ� 2r2r1r12ϕ)

�
δϕd�+

+ d
hp

g
�
ρϕ0δϕd�0 +

�
gijrj (∆ϕ) δϕ� gij∆ϕrjδϕ

�
d�i + (1� µ)�

� [(r22ϕr1δϕ�r1(r22ϕ)δϕ� 2r12ϕr2δϕ) d�1 + (r11ϕr2δϕ+ (2r1(r12ϕ)�r2(r11ϕ))δϕ)]
�

d�2

i
(1.6.2)

where we set ∆2ϕ = gklrkl(∆ϕ) for the double Laplacian with respect to the metric g.

The tensor

∇11∇22ϕ+∇22∇11ϕ− 2∇2∇1∇12ϕ (1.6.3)

is vanishing in Cartesian coordinates, thus it is vanishing in any coordinate system.
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One can also compute it directly

∇11∇22ϕ+∇22∇11ϕ− 2∇2∇1∇12ϕ =

= ∇11∇22ϕ+∇22∇11ϕ−∇2∇1∇1∇2ϕ−∇2∇1∇2∇1ϕ =

= ∇11∇22ϕ+∇22∇11ϕ− (∇1∇2∇1∇2ϕ−Rk121∇k∇2ϕ−Rk221∇1∇kϕ)−∇2(∇2∇1∇1ϕ−Rk112∇kϕ) =

= ∇11∇22ϕ−∇1∇2∇1∇2ϕ+R2
121∇2∇2ϕ+R1

221∇1∇1ϕ+∇2(R2
112∇2ϕ) =

= ∇11∇22ϕ−∇1(∇1∇2∇2ϕ−Rk221∇kϕ)−R2
112∇2∇2ϕ+R1

221∇1∇1ϕ+∇2R
2
112∇2ϕ+R2

112∇2∇2ϕ =

= ∇1R
1
221∇1ϕ+R1

221∇1∇1ϕ+R1
221∇1∇1ϕ+∇2R

2
112∇2ϕ

(1.6.4)

which vanishes on flat surfaces.

The field equations are thence

ρ ∂2
t ϕ+ ∆2ϕ+ f(t, x) = 0 (1.6.5)

This example is ugly. We chose it just because it is so different from a relativistic theory. Here time and space variables are not treated on equal

footing at all. This is an example of a global Lagrangian with global field equations which is not covariant.

Degenerate Lagrangians

In the previous example, one starts from a second order Lagrangian and obtains, as expected, fourth order field equations. However, there are

Lagrangians which are degenerate, in the sense that their field equations happen to be of order less that the expected one. Unfortunately, this is

quite a common feature in fundamental physics since all Yang–Mills Lagrangians as well as the Hilbert Lagrangian happen to be degenerate. Unlike

what usually happens, in this example one has field equations which are not even quasi-linear (i.e. they are not affine in the higher order derivatives

appearing in field equations).

Let us consider the configuration bundle C = (R� R2,R2, π,R) with coordinates (x1, x2, y).

Let us set l2 := (y1)2 + (y2)2 and ∆ := (y11y22 � (y12)2) and consider the Lagrangian

L =
y∆

l2
(1.6.6)

By the way computing field equation for this Lagrangian is a perfect motivation for introducing advanced notation. The reader is urged to do the computation and

compare with the way we shall do it below, which turns out to be much easier (though not trivial).

Let us assume one has a metric on R2 in which the coordinates xµ are orthonormal. The metric gµν is fixed and we shall not deform it in variational

calculus. Then one has

∆ = 1
2
√
g ε
µνεαβyµαyνβ l2 = gµνyµyν (1.6.7)
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.Levi Civita tensor densitieswhere εµν denotes the canonical Levi Civita antisymmetric tensor density in dimension 2. Let us stress that l2 is a scalar, while ∆ is a scalar density

of weight 1 (since εαβ are tensor densities of weight 1) so that the Lagrangian density L is a scalar density of the correct weight as well.

One can also define

yµν := 1√
g ε
µαενβyαβ yµ := gµαyα (1.6.8)

so that one has

∆ = 1
2y

µνyµν l2 = yµyµ (1.6.9)

Notice that, for symmetry reasons, one readily has

dµy
µν = 1√

g ε
µαενβyαβµ � 1

2
√
gg

ρσdµgρσε
µαενβyαβ = �fggρµρyµν (1.6.10)

which vanishes in Cartesian coordinates.

The variation of such a Lagrangian, neglecting pure divergence terms (as well as terms which vanish in Cartesian coordinates by equation (1.6.10)),

is then

δL =
∆

l2
δy +

y

l2
yµνδyµν � 2

y∆

l4
yµδyµ =

∆

l2
δy � yν

l2
yµνδyµ + 2

y

l4
yαyανy

µνδyµ �
y

l4
yαβyαβy

µδyµ + div =

=

�
∆

l2
+ dµ

�yν
l2

�
yµν � 2dµ

� y
l4
yαyαν

�
yµν + dµ

� y
l4
yαβyαβy

µ
��
δy + div

(1.6.11)

where div stands for divengence terms that we should keep track of to compute F (while here we do not since we are focusing on E only).

Then field equations are then obtained as

E :=
∆

l2
+ dµ

�yν
l2

�
yµν � 2dµ

� y
l4
yαyαν

�
yµν + dµ

� y
l4
yαβyαβy

µ
�

=

=
∆

l2
+ 2

∆

l2
� 2

l4
yαyαµyνy

µν � 2

l4
yµy

αyανy
µν � 2ydµ

�
yα

l4
yαν

�
yµν +

2

l4
l2∆ + ydµ

�
1

l4
yαβyαβy

µ

�
=

=5
∆

l2
� 4

l4
yαyαµyνy

µν � 2ydµ

�
yα

l4

�
yανy

µν � 2y
yα

l4
yαµνy

µν + ydµ

�
yµ

l4

�
yαβyαβ + 2y

yµ

l4
yαβyµαβ =

=5
∆

l2
� 4

l4
yαyαµyνy

µν � 2ydµ

�
yα

l4

�
yανy

µν + ydµ

�
yµ

l4

�
yαβyαβ

(1.6.12)

Already at this stage, we can see that field equation will be second order instead of fourth. However, it is worth going on to simplify their expression

to obtain

E =5
∆

l2
� 4

l4
yαyαµyνy

µν � 2ydµ

�
yα

l4

�
yανy

µν + ydµ

�
yµ

l4

�
yαβyαβ =

=5
∆

l2
� 4

l4

�
gαµεβρενσ

�
yµyνyαβyρσ + y

�yλµ
l4
� 4

yλ
l6
yεyεµ

��
�2gλαεµρεβσ + gλµεαρεβσ

�
yαβyρσ =

=5
∆

l2
� 4

l4

�
gαµεβρενσ

�
yµyνyαβyρσ +

y

l6
�
yεyνyλµ � 4yλyνyεµ

� ��2gλαgνεεµρεβσ + gλµgνεεαρεβσ
�
yαβyρσ =

=5
∆

l2
� 4

l4

�
gαµεβρενσ

�
yµyνyαβyρσ +

y

l6

�
�2gλαgνµεερεβσ + gλεgνµεαρεβσ + 8gµαgνεελρεβσ � 4gµλgνεεαρεβσ

�
yµyνyελyαβyρσ

(1.6.13)
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One can show that�
gαµεβρενσ

�
yµyνyαβyρσ = l2∆

�
�2gλαgνµεερεβσ + gλεgνµεαρεβσ + 8gµαgνεελρεβσ � 4gµλgνεεαρεβσ

�
yµyνyελyαβyρσ = 0 (1.6.14)

In fact, for the first identity one has

gαµεβρενσyµyνyαβyρσ = εαλεµ·λε
βρενσyµyνyαβyρσ = (gµνδσλ − gµσδνλ) εαλεβρyµyνyαβyρσ =

= gµνεαρεβσyµyνyαβyρσ − gµαεσνερβyµyνyαβyρσ = gµνεαρεβσyµyνyαβyρσ − gαµεβρενσyµyνyαβyρσ ⇒
⇒ gαµεβρενσyµyνyαβyρσ = 1

2g
µνεαρεβσyµyνyαβyρσ = l2∆

(1.6.15)

so that the first of (1.6.14) holds true.

For the second identity, one has [
−2gνµ

(
gλαεερεβσ − 1

2g
λεεαρεβσ

)
+ 8gνε

(
gµαελρεβσ − 1

2g
µλεαρεβσ

)]
yµyνyελyαβyρσ = 0 (1.6.16)

by applying two times the identity (1.6.15).

Accordingly, field equation is

E =
∆

l2
= 0 (1.6.17)

which is second order (and not fourth order as expected) and not quasi-linear (but quadratic in the second derivatives).

Real Klein–Gordon field

Let us consider a spacetime M equipped with a fixed Lorentzian metric g. We want to describe a scalar field ϕ : M ! R on the Lorentzian manifold

(M, g). The first step is to address kinematics. When one considers two nearby observers, by definition a scalar field ϕ transforms as

ϕ′(x′) = ϕ(x) (1.6.18)

This means that the value of the field ϕ does not depend on the observer. Of course, the local expression does.

Let us consider a simple special case M = S1 with an angular coordinate θ. A function ϕθ : M → R : θ 7→ cos(θ). One can also consider two local coordinate systems

x = cos(θ) (defined on the open set Ux := {θ ∈ (0, π)}) and y = sin(θ) (defined on the open set Uy := {θ ∈ (−π2 ,
π
2 )}). The two observers are both defined on the

overlap Uxy := {θ ∈ (0, π2 )}.
The function above is expressed with respect to the observer which uses x as ϕx : Ux → R : x 7→ x. The same function is expressed with respect to the observer which

uses y as ϕy : Uy → R : y 7→
√

1− y2.

As one can see the same function is locally expressed by different functions (ϕθ, ϕx, ϕy) and, in the overlaps, these local expressions are related by (1.6.18). For example,

one has x = cos(θ) and

ϕx(x) = ϕθ(θ) (1.6.19)

The configuration bundle C is defined in terms of transition maps (1.6.18) which are the identities. Transformation rules (1.6.18) prescribe that the

new fields are obtained replacing the new coordinates into the old local expression.
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Then the configuration bundle is trivial, i.e. K = M � R with fibered coordinates (xµ, ϕ). Since we shall need the metric as well, let us consider the

bundle Lor(M) of Lorentzian metrics and consider the configuration bundle C = K �M Lor(M) with coordinates (xµ, ϕ, gµν). Let us also denote by

(xµ, ϕ, ϕµ, . . . , gµν , fggαµν) fibered coordinates on the jet prolongations (we shall not need here derivatives of the metric higher than first order).

The dynamics is described by the Lagrangian

LKG = �
p
g

2

�
gµν

∗
rµϕ

∗
rνϕ+ µ2ϕ2

�
d� (1.6.20)

where rµ is the covariant derivative with respect to g and we denote it by
∗
rµ to emphasise the cases when it does not depend on the connection and

it reduces to ordinary partial derivatives.

In general, one cannot assume that coordinates are lengths as in Cartesian coordinates. Even in relatively simple examples as polar coordinates, some of the coordinates

are length, while the angles are adimensional. As a consequence, some of the coefficients of the metric, which are adimensional in Cartesian coordinates, retain

dimensions so that the tensor is [g] = L2.

On an m dimensional spacetime we have [
√
g dσ] = Lm, and set [ϕ] for the unknown dimension of the field, so that [gµν

∗
∇µϕ

∗
∇νϕ] = [ϕ]2L−2. We want, of course, that

the action functional is an action, i.e. [L] = ML2T−1, so that [ϕ]2Lm−2 = ML2T−1 and then [ϕ] = M1/2L(4−m)/2T−1/2. Finally, for dimensional coherence, we need

to have [µ] = L−1.

Thus it seems difficult to consider µ as a mass! However, let us consider the constant [c/h̄] = M−1L−1 so that the constant

µ̂ :=
h̄µ

c
⇒ [µ̂] = M (1.6.21)

is, in fact, a mass. Accordingly, we could (and should) write the Lagrangian density as

LKG = −
√
g

2

(
gµν

∗
∇µϕ

∗
∇νϕ+

c2µ̂2

h̄2 ϕ2

)
(1.6.22)

so that µ̂ is a proper mass parameter.

The variation of the Lagrangian is

δLKG =
p
g

�
δgαβ

�
1
4gαβg

µν
∗
rµϕ

∗
rνϕ+ 1

4gαβµ
2ϕ2 � 1

2

∗
rαϕ

∗
rβϕ

�
� gµν

∗
rµϕ

∗
rνδϕ� µ2ϕδϕ

�
d� =

=
p
g

�
�1

2Tαβδg
αβ �

g

rν
�
gµν

∗
rµϕδϕ

�
+
�
�ϕ� µ2ϕ

�
δϕ

�
d�

(1.6.23)

[Tµν ] = ML2−mT−1

where we set Tαβ :=
∗
rαϕ

∗
rβϕ� 1

2

�
gµν

∗
rµϕ

∗
rνϕ+ µ2ϕ2

�
gαβ for the so–called energy-momentum stress tensor of real Klein–Gordon field and �ϕ :=

gµν
g

rν
∗
rµϕ for the Dalambertian with respect to the metric g.

At this point, we have two possible paths to follow: either we regard the metric g as a fixed structure over spacetime or we consider it as a dynamical

field. In the first case, it is not varied (as we did in the previous example) so we set δgαβ = 0 and the variation of the Lagrangian simplifies accordingly

and the real Klein–Gordon field equations are then

�ϕ� µ2ϕ = 0 (1.6.24)
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In the second case, also the metric is varied and field equations are(
�ϕ� µ2ϕ = 0

Tαβ = 0
(1.6.25)

In both cases, the Poincaré–Cartan part of LKG reads as

F(LKG) = �pggµν
∗
rµϕ (d'� ϕλdxλ) ^ d�ν (1.6.26)

The first attitude of considering the metric g fixed is typical (even though not unique) of SR. The metric g is considered physical but not dynamical.

It is given together the specification of the system and it is known a priori. We shall point out in a number of instances that the fact that a field is

not dynamical (i.e. it is given and not determined through some field equations) leave some spurious terms which must be dealt with with extra care.

The second attitude is typical of relativistic theories. Part of the definition of a relativistic theory is that any field is dynamical and no exception is

allowed. In other words, spacetime is given without any field on it. Any physical structure defined on spacetime must be determined by field equations.

In this particular case, the field equations Tαβ = 0 are too strict to make physical sense. If they have to be obeyed, then they can be traced to obtain

T := gαβ
∗
∇αϕ

∗
∇βϕ− m

2

(
gµν

∗
∇µϕ

∗
∇νϕ+ µ2ϕ2

)
= 0 ⇒ (2−m)gαβ

∗
∇αϕ

∗
∇βϕ−mµ2ϕ2 = 0 (1.6.27)

Let us first consider the case µ = 0. In dimension other than m = 2, this equation implies gαβ
∗
∇αϕ

∗
∇βϕ = 0, which replaced back into Tαβ gives

∗
∇αϕ

∗
∇βϕ = 0 (1.6.28)

This implies
∗
∇αϕ = 0, which means that ϕ is constant.

In dimension m = 2 and µ 6= 0, (1.6.27) implies directly ϕ = 0.

In the generic case m 6= 2 and µ 6= 0, (1.6.27) can be plugged back in the field equation

Tαβ =
∗
∇αϕ

∗
∇βϕ− 1

mg
µν
∗
∇µϕ

∗
∇νϕgαβ = 0 Tαβ = − 1

m

(
gµνgαβ −mδµ(αδ

ν
β)

) ∗
∇µϕ

∗
∇νϕ = 0 (1.6.29)

This is a linear system given by an endomorphism Aµναβ = gµνgαβ −mδµ(αδ
ν
β) acting on symmetric tensors vµν .

In Minkowski space and Cartesian coordinates, this is 

3
4

∗
∇0ϕ

∗
∇0ϕ+ 1

4

∗
∇iϕ

∗
∇iϕ = 0

∗
∇0ϕ

∗
∇iϕ = 0

∗
∇jϕ

∗
∇iϕ = 0 (i 6= j)

3
4

∗
∇iϕ

∗
∇iϕ = 0

(1.6.30)

These altogether imply
∗
∇µϕ

∗
∇νϕ = 0, which with (1.6.27) implies ϕ = 0.
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Anyway, in most cases, if one assumes Tαβ = 0 to be a serious field equation, then the Klein–Gordon field is constrained to be constant or zero, thence

loosing most interesting solutions. By the way, this is one of the reasons why in Minkowski space one is forced to consider the metric fixed in order to

get rid of this field equation.

If one wants to go by the second path and vary the metric as prescribed by relativistic theories, then the Klein–Gordon Lagrangian does not make

much sense alone. But consider to add a Lagrangian for the metric only, a Lagrangian Lg which is varied to be δLg = 1
2κ
p
g Gµνδg

µνd�+ d
�
F µd�µ

�
.

Then the total Lagrangian L = Lg + LKG leads to field equations in the form(
�ϕ� µ2ϕ = 0

Gαβ = κTαβ
(1.6.31)

These field equations leave much more space for interesting solutions. The first equation �ϕ� µ2ϕ = 0 prescribes how the field ϕ evolves in presence

of a metric g, while the second field equation Gαβ = κTαβ prescribes how the metric g evolves in presence of a field ϕ. This is quite satisfactory from

the physical viewpoint, though from the mathematical viewpoint this is a coupled non-linear system of partial differential equations (PDE) which is

quite difficult to be analyzed. We shall see below solutions for these equations. Now we are just interested in pointing out how theories in which all

fields are dynamical appear.

Another aspect of Klein–Gordon theory which is worth analyzing is conservation laws. The Klein–Gordon Lagrangian density is in fact a scalar

density, namely LKG = �
√
g

2

�
gµν

∗
rµϕ

∗
rνϕ+ µ2ϕ2

�
; if one changes coordinates on spacetime x′µ = x′µ(x) then the metric transforms as a tensor and

the Klein–Gordon field as a scalar 8><
>:
x′µ = x′µ(x)

g′µν = J̄
α
µgαβJ̄

β
ν

ϕ′ = ϕ

(1.6.32)

Then accordingly the Lagrangian density transforms as LKG(x′, g′, ϕ′) = JLKG(x, g, ϕ). This means that any spacetime diffeomorphism is a Lagrangian

symmetry. Thus any spacetime vector field is an infinitesimal Lagrangian symmetry, as one can verify by using the covariance identity

p
g

�
�1

2Tαβ£ξg
αβ � µ2ϕ£ξϕ�

∗
rµϕ

∗
rµ£ξϕ

�
= dµ(ξµLKG) (1.6.33)

Just expand everything without integrating by parts. The Lie derivatives are

£ξg
µν = −

g

∇λξµgλν − gµλ
g

∇λξν £ξϕ = ξµ
∗
∇µϕ (1.6.34)

Thus expanding the left hand side of the covariance identity (1.6.33) one gets

√
g

[
−
(

1
2

∗
∇µϕ

∗
∇νϕ− 1

4

(
gρσ

∗
∇ρϕ

∗
∇σϕ+ µ2ϕ2

)
gµν

)(
−
g

∇λξµgλν − gµλ
g

∇λξν
)
− µ2ϕξµ

∗
∇µϕ−

∗
∇µϕ

∗
∇µ
(
ξλ
∗
∇λϕ

)]
=

=
√
g

[
∗
∇µϕ

∗
∇λϕ

g

∇λξµ − 1
2

(
gρσ

∗
∇ρϕ

∗
∇σϕ+ µ2ϕ2

)
g

∇λξλ − µ2ϕξµ
∗
∇µϕ−

∗
∇µϕ

∗
∇µξλ

∗
∇λϕ−

∗
∇µϕξλ

g

∇µλϕ
]

=

=
√
g

[
− 1

2

∗
∇
σ

ϕ
∗
∇σϕ

g

∇λξλ − 1
2µ

2ϕ2
g

∇λξλ − 1
2µ

2ξλ
∗
∇λϕ2 − 1

2

g

∇λ
(
∗
∇µϕ

g

∇µϕ
)
ξλ

]
=
√
g

2

[
−
g

∇λ
(
∗
∇
σ

ϕ
∗
∇σϕξλ

)
−

g

∇λ
(
µ2ϕ2ξλ

)]
=

=
∗
∇λ
(
−
√
g

2

(
∗
∇
σ

ϕ
∗
∇σϕ+ µ2ϕ2

)
ξλ
)

= dµ(ξµLKG)

(1.6.35)
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The corresponding Noether current is

E =

�
�pggµν

∗
rνϕ£ξϕ� LKGξµ

�
d�µ =

p
g

�
�gµν

∗
rνϕ

∗
rλϕ ξλ + 1

2g
λν
∗
rλϕ

∗
rνϕξµ + 1

2µ
2ϕ2ξµ

�
d�µ =

=�pggµν
�
∗
rνϕ

∗
rσϕ� 1

2

�
gλρ

∗
rλϕ

∗
rρϕ+ µ2ϕ2

�
gνσ

�
ξσ d�µ = �pggµνTνσξσ d�µ

(1.6.36)

Notice that as long as we consider Klein–Gordon as a relativistic theory, thus g is a dynamical field and Tµν = 0 is a field equation, then one can set

E = Ẽ+ dU with U = 0 and E = Ẽ since E vanishes along solutions of field equations.

In a more general perspective, the total Lagrangian will be L = Lg+LKG and Lg will contribute to field equations as well as to Noether currents. The Noether currents

of Lg will split to contribute both the the reduced current and to superpotential. The contribution from Lg to the reduced current together with the contribution from

LKG will vanish along solutions as a consequence of the field equation Gαβ = κTαβ . The Klein–Gordon Lagrangian will not contribute to superpotential while the

Lagrangian Lg will. We shall see this in detail later on.

If one considers Klein–Gordon in SR, thus g as a non-dynamical field, then Noether theorem will read as

dE =
p
g
�

1
2Tαβ£ξg

αβ � (�ϕ� µ2ϕ)£ξϕ
�

d� (1.6.37)

Klein–Gordon field equation �ϕ� µ2ϕ = 0 will vanish along solutions. As long as the first term is concerned, the energy-momentum stress tensor Tαβ
has no reason to vanish so in general E has no reason to be conserved (i.e. closed). On the contrary, in general along solutions, one has

d ((jσ)∗E) = (jσ)∗
�

1
2

p
g Tαβ£ξg

αβ
�

d� (1.6.38)

.Killing vectorsThat is why, in SR, one usually restricts to ξ being a Killing vector of the metric g so that £ξg
αβ = 0 and (jσ)∗E is conserved anyway. In special

relativity Minkowski metric has m
2 (m+ 1) Killing vectors so that is not too restrictive and one still has m

2 (m+ 1) conserved currents (to accomodate

for energy, momentum, angular momentum and three boosts as we shall see). However, let us notice that, on a generic spacetime, one has no Killing

vectors at all. For this reason, probably it would be wise to learn to live without Killing vectors.

Maxwell electromagnetism

Electromagnetism is the theory of electric and magnetic field (E and B, respectively).

One should soon realise that the electromagnetic field is not a set of two (time-dependent) vector fields on space, but can be better described by a

2-form F on spacetime. In Cartesian coordinates on Minkowski spacetime the 2-form which represents the electromagnetic field (E,B) is

F = �cEidt ^ dxi + 1
2ε
k
ijBkdxi ^ dxj (1.6.39)

Let us remark that, in view of classical Lorentz force, one has
~F = q

(
~E + 1

c~v × ~B
)
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then the electric and magnetic fields has the same dimensions [E] = [B] = MLT−2C−1. The factor c added in (1.6.39) is then there to restore dimensions, since

[ct] = L. Of course, it is often custom to set c = 1. Then [F] = ML3T−2C−1.

Notice that two spatial vector fields defined on a spacetime of dimension m = 4 are described by 6 functions (3 functions each). A 2-form on spacetime

is described by m
2 (m� 1), which is again 6 for a spacetime of dimension m = 4. Of course, by now, one should be convinced that objects on spacetime

are better candidates to represent physical objects than objects on space.

However, one may argue why a 2-form and not a vector and 2 scalar fields, or something else?

For it, let us consider a transformation
t′ = γ

(
t+ β

cx
)

x′ = γ (βct+ x)

y′ = y

z′ = z

⇒

dt′ = γ
(
dt + β

cdx
)

dx′ = γ (βcdt + dx)
⇒ dt′ ∧ dx′ = γ2

(
1− β2

)
dt ∧ dx (1.6.40)

where we set γ2(1− β2) = 1. This transformation acts on the 2-form F as F ′µν = J̄
α
µ J̄

β
νFαβ which in turn induces a transformation on E and B, precisely

F′ =− cE′idt
′ ∧ dx′i + 1

2ε
k
ijB
′
kdx

′i ∧ dx′j =

=− cE′1dt ∧ dx− γcE′2

(
dt + β

cdx
)
∧ dy− γcE′3

(
dt + β

cdx
)
∧ dz +B′1dy ∧ dz + γB′2dz ∧ (βcdt + dx) + γB′3 (βcdt + dx) ∧ dy =

=− cE′1dt ∧ dx− cγ (E′2 − βB′3)dt ∧ dy− cγ (E′3 + βB′2)dt ∧ dz + γ (−βE′2 +B′3)dx ∧ dy− γ (βE′3 +B′2)dx ∧ dz +B′1dy ∧ dz

(1.6.41)

that is 
E1 = E′1

E2 = γ (E′2 − βB′3)

E3 = γ (E′3 + βB′2)


B1 = B′1

B2 = γ (B′2 + βE′3)

B3 = γ (B′3 − βE′2)

(1.6.42)

The transformation (1.6.40) will be seen to represent in SR a transformation between two inertial observers in relative motion by a constant velocity ~v = cβ~ı in the

x-direction. For example, for a velocity small compared to c (βc→ v, β → v
c , β

c → 0, γ → 1) it reduces to
t′ = t

x′ = vt+ x

y′ = y

z′ = z

(1.6.43)

i.e. to a Galileo boost. Under the same limit, the transformation laws of electric and magnetic field reads
E1 = E′1

E2 = E′2 − βB′3
E3 = E′3 + βB′2


B1 = B′1

B2 = B′2 + βE′3

B3 = B′3 − βE′2

⇒

{
~E = ~E′ + 1

c~v × ~B′

~B = ~B′ − 1
c~v × ~E′

(1.6.44)

This represents how an electromagnetic field (E′, B′) which is seen by an observer is seen by a different observer in motion with constant velocity with respect to the

first observer. The second of (1.6.44) is recognized to be Biot-Savart rule for the magnetic field generated by a charge moving at speed ~v (and, in view of Galileo

relativity principle, also the rule for the magnetic field seen by an observer in motion at speed −~v).
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Accordingly, if one assumes the electromagnetic field to be a 2-form on spacetime, from the transformation laws one obtains as a consequence Biot-Savart law. Of

course, one also obtains many more effects (e.g. the factors γ before performing the limit) that one can test. Transformations (1.6.42) are now very well tested and can

be accepted as a matter of fact (at least in the Minkowskian regime).

We can also check transformation rules by spatial transformations which leave the time unchanged. Let us consider a transformation{
t′ = t

x′i = Rijx
j

⇒

{
dt′ = dt

dx′i = Rijdx
j

(1.6.45)

For this transformation, one has
F′ =− cE′idt

′ ∧ dx′i + 1
2ε
k
ijB
′
kdx

′i ∧ dx′j =

=− cE′iR
i
jdt ∧ dxj + 1

2ε
k
ijB
′
kR

i
mR

j
ndx

m ∧ dxn
(1.6.46)

so that one has the new electric and magnetic field expressed as{
Ej = E′iR

i
j

εlmnBl = εkijB
′
kR

i
mR

j
n = det(R)Rkl ε

l
mnB

′
k

⇒

{
E′i = EjR̄

j
i

B′l = det(R̄)R̄kl Bk
(1.6.47)

that means that under spatial transformations the electric field is a (co)vector, while the magnetic field is a (co)vector density of weight 1. In particular, if one restricts

to spatial rotations, both the magnetic and electric fields behaves like (co)vectors.

Once one accepts that the electromagnetic field must be represented by a spacetime 2-form F, then Maxwell equations can be written as�
dF = 0

d � F = �J (1.6.48)

where J = 4π
c

��c2ρ dt + ji dxi
�

is a 1-form describing sources through the charge density ρ and the current densities ji.

In fact, one has
dF =

(
−c∂jEi + 1

2ε
k
ij∂tBk

)
dt ∧ dxi ∧ dxj + 1

2∂lB
kεkijε

lijdσ0 = c
2 εkij

(
eklm∂lEm + 1

c∂tB
k
)
dt ∧ dxi ∧ dxj + ∂kB

kdσ0 =

=− c
(

curl( ~E) + 1
c∂t

~B
)
kdσk + div( ~B)dσ0

(1.6.49)

Thus dF = 0 iff the two homogeneous Maxwell equations hold true, namely{
curl( ~E) + 1

cdt
~B = 0

div( ~B) = 0
(1.6.50)

For the non-homogeneous Maxwell equations, one must start computing the Hodge duality

∗F =− cEi ∗
(
dt ∧ dxi

)
+ 1

2ε
k
ijBk ∗

(
dxi ∧ dxj

)
=
√
g
(

1
cE

idσ0i + 1
2ε
kijBkdσij

)
=
√
g
(

1
2cE

iε0ijkdx
j ∧ dxk + c

2 ε
kijεlijBkdt ∧ dxl

)
=

= 1
c

√
g
(

1
2Ekε

k
ijdx

i ∧ dxj + cBk dt ∧ dxk
) (1.6.51)

and

∗J = 4π
c

(
−c2ρ ∗ (dt) + ji ∗ (dxi)

)
= 4π

c

√
g
(
ρdσ0 + jkdσk

)
(1.6.52)
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As it appears from the expression of ∗F, the Hodge duality on 2-forms amounts to the substitutions

F 7→ ∗F

{
E 7→ −

√
g

c B

B 7→
√
g

c E
⇒ dF 7→ d ∗ F = −

(
−curl

(√
g ~B
)

+ 1
cdt

(√
g ~E
))

kdσk + 1
c div

(√
g ~E
)
dσ0 (1.6.53)

The equation d ∗ F = ∗J then reads as 
curl

(√
g ~B
)
− 1

cdt

(√
g ~E
)

= 4π
c

√
gjk

1
cdiv

(√
g ~E
)

= 4π
c

√
gρ


curl

(
~B
)
− 1

cdt
~E = 4π

c j
k

div
(
~E
)

= 4πρ
(1.6.54)

which accounts for the non-homogeneous Maxwell equations. Moreover, from the non-homogeneous Maxwell equation it follows that

d ∗ J = 0 (1.6.55)

which accounts for continuity equation which expresses conservation of electric charge.

[A] = ML4T−2C−1The homogeneous field equation dF = 0 just states that the electromagnetic field is a closed 2-form, i.e. F allows a local potential A such that dA = F.

The local potential A = Aµdxµ is a 1-form. Let us denote A = cφdt +Aidxi. Then we have:

dA = �c
�
∂iφ� 1

c∂tAi
�

dt ^ dxi + 1
2εklm∂jAiε

kjidxl ^ dxm )
(
~E = grad(φ)� 1

c∂t
~A

~B = curl(~A)
(1.6.56)

Comparing with classical formula, we can identity φ to be the potential of electric field and ~A to be the vector potential of magnetic field.

The local potential A is not uniquely defined. If one considers the local potential A′ = A + dα for any 0-form α, then dA′ = dA, i.e. both potentials

A′ and A defines the same electromagnetic field. If we also change chart on spacetime, the two local potentials are related by

A′µ = J̄
ρ
µ

�
Aρ + ∂ρα

�
(1.6.57)

which are called gauge transformations.

With gauge transformations, one should feel that something strange is going on. We set up a global formalism, we have equations which are potentially

global; however, we eventually introduced a local potential A and now, even if the potential were global, we can consider a local function α and spoil

it forcing locality into our description.

The traditional explanation is that the potential is not observable and just a tool to describe physical fields which are contained in F, not in A. That

is, of course, true even though one should discuss observability and derive it from the theory rather than proceeding the other way. Moreover, the

potential A will be soon be selected as a fundamental field for a Lagrangian description of Maxwell electromagnetism and the variational framework

we defined is not well suited to deal with discontinuous fields.

This is our first experience with a situation which will appear many times in different contexts. We often enforce a geometric meaning on objects (as

we did with A when we said it was a 1-form so that its differential can be a 2-form and represent F) just to discover that it is then discontinuous in
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some situation when we push some transformation to the limit. Notice that if A were a 1-form then its differential dA certainly is a 2-form. However,

there may be other objects which naturally produce a 2-form F though not as the differential of a 1-form.

Often, the reason of this awkward situation is that the original geometric meaning we imposed was incorrect and there is an objectively better geometric

meaning for the object which preserves its continuity. The trick here is genuinely geometric: we have to consider that the fields (e.g. Aµ) are not a

geometric object, but they are the components of a geometric object. As it happens, for example, to vector fields, the components can be discontinuous

even just because coordinates are local and they (the coordinates, not the field) fail to extend.

In this case of the electromagnetic field, we can consider gauge transformations as a fundamental feature rather than a sort of side note and try to

solder it right into the definition of the object rather than superimpose it onto a predetermined object (in this case a 1-form). Hence the issue is to

see if there exists a geometric object which transforms canonically by means of gauge transformations. If we succeed, then usually what we obtain is

a better understanding of the formalism in which the field A is continuous and an observer needs extra conventions to describe it in terms of local

components. Gauge transformations then arise as changes of observer conventions and discontinuities are produced when the observers conventions

fail to be global.

.Principal connectionsThere is a different object ω to which a 2-form F is associated; namely, a connection on a principal U(1)-bundle P . We started by showing that the

electromagnetic field is a spacetime 2-forms F. However, F can be represented by the differential F = dA of a 1-form A as well as the curvature of a

U(1)-connection ω. We have to decide first which representation is the best for the potential. This is not something which can be decided locally; in

fact a U(1)-connection of P is in the form

ω = dxµ 

�
∂µ � Âµ(x)ρ

�
(1.6.58)

where ρ is a vertical right-invariant non-vanishing vector on P . Thus a U(1)-connection and a 1-form are both represented by the same type of

functions.

If one representation is to be preferred, it must be related to transformation rules. The coefficients of 1-forms transforms under spacetime diffeomor-

phisms in the following way

A′ = A′µdx′µ = A′µJ
µ
ρ dxρ ) A′µ = J̄

ρ
µAρ (1.6.59)

A U(1)-connection ω transforms under automorphism of the bundle P . An automorphism Φ : P ! P is locally expressed as(
x′µ = x′µ(x)

eiθ
′

= ei(α+θ)
(1.6.60)

and the connection transforms as

Â′µ = J̄
ρ
µ

�
Âρ � i∂ρα

�
A′µ = J̄

ρ
µ

�
Aρ + ∂ρα

�
(1.6.61)

where we set Âµ := �iAµ. (Notice that T = �i is in fact a basis for the Lie algebra u(1).) Thence the coefficients of a U(1)-connection transforms by

gauge transformations which are identified with automorphisms of P . However, there is also another more direct and physical motivation to prefer a

representation of the electromagnetic field in terms of a U(1)-connection.
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Let us think about what is an electromagnetic field and which potential Aµ can describe it. Let us fix an open set U and a 1-form A = Aµ(x)dxµ

defined on it. Any 1-form A defines a 2-form F = dA which is exact and then closed. Accordingly, F satisfies the two homogeneous Maxwell equations.

The other two (non-homogeneous) equations can be considered as a definition of the source form J = (�1)m−1+s ��J = (�1)m−1+s �d�F (in dimension

m = 4 and Lorentzian signature (r, s) = (3, 1) this reads as J := �d � F) which is needed to produce that electromagnetic field F.

.Curvature of a principal con-

nections

As we shall see the matter current tensor J must be conserved which is hence a condition on F. However, we shall see that the condition on F is automatically satisfied

in view of the so-called Bianchi identities.

Hence any local potential Aµ is a candidate to locally describe an electromagnetic potential. Thus an electromagnetic field can always be described by

a family of local potentials A
(α)
µ defined on an open covering U(α) of spacetime. However, the issue is what happens in the overlaps U(αβ) = U(α) \U(β).

Since all observable quantities of the electromagnetic field are contained in F, while the potential A is just a way to define observable quantities using

4 functions instead of 6 (which are constrained by the 4 homogeneous Maxwell equations). The potential Aµ is not itself observable. On the contrary, it

is not uniquely defined being defined modulo gauge transformations. An observer, not only needs to set conventions to determine position on spacetime,

but also needs to choose a representative in any gauge class, [A] = fA′ = A + dαg. This is usually called a gauge fixing which is completely unrelated

to a spacetime chart.

As a matter of fact, a gauge fixing is related to choosing the function α which is an extra number at each spacetime point.

Hence two nearby observers on U(α) and U(β) define local potentials A
(α)
µ and A

(β)
µ . In the overlap U(αβ) the two potentials have to agree, modulo a

gauge transformation, i.e.

A
(β)
µ = J̄

ρ
µ

�
A

(α)
ρ + ∂ρα

�
(1.6.62)

for some function α(x). Accordingly, the potential cannot in general be described by a global 1-form, which would amount to set α = 0. While

sometimes one can set α = 0 on U(αβ) there are situations in which this cannot be done on every overlaps at the same time.

Notice that ϕ : U(αβ) ! U(1) : x 7! eiα(x) are the transition maps of the bundle P on which the U(1)-connection ω is defined. The transition maps

can be set all to the identity iff the bundle P is trivial. As long as one regards closed but not exact 2-forms F as legitimate electromagnetic fields, then

they must be represented either by a family of local 1-forms which do not form global section of A1(M), or as a global U(1)-connection on a non-trivial

bundle P . Since we based all variational calculus on global sections, we do not really have opinions and we are forced to opt for a description in terms

of U(1)-connections.

Dirac monopole

We can here give a direct example of how a specific solution of Maxwell equations does determine the connection and the U(1)-bundle on which it

lives.

Let us consider Minkowski spacetime in Cartesian coordinates xµ = (t, xi) = (t, x, y, z). Let us consider the purely magnetic field

~B =
1

2r3x
i∂i

�
~E = 0

�
(1.6.63)
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where we set r2 = x2 + y2 + z2 and which corresponds to the electromagnetic field

F =
1

4r3 εijkx
idxj ^ dxk ) �F =

1

4r3xidt ^ dxi (1.6.64)

One can prove directly that such a 2-form F is a solution of vacuum Maxwell equations on R×
(
R3 − {0}

)
. In fact

dF =− 3
1

4r5
εijkx

ixldx
l ∧ dxj ∧ dxk +

1

4r3
εijkdx

i ∧ dxj ∧ dxk = −3
1

4r5
εijkx

ixlε
ljkd3σ+

1

4r3
εijkε

ijkd3σ = −6
1

4r3
d3σ+ 3!

1

4r3
d3σ = 0

d ∗ F =− 3
1

4r5
xixldx

l ∧ dt ∧ dxi +
1

4r3
dxi ∧ dt ∧ dxi = 3

1

4r5
xixldt ∧ dxl ∧ dxi = 0

(1.6.65)

One can consider a quotient with respect to the equivalence relation

xµ ∼ x′µ ⇐⇒ ∃λ ∈ R+ : x′µ = λxµ (1.6.66)

The quotient space is a sphere S2 and the electromagnetic field (being homogeneous) projects to such a sphere.

One can show that there are two local potentials for such an electromagnetic field

A =
1

2r

xdy� ydx

z � r A′ =
1

2r

xdy� ydx

z + r
(1.6.67)

Of course, at this stage we are not able to exclude that there exists another potential for the electromagnetic field F which is global on the whole sphere.

One can check that both dA = dA′ = F and while A is defined on the sphere without the north pole, A′ is defined on the sphere without the south

pole.

Check first that

d

(
xdy− ydx
r2 − z2

)
=

(dx ∧ dy− dy ∧ dx)(r2 − z2)− (xdy− ydx) ∧ 2(xdx + ydy)

(r2 − z2)2
= 2

(
r2 − z2 − (x2 + y2)

) dx ∧ dy

(r2 − z2)2
= 0 (1.6.68)

and write the potential as

A = −1

2

(
r + z

r

)(
xdy− ydx
r2 − z2

)
(1.6.69)

Then one can compute

dA =− 1

2

(dr + dz)r − (r + z)dr

r2
∧ xdy− ydx

r2 − z2
= −1

2

rdz− z
r (xdx + ydy + zdz)

r2
∧ xdy− ydx

r2 − z2
= − 1

2r3(r2 − z2)

(
−zxdx− zydy + (r2 − z2)dz

)
∧ (xdy− ydx) =

=− 1

2r3(r2 − z2)

(
−z(x2 + y2)dx ∧ dy + (r2 − z2)xdz ∧ dy− (r2 − z2)ydz ∧ dx

)
=

1

2r3
(zdx ∧ dy + xdy ∧ dz + ydz ∧ dx) = F

(1.6.70)

One can also show that on the sphere without the poles the two potentials differ by a gauge transformation

A′ �A =
xdy� ydx

(x2 + y2)
= d(φ) (1.6.71)
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where φ is the longitude about the z-axis of the sphere S2.

Repeat the same computation using spherical spatial coordinates (t, r, θ, φ).

The potential hence is not a global 1-form on the sphere. However, one can define a global U(1)-connection on a principal bundle P by setting

ω = dxµ 
 �∂µ �Aµρ� = dxµ 
 �∂µ �A′µρ� (1.6.72)

provided the transition functions on P are given exactly by(
x′ = x

eiα
′

= ei(α+φ)
) ĝ(NS) : S2 � fN,Sg ! U(1) : q 7! eiφ (1.6.73)

where α are coordinate along the fibers.

Now we can show that in fact there exists a bundle P over the sphere S2 which has precisely these transition functions.

Let us consider a 3-sphere S3 embedded in C2 by the equation |w1|2 + |w2|2 = 1, and a 2-sphere S2 embedded in C×R by the equation |z0|2 + z2 = 1. Let us consider

the map

π̂ : C2 → C× R : (w1, w2) 7→ (2w†1w2, |w1|2 − |w2|2) (1.6.74)

where w†1 denotes the complex conjugate of w1 ∈ C. The map π̂ restricts to a map π : S3 → S2, because of the constraint |w1|2 + |w2|2 = 1 which ensures that π̂ maps

the 3-sphere S3 onto the 2-sphere S2.

Let us now fix a point q = (z0, z) ∈ S2; because of the constraint |z0|2 + z2 = 1 defining S2 we have z0 =
√

1− z2 eiφ and −1 ≤ z ≤ 1. Notice that the north pole is

defined for z = 1, while the south pole is for z = −1. The phase φ is the longitude of the point q ∈ S2 and it is uniquely defined for −1 < z < 1 while it is undetermined

when z = ±1, i.e. at the poles.

A point (w1, w2) is in the fiber π−1(q) if the following equations hold true
|w1|2 + |w2|2 = 1

|w1|2 − |w2|2 = z

2w†1w2 = z0

(1.6.75)

Then all points (w1, w2) ∈ π−1(q) are in the form (√
1 + z

2
eiα,

√
1− z

2
eiφeiα

)
(1.6.76)

for some α ∈ R. One readily recognises that each fiber is isomorphic to U(1) ' S1, which is thence chosen as standard fiber. Let us now fix an open covering of the

base manifold S2 made of the open sets S2
N = {q ∈ S2 : q 6= S = (0,−1)} and S2

S = {q ∈ S2 : q 6= N = (0, 1)}. We can define the following mappings:

t(N) :π−1(S2
N )→ S2

N × U(1) :

(√
1 + z

2
eiα,

√
1− z

2
eiφeiα

)
7→ (q, eiα)

t(S) :π−1(S2
S)→ S2

S × U(1) :

(√
1 + z

2
e−iφeiα

′
,

√
1− z

2
eiα
′

)
7→ (q, eiα

′
)

(1.6.77)
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where we set α′ = φ+ α.

These define a trivialisation {(S2
N , t(N)), (S2

S , t(S))} for the Hopf bundle H = (S3, S2, π;U(1)). The transition function ĝ(NS) : S2
NS → Diff(U(1)) is given by

ĝ(NS) : S2
NS → U(1) : q 7→ eiφ ĝ(NS)(q) : U(1)→ U(1) : eiα 7→ eiφeiα (1.6.78)

where we recall q = (z0, z) and z0 =
√

1− z2eiφ.

The trivialisation (1.6.77) allows us to define two local sections in the Hopf bundle:

σ(N) : q 7→

(√
1 + z

2
,

√
1− z

2
eiφ

)
σ(S) : q 7→

(√
1 + z

2
e−iφ,

√
1− z

2

)
(1.6.79)

defined on S2
N and S2

S , respectively. They cannot patch together. In fact, at N = (0, 1), we have z = 1 and z0 = 0 so that φ is here undetermined. Nevertheless,

σ(N)(N) = (1, 0) is well-defined, while it fails at S = (0,−1).

Analogously, at S = (0,−1), we have z = −1 and z0 = 0 so that φ is again undetermined. Nevertheless, σ(S)(S) = (0, 1) is well-defined, while it fails at N = (0, 1).

Accordingly, the local section σ(N) , as well as σ(S) , cannot be extended to a global section of the Hopf bundle.

The Hopf bundle (S3, S2, π, U(1)) is a principal bundle since trivialisations are built out of the local sections σ(N) and σ(S) , as it always happens on principal bundles.

One can show that the Hopf bundle is not trivial (othewise one should have a diffeomorphism S3 ' S2 � S1 which is not the case). At this point,

we are able to claim that there is no global representative for a connection (which would resort to a global gauge which is available only on trivial

bundles).

Lagrangian formulation of Maxwell electromagnetism

An electromagnetic field is described by a global section of the bundle Con(P ) of principal connections of a U(1)-principal bundle P . The bundle

Con(P ) has fibered coordinates (xµ, Aµ) and its sections are in one-to-one correspondence with connections

ω = dxµ 

�
∂µ � Âµ(x)ρ

�
(1.6.80)

An automorphism of P is locally expressed by (
x′µ = x′µ(x)

eiθ
′

= ei(α+θ)
(1.6.81)

and it acts on Con(P ) by (
x′µ = x′µ(x)

A′µ = J̄
ρ
µ

�
Aρ + ∂ρα

� (1.6.82)

Thus the group Aut(P ) of automorphisms of P is identified with gauge transformations.

Let us remark that usually in literature gauge transformations is reserved to vertical automorphisms of P , which we denote by AutV (P ) and we call pure gauge

transformations.
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For us gauge transformations entangles in a non-trivial way a pure gauge transformation and a spacetime diffeomorphism. The group structure is captured by the short

exact sequence of group homomorphisms

I AutV (P ) Aut(P ) Diff(M) I.......................................................... ............ ..................................................................................... ............
i

.......................................................................................... ............
p

............................................................... ............ (1.6.83)

From this sequence, it appears that pure gauge transformations are a subgroup of gauge transformations. On the contrary, spacetime diffeomorphisms are not a

subgroup of gauge transformations. Gauge transformations project onto spacetime diffeomorphisms but in general no embedding is defined.

Since we assume that gauge transformations do act on fields, if there were a group embedding j : Diff(M) → Aut(P ) then spacetime diffeomorphisms would act on

fields as well. Without this embedding, there is no action of diffeomorphisms on fields.

.Curvature of a principal con-

nections

Let us consider C = Con(P )�M Lor(M) as a configuration bundle with coordinates (xµ, Aµ, gµν). The curvature of a U(1)-connection is defined as

Fµν = dµAν � dνAµ (1.6.84)

which is covariant with respect to gauge transformations.

Usually the curvature of a principal connection transforms in the Ad-representation of the gauge group. However, in this case G = U(1) the gauge group is commutative,

then the Ad action is trivial and the curvature is a true 2-form on spacetime.

Let us consider the dynamics given by the Maxwell Lagrangian

LM = � 1
4g

p
gFµνF

µ
·
ν
· d� (1.6.85)

where g = c3µ0 = c
ε0

where µ0 ([µ0] = MLC−2) is the vacuum magnetic permeability and ε0 is the vacuum permittivity ([ε0] = M−1L−3T 2C2 as it

should be since ε0µ0 = c−2).

By dimensional analysis, one has [L] = M2L2T−4C−2[g]−1L4 = ML2T−1 then [g] = MLC−2L3T−3 = [c3µ0] as in fact is.

As we did for Klein–Gordon equation, let us be agnostic for a while about whether the metric must be considered fixed or dynamical. The variation

of the Lagrangian LM is given by

δLM =
h
� 1

2g

p
g
�
FµαF

µ
·β � 1

4FµνF
µ
·
ν
·gαβ

�
δgαβ � 1

2g

p
gF µ·

ν
·δFµν

i
d� =

h
�1

2

p
g Tαβδg

αβ �
√
g

g F µ
·
ν
·dµδAν

i
d� =

=
h
�1

2

p
g Tαβδg

αβ � dµ
�√

g
g F µ·

ν
·δAν

�
+ dµ

�√
g

g F µ
·
ν
·

�
δAν

i
d�

(1.6.86)

where we set Tαβ := 1
g

�
FµαF

µ
·β � 1

4FµνF
µ
·
ν
·gαβ

�
for the so-called energy-momentum stress tensor of electromagnetic field. We obtain the Euler–Lagrange

part and Poincaré–Cartan part for the Maxwell Lagrangian to be

E(LM ) =
h
�1

2

p
g Tαβ!

αβ + dµ

�√
g

g F µ
·
ν
·

�
!ν

i
^ d� F(LM ) =

√
g

g F µ
·
ν
·!ν ^ d�µ (1.6.87)

where we set !αβ = dgαβ � dλgαβdxλ and !µ = dAµ � dλAµdxλ for the relevant contact forms.
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Euler–Lagrange part induces the Maxwell equations in vacuum in covariant form

d � F = 0 ) 1
2gd

�p
gF µ·

ν
·d�µν

�
= 0 ) 1

2gdλ (
p
gF µ·

ν
·) dxλ ^ d�µν = 0 )

) 1
gdν (

p
gF µ·

ν
·) d�µ = 0 ) 1

gdν (
p
gF µ·

ν
·) = 0 ) dν (

p
gF µ·

ν
·) = 0

(1.6.88)

Since we assumed that gauge transformations reflect observer conventions, one should expect the dynamics to be unaffected by gauge transformations,

i.e. one should expect gauge transformations to be symmetry of the Maxwell Lagrangian. This is in fact the case.

An automorphism of P is locally expressed as {
x′µ = x′µ(x)

eiθ
′

= ei(α+θ)
(1.6.89)

and it acts on the configuration bundle C = Con(P )×M Lor(M) as 
x′µ = x′µ(x)

A′µ = J̄
ρ
µ (Aρ + ∂ρα)

g′µν = J̄
α
µgαβ J̄

β
ν

(1.6.90)

The corresponding generator is Ξ = ξµ∂µ + i∂µαρ and the Lie derivatives are{
£ΞAµ = ξλdλAµ −

(
−dµξλAλ + dµξ

)
= ξλFλµ + dµ

(
ξλAλ − ξ

)
= ξλFλµ − dµ (ξV )

£Ξgµν =
g

∇µξλgλν + gµλ
g

∇νξλ ⇒ £Ξg
µν = −

g

∇λξµgλν − gµλ
g

∇λξν
(1.6.91)

where we set ξV := ξ −Aµξµ for the vertical part of the gauge generator Ξ.

The covariance identity reads as

− 1
2

√
gTαβ£Ξg

αβ −√g Fµ·ν·dµ£ΞAν = dλ
(
ξλLM

)
(1.6.92)

and it holds true as one can easily verify

− 1
2

√
gTαβ£Ξg

αβ −
√
g

g Fµ·
ν
·dµ£ΞAν =

√
g

g

(
FµαF

µ
·β − 1

4FµνF
µ
·
ν
·gαβ

) g
∇αξβ −

√
g

g Fµ·
ν
·dµ

(
ξλFλν − dν (ξV )

)
=

=
√
g

g

(
FµαF

µ
·β − 1

4FµνF
µ
·
ν
·gαβ

) g
∇αξβ −

√
g

g Fµ·
ν
·
g

∇µ
(
ξλFλν

)
=
√
g

g

(
FµαF

µ
·β − 1

4FµνF
µ
·
ν
·gαβ

) g
∇αξβ −

√
g

g Fµ·
ν
·
g

∇µξλFλν −
√
g

g Fµ·
ν
·ξ
λ
g

∇µFλν =

= −
√
g

4g FµνF
µ
·
ν
·gαβ

g

∇αξβ −
√
g

g Fµ·
ν
·
g

∇µFλνξλ =

= −
√
g

4g FµνF
µ
·
ν
·
g

∇λξλ −
√
g

2g Fµ·
ν
·
g

∇λFµνξλ = − 1
4g

√
gFµνF

µ
·
ν
·
g

∇λξλ − 1
4g

g

∇λ (
√
g Fµ·

ν
·Fµν) ξλ =

∗
∇λ
(
− 1

4g

√
gFµνF

µ
·
ν
·ξ
λ
)

= dλ
(
ξλLM

)
(1.6.93)

where we used the identity

Fµ·
ν
·
g

∇µFλν = −Fµ·ν·
g

∇λFνµ − Fµ·ν·
g

∇νFµλ = Fµ·
ν
·
g

∇λFµν − Fµ·ν·
g

∇µFλν ⇒ Fµ·
ν
·
g

∇µFλν = 1
2F

µ
·
ν
·
g

∇λFµν (1.6.94)

Then any gauge transformation is a symmetry and the corresponding Noether current

E =
�
�
√
g

g F µ
·
ν
·£ΞAν � ξµLM

�
d�µ =

√
g

g

�
�F µ· ν·(ξλFλν � dνξV ) + 1

4ξ
µFα
·
β
·Fαβ

�
d�µ =

=
√
g

g

�
�
�
F µ
·
ν
·Fλν � 1

4F
α
·
β
·Fαβδ

µ
λ

�
ξλ + F µ

·
ν
·dνξV

�
d�µ =

�
�pg T µ·λξλ +

√
g

g F
µ
·
ν
·dνξV

�
d�µ

(1.6.95)
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is conserved on shell (i.e. along solutions).

This Noether current also can be expressed as a superpotential since

E =
�
�pg T µ·λξλ +

√
g

g F
µ
·
ν
·dνξV

�
d�µ =

�
�pg T µ·λξλ � dµ

�√
g

g F µ
·
ν
·

�
ξV + dν

�√
g

g F µ
·
ν
·ξV

��
d�µ =

=
�
�pg T µ·λξλ � dµ

�√
g

g F µ·
ν
·

�
ξV

�
d�µ + d

�√
g

2g F µ
·
ν
·ξV d�µν

� (1.6.96)

Then one can define

Ẽ = �
�p

g T µ·λξ
λ + dµ

�√
g

g F µ·
ν
·

�
ξV

�
d�µ U =

√
g

2g F µ
·
ν
·ξV d�µν (1.6.97)

where the reduced current Ẽ vanishes on shell for any symmetry generator Ξ.

Thus for any solution and any (m� 2) closed surface Ω contained in a space slice Σt0 in spacetime determined as t = t0, one can compute the integral

Q = 1
2g

Z
Ω

p
g F µ

·
ν
·d�µν (1.6.98)

which is conserved since it corresponds to the integral of the superpotential for ξV = 1.

In particular, in adapted coordinates (t, xi), one has d�ij = 0 on Ω � Σt0 . Thus the only contributions to the integral comes from d�0i and d�i0

Q = 1
g

Z
Ω

p
g F 0

·
i
·d�0i = c2

g

Z
Ω

p
g Eid�0i = 1

2
c2

g

Z
Ω

p
g Eiεijkdxj ^ dxk (1.6.99)

which coincides with the flow of the electric field through the surface Ω, which we know to be the electric charge contained within the boundary Ω,

which we know to be conserved.

That is, as far vacuum electromagnetism is concerned. If we want to consider electromagnetism coupled to a charged field we need a matter field

which produces an electric current density, i.e. a term factorising δAµ in the variation of the matter Lagrangian. Accordingly, the matter Lagrangian

needs to depend on the potential.

That is normally obtained by considering a field which transforms with respect to some U(1) group action, so that gauge covariant derivative in fact

depends on Aµ. The prototype of this construction, in its simplest form, is coupling to a scalar field, which must be complex to support the U(1) group

action.

Maxwell electromagnetism with a charged field

Let us now consider a theory for Maxwell electromagnetism together with complex Klein–Gordon field ϕ which is a section of the associated bundle

P �λ C for the action

λ : U(1)� C! C : (eiα, ϕ) 7! eiqα � ϕ (1.6.100)
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Usually, this is also called a complex scalar field. However, the value of the field ϕ at a point does not depend only on the spacetime point x but also on the gauge on

the U(1)-bundle P . Accordingly, the name scalar is an abuse, since it transforms as

ϕ′(x′) = eiqα(x) · ϕ(x) (1.6.101)

where eiα are the transition maps on P and not simply as a scalar field ϕ′(x′) = ϕ(x).

Let us also set
A
rµϕ = dµϕ� iqAµϕ for the gauge covariant derivative.

The name gauge covariant derivative comes from the following property:

A′

∇′µϕ′ =dµϕ
′ − iqA′µϕ′ = J̄

ν
µdν(eiqα · ϕ)− iqJ̄νµ(Aν + dνα)eiqα · ϕ = eiqα · iqJ̄νµdναϕ+ eiqα · J̄νµdνϕ− iqJ̄

ν
µAνe

iqα · ϕ− iqJ̄νµdναeiqα · ϕ =

=eiqα · (dνϕ− iqAνϕ) J̄
ν
µ = eiqα ·

A

∇νϕJ̄
ν
µ

(1.6.102)

A connection ω on P (i.e. a potential for the electromagnetic field) induces a connection on the associate bundle P ×λ C which in turn induces a covariant derivative

of sections, which is precisely
A

∇µϕ.

Thus the configuration bundle is C = Con(P )�MLor(M)�M (P�λC) with coordinates (xµ, Aµ, gµν , ϕ, ϕ
†) where (ϕ)† denotes the complex conjugation

of the complex field ϕ.

The gauge covariant derivative of the complex conjugate field is defined to be

A
rµϕ† = dµϕ

† + iqAµϕ
† (1.6.103)

The variation of the gauge covariant derivative is given by

δrµϕ = dµδϕ� iqAµδϕ� iqδAµϕ = rµδϕ� iqδAµϕ δrµϕ† = dµδϕ
† + iqAµδϕ

† + iqδAµϕ
† = rµδϕ† + iqδAµϕ

† (1.6.104)

Then we can choose a Lagrangian for the system

L = LM � 1
2

p
g
�
rµϕ†rµ·ϕ+ µ2ϕ†ϕ

�
d� (1.6.105)

where we understood what the gauge covariant derivative depends on. The field ϕ is accordingly called a complex Klein–Gordon field. We already

computed the variation of the Maxwell Lagrangian LM to be

δLM =
h
�1

2

p
g T

(M)
αβ δgαβ � dµ

�√
g

g F µ
·
ν
·δAν

�
� dν

�√
g

g F µ
·
ν
·

�
δAµ

i
d� (1.6.106)
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The variation of the complex Klein–Gordon Lagrangian LKG is easily computed as

δLKG =1
2

p
g
�
�rαϕ†rβϕ+ 1

2

�
rµϕ†rµ·ϕ+ µ2ϕ†ϕ

�
gαβ

�
δgαβ � 1

2

p
g
�
δrµϕ†rµ·ϕ+ µ2δϕ†ϕ

�
� 1

2

p
g
�
rµϕ†δrµ·ϕ+ µ2ϕ†δϕ

�
=

=� 1
2

p
g T

(KG)
αβ δgαβ � 1

2

p
g
�
rµδϕ†rµ·ϕ+ iqϕ†rµ·ϕδAµ + µ2δϕ†ϕ

�
� 1

2

p
g
�
rµ·ϕ†rµδϕ� iqrµ·ϕ†ϕδAµ + µ2ϕ†δϕ

�
=

=� 1
2

p
g T

(KG)
αβ δgαβ � 1

2

�
rµ
�p

g δϕ†rµ·ϕ
�
� δϕ†

�
rµ (
p
g rµ·ϕ)� µ2pg ϕ

�
+ iq
p
g ϕ†rµ·ϕδAµ

�
+

� 1
2

�
rµ
�p

g rµ·ϕ†δϕ
�
�
�
rµ(
p
g rµ·ϕ†)� µ2pg ϕ†

�
δϕ� iqpg rµ·ϕ†ϕδAµ

�
=

=� 1
2

p
g T

(KG)
αβ δgαβ � 1

2

�
�δϕ†

�
rµ (
p
g rµ·ϕ)� µ2pg ϕ

�
�
�
rµ(
p
g rµ·ϕ†)� µ2pg ϕ†

�
δϕ
�

+

� 1
2

�
rµ
�p

g
�
δϕ†rµ·ϕ+rµ·ϕ†δϕ

��
+ iq
p
g
�
ϕ†rµ·ϕ�rµ·ϕ†ϕ

�
δAµ

�
=

=� 1
2

p
g T

(KG)
αβ δgαβ � 1

2

�
�δϕ†

�
rµ (
p
g rµ·ϕ)� µ2pg ϕ

�
�
�
rµ(
p
g rµ·ϕ†)� µ2pg ϕ†

�
δϕ
�

+

+
�
�1

2rµ
�p

g
�
δϕ†rµ·ϕ+rµ·ϕ†δϕ

��
�pgJµδAµ

�

(1.6.107)

where we set T
(KG)
αβ := r(αϕ

†rβ)ϕ � 1
2

�rµϕ†rµ·ϕ+ µ2ϕ†ϕ
�
gαβ for the matter energy-momentum stress tensor of the Klein–Gordon field and Jµ :=

iq
2

�rµ·ϕ†ϕ� ϕ†rµ·ϕ� for the matter charge current and we considered ϕ and ϕ† as two independent real fields.

Let us set �ϕ := 1√
g∇µ

(√
g gµν∇νϕ

)
for the gauge covariant Dalambertian.

Let us stress that the gauge covariant derivatives ∇µ are here defined with respect to a connection Γαβµ on the spacetime manifold (say Γ = {g}) and a U(1)-connection

Aµ. When it is applied to Klein–Gordon field, it actually depends on A only, being ∇µϕ = dµϕ − ieAµϕ, while when it acts on an object with world indices, e.g.

vµ = ∇µϕ, it also depends on Γ, being ∇λvµ = dλvµ − iqAλvµ − Γαµλvα. This is needed to ensure the Leibniz rule holds true.

However, when acting on a vector density of weight 1, e.g. vµ =
√
g gµν∇νϕ, it reads as

∇µvν = dµv
ν − iqAµvν + Γναµv

α − Γααµv
ν (1.6.108)

with a further extra term for being a density of weight 1. Thus the gauge covariant divergence

∇µvµ = dµv
µ − iqAµvµ + Γµαµv

α − Γααµv
µ = dµv

µ − iqAµvµ (1.6.109)

is independent of the spacetime connection Γ.

If we fix Γ = {g} we also have

�ϕ = 1√
g∇µ (

√
g gµν∇νϕ) = 1√

g

√
g ∇µ (gµν∇νϕ) = ∇µ (∇µϕ) (1.6.110)

Here

∇µ (∇µϕ) = dµ∇µϕ− iqAµ∇µϕ+ {g}µαµ∇αϕ

as prescribed for the covariant derivative of a vector.

All these dirty tricks and the abuses of language amounting to denote all gauge derivatives by a single symbol ∇µ show how important it is to have a general theory

supporting us.
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The two matter field equations �ϕ � µ2ϕ = 0 and �ϕ† � µ2ϕ† = 0 are one the complex conjugate of the other; they are then a unique complex

equation.

The Euler–Lagrange part and Poincaré–Cartan part are then8<
:
E(L) =

p
g
�
� 1

2(T
(M)
αβ + T

(KG)
αβ )!αβ � 1

g

�
1√
gdν (

p
g F ν

·
µ
· )� gJµ

�
!µ + 1

2!
†(�ϕ� µ2ϕ) + 1

2(�ϕ† � µ2ϕ†)!
�
^ d�

F(L) = �1
2

p
g
�
!†rµ·ϕ+rµ·ϕ†!

�
^ d�µ

(1.6.111)

where we set !αβ = dgαβ � dλgαβdxλ, !µ = dAµ � dλAµdxλ, ! = d'� dλϕdxλ, !† = d'† � dλϕ†dxλ for the relevant contact forms.

For field equations, as we pointed out above, one should decide which fields are fixed and which are dynamical. If we consider all fields dynamical, we

have

T
(M)
αβ + T

(KG)
αβ = 0 dν (

p
g F ν

·
µ
· ) = g

p
g Jµ �ϕ� µ2ϕ = 0 (1.6.112)

Let us ignore the first field equation (as we discussed for the Klein–Gordon case, it is often unreasonably strict and one should add a further Lagrangian

Lg for the metric g to make it physically sound).

The second equation determines the electromagnetic field A generated by the sources J =
p
gJµd�µ which is now determined as a function of

the Klein–Gordon field ϕ (and its first order derivatives) as well as from the electromagnetic field itself (which is hidden within the gauge covariant

derivatives).

The third field equation determines the Klein–Gordon field under an electromagnetic field A (which means that the field ϕ does interact with

electromagnetic field, i.e. it carries an electric charge).

Before focusing on conservation laws, let us remark what would happen considering the Lagrangian for the complex Klein–Gordon field alone

LKG = −
√
g

2

(
∇µϕ†∇µ·ϕ+ µ2ϕ†ϕ

)
dσ (1.6.113)

Its variation would be

δLKG =−
√
g

2 T
(KG)
αβ δgαβ −

√
g

2

(
−δϕ†

(
�ϕ− µ2ϕ

)
−
(
�ϕ† − µ2ϕ†

)
δϕ
)
−
√
g

2 J
µδAµ −∇µ

(√
g

2

(
δϕ†∇µ·ϕ+∇µ·ϕ†δϕ

))
(1.6.114)

which, even considering the metric fixed, would lead to field equations

�ϕ− µ2ϕ = 0 Jµ = 0 T
(KG)
αβ = 0 (1.6.115)

Thus if one does not consider Aµ fixed as well, one gets one field equation Jµ = 0 which is, in most cases, too strict to make sense. On the contrary, if A is fixed there

is only one field equation, namely �ϕ− µ2ϕ = 0 which describes the evolution of the matter field in a given electromagnetic field A (and a given metric g).

The quantity Jµ is always the matter charge current, but its meaning becomes manifest only when one adds the Maxwell Lagrangian. Similarly, the meaning of stress

tensors T
(M)
αβ and T

(KG)
αβ will become manifest only when coupling to a dynamical metric g.

We can now turn to conservation laws. Gauge transformations (
x′µ = x′µ(x)

eiθ
′

= ei(α+θ)
(1.6.116)
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act on fields as 8>>>><
>>>>:

x′µ = x′µ(x)

A′µ = J̄
ρ
µ

�
Aρ + ∂ρα

�
g′µν = J̄

α
µgαβJ̄

β
ν

ϕ′ = eiqα � ϕ

(1.6.117)

and under these field transformations the Lagrangian L = LM + LKG is invariant, i.e. gauge transformations are symmetries. We already checked it

for LM . We have to check covariance identity for the Lagrangian LKG.

Lie derivatives are 8>>><
>>>:

£ΞAµ = ξλdλAµ �
�
�dµξλAλ + dµξ

�
= ξλFλµ + dµ

�
ξλAλ � ξ

�
= ξλFλµ � dµξV

£Ξgµν =
g

rµξλgλν + gµλ
g

rνξλ ) £Ξg
µν = �

g

rλξµgλν � gµλ
g

rλξν
£Ξϕ = ξµdµϕ� iqξϕ = ξµrµϕ� iqξV ϕ ) £Ξϕ

† = ξµrµϕ† + iqξV ϕ
†

(1.6.118)

Then the covariance identity for the Lagrangian LKG reads as

�1
2

p
g Tαβ£Ξg

αβ � 1
2

p
g
�

£Ξrµϕ†rµ·ϕ+ µ2£Ξϕ
†ϕ
�
� 1

2

p
g
�
rµϕ†£Ξrµ·ϕ+ µ2ϕ†£Ξϕ

�
σ = dµ (ξµLKG) (1.6.119)

Just expand it and verify.

Then once again, any gauge transformation is a symmetry of the Lagrangian L and Noether theorem applies. Noether currents of the Lagrangian

LKG are in the form

EKG =� 1
2

p
g
�

£Ξϕ
†rµ·ϕ+rµ·ϕ†£Ξϕ

�
d�µ � ξµLKGd�µ =

=� 1
2

p
g
�

(ξνrνϕ† + iqξV ϕ
†)rµ·ϕ+rµ·ϕ†(ξνrνϕ� iqξV ϕ)� ξµ(rνϕ†rν·ϕ+ µ2ϕ†ϕ)

�
d�µ =

=� 1
2

p
g
�
ξν(rνϕ†rµ·ϕ+rµ·ϕ†rνϕ� δµν (rλϕ†rλ·ϕ+ µ2ϕ†ϕ)) + iq(ϕ†rµ·ϕ�rµ·ϕ†ϕ)ξV

�
d�µ =

=�pg
�

(1
2(rνϕ†rµ·ϕ+rµ·ϕ†rνϕ)� 1

2(rλϕ†rλ·ϕ+ µ2ϕ†ϕ)δµν )ξν + JµξV

�
d�µ =

=
p
g (�T µ· νξν � JµξV ) d�µ

(1.6.120)

The form EKG is calculated by the formula (1.4.12) and as such it is called Noether current and it obeys Noether theorem, i.e. dEKG =W(LKG).

But once evaluated along a solution of L, is it a closed form?

Here again everything goes back to what we consider field equations to see if the work current vanishes W(LKG) along solutions of L. In a purely

relativistic perspective, all fields are dynamical and field equations are then (1.6.112). The work current of LKG reads as

W(LKG) =� (£Ξ) E(LKG) =
p
g
�

1
2T

(KG)
αβ £Ξg

αβ + Jµ£ΞAµ � 1
2£Ξϕ

†(�ϕ� µ2ϕ)� 1
2(�ϕ† � µ2ϕ†)£Ξϕ

�
^ d� (1.6.121)
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which along solutions of field equations (1.6.112) reduces to

W(LKG) =
p
g
�
� 1

2

�
T

(M)
αβ + T

(KG)
αβ

�
£Ξg

αβ + 1
2T

(M)
αβ £Ξg

αβ � 1
g

�
1√
gdν (

p
g F ν

·
µ
· )� gJµ

�
£ΞAµ + 1

g
√
gdν

�p
g F ν

·
µ
·£ΞAµ

� �
d� =

=
p
g
�

1
2T

(M)
αβ £Ξg

αβ + 1
g
√
gdν

�p
g F ν

·
µ
·£ΞAµ

� �
d�

(1.6.122)

which is non-zero in general.

This is because Noether theorem simply states that dE =W, not that E is closed on shell. The current E is closed on shell only when W vanishes on

shell and this holds true only for the work current of the total Lagrangian, in this example for L = LM + LKG. Both the Noether current and work

current for partial Lagrangians (in this case LKG) can be easily computed (the expressions (1.4.12) are linear in the Lagrangian), they obey Noether

theorem (1.4.9), but this implies that Noether current is closed on shell only for the Noether current of the total Lagrangian.

Let us stress that, also when considering the total Lagrangian L, one can compute E(L) and W(L) and, by Noether theorem, one has dE(L) =W(L).

In this case we have

W(L) =� (£Ξ) E(L) =
p
g
�

1
2

�
T

(M)
αβ + T

(KG)
αβ

�
£Ξg

αβ � 1
g

�
1√
gdν (

p
g F ν

·
µ
· )� gJµ

�
£ΞAµ � 1

2£Ξϕ
†(�ϕ� µ2ϕ)� 1

2(�ϕ† � µ2ϕ†)£Ξϕ
�

d� (1.6.123)

If we had to ask whether the Noether current E(L) is closed along solutions of field equations, we still have to be clear on what we consider to be field

equations.

In a purely relativistic attitude all fields are dynamical, field equations are given by (1.6.112), W(L) = 0, then the Noether current E(L) is closed.

If the metric g is considered fixed instead of dynamical though, then one fixed δgαβ = 0 in the variation and field equations are just

1√
gdν (

p
g F ν

·
µ
· ) = Jµ �ϕ� µ2ϕ = 0 (1.6.124)

Under these field equations, the work current reduces to

W(L) =� (£Ξ) E(L) = 1
2

p
g
�
T

(M)
αβ + T

(KG)
αβ

�
£Ξg

αβd� (1.6.125)

which still has no reason to vanish in general (in Minkowski spacetime one can gives examples of solutions (Aµ(x), ϕ(x)) of field equations (1.6.124)

for which the energy-momentum stress tensors do not vanish).

To get conservation for the Noether current E(L), one is forced to get rid of the terms surviving in the work current. This can be done by restricting

gauge transformations and requiring that £Ξg
αβ = �2

g

r(αξβ) = 0, i.e. by restricting to gauge transformations which project over spacetime isometries

for g, i.e. requiring that ξ is a Killing vector for g.

In Minkowski spacetime, we have 10 Killing vectors to do the trick, but on generic spacetimes there are no Killing vectors at all. In many intermediate

situations, one can do something. It is fortunate that in a purely relativistic framework, when one can encounter any sort of spacetimes (generically

with no Killing vector) one does not need Killing vectors.
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Finally, let us remark that the total Noether current reads as

E(L) =E(LM ) + E(LKG) =
p
g
�
�
�
T (M)

�
µ
·λξ

λ � 1
g
√
gdµ (

p
g F µ

·
ν
·) ξV

�
d�µ + d

�√
g

2g F µ·
ν
·ξV d�µν

�
+
p
g
�
�
�
T (KG)

�
µ
· νξ

ν + JµξV

�
d�µ =

=
p
g
�
�
��
T (M)

�
µ
·λ +

�
TKG

�
µ
·λ

�
ξλ � 1

g

�
1√
gdµ (

p
g F µ

·
ν
·)� gJµ

�
ξV

�
d�µ + d

�√
g

2g F µ
·
ν
·ξV d�µν

� (1.6.126)

Thus one can define the reduced current

Ẽ(L) =
p
g
�
�
��
T (M)

�
µ
·λ +

�
T (KG)

�
µ
·λ

�
ξλ � 1

g

�
1√
gdµ (

p
g F µ

·
ν
·)� gJµ

�
ξV

�
d�µ (1.6.127)

and the superpotential

U(L) =
√
g

2g F µ
·
ν
·ξV d�µν (1.6.128)

so that one has

E(L) = Ẽ(L) + dU(L) (1.6.129)

Since the reduced current is vanishing along solutions of field equations (at least in a purely relativistic attitude) then once again the model allows

superpotential.

Notice that the Lagrangian LKG does not contribute to the superpotential. This does not mean that the field ϕ does not contribute to the electric

charge. In fact, it does (and that is what we mean by saying that it is a charged field). Actually, when defining the electric charge, one needs to

integrate the superpotential on shell and the flow of the electric field remembers of the field ϕ, since one is considering a non-vacuum solutions of

Maxwell equations.

Interlude

By now, following these examples some general features about field theories are emerging. They are worth noticing now.

First of all, when one wants to define a field theory, it is important to discuss which are the fundamental fields and which are the allowed transformations

among observers. This is equivalent to discuss in which bundle C fields are globally defined as global sections.

Then a Lagrangian must be chosen depending on fields and their derivatives up to some finite order k (usually k = 1 or k = 2).

Unlike in Mechanics where there is a universal prescription for dynamics, namely second law of dynamics ~F = m~a which leads to define Lagrangians in the form

L = T − U , in field theory, one basically has to guess the Lagrangian so that it produces the “observed” field equations.

The Lagrangian should be checked to be global (so that field equations are automatically global). A case in which globality is easily checked is when

the transformations among observers (the transition maps of the configuration bundle) are symmetries. If they are, not only one has

JL′(x′µ, y′i, y′iµ , . . .) = L(xµ, yi, yiµ, . . .) (1.6.130)

as needed for globality but one has in fact

JL(x′µ, y′i, y′iµ , . . .) = L(xµ, yi, yiµ, . . .) (1.6.131)
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which is what is needed for covariance with respect to general change of observer.

In this case, which will be typical in relativistic theories, not only each observer defines a local Lagrangian and different local Lagrangians glue together

in the intersections, but each observer uses the same function as local Lagrangian just each as a function of the fields of that observer. Notice that

covariance with respect to general change of observers implies globality, while of course not vice versa.

Then, by variation and integration by parts, one finds field equations and Poincaré–Cartan part. This is quite an algorithmic computation and nothing

particular about the theory is really needed.

Then fields transformation rules define Lie derivative of fields and one can write covariance identity. If the Lagrangian was covariant then one expects

to have many symmetries, namely any one-parameter family of change of observers. The covariance identity must be verified without performing

integrations by parts. One just has to expand and collect.

If symmetries are found then, for each symmetry, one can define Noether currents and work currents just by applying the general formula. We still

need some theory and algorithm to split Noether currents into a reduced current and a superpotential. We saw few cases in which we were able to find

a superpotential by a suitable integration by parts but we still need to know when superpotentials exist and a general strategy to find them. Analysing

the example above, one could see that starting from covariance identity where Lie derivatives appear under derivation the Noether theorem is obtained

by integrating by parts derivatives without expanding Lie derivatives.

Then one can expand Lie derivatives in the Noether current so to obtain linear combinations of the symmetry generators (ξµ and ξV in the examples

above) and their derivative up to some finite order (which depend on the fields under consideration). The superpotential is obtained by a suitable

integration by parts of these derivatives.

As a general rule, covariant derivatives have to be preferred over ordinary derivatives, so that one can easily control globality of terms and objects.

Chern–Simons theory

For simplicity, let us consider the group G = SO(3) and denote its elements by Sij ; it is understood that these parameters, which are actually

coordinates on GL(3), are constrained by the relations tSS = I and det S = 1. These constraints identify SO(3) as a submanifold of GL(3).

Let P be a principal G-bundle over M ; a right-invariant pointwise basis for vertical vectors is given by σij := ρ[ij] where we set

ρij := δhiS
h
k

∂

∂Sjk
(1.6.132)

We remark that Lie algebra indices are raised and lowered by δij . A principal connection is given by

ω = dxµ 
 (∂µ �Aijµ (x)σij) (1.6.133)

Let us also set Aiµ := 1
2ε
i
jkA

jk
µ and

F iαβ := ∂αA
i
β � ∂βAiα + εijkA

j
αA

k
β F = 1

2F
i
αβdx

α ^ dxβ 
 Ti (1.6.134)

for a suitable basis Ti = 1
2εij

k∂jk in the Lie algebra. The field F is called curvature in geometry, field strength in physics.
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If we consider a gauge transformation on P locally expressed as {
x′µ = x′µ(x)

S′ = ϕ(x) · S
(1.6.135)

then the coefficients of the connection transforms as

A′iµ = J̄
σ
µ

(
ϕikA

k
σ + 1

2ε
ij
kϕ

k
l dσϕ̄

i
j

)
(1.6.136)

As a consequence, the field strength transforms as

F ′iµν = J̄
α
µ J̄

β
νϕ

i
jF

j
αβ (1.6.137)

However, transformation rules are irrelevant for field equations and pop in when discussing conservation laws.

Chern–Simons Lagrangian(s) is (a family of) local Lagrangians; on a 3-dimensional base M , and with obvious notation, one sets

LCS(j1A) = εαβλ
�
δijF

i
αβA

j
λ � 1

3εijkA
i
αA

j
βA

k
λ

�
d� (1.6.138)

The variation of the Lagrangian is

δLCS =εαβλ
�
δijδF

i
αβA

j
λ +

�
δikF

i
αβ � εijkAiαAjβ

�
δAkλ

�
d� (1.6.139)

The variation of the field strength is given by

δF i
αβ = dαδA

i
β � dβδAiα + 2εijkA

j
αδA

k
β (1.6.140)

so that the variation of the Lagrangian can be recast as

δLCS =εαβλ
�

2δij

�
dαδA

i
β + εilkA

l
αδA

k
β

�
Ajλ +

�
δikF

i
αβ � εijkAiαAjβ

�
δAkλ

�
d� =

=εαβλ
�

2δijdαδA
i
βA

j
λ + 2εijkA

i
αA

j
βδA

k
λ +

�
δikF

i
αβ � εijkAiαAjβ

�
δAkλ

�
d� =

=
�
dα

�
2δijε

αβλδAiβA
j
λ

�
� 2δijε

αβλdαA
j
λδA

i
β + εαβλ

�
δikF

i
αβδA

k
λ + εijkA

i
αA

j
βδA

k
λ

��
d� =

=
�
dα

�
2δijε

αβλδAiβA
j
λ

�
+ εαβλδlk

�
dαA

l
β � dβAlα + εlijA

i
αA

j
β

�
δAkλ + εαβλδlkF

l
αβδA

k
λ

�
d� =

=
�
dα

�
2δijε

αβλδAiβA
j
λ

�
+ 2εαβλδlkF

l
αβδA

k
λ

�
d�

(1.6.141)

The Euler–Lagrange part of the Lagrangian is

E(LCS) = 2δlkε
αβλF l

αβ!
k
λ ^ d� (1.6.142)

where we set !kλ := dAkλ � dαAkλdxα for the contact form. This is manifestly a global form.

For the Poincaré–Cartan morphism, one should set

< F jX >= 2δijε
αβλAjλδA

i
βd�α (1.6.143)

which, however, is not a global form (since the Ajλ does not transform covariantly). It is defined on a trivialisation patch though different patches do not

glue together. In other words, one still has a family of Poincaré–Cartan parts, one for each trivialisation patch, which differ by gauge transformations

on the overlaps and fail to glue together.
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In this situation one cannot do much to discuss global conservation laws. The Noether current would be in fact local and global conserved quantities cannot be defined

since integrals are defined only on forms.

.Noether currents for CS theo-

ries

However, if one has another connection, we shall see that one can define a global Lagrangian depending on both connections, which reduces to LCS if the second

connection is set to zero, which however makes sense only locally in a trivialisation domain (in fact, when a gauge transformation acts on a zero connection, the

transformed connection is not zero any longer).

Hilbert–Einstein theory

Let us consider Lor(M) as a configuration bundle. Fibered coordinates are (xµ, gµν) and sections are in one-to-one correspondence with global

Lorentzian metrics on the spacetime M . One can use alternatively gµν or its inverse gµν (as well as the densitised inverse ĝµν :=
p
g gµν) as coordinates

along the standard fiber since they are in one-to-one correspondence. On the first jet, one can use the Christoffel symbols

fggλµν = 1
2g

λε
��dεgµν + dµgνε + dνgεµ

�
(1.6.144)

as coordinates, since they are in one-to-one correspondence with first derivatives of the metric.

.Curvature tensorsOne can also define curvatures on the second jet bundle J2Lor(M)

Rαβµν = dµfggαβν + fggαεµfggεβν � [µν] Rβν = Rαβαν R = gµνRµν (1.6.145)

Let us choose the second order Lagrangian

LH =
√
g

2κ (R� 2Λ) d� (1.6.146)

where R is scalar curvature defined by the metric and Λ a constant, called the cosmological constant. This Lagrangian is called the Hilbert–Einstein

Lagrangian (sometimes setting Λ = 0) and its field theory is called the (vacuum) standard (purely metric) GR.

The variation of the Lagrangian reads as

δLH =
√
g

2κ

�
Rµν � 1

2Rgµν + Λgµν
�
δgµνd�+ d

�√
g

2κ g
µνδuλµνd�λ

�
(1.6.147)

where, setting uλµν := fggλµν � δλ(µfggεν)ε, we used the identity δRµν = rλδuλµν .
Thus Euler–Lagrange part and Poincaré–Cartan part are

E(LH) =
√
g

2κ

�
Rµν � 1

2Rgµν + Λgµν
�
!µν ^ d� F(LH) =

√
g

2κ g
µν!λµν ^ d�λ (1.6.148)

where we define the contact forms

!µν = dgµν � dαgµνdxα !λµν = duλµν � dαuλµνdxα (1.6.149)

The tensor Gµν := Rµν � 1
2Rgµν is a symmetric tensor, called the Einstein tensor for the metric g. In dimension m = 4, it has 10 components, as the

metric tensor. Field equations are in the form

Gµν = �Λgµν (1.6.150)
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For Λ = 0 these are called (vacuum) Einstein equations. They are 10 non-linear PDE. For example, Minkowski metric, being flat, is a solution for

them.

The Lagrangian is generally covariant, meaning that any spacetime diffeomorphism is a symmetry. In fact, the Lagrangian density
p
gR is a scalar

density of weight 1 and, for any diffeomorphism, one has

J̄
p
g′R′ =

p
gR (1.6.151)

which directly proves (1.6.131).

One can also prove directly the covariance identity with respect to any spacetime vectorfield ξ.

√
g

2κ ((Gµν + Λgµν) £ξg
µν + gµν£ξRµν) =

√
g

2κ

(
−2Rµν∇µξν +R∇λξλ + ξλ∇λR+ 2∇µξνRµν − 2Λ∇µξµ

)
=
√
g

2κ∇λ
(
(R− 2Λ) ξλ

)
=
∗
∇λ
(√

g

2κ (R− 2Λ) ξλ
)

(1.6.152)

where we used the Lie derivatives

£ξg
µν = −∇µξν −∇νξµ £ξRµν = ξλ∇λRµν +∇µξλRλν +∇νξλRµλ (1.6.153)

and all covariant derivatives are with respect to the metric g.

Being the Lagrangian generally covariant, if g is a solution of Einstein equations, then any g′ = Φ∗g is a solution as well. This does not rely in the

specific form of Einstein equations, it just depends on the fact that they are expressed through a tensor.

Any equation in the form tµν... = 0 for any tensor tµν...(x, y) has the same property. In fact for any diffeomorphism Φ : x 7→ x′ which acts on fields by y′ = Φ∗y one has

t′µν...(x
′, y′) = J̄

ρ
µJ̄

σ
ν . . . tρσ...(x, y) (1.6.154)

so that one has that

t(x, y) = 0 ⇐⇒ t′(x′, y′) = 0 (1.6.155)

Accordingly, the section y(x) is a solution iff y′(x′) is a solution as well.

Of course, a similar argument holds true for equations which are expressed by vanishing of tensor densities, while, for example, the equation Γαβµ = 0 has not the same

property since connections transform affinely.

.General covarianceLet us stress that invariance with respect to spacetime diffeomorphisms will have a special meaning to us, since it means solutions are invariant with respect to changes

of observers. A physical law expressed by vanishing of tensors (or tensor densities) is independent of the observer, i.e. absolute.

Noether currents are in the form

E(LH , ξ) =
√
g

2κ

�
gµν£ξu

λ
µν � ξλ (R� 2Λ)

�
d�λ =

√
g

2κ

��
gµνδλε � gλνδµε

�
£ξfggεµν � ξλR+ 2Λξλ

�
d�λ =

=
√
g

2κ

��
�gµνgλσ + gλνgµσ + gνσgλµ � gλσgνµ + gσµgλν � gλµgσν

�
rσrµξν � ξλR+ 2Λξλ

�
d�λ =

=
√
g

2κ

��
2gλνgµσ � 2gµνgλσ

�
rσrµξν �Rξλ + 2Λξλ

�
d�λ =

=
√
g

2κ

��
δλν g

µσ � δµν gλσ
�
rσµξν + 1

2

�
gλνgµσ � gµνgλσ

�
Rνεσµξ

ε �Rξλ + 2Λξλ
�

d�λ =

=
√
g

2κ

��
δλε g

ρσ � gλρδσε
�
rρσξε +

�
1
2R

λ
ε �Rδλε + 2Λδλε

�
ξε
�

d�λ

(1.6.156)
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where we used the identities

£ξu
λ
µν = £ξfggλµν � δλ(µ£ξfggεν)ε £ξfggλµν = 1

2g
λε

�
�

g

rε£ξgµν +
g

rµ£ξgνε +
g

rν£ξgεµ

�
(1.6.157)

Eventually, we can write Lie derivatives as (tensorial) linear combinations of the symmetry generators ξε together with their (symmetrised covariant)

derivatives up to some finite order k (in this case k = 2).

For any fixed generator ξε and any solution of field equations g, one obtains a (m � 1)-form E = (j2g)∗E(LH , ξ) on spacetime which turns out to be

closed as a consequence of Noether theorem. The Noether current can be written as

E(LH , ξ) =
√
g

2κ

�
Eλε ξε + Eλρε rρξε + Eλρσε rρσξε

�
d�λ (1.6.158)

where we set 8><
>:
Eλε := 3

2R
λ
ε �Rδλε + 2Λδλε

Eλρε := 0

Eλρσε := δλε g
ρσ � gλ(ρδ

σ)
ε

(1.6.159)

These are called the canonical tensors of the theory.

In the Noether current can take the second order term and integrate it by part as

√
g

2κ

�
δλε g

ρσ � gλσδρε
�
rρσξε =

√
g

2κ

�
δλε g

ρσ � gλσδρε
� �rρrσξε � 1

2R
ε
αρσξ

α
�

=
√
g

2κ

�
δλε g

ρσ � gλσδρε
�
rρrσξε � 1

2

√
g

2κ

�
δλε g

ρσ � gλσδρε
�
Rεαρσξ

α =

= rρ
�√

g
2κ

�
δλε g

ρσ � gλσδρε
�
rσξε

�
+ 1

2

√
g

2κR
λ
εξ
ε = rρ

�
2
√
g

2κr[ρξλ]
�

+ 1
2

√
g

2κR
λ
εξ
ε

(1.6.160)

The Noether current is then

E(LH , ξ) =
�
rρ
�

2
√
g

2κr[ρξλ]
�

+ 2
√
g

2κ

�
Rλε � 1

2Rδ
λ
ε + Λδλε

�
ξε
�

d�λ (1.6.161)

Then we can define the reduced current as

Ẽ(LH , ξ) = 2
√
g

2κ

�
Rλε � 1

2Rδ
λ
ε + Λδλε

�
ξεd�λ (1.6.162)

which gracefully vanishes along solutions, and the superpotential

U(LH , ξ) =
√
g

2κr[ρξλ]d�λρ ) dU(LH , ξ) = rα
�√

g
2κr[ρξλ]

�
dxα ^ d�λρ = rρ

�
2
√
g

2κr[ρξλ]
�

d�λ (1.6.163)

Please notice how the integration by parts is really critical here. If one just started from
√
g

2κ

(
δλε g

ρσ − gλρδσε
)
∇ρσξε one would have got

√
g

2κ

(
δλε g

ρσ − gλρδσε
)
∇ρσξε = ∇ρ

(√
g

2κ

(
δλε g

ρσ − gλρδσε
)
∇σξε

)
− 1

2

√
g

2κR
λ
εξ
ε = ∇ρ

(√
g

2κ∇
[ρξλ − gλρ∇εξε

)
− 1

2

√
g

2κR
λ
εξ
ε (1.6.164)

which is also true though useless to our purposes (the volume term would not vanish on shell and the boundary term is not antisymmetric).
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Then any Noether current in Hilbert theory allows a superpotential. This sounds now as an odd coincidence. We shall see below that something

similar can be done in any generally covariant theory. In any general covariant theory, one has a suitable covariant integration by part which allows us

to define superpotentials.

This is particularly strange at this stage under the following viewpoint. One can regard Noether theorem as a way to produce closed forms on the

spacetime; in fact, given a solution σ and a spacetime vector field ξ, one can define a closed form E(LH , ξ, σ) = (j2σ)∗E(LH , ξ). Closed forms are also

locally exact, but superpotentials exist only when they are globally exact.

If spacetime is contractible (or, more generally, if Hm−1
dR (M) = 0) then all closed (m � 1)-forms on M are also exact. However, we shall see that in

gravitational theories spacetime is not expected to be globally diffeomorphic to Rm and its cohomology group can be as non-trivial as we wish. In

general then on reasonable spacetimes there are plenty of closed forms which are not exact.

In view of this fact, one could expect that, in general, not all Noether currents admitted a superpotential.

We shall show that this is not the case. No matter how complicated the cohomology of spacetime is, in any relativistic theory the Noether theorem

will always single out infinitely many exact forms as Noether currents.

We shall prove it in general in Chapter 3.

Purely metric f(R)-theories

Let us consider a spacetime M (connected, paracompact, which allows global Lorentzian metrics), a Lorentzian metric field gµν and a matter field vi

on it. The metric field is a section of the bundle Lor(M) while the vector field vi is a section of some natural vector bundle E defined on M , e.g. the

bundle for some tensor density. The configuration bundle C = Lor(M)�M E has fibered coordinates (xµ, gµν , vi). Let us consider the Lagrangian

L =
h√

g
2κ f(R) + Lm(gµν , v

i, viµ)
i

d� (1.6.165)

which is a horizontal form on J2Lor(M)�M J1E, we set viµ := dµv
i+Ziβα (v)fggαβµ for the covariant derivative of vi. One can specify Ziβα (v) to represent

any specific tensor density. The function f(R) is a regular function of the scalar curvature R of the metric g.

This is called a purely metric f(R)-theory. Field equation are easily obtained by varying the Lagrangian with respect to the fundamental fields

(gµν , vi). (
f ′(R)Rµν � 1

2f(R)gµν = κTµν +rµνf ′(R)� gµν�f ′(R)

Ei = 0
(1.6.166)

where we set

Tµν := mHαβ +rεmHε
αβ

gHαβ := rε gHε
αβ = � �rαβf ′(R)� gαβ�f ′(R)

�
gHε

αβ := rρgHερ
αβ =

�
gαβg

ρε � δρ(αδεβ)

�
rρf ′(R)

1
2

p
g mHε

βµ := �1
2p
ρ
iZ

iσ
α

�
gµσδ

ε
ρδ
α
β + gβρδ

ε
σδ
α
µ � gµρgβσgαε

�

Hρ
αβ := gHρ

αβ + mHρ
αβ

gHρε
αβ :=

�
gαβg

ρε � δρ(αδεβ)

�
f ′(R)

p
gEi := pi �rµpµi

�1
2

p
g mHαβ :=

∂Lm
∂gαβ

(1.6.167)
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For the variation one has

δL =
√
g

2κ

(
f ′(R)Rαβ − 1

2f(R)gαβ − κ mHαβ

)
δgαβ +

(
− 1

2p
µ
i Z

iβ
α g

αε + 1
2p
ε
iZ

iµ
α g

αβ + 1
2p
β
i Z

iε
α g

αµ
)
∇εδgβµ + (pi −∇µpµi ) δvi+

+
√
g

2κ f
′(R)gβµ∇α

(
δ{g}αβµ − δαµδσρ δ{g}

ρ
σβ

)
+∇λ

(
pλi δv

i
)

=

=
√
g

2κ

(
f ′(R)Rαβ − 1

2f(R)gαβ − κ mHαβ

)
δgαβ +

√
g

2
mHε

αβ∇εδgαβ +
√
gEiδv

i+

+ 1
2

√
g

2κ f
′(R)

(
−gβσgαε + gβαgσε + gεβgασ − gεαgβσ + gσεgαβ − gσαgεβ

)
∇α∇εδgσβ +∇λ

(
pλi δv

i
)

=

=
√
g

2κ

(
f ′(R)Rαβ − 1

2f(R)gαβ − κ mHαβ

)
δgαβ +

√
g

2
mHε

αβ∇εδgαβ +
√
gEiδv

i +
√
g

2κ
gHρε

αβ∇ρ∇εδg
αβ +∇λ

(
pλi δv

i
)

=

=
√
g

2κ

(
f ′(R)Rαβ − 1

2f(R)gαβ − κ
(
mHαβ +∇εmHε

αβ

)
+ gHαβ

)
δgαβ +

√
gEiδv

i +∇λ
(
pλi δv

i +
√
g

2
mHλ

αβδg
αβ +

√
g

2κ
gHλε

αβ∇εδgαβ −
√
g

2κ
gHλ

αβδg
αβ
)

(1.6.168)

We can trace the first field equation by gµν to obtain the so called master equation

f ′(R)R� m
2 f(R) = κT � (m� 1)�f ′(R) ) f(R) = 2

m

�
f ′(R)R� κT + (m� 1)�f ′(R)

�
(1.6.169)

where we set T := gµνTµν for the trace of the energy-momentum stress tensor.

The first field equation can also be put in a form

Rµν � 1
2Rgµν = κ

�
f ′(R)

�−1 �
Tµν + 1

κ

�rµνf ′(R)� gµν�f ′(R)� 1
2

�
f ′(R)R� f(R)

�
gµν
��

=: κT̂µν (1.6.170)

which seems an Einstein equation though with a modified energy-momentum stress tensor

T̂µν :=
1

f ′(R)

�
Tµν � 1

mT + 1
κ

�rµνf ′(R)� �m−2
2m f ′(R)R+ 1

m�f ′(R)
�
gµν
��

(1.6.171)

Brans–Dicke theories with a potential

Let us consider a metric g, a scalar field ϕ and a generic set of matter fields vi. A purely metric Brans–Dicke theory (in dimension m) is described by

a Lagrangian of the form

LBD =
h√

g
2κ

�
ϕαR� ω

ϕβ
rµϕrµϕ+ U(ϕ)

�
+ Lm(gµν , v

i, viµ)
i

d� (1.6.172)

where R is, of course, the scalar curvature of g, α, β, ω are constants and U(ϕ) a potential describing self interactions of the scalar field ϕ. Let us stress

that the matter fields v couple to g, not to ϕ.
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By variation of the Lagrangian, we obtain

δLBD =
√
g

2κ

(
ϕα
(
Rµν − 1

2Rgµν
)
− ω

ϕβ
∇µϕ∇νϕ− κTµν + 1

2

(
ω
ϕβ
∇εϕ∇εϕ− U(ϕ)

)
gµν

)
δgµν −

√
g

2κ αϕ
α−1∇λϕ

(
gσνδλρ − gλνδσρ

)
δ{g}ρσν+

+
√
g

2κ

(
αRϕα−1 + β ω

ϕβ+1∇µϕ∇µϕ+ U ′(ϕ)
)
δϕ− 2

√
g

2κ
ω
ϕβ
∇µϕ∇µδϕ+ (pi −∇µpµi ) δvi +∇λ

(
pλi δv

i +
√
g

2κ ϕ
αgµνδuλµν

)
=

=
√
g

2κ

(
ϕαGµν − ω

ϕβ
∇µϕ∇νϕ− κTµν + 1

2

(
ω
ϕβ
∇εϕ∇εϕ− U(ϕ)

)
gµν

)
δgµν −

√
g

2κ
α
2ϕ

α−1∇λϕ
(
−gσνgλε + gλνgσε + gεσgλν − gλσgεν + gνεgλσ − gλεgνσ

)
∇εδgσν+

+
√
g

2κ

(
αRϕα−1 + β ω

ϕβ+1∇µϕ∇µϕ+ U ′(ϕ)− 2β ω
ϕβ+1∇µϕ∇µϕ+ 2 ω

ϕβ
�ϕ

)
δϕ+ Eiδv

i +∇λ
(
pλi δv

i +
√
g

2κ ϕ
αgµνδuλµν −

√
g

κ
ω
ϕβ
∇λϕδϕ

)
=

=
√
g

2κ

(
ϕαGµν − ω

ϕβ
∇µϕ∇νϕ− κTµν + 1

2

(
ω
ϕβ
∇εϕ∇εϕ− U(ϕ)

)
gµν

)
δgµν −

√
g

2κ αϕ
α−1∇λϕ

(
gλεgσν − δλν δεσ

)
∇εδgσν+

+
√
g

2κ

(
αRϕα−1 + U ′(ϕ)− β ω

ϕβ+1∇µϕ∇µϕ+ 2 ω
ϕβ

�ϕ
)
δϕ+ Eiδv

i +∇λ
(
pλi δv

i +
√
g

2κ ϕ
αgµνδuλµν −

√
g

κ
ω
ϕβ
∇λϕδϕ

)
=

=
√
g

2κ

(
ϕαGµν − κTµν − αϕα−1 (∇µνϕ−�ϕgµν)−

(
α(α− 1)ϕα−2 + ω

ϕβ

)
∇µϕ∇νϕ+

(
α(α− 1)ϕα−2 + 1

2
ω
ϕβ

)
∇εϕ∇εϕgµν − 1

2U(ϕ)gµν

)
δgµν+

+
√
g

2κϕ

(
αRϕα + ϕU ′(ϕ) + 2ω

ϕβ

(
ϕ�ϕ− β

2∇µϕ∇
µϕ
))

δϕ+ Eiδv
i+

+∇λ
(
pλi δv

i +
√
g

2κ ϕ
αgµνδuλµν −

√
g

κ
ω
ϕβ
∇λϕδϕ−

√
g

2κ αϕ
α−1∇εϕ

(
gλεgµν − δλν δεµ

)
δgµν

)
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where we set Ei := pi −∇µpµi for the matter field equations, Gµν := Rµν − 1
2Rgµν for the Einstein tensor of g.

Then equations for the Brans–Dicke Lagrangian are8>>><
>>>:
ϕαGαβ = κTαβ + αϕα−1

�rαβϕ��ϕgαβ
�

+
�
α(α� 1)ϕα−2 + ω

ϕβ

�
rαϕrβϕ�

�
α(α� 1)ϕα−2 + 1

2
ω
ϕβ

�
rλϕrλϕgαβ + 1

2Ugαβ

αϕαR+ ϕU ′ + 2ω
ϕβ

�
ϕ�ϕ� β

2rλϕrλϕ
�

= 0

Ei = 0

(1.6.174)

By tracing the first equation by gαβ, one obtains

1
2ϕ

αR = 1
2−m

�
κT � αϕα−1 (m� 1)�ϕ�

�
(m� 1)α(α� 1)ϕα−2 + m−2

2
ω
ϕβ

�
rλϕrλϕ+ m

2 U
�

(1.6.175)

which can be used to eliminate the Ricci scalar from the first equation

ϕαRαβ =κ
�
Tαβ � 1

m−2Tgαβ
�

+ αϕα−1rαβϕ+ α
m−2ϕ

α−1�ϕgαβ +
�
α(α� 1)ϕα−2 + ω

ϕβ

�
rαϕrβϕ+

+ α(α−1)
m−2 ϕα−2rλϕrλϕgαβ � 1

m−2Ugαβ

(1.6.176)

Then we can eliminate the Ricci curvature from the second field equation and (1.6.175)

αϕα−1 (m� 1)�ϕ+
�

(m� 1)α(α� 1)ϕα−2 + m−2
2α

(α−β)ω
ϕβ

�
rλϕrλϕ+ m−2

α
ω
ϕβ
ϕ�ϕ� m

2 U + m−2
2α ϕU ′ = κT (1.6.177)

:Notation: :Symbols: :AIndex: :Index:



84 Spacetime and field theories

Thus field equations can be recast as8>>><
>>>:
ϕαRαβ = κ

�
Tαβ � 1

m−2Tgαβ
�

+ αϕα−1rαβϕ+
�
α(α� 1)ϕα−2 + ω

ϕβ

�
rαϕrβϕ+ 1

m−2

�
αϕα−1�ϕ+ α(α� 1)ϕα−2rλϕrλϕ� U

�
gαβ�

αϕα−1 (m� 1) + m−2
α

ω
ϕβ
ϕ
�
�ϕ+

�
(m� 1)α(α� 1)ϕα−2 + m−2

2α
(α−β)ω
ϕβ

�
rλϕrλϕ+

�
m−2
2α ϕU ′ � m

2 U
�

= κT

Ei = 0

(1.6.178)

7. Lagrangian mechanics

.Next SectionMechanics is formally a special field theory in which the base manifold M is reduced to M = R. The “fields” are identified with Lagrangian coordinates

qi and one wants to determine them as functions of the coordinate t in M . Solutions will be locally expressed by qi(t). Since the base manifold R is

contractible then any bundle over it is trivial, thus one can choose C = R�Q with no loss of generality.

A general vertical map on C is in the form {
t′ = t

q′ = q′(t, q)
(1.7.1)

and it does not preserve the product C = R×Q. An example is provided by Galilei boosts for a free particle. Thus different (Galilean inertial) observers see the same

configuration bundle, though different products. They see the same synchronous surfaces t = const though they define different lines q = const. The congruence of

these lines defines what an observer regards as rest motions, which is, of course, observer dependent.

Once again the bundle framework is absolute while the coordinate (or product) structures are relative to the observer.

The first jet bundle J1C is modelled on the vector bundle R� TQ (as a bundle on C).

For any first order Lagrangian L = L(t, q, u)dt, one has standard Euler–Lagrange equations

E(L) =

�
∂L

∂qi
� d

dt

�
∂L

∂ui

��
(dqi � uidt) ^ dt =

�
∂L

∂qi
� d

dt

�
∂L

∂ui

��
dqi ^ dt (1.7.2)

If one restricts to vertical symmetries X = X i∂i on C, so that £Xq
i = �X i, the covariance identity reads as

∂L

∂qi
£Xq

i +
∂L

∂ui
d

dt
£Xq

i = 0 () X̂(L) = 0 (1.7.3)

where X̂ denotes the prologation to the tangent bundle R� TQ of the symmetry field.

A Noether current is a 0-form, i.e. a function. Being conserved, i.e. closed, for a 0-form means to be constant along solutions of equations of motion.

Thus a Noether current is a first integral of the system.
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Its expression for a vertical symmetry is the standard

F :=
∂L

∂ui
£Xq

i = �πiX i(t, q) (1.7.4)

which is of course linear in the momenta πi.

If one considers the vector field ξ = ∂t over C (which is, in fact, global being C = R�Q). The Lie derivatives of Lagrangian coordinates are

£ξq
i = ui (1.7.5)

The covariance identity for that is

∂L

∂qi
£ξq

i +
∂L

∂ui
d

dt
£ξq

i =
d

dt
(L) ) ∂L

∂qi
ui +

∂L

∂ui
u̇i =

∂L

∂t
+
∂L

∂qi
ui +

∂L

∂ui
u̇i ) ∂L

∂t
= 0 (1.7.6)

Accordingly, the vector field ξ = ∂t is a Lagrangian symmetry only for time-independent Lagrangians. The corresponding Noether first integral

H =
∂L

∂ui
£ξq

i � L = πiu
i � L (1.7.7)

which is called the total energy.

Of course, in Mechanics superpotentials do not make much sense. Noether currents are in fact 0-forms and the superpotentials would be of degree −1.

Oddly enough, this could be given a meaning in the so-called augmented deRham sequence

0→ R ↪→ Ω0(M)→ Ω1(M)→ . . .→ Ωm(M)→ 0 (1.7.8)

where one adds constants in the first position of the standard deRham sequence (constants can be identified with constant functions in Ω0(M)). Then superpotentials

live in R and state that first integrals are constant along solutions.

However, this is not particularly useful (and in fact one does not usually spend time to do it) because the augmented deRham sequence is always, by construction,

exact at the level of 0-forms, at least if M is connected. If the manifold M is connected, a 0-form is closed if and only if it is constant. Thus any Noether current in

Ω0(M) allows a superpotential which selects its value along solutions.

Homogeneous formalism for mechanics

In the framework for mechanics above, time has a special role over positions. Although C encompasses time and position together as spacetime, then

one assumes absolute time which corresponds to the fibration π : C ! R. Moreover, time also plays a special role being the parameter along which

motions are described, i.e. it is the independent variable of the formalism.

Both these aspects can be overcome in general showing a homogeneous formulation for classical (non-relativistic) mechanics which relies on a bigger

space C ′ = R� C with coordinates (s, t, x) in which (t, x) enter on equal footing.

The core idea is introducing an extra parameter s to describe trajectories on C. The parameter s is somehow unphysical since the parameterisation

of trajectories of C does not contain information about the physical motion. Accordingly, equations of motion must select a curve together with all
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its reparameterisations, so that it, in fact, singles out trajectories which are associated to physical motions. The information about velocities and

accelerations is encoded into the slope and curvature of trajectories in C, not in tangent vectors to C which instead depend on the parameterisation.

Of course, by doing that, we introduce an enormous redundancy in the description of the mechanical systems. Above the history of a system was

encoded in a parameterised curve x(t). One model for one system; unfortunately different observers give different representations of the same system.

Now the history of a system is described by infinitely many parameterised curves (t(s), x(s)), namely all reparameterisations of the same trajectory.

It is precisely by this redundancy that the description becomes absolute. This is not the only case in which one trades redundancy for an absolute

description. This principle could be taken as a core idea of relativity and gauge theories and we shall see many examples in detail.

Thus we are trying a description of mechanical systems on the bundle C ′ ! R which is necessarily trivial so that one can take C ′ = R � C with

coordinates (s, t, xi). In order to specify a dynamics for such a model we have to choose a Lagrangian on J1C ′ ' R � TC ' R � T (R � Q) with

coordinates (s, x0 = t, xi, u0, ui).

The tangent vectors (u0, ui) in T (R�Q) have not to be confused with velocities ẋi of motion, which are in fact related to

ẋi = ui

u0 (1.7.9)

being it the slope of the trajectory in R�Q. Tangent vectors have no physical meaning while velocities, of course, have.

It turns out that one can construct a Lagrangian for each system with a classical dynamics. Let us consider for simplicity a standard holonomic

system described by a Lagrangian on TQ of the form

L =
�

1
2gij(x)ẋiẋj � U(x)

�
dt (1.7.10)

To this Lagrangian we can associate a Lagrangian on TC in the form

Lh =
�

1
2gij(x) u

i

u0
uj

u0 � U(x)
�

dt =
�

1
2gij(x) u

i

u0
uj

u0 � U(x)
�
u0ds (1.7.11)

Before discussing equations of motion, let us first notice that the Lagrangian Lh is covariant with respect to arbitrary reparameterisations.

If we consider a section γ : s 7→ (s, t(s), x(s)) and a reparameterisation φ : R→ R : s′ 7→ s(s′) (from which ds = φ′ds′ follows) of it given by

γ′ : s′ 7→ (s′, t′(s′), x′(s′))

{
t′(s′) := t(s(s′))

x′(s′) := x(s(s′))
⇒

{
u′0 = φ′u0

u′i = φ′ui
(1.7.12)

then the Lagrangian transforms under reparameterisations as

L′h =
(

1
2gij(x

′) u
′i

u′0
u′j

u′0 − U(x′)
)
u′0ds′ =

(
1
2gij(x) u

i

u0
uj

u0 − U(x)
)
φ′u0ds′ =

(
1
2gij(x) u

i

u0
uj

u0 − U(x)
)
u0ds = Lh (1.7.13)

i.e. arbitrary reparameterisations are Lagrangian symmetries.

The Lagrangian Lh is varied in the standard way with respect to (t, xi).

The variation of the Lagrangian Lh reads as

δLh =
(
gij

uj

u0 δu
i + 1

2∂kgiju
i uj

u0 δx
k − u0∂kUδx

k −
(
gij

ui

u0
uj

u0 − 1
u0Lh

)
δu0
)
ds =

(
−gkj

(
d
ds
uj

u0 + {g}jil
ui

u0u
l + u0gjl∂lU

)
δxk + d

dsHδt+ d
ds

(
gij

uj

u0 δx
i −Hδt

))
ds (1.7.14)
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where we set H := gij
ui

u0
uj

u0 − 1
u0Lh = 1

2gij(x) u
i

u0
uj

u0 +U(x) which in fact coincides with the classical total energy of the system (which is conserved iff the Lagrangian L

does not explicitly depend on time t, i.e. iff the metric g and the potential U do not).

Notice that as the standard velocity is ẋi = ui

u0 , the standard acceleration is in the form

ẍi = dẋi

dt = 1
u0

d
ds

(
ui

u0

)
= 1

(u0)2

(
dui

ds −
ui

u0
du0

ds

)
(1.7.15)

Equations of motion for the Lagrangian Lh read as8<
:

d
ds

�
1
2gij(x) u

i

u0
uj

u0 + U(x)
�

= 0

ẍi + fggijk u
j

u0
uk

u0 = �gik∂kU
) 1

2gij(x) u
i

u0
uj

u0 + U(x) = E

) dui

ds + fggijkujuk = �(u0)2gik∂kU + ui dds lnu0
(1.7.16)

The first equation is satisfied in view of conservation of energy (and it is, in fact, implied by the second). The second equation is equivalent

to Newton equations for the original system (as it is manifest by the first form of the equation ẍi + fggijk u
j

u0
uk

u0 = �gik∂kU). The second form
dui

ds + fggijkujuk = �(u0)2gik∂kU + ui dds lnu0 is the normal form of the same equation in terms of variables on C.

The Euler–Lagrange part of the Lagrangian Lh is

E(Lh) = −gkj
(
d
ds

(
uj

u0

)
+ {g}jil

ui

u0u
l + u0gjl∂lU

)
ωk ∧ ds + d

ds (H) ω ∧ ds (1.7.17)

where we set ωk = dxk − ukds and ω = dt− u0ds for the relevant contact forms. The Poincaré–Cartan part is

F(Lh) = gij
uj

u0ω
i −H ω (1.7.18)

The equivalence between standard Newtonian equations of motion and the homogeneous ones is worth to be discussed in detail. We already proved

that a solution of Newtonian equations is a solution of homogeneous equations. Of course, solutions of Newtonian equations are curves in Q, while

solutions of homogeneous equations are curves in C = R � Q. Thence by equivalence we mean that a solution γ : t 7! x(t) of Newtonian equations

induces a curve γ̂ : s 7! (t = s, x(s)) on C which is also a solution of homogeneous equations.

However the correspondence is not one-to-one. If γ̂ : s 7! (t(s), x(s)) is a solution of homogeneous equations, the curve γ : s 7! x(s) is not necessarily

a solution of Newtonian equations. What is true, is that there always exists a reparameterisation of γ (namely, the one obtained by using t = t(s)

as a parameter, i.e. γ̂′ : s 7! x(s(t))) which is a solution of Newtonian equations. In other words, to a single solution of Newtonian equations, there

correspond infinitely many solutions of homogeneous equations. A parameterised curve γ on Q uniquely selects a trajectory on C and if γ is a solution

of Newtonian equations then any parameterisation of such a trajectory is a solution of homogeneous equations.

It is worth showing here that if γ̂ is a solution of homogeneous equations then also any of its reparameterisations is a solution as well.

Let γ : s 7→ (t(s, xi(s))) be a solution and φ : s′ 7→ s = s(s′) a reparameterisation. Then one can define a new curve γ′ : s′ 7→ (t(s(s′)), xi(s(s′))) by reparameterising γ.

One has

u′0 = φ′u0 u′i = φ′ui ⇒ v′i = u′i

u′0 = ui

u0 = vi a′i = dv′i

dt′ = dvi

dt = ai (1.7.19)

By replacing these into (1.7.16), one sees immediately that γ′ is a solution as well.
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From the point of view of conserved quantities, the homogeneous formulation is equivalent to the standard Newtonian one as well. The original

Lagrangian was covariant with respect to time translations (as far as L does not depend explicitly on time). In the homogeneous formalism, t is

promoted to be a Lagrangian coordinate and it is a cyclic coordinate for the Lagrangian Lh. The total energy H is (minus) the conjugate momentum

to t and, since t is cyclic, H is conserved.

The homogeneous Lagrangian Lh does not explicitly depend on s either, thus one expects another first integral, namely

F = ∂Lh
∂uµ u

µ � Lh = �Hu0 + ∂Lh
∂ui

ui � Lh = u0
�
�H+ gij

ui

u0
uj

u0 � 1
u0Lh

�
� 0 (1.7.20)

Thus as expected F is a first integral though of a trivial kind since it is constant along solutions just because it is constant along any curve. In other

words, F does not add any further non-trivial conservation laws to the original system.

The Lagrangian Lh can also be rewritten as

Lh = 1
2

�
gij(x)uiuj � 2U(x)u0u0

�
1
u0 ds = 1

2u0 ĝµν(x)uµuµds (1.7.21)

where we defined the bilinear form ĝ on C as

jĝµν j =
��2U 0

0 gij

�
(1.7.22)

This is degenerate for the free particle (i.e. U(x) = 0) and it captures the geometric structure of Newton-Galilei absolute space and time.

Let us stress that in the expression (1.7.21) time still appears to be a special coordinate due to the u0 left in the Lagrangian Lh as a global factor.

As a matter of fact, time is (and it remains) a special coordinate in classical mechanics, whether it is written in homogeneous formalism or not, even

though at least we now moved its special role from kinematics to dynamics. Time directions are also singled out on C as the directions in which the

bilinear form ĝ is degenerate.

None of what we saw here in this Section has anything to do with SR or GR. The dynamics of the system we considered is exactly equivalent to

standard Newtonian mechanics and no relativistic effect whatsoever is considered.

This is to show that homogeneous formalism is not relativity. One can have homogeneous formalism and spacetime for Newtonian mechanics. Relativity

is a specific homogeneous dynamics which predicts effects that slightly (or dramatically, depending on the velocity) modify Newtonian mechanics.

The phase space

Let us now go back to the Newtonian Lagrangian and study a different aspect: initial condition problem.

Equations of motions are in the form (1.7.2). We say that the Lagrangian is non-degenerate iff the Hessian with respect to the velocities is invertible,

i.e.

det

�
∂L

∂ui∂uj

�
6= 0 (1.7.23)

For Lagrangians in the form (1.7.10), this amounts to require gij to be non-degenerate. Let us denote by gij the inverse of such a Hessian. In general

gij depends on (q, u), while for Lagrangians in the form (1.7.10) it depends on q, only.

:Index: :AIndex: :Symbols: :Notation:



Lagrangian mechanics 89

For non-degenerate Lagrangians, the equations of motion are expanded to

∂L

∂ui∂uk
u̇k +

∂L

∂ui∂qk
q̇k � ∂L

∂qi
= 0 (1.7.24)

and they can be set in normal form, namely

q̈i = gij
�
∂L

∂qj
� ∂L

∂uj∂qk
q̇k
�

=: X i
L(q, q̇) (1.7.25)

This is a second order ODE in normal form. As it always happens, it can be recast as a system of first order ODE in the unknown (qi, ui), namely(
q̇i = ui

u̇i = X i
L(q, u)

(1.7.26)

In turn, these can be seen as the equations for integral curves of a vector field on TQ

XL = ui
∂

∂qi
+X i

L(q, u)
∂

∂ui
(1.7.27)

This vector field captures the whole dynamics for the Lagrangian system; it is equivalent to giving the Lagrangian itself and solutions of Lagrangian

equations are obtained as its integral curves.

Since integral curves always exist (of course, provided the vector field is sufficiently regular, but, remember, for us all objects are smooth by default)

that means that, for any initial condition (q0, u0) 2 TQ, one can determine a unique integral curve γ(q0,u0) such that γ(q0,u0)(0) = (q0, u0).

Taking inspiration from this example, in general we define the state of a system as the minimal information needed to determine uniquely the evolution

of the system. The space of the states of the systems is called the phase space, in this case let us call it the Lagrangian phase space. The points of the

phase space of a system are in one-to-one correspondence with solutions.

Accordingly, TQ is the (Lagrangian) phase space of the non-degenerate Lagrangian system.

Notice that being TQ a manifold, we are implicitly giving a differential structure to the space of solutions, which is a space of curves.

Let us finally stress that this discussion is based on the assumption that the Lagrangian is non-degenerate. If the Lagrangian is degenerate, usually

that means that there are constraints on initial conditions and at the same time that some subset of allowed initial conditions in fact determine the

same evolution of the system. In these cases the phase space of the system is not TQ but something else.

We shall see examples of this below. By now let us just say that there is nothing magic about the phase space (or about Hamiltonian formalism which

usually goes with it). The phase space is just studying the space of solutions and provide it with a differential structure. Everything which goes with it

are just tools to achieve that goal. Usually, in mechanics, this is done canonically for non-degenerate Lagrangian systems by introducing Hamiltonian

formalism. Unfortunately, going to field theories Hamiltonian formalism breaks covariance and people invented a number of covariant Hamiltonian

formalisms to keep doing what Hamilton does for mechanics. This is a way of doing it, but for us the Hamiltonian viewpoint will be anything which

makes transparent that the initial condition problem is well-posed, i.e. that some sort of Cauchy theorem holds true. Accordingly, the vector field XL

for us is already a form of Hamiltonian viewpoint somehow, at least for non-degenerate, first order Lagrangian mechanical systems.
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Hamiltonian formalism

If the Lagrangian is global, it means that one can cover TQ with coordinate patches (qi, ui), (q′i, u′i), . . . and give a Lagrangian on each patch L(q, u),

L′(q′, u′), . . . such that in the overlaps

L′(q′, u′) = L(q, u) (1.7.28)

(Here we assumed we keep time fixed on all patches, i.e. vertical transformations.) If the coordinate patches are related by

q′i = qi(q) u′i = J iju
j (1.7.29)

and J ij denotes the Jacobian of q′ with respect to q, then one has L′(q′(q), u′(q, u)) = L(q, u) and can consider its derivatives with respect to uk

∂L′

∂u′i
J ik =

∂L

∂uk
) π′iJ

i
k = πk ) π′i = J̄

k
i πk (1.7.30)

which can be interpreted as transformation rules for the conjugate momenta πi.

One can easily check that such transformation laws are the ones for the components of covectors, i.e. points in T ∗Q. Accordingly, setting natural

coordinates (qi, pi) on T ∗Q, any global Lagrangian L gives a global map

ΦL : TQ! T ∗Q : (q, u) 7! (qi, pi = πi(q, u)) (1.7.31)

which is called the Legendre map of L. The Lagrangian L is regular iff such a map is a diffeomorphism.

A necessary condition to be regular is that the Jacobian of the map (
I 0
∂πi
∂qj

∂πi
∂uj

)
(1.7.32)

is non-degenerate, i.e. the Lagrangian L is non-degenerate.

One can push forward the vector field XL along the Legendre map to obtain a vector field XH = (ΦL)∗XL on T ∗Q.

Let us compute XH . One has F (q, u) = F ′(q, π(q, u)) for any function F : TQ→ R and, by taking the derivatives of it, one gets (ΦL)∗

(
∂
∂qi

)
= ∂

∂qi + ∂πk
∂qi

∂
∂pk

(ΦL)∗
(
∂
∂ui

)
= ∂πk

∂ui
∂
∂pk

(1.7.33)

XH = (ΦL)∗XL = ui
(

∂
∂qi + ∂πk

∂qi
∂
∂pk

)
+Xi

L(q, u)∂πk∂ui
∂
∂pk

= ui ∂
∂qi +

(
ui ∂πk∂qi +Xi

L(q, u)∂πk∂ui

)
∂
∂pk

(1.7.34)

where ui is considered to be expressed as a function of (q, p) by inverting pi = πi(q, u), which is again possible if the Lagrangian L is non-degenerate.

The form of XH can be simplified by remembering that gij ∂πk∂ui = δjk so that

XH = ui
∂

∂qi
+

(
ui
∂πk
∂qi

+
∂L

∂qk
− ∂L

∂uk∂ql
ul
)

∂

∂pk
= ui

∂

∂qi
+
∂L

∂qk
∂

∂pk
(1.7.35)
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Before simplifying further the expression for XH , we already know a great deal of things about it. In particular, its integral curves are, by construction

and definition of push-forward, the Legendre transform of solutions of Euler–Lagrange equations. They are solutions of a system of first order normal

ODE, called the Hamilton equations.

Recalling that T ∗Q is a symplectic manifold for the symplectic form ! = dpi^dqi, the symplectic dual of the vector field XH is a locally Hamiltonian

vector field since

diXH! =� ∂ui

∂qk
dqk ^ dpi �

∂ui

∂pk
dpk ^ dpi +

∂L

∂qi∂qk
dqi ^ dqk +

∂L

∂ui∂qk
∂ui

∂qj
dqj ^ dqk +

∂L

∂ui∂qk
∂ui

∂pj
dpj ^ dqk =

=

 
∂L

∂qj∂qk
+

∂L

∂ui∂qk
∂ui

∂qj

!
dqj ^ dqk +

 
∂uj

∂qk
+

∂L

∂ui∂qk
∂ui

∂pj

!
dpj ^ dqk � ∂ui

∂pk
dpk ^ dpi

(1.7.36)

where the functions ui(q, p) are obtained by inverting pi = πi(q, u), i.e. the identity pi = ∂L
∂ui

(q, u(q, p)) holds true.

From these identities, it follows by differentiation that

0 =
∂L

∂ui∂qk
(q, u(q, p)) +

∂L

∂ui∂uj
(q, u(q, p))

∂uj

∂qk
δkj =

∂L

∂ui∂uj
(q, u(q, p))

∂uj

∂pk
(1.7.37)

From these identiies it follows that ∂uj

∂pk
is the inverse of the Hessian ∂L

∂ui∂uj ; since the Hessian is symmetric its inverse in symmetric as well. Thus the term ∂ui

∂pk
dpk ∧dpi

vanishes.

The coefficient of the term
(

∂L
∂qj∂qk

+ ∂L
∂ui∂qk

∂ui

∂qj

)
dqj ∧ dqk can be recast as

∂L

∂qj∂qk
− ∂L

∂ui∂ul
(q, u(q, p))

∂ul

∂qk
∂ui

∂qj
(1.7.38)

which is manifestly symmetric as well.

Finally, the coefficient of the term
(
∂uj

∂qk
+ ∂L

∂ui∂qk
∂ui

∂pj

)
dpj ∧ dqk can be recast as

∂uj

∂qk
+

∂L

∂ui∂qk
∂ui

∂pj
=
∂uj

∂qk
− ∂L

∂ui∂ul
∂ul

∂qk
∂ui

∂pj
=
∂uj

∂qk
− δjl

∂ul

∂qk
= 0 (1.7.39)

.Locally Hamiltonian fieldsAccordingly, we have that in general one has diXH! = 0 and the vector field is locally Hamiltonian.

This is a first interesting result. The flow of XH , which is by construction the evolution of the system, is a canonical flow. Thus the evolution of any

regular Lagrangian system written on T ∗Q, is a canonical flow.

Since the vector field XH is locally Hamiltonian, one can check whether it is also globally Hamiltonian. In fact it is. One can check that

iXH! = �uidpi +
∂L

∂qk
dqk = �d

�
piu

i(q, p)� L(q, u(q, p))
�

(1.7.40)
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Let us define the Hamiltonian H(q, p) = piu
i(q, p)− L(q, u(q, p)) and compute

∂H

∂qk
= pi

∂ui

∂qk
− ∂L

∂qk
− ∂L

∂ui
∂ui

∂qk
= − ∂L

∂qk
∂H

∂pk
= uk(q, p) + pi

∂ui

∂pk
− ∂L

∂ui
∂ui

∂pk
= uk (1.7.41)

Thus iXHω can be written as

iXHω = −∂H
∂pi

dpi −
∂H

∂qk
dqk = −dH (1.7.42)

which shows that H is a global potential for iXHω and thus a generating function for the field XH .

The function H(q, p) = piu
i(q, p)� L(q, u(q, p)) on T ∗Q is called the Hamiltonian of the system and the vector field XH can be written as

XH =
∂H

∂pi

∂

∂qi
� ∂H

∂qk
∂

∂pk
(1.7.43)

The integral curves of XH obey the equations 8>><
>>:
q̇i =

∂H

∂pi

ṗk = �∂H
∂qk

(1.7.44)

which are called Hamilton equations.

Hamilton equations are, by construction, equivalent to Euler–Lagrange equations. They are first order normal ODE, thus Cauchy theorem applies to

them. Hence given any point (q0, p
0) 2 T ∗Q there is one and only one solution γ(q,p) : t 7! (q(t), p(t)) such that γ(q,p)(0) = (q0, p

0). The space T ∗Q is

also a phase space for the system. Let us call it the (Hamiltonian) phase space.

Hamilton equations can be also written intrinsically. A curve γ : R! T ∗Q is a solution of Hamilton equations iff

iγ̇! = dH (1.7.45)

Given a Hamiltonian system on T ∗Q which is described by the Hamiltonian H, one can define the inverse Legendre transform Φ−1
L : T ∗Q! TQ by

q̇i =
∂H

∂pi
(q, p) (1.7.46)

The Hamiltonian is regular if such a map is a diffeomorphism and it is non-degenerate iff the Hessian with respect to momenta is invertible

det

�
∂H

∂pµ∂pν

�
6= 0 (1.7.47)

One can hence associate to the Hamiltonian system the Lagrangian system described by the Lagrangian

L(q, u) = pi(q, u)ui �H(q, p(q, u)) (1.7.48)
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where the functions pi(q, u) are obtained by solving inverse Legendre transform with respect to the velocities, which is possible for non-degenerate

Hamiltonians. Hence there is a complete symmetry between the Lagrangian and Hamiltonian side of the (non-degenerate) mechanics.

Let us also define the Poisson bracket of two functions F and G on T ∗Q to be the function

fF,Gg = XF (G) = �XG(F ) (1.7.49)

Poisson brackets are obviously bilinear and antisymmetric. They also obeys the following properties:

(a) fF, fG,Hgg+ fG, fH,Fgg+ fH, fF,Ggg = 0 (Jacobi identities)

(b) 8c 2 R : fF, cg = 0

(c) fF,GHg = fF,GgH +GfF,Hg (Liebniz rule)

(d) [XF , XG] = X{F,G}

Property (a) tells us that functions on T ∗Q forms a Lie algebra.

Property (b) tells us that Poisson brackets can be defined on the quotient algebra of functions on T ∗Q with respect to constants.

Property (c) tells us that Poisson brackets are a derivative of the algebra of functions on T ∗Q.

Property (d) tells us that the map X : F(T ∗Q) ! X(T ∗Q) : F 7! XF is a morphism of Lie algebras. Constants are in the kernel of such a map and

can be quotiented away.

Let us prove property (c).

{F,GH} = XF (GH) = XF (G)H +GXF (H) = {F,G}H +G{F,H} (1.7.50)

Let us prove property (d) by applying the property (14.A.1).

i[XF ,XG]ω =£XF iXGω− iXG£XFω = £XF dG− iXGdiXFω = diXF dG− iXGddF = dXF (G) = d{F,G} ⇒ X{F,G} = [XF , XG] (1.7.51)

Let us finally prove property (a).

{F, {G,H}} =−X{G,H}(F ) = −[XG, XH ](F ) = −XG(XH(F )) +XH(XG(F )) = −{G, {H,F}}+ {H, {G,F}} =

=− {G, {H,F}} − {H, {F,G}}
(1.7.52)

As it rarely happens, everybody more or less agree on what is to be intended by Hamiltonian formulation of mechanical non-degenerate systems.

Different approaches differ mainly in notation. The discussion then develops essentially on how to extend this to field theories.

Field theories are different from mechanics essentially for two reasons: there are many independent variables and consequently ODE becomes PDE

as well as one can define many conjugate momenta instead of one for each position coordinate. Moreover, most of Lagrangians in field theories are

degenerate.

One can decide of solving the degeneracy problem by discussing Hamiltonian formalism for degenerate mechanical system first. This approach was

first embraced by Dirac, Bergmann and others. Some other approaches of this type go for identifying minimal structures, weaker than the symplectic

structure, which still allow to treat mechanics, hoping that these less strict structures are then better generalised to field theory. These attempts
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split essentially between the presymplectic world (relaxing the request that the symplectic form is invertible, keeping a bilinear closed 2-form) and the

Poisson world (in which one assumes that the tensor defining Poisson brackets exists, though it can be degenerate).

On the other hand, one can face extension to field theory first. One way is to regard Lagrangian field theory as a mechanical system with infinitely

many degrees of freedom, basically treating a section of configuration bundle as a parameterised curve σ : t 7! yi(t, xi) as if yi(�, xi) were all distinct

Lagrangian coordinates. Unfortunately, this requires the choice of a preferred time breaking general covariance if the theory has it. Although this is

the most-followed approach, a minority goes for preserving covariance as long as possible.

Standard ADM and canonical approaches are of the first type. See[4][5].

The situation is so intricate because different techniques are better suited than the others to solve particular issues or in particular situations. As a

matter of fact one should master all these approaches and their mutual relations. And at the moment this is far beyond the scope of this book. As

long as we are concerned we already did our choice. We already declared that for us Hamiltonian viewpoint means studying when the initial condition

problem is well-posed and we shall follow that line trying to keep covariance as long as it is reasonable, since we are going exactly to study covariant

theories.

Hereafter we shall consider a couple of slightly different formulations for Hamiltonian systems which will be then friendly to extensions to field theory.

Before proceeding, let us spend few words about why one should care to study Hamiltonian formalism, in the first place. The question is not trivial, since we already

noticed that Euler–Lagrange equations and Hamilton equations are in fact equivalent! There are many different answers, each bringing a piece of truth with it.

First, the Hamiltonian world is a symplectic world and symplectic geometry comes with a huge apparatus of tools which helps analysing pathological situations. In

the symplectic world you have Poisson brackets and canonical transformations. The first turns out to be useful to disentangle the mess of constraints in degenerate

mechanics, the second is essential to take the observation that the evolution of systems is a canonical flow and use it to characterise solutions.

The Lagrange world is more natural, though, in view of the Legendre transform, it carries a symplectic structure which is not independent of the dynamics as it happens

for Hamiltonian systems. One can consider two Hamiltonian systems on the same phase space and hence define two different inverse Legendre transforms. Then the

same symplectic form ω on the phase space T ∗Q defines two different symplectic structures (Φ−1
H )∗ω and (Φ−1

H′ )
∗ω on TQ. Of course, having a canonical symplectic

structure greatly simplifies the analysis of systems.

This is essentially why Lagrangian systems are preserved by fibered transformations, while Hamiltonian systems are preserved by canonical transformations. Being the

group of canonical transformations way bigger than fibered transformations, one has more freedom to find a specific transformation that better simplifies the equations

of motion and allow to go for solutions.

Second, Hamiltonian formalism comes with a mythology about what is to be considered a physical degree of freedom. We call it mythology not because it is not true,

but because the tools that come with Hamiltonian analysis of constraints are often confused with something more fundamental. The phase space is T ∗Q not because

one defines Hamiltonian formalism on cotangent bundle, but because (and as long as) one is free to take any point in cotangent bundles as a legitimate initial condition

for the system. It is since Hamilton equations are in normal forms, that Cauchy theorem holds and points of T ∗Q can be taken as (uncostrained) initial conditions.

We shall see below that the analysis of initial condition problem in field theory can be carried over in the Lagrangian framework as well. Often people argue about

which is the most fundamental approach to physical system, whether the Lagrangian approach or the Hamiltonian framework. This argument is particularly amusing

when one remembers that they are discussing about two equivalent frameworks.

Third, Poisson brackets play a prominent role in quantisation, at least in some of the approaches to quantisation. Unfortunately, once again when one leaves the

comfortable sunny beaches of systems which everybody agree on how should be quantised, the quantisation techniques are at stake once again. Also in this case, again

because we are interested in covariant field theories (for which, despite some partially successful attempts, nobody agrees on what quantisation means) we feel it is

particularly dangerous to buy one side of the world and rejecting the other.
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It is certainly true that the tools developed in the last century are adapted to Hamiltonian formalism and for that it is often easier to use Hamiltonian formalism. It

is also true that since Lagrangian framework is certainly more natural, Hamiltonian formalism itself is at stake when one tries applications outside the accepted scope

(e.g. to covariant field theories). For these reasons, we believe it would be wiser to keep an agnostic attitude about this issue, using both formalisms keeping in mind

what Hamiltonian framework has proved to do better and keep stuck to the fundamental issues instead of embracing a framework over the other.

Helmholtz Lagrangian

Let us first notice that one can obtain Hamilton equations from a Lagrangian on TT ∗Q. Let us fix coordinates (q, p, q̇, ṗ) on TT ∗Q and consider the

Lagrangian

LHel =
�
piq̇

i �H(q, p)
�

dt (1.7.53)

which is called the Helmholtz Lagrangian. By variation of it, one gets

δLHel =

�
δpk q̇

k + pkδq̇
k � ∂H

∂qk
δqk � ∂H

∂pk
δpk

�
dt =

��
q̇k � ∂H

∂pk

�
δpk �

�
ṗk +

∂H

∂qk

�
δqk
�
dt+

d

dt

�
pkδq

k
�

dt (1.7.54)

Thus one can associate to the Helmholtz Lagrangian its Euler–Lagrange and Poincaré–Cartan parts as

E(LHel) =

�
q̇k � ∂H

∂pk

�
!k ^ dt�

�
ṗk +

∂H

∂qk

�
!k ^ dt F(LHel) = pk!

k (1.7.55)

where we set !k = dpk � ṗkdt and !k = dqk � q̇kdt for the relevant contact forms.

One can see directly that Hamilton equations follow by requiring criticality with respect to independent variation of δqk and δpk, with the variation

of the positions δqk vanishing at the boundary.

Notice in fact that the Helmholtz Lagrangian is first order in the position but zero order in the momenta. Thus no integration by parts of variations of momenta. Thus

the Poincaré–Cartan part has no component in the momenta directions. Thus one does not need to impose that δpk = 0 at the boundary to ensure that the boundary

term vanishes.

Moreover, let us remark that there is nothing magic about Helmholtz Lagrangian. The action defined by the Helmholtz Lagrangian is the same defined by the origianal

Lagrangian, since, in view of the inverse Legendre transform, one has

L =
(
piq̇

i −H(q, p)
)
dt (1.7.56)

Still it is geometricly interesting that the same system can be described as a Lagrangian system on Q and on T ∗Q. In the first case, one varies curves in Q, in the second

curves on T ∗Q are varied. This is another characteristic of Hamiltonian viewpoint. Lagrangian viewpoint means to vary curves on configuration space, Hamiltonian

viewpoint means to vary curves in the phase space.

The Helmholtz Lagrangian is linear in the velocities, thus it is degenerate (thus it does not induce directly a Hamiltonian on T ∗T ∗Q).

We also need to remark that there is also another Helmholtz Lagrangian, namely

L′Hel =
�
qiṗi +H(q, p)

�
dt (1.7.57)
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which still induced Hamilton equations, though being 0-order in q and first order in p.

Its variation gives

δL′Hel =
�
ṗi + ∂H

∂qi

�
δqi �

�
q̇i � ∂H

∂pi

�
δpi + d

dt

�
qiδpi

�
(1.7.58)

which, in fact, still implies Hamilton equations.

As we shall discuss in Chapter 4, these two Helmholtz Lagrangians are related by a Legendre transforms. In fact one has

δLHel = δ
�
piq̇

i
�
� ∂H

∂qi
δqi � ∂H

∂pi
δpi = �ṗiδqi � qiδṗi �

∂H

∂qi
δqi � ∂H

∂pi
δpi + δ(piq̇

i + qiṗi) = �δL′Hel + δ(piq̇
i + qiṗi) (1.7.59)

from which one gets

LHel = �L′Hel + piq̇
i + qiṗi = �L′Hel +

d

dt

�
piq

i
�

(1.7.60)

That directly shows that the two Lagrangians LHel and L′Hel are dynamically equivalent, since they differ by a total time derivative.

Time-dependent mechanics

Time-dependent mechanics seems to be of very limited interest for covariant field theories. We shall see that there is no generally covariant Lagrangian

which explicitly depends on the independent variables. However, the natural arena for time-dependent mechanics is R�TQ which means also considering

general transformations (
t′ = t′(t)

q′i = q′i(t, q)
) u′i = J̄

�
J i + J iju

j
�

(1.7.61)

even when the Lagrangian does not depend on time. And this is exactly what happens in covariant theories in which one should be free to change

independent variables at will.

On the other hand, allowing arbitrary changes of time (or any change but t′ = t� t0) in Newtonian mechanics seems useless since such transformations

in some sense do not preserve uniform absolute time. It would be as looking for a formulation in which one can use arbitrarily non-uniform times.

Maybe it could be of interest from a mathematical viewpoint though our uniform time seems well rooted in our Newtonian description of the world.

As a curiosity, and in view of our interest for covariant field theories, this is exactly what we shall do here. We shall search for a formulation of

mechanics which is friendly to transformations (1.7.61), sometimes restricting to ṫ′ = 1. What we have done until now was restricting to T ∗Q and to

changes of coordinates in the form q′i = q′i(q).

If the Lagrangian depends on time for example the vector field XL is not a vector field on TQ since its component depends explicitly on t. And in

general the form of vector fields XL is not preserved by transformations (1.7.61).

The vector field XL should be regarded as an object on R� TQ.
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However, it cannot be seen as a vertical vector field on the bundle R×TQ→ R. Transformations (1.7.61) imply, by considering F (t, q, u) = F ′(t′, q′, u′), on the natural

basis of vectors 
∂
∂t = J ∂

∂t′ + J i ∂
∂q′i + ∂0

(
J̄
(
Jj + Jjku

k
))

∂
∂u′j

∂
∂qi = Jji

∂
∂q′j + J̄(diJ

j + Jjkiu
k) ∂
∂u′j

∂
∂ui = J̄Jji

∂
∂u′j

(1.7.62)

Form this, one can obtain transformation rules for the components of a vector field on R× TQ.

ξ
(
J ∂
∂t′ + J i ∂

∂q′i + ∂0

(
J̄
(
Jj + Jjku

k
))

∂
∂u′j

)
+ ξi

(
Jji

∂
∂q′j + J̄(diJ

j + Jjkiu
k) ∂
∂u′j

)
+ ξ̇i

(
J̄Jji

∂
∂u′j

)
=

= ξJ ∂
∂t′ +

(
ξiJji + ξJj

)
∂
∂q′j +

(
ξ∂0

(
J̄
(
Jj + Jjku

k
))

+ ξiJ̄(diJ
j + Jjkiu

k) + ξ̇iJ̄Jji

)
∂

∂u′j

(1.7.63)

Thus components of vector fields transform as 
ξ′ = Jξ

ξ′j = ξiJji + ξJj

ξ̇′j = ξ∂0

(
J̄
(
Jj + Jjku

k
))

+ ξiJ̄(diJ
j + Jjkiu

k) + ξ̇iJ̄Jji

(1.7.64)

Even restricting to transformations with J = 1 the vector field XL cannot be vertical (i.e. with ξ = 0). In fact one would have ξ′j = ξiJji which is incompatible with

posing ξi = ui (unless one further restricts to time-independent transformations as done above).

By keeping stuck to the position ξi = ui, it suggests to pose ξ = 1, which is then violated by general transformations with J 6= 1. In order to have

everything working in full generality, we have to define XL to be a vector density of weight 1, i.e. to be in the form

XL = dt

�
∂
∂t + ui ∂

∂qi
+X i

L(t, q, u) ∂
∂ui

�
(1.7.65)

.ConnectionsWe already know objects in this form. What we are saying is that XL is a connection on the bundle R � TQ ! R. In general the coefficients of an

object dt

�
ξ∂t + ξi ∂

∂qi
+ ξ̇i ∂

∂ui

�
transforms as

8>>><
>>>:
ξ′ = ξ

ξ′j = J̄
�
ξiJji + ξJ j

�
ξ̇′j = J̄

�
ξ∂0

�
J̄
�
Jj + Jjku

k
��

+ ξiJ̄(diJ
j + Jjkiu

k) + ξ̇iJ̄Jji

� (1.7.66)

These are compatible with setting ξ = 1 and ξi = ui. We have to check if it is compatible with setting

ξ̇i = gij
�
∂L

∂qj
� ∂L

∂uj∂qk
uk � ∂L

∂uj∂t

�
(1.7.67)

The Lagrangian is a scalar density, i.e. it transforms as

JL′(t′, q′, u′) = L(t, q, u) (1.7.68)
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Then one has 
∂L

∂qi
= JJji

∂L′

∂q′j
+
(
diJ

j + Jjiku
k
) ∂L′

∂u′j

∂L

∂ui
= Jji

∂L′

∂u′j
⇒ ∂L

∂uk∂ui
= J̄Jji J

l
k

∂L′

∂u′l∂u′j
⇒ g′ij = J̄J ikJ

j
l g
kl

(1.7.69)

which, in turn, imply 
∂L

∂ui∂qk
= Jjik

∂L′

∂u′j
+ Jji J

l
k

∂L′

∂u′j∂q′l
+ J̄Jji

∂L′

∂u′j∂u′l
(
dkJ

l + J lknu
n
)

∂L

∂ui∂t
= diJ

j ∂L
′

∂u′j
+ JJji

∂L′

∂u′j∂t′
+ Jji J

k ∂L′

∂u′j∂q′k
+ Jji

∂L′

∂u′j∂u′k
∂0

(
J̄(Jk + ulJkl )

) (1.7.70)

Thus one has

ξ̇i =gij
(
∂L

∂qj
− ∂L

∂uj∂qk
uk − ∂L

∂uj∂t

)
= gij

(
JJ lj

∂L′

∂q′l
+
(
djJ

l + J ljku
k
) ∂L′
∂u′l

−
(
J ljk

∂L′

∂u′l
+ Jnj J

l
k

∂L′

∂u′n∂q′l
+ J̄Jnj

∂L′

∂u′n∂u′l
(
dkJ

l + J lkmu
m
))

uk+

− diJj
∂L′

∂u′j
− JJ lj

∂L′

∂u′l∂t′
− J ljJk

∂L′

∂u′l∂q′k
− J lj

∂L′

∂u′l∂u′k
∂0

(
J̄(Jk + ulJkl )

)) (1.7.71)

This in principle gives the transformation rules for ξ̇i which replaced into (1.7.66) should tell us if position (1.7.67) is compatible.

ξ̇′j =J̄
(
∂0

(
J̄
(
Jj + Jjku

k
))

+ uiJ̄(diJ
j + Jjkiu

k) + J̄Jji g
im
[
JJnm

∂L′

∂q′n
+
(
dmJ

l + J lmku
k
) ∂L′
∂u′l

+

−
(
J lmk

∂L′

∂u′l
+ JnmJ

l
k

∂L′

∂u′n∂q′l
+ J̄Jnm

∂L′

∂u′n∂u′l
(
dkJ

l + J lkpu
p
))

uk − dmJk
∂L′

∂u′k
− JJnm

∂L′

∂u′n∂t′
− JnmJ l

∂L′

∂u′n∂q′l
− J lm

∂L′

∂u′l∂u′k
∂0

(
J̄(Jk + ulJkl )

)])
=

=J̄g′jn
[
J
∂L′

∂q′n
−
(
J lku

k + J l
) ∂L′

∂u′n∂q′l
− J ∂L′

∂u′n∂t′

]
= g′jn

[ ∂L′
∂q′n

− u′l ∂L′

∂u′n∂q′l
− ∂L′

∂u′n∂t′

] (1.7.72)

That in fact proves that the position (1.7.67) is compatible with transformation laws.

Thus dynamics in time-dependent mechanics is expressed by a connection XL on the bundle R � TQ ! R in the form (1.7.65). Once such a

connection is given, it determines the horizontal distribution, which in mechanics is first order and hence integrable. That defines horizontal curves

γ : R! R� TQ : s 7! (t(s), q(s), u(s)) such that 8><
>:
ṫ = 1

q̇i = ui

u̇i = X i
L(t, q, u)

(1.7.73)

which are equivalent to Euler–Lagrange equations.

Let us stress that it is not by a choice of ours that we defined the dynamics in terms of a connection XL. Once we agree that the Lagrangian is global

and that the most general transformations allowed are fibered transformations (1.7.61) then transformation laws for X i
L(t, q, u) follows and they are

such that they enter as components of a connection and not as components of a vector field. That is a fact independent of our wishes.

In other words, the character of an object is not something we decide; it is already written there and we discover it, if we are patient enough to work

it out.
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Let us also remark that once we accept that dynamics should be written in term of a connection, then that is true even by restricting to time-

independent Lagrangian and even restricting to time-independent transformations of coordinates. Simply by these restrictions one can define a

one-to-one correspondence between any connection and vector fields. If we know we shall never consider time-dependent transformations, then we are

free to represent dynamics by vector fields (as we did above) but still with no real advantage except simplicity (which, by the way, is based only on the

fact that somehow we regard vector fields as simpler objects than connections, when, of course, there is no real support to such attitude). On the other

hand, if we assume dynamics to be described by a vector field and then we allow time-dependent transformations then we are easily lead to erroneous

conclusions.

For these reasons, we should be patient enough to discover the true character of the objects we use and then act accordingly.

Let us finally stress that we implicitly discovered another thing. If the Lagragian is a scalar density, then the Hamiltonian cannot be a function on

T ∗Q or on R� T ∗Q. In fact, the transformation laws of velocities u′i = J̄
�
J i + J iju

j
�

are such that the term piu
i does not transform properly.

H ′ = p′iu
′i − L′ = pkJ̄

k
i J̄
(
J i + J iju

j
)
− J̄L = J̄J iJ̄

k
i pk + J̄

(
pku

k − L
)

= J̄J iJ̄
k
i pk +H (1.7.74)

Also the Hamiltonian is a function only with respect to time-independent transformations.

Poincaré–Cartan form

Notice that the action of the Helmholtz Lagrangian can be written as

AD[σ] =

Z
D
σ∗LHel =

Z
D

�
piq̇

i �H(q, p)
�

dt =

Z
D
σ∗
�
pidqi �H(q, p)dt

�
=

Z
D
σ∗�H (1.7.75)

This suggests to define

�H := �Hdt + pidqi (1.7.76)

which is called the Poincaré–Cartan form, which is another equivalent way to describe the dynamics of the system. It is a 1-form on R� T ∗Q.

Let us compute how the time component of a 1-form over R× T ∗Q transforms with respect to transformations
t′ = t′(t) ⇒ dt′ = Jdt

q′i = q′i(t, q) ⇒ dq′i = J idt + J ikdq
k

p′i = J̄
k
i pk

(1.7.77)

Then one has

−h′dt′ + α′idq
′i = −h′Jdt + α′i

(
J idt + J ikdq

k
)

= −
(
h′J − α′iJ i

)
dt + α′iJ

i
kdq

k (1.7.78)

Then the transformation laws of the coefficients αi match with the ones of momenta (1.7.77). At the same time, the transformation law of the coefficient h matches

the one expected for the Hamiltonian, namely (1.7.74). In fact one gets

h = h′J − α′iJ i ⇒ h′ = h+ αkJ̄
k
i J

i (1.7.79)
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Accordingly, the Hamiltonian is not a function and Hamiltonian dynamics is described by the Poincaré–Cartan form in its full generality.

This is an example of the dangerous route one takes by assuming the wrong character for objects.

In standard Hamiltonian mechanics, one shows that flows of symplectic transformations are related to locally Hamiltonian vector fields. Locally Hamiltonian vector

fields are locally generated by a potential, which is called the generating function of the flow.

Then one can locally associate a flow of symplectic transformations to a generating function F (q, u). This is done in standard analytic mechanics, maybe with a

different notation. In any event, one uses it, for example, to associate flows to first integrals and eventually rewrite Noether theorem in Hamiltonian formalism.

Then going to Hamilton-Jacobi (i.e. studying the canonical flow of a Hamiltonian system) one defines another theory for generating functions of canonical flows which

are time-dependent canonical transformations. This new theory of generating functions is obtained by starting from Poincaré–Cartan form (which must be preserved

modulo the differential of the generating functions). It sometimes remains obscure (to be kind) why does one need a new theory for generating functions and what is

the difference between flows of symplectic transformations and canonical flows.

Sometimes one is told that symplectic transformations are kinemanical while canonical flows are dynamical, which is true, though it does not clarify why does one need

a different theory of generating functions.

Now it is clear that canonical flows are time-dependent transformations and they hence need the true and full story about Poincaré–Cartan forms, while the first theory

of symplectic transformations was developed within a simplified framework in which time was frozen.

The dynamics can be described in terms of Poincaré–Cartan form. One can in fact see that a section σ : R ! R � T ∗Q is a solution of Hamilton

equations iff one has

(σ)∗iXd�H = 0 (1.7.80)

for all vertical vector fields of X = δqi ∂
∂qi

+ δpi
∂
∂pi

.

dΘH =− ∂H
∂qk

dqk ∧ dt− ∂H
∂pk

dpk ∧ dt + dpk ∧ dqk

iXdΘH =−
(
∂H
∂qk

δqk + ∂H
∂pk

δpk

)
dt + δpkdq

k − δqkdpk

(σ)∗iXdΘH =
(
−
(
∂H
∂qk

+ ṗk

)
δqk +

(
− ∂H
∂pk

+ q̇k
)
δpk

)
dt

(1.7.81)

Thus (σ)∗iXdΘH = 0 is equivalent to Hamilton equations.

The same result can be derived by variational calculus. The variation of the action is

δXAD[σ] =

∫
D

σ∗£XΘH =

∫
D

σ∗iXdΘH +

∫
∂D

σ∗iXΘH (1.7.82)

The boundary term vanishes as long as one has δqk = 0 on the boundary ∂D. Then field equations are σ∗iXdΘH = 0 (for all deformations X).

If we consider an arbitrary (projectable) vector field X = δt(t) ∂∂t + δqi(t, q, p) ∂
∂qi

+ δpi(t, q, p)
∂
∂pi

and compute again (σ)∗iXd�H , we get

(σ)∗iXd�H =
�
�
�
∂H
∂qk

+ ṗk

�
δqk +

�
� ∂H
∂pk

+ q̇k
�
δpk +

�
∂H
∂qk

q̇k + ∂H
∂pk

ṗk

�
δt
�

dt (1.7.83)

which vanishes for solutions of Hamilton equations. Thus (σ)∗iXd�H = 0 for a general X.
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The Legendre map can be easily extended to ΦL : R� TQ! R� T ∗Q : (t, q, u) 7! (t, q, pk = ∂L
∂uk

). We can then define by pull-back the counterpart

of the Poincaré–Cartan form on the Lagrangian side. It is still called the Poincaré–Cartan form and denoted by

�L = Ldt + πk!
k (1.7.84)

where !k = dqk � ukdt is the usual contact form.

One has the pull-back as

ΘL = (Φ−1
L )∗ΘH = −(πiu

i − L)dt + πidq
i = Ldt + πi

(
dqi − uidt

)
= Ldt + πiω

i (1.7.85)

For the expression of ΘL, one sees directly that the action can be expressed as

δXAD[σ] =

Z
D

(j1σ)∗�L (1.7.86)

since this amounts to add a contact form which vanishes when pulled back along the section j1σ (which clarifies the relation with the Helmholtz

Lagrangian as well).

Also Euler–Lagrange dynamics can be written entirely in terms of the Poincaré–Cartan form �L.

Given a section σ : R ! R � Q and its prologation j1σ : R ! R � TQ, the section σ is a solution of Euler–Lagrange equations iff, for all vertical

vector fields X = δqk ∂
∂qk

, one has

(j1σ)∗iJ1Xd�L = 0 (1.7.87)

Let us consider a (projectable) vector field X = δt ∂∂t + δqk ∂
∂qk

+ δuk ∂
∂uk

on R× TQ and a section σ : R→ R× TQ : t 7→ (t, q(t), u(t)). Then we have

dΘL =dL ∧ dt + dπk ∧ ωk − πkduk ∧ dt

iXdΘL =X(L)dt− δtdL+X(πk)ωk − δqkdπk + ukδtdπk − πkδukdt + πkdu
kδt

(σ)∗iXdΘL =
((

∂L
∂qk
− dπk

dt

)
δqk +

(
∂L
∂uk

− πk
)
δuk −

(
∂L
∂qk

q̇k + ∂L
∂uk

u̇k − dπk
dt u

k − πku̇k
)
δt
)
dt =

((
∂L
∂qk
− dπk

dt

)
δqk −

(
∂L
∂qk

(
q̇k − uk

)
+
(
∂L
∂qk
− dπk

dt

)
uk
)
δt
)
dt = 0

(1.7.88)

If one considers a projectable vector field and a generic section on R× TQ then Euler–Lagrange equations hold true and, for a generic Lagrangian, also the holonomic

conditions for the section. However, if the Lagrangian has cyclic coordinates the corresponding holonomic condition has to be provided by hand.

If one starts from a holonomic section σ = j1ρ then for that Euler–Lagrange equations hold true.

In order to obtain Euler–Lagrange equations, one can restrict to vertical fields, or even to prolongations of vertical vector fields on R × Q and still Euler–Lagrange

equations follow.

The relativistic particle

Here we shall deal with the theory of a test particle moving in a spacetime M equipped with a (Lorentzian) metric g. This will be used below for a

model for test particles in GR (and SR).
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The relativistic point is described by trajectories on a spacetime (M, g). If you are doing special relativity (SR) then (M, g) is the Minkowski

spacetime. Since the state of the system is described by trajectories while Lagrangian formalism deals with parameterised curves γ : R ! M , then

reparameterisations must be symmetries of the system so that, as a consequence, if γ is a solution of equations of motion then any representative for

the same trajectory γ′ 2 [γ] is a solution as well. Accordingly, equations of motion are compatible with the quotient and define equations of motion

for trajectories.

The Lagrangian for the free point then cannot be simply

L̂ = m
2 gµνu

µuνds (1.7.89)

since this is not covariant with respect to arbitrary reparameterisations.

One could use the Lagrangian

L̃ = m
2 gµν

uµ

u0 u
νds (1.7.90)

which is covariant with respect to reparameterisations. However, the time coordinate is treated differently from other coordinates and we already know

that this Lagrangian describes in a homogeneous framework the standard Newtonian particle.

Let us consider instead the somewhat simpler Lagrangian

L = mc
p�gµνuµuνds (1.7.91)

which is also covariant with respect to arbitrary reparameterisations.

The Euler–Lagrange equations for the Lagrangian (1.7.91) are

q̈λ + Γλαβ q̇
αq̇β = d

ds (ln(jq̇j)) q̇λ (1.7.92)

which are invariant with respect to reparameterisations, meaning that if qλ(s) is a solution, then any q′λ(s′) = qλ(s(s′)) is again a solution for any

reparameterisation φ : R! R : s′ 7! s(s′).

The first and the second derivatives, namely q̇µ and q̈λ, transform as

q̇′λ = φ′q̇λ q̈′λ = (φ′)2q̈λ + φ′′q̇λ (1.7.93)

The left hand side of the equations of motion is denoted by aλ and it is called the covariant acceleration; it transforms as a tangent vector to M with respect to changes

of coordinates

q′λ(q) q̇′λ = Jλα q̇
α q̈′λ = Jλα q̈

α + Jλαβ q̇
αq̇β ⇒

a′λ = q̈′λ + Γ′λαβ q̇
′αq̇′β = Jλα q̈

α + Jλαβ q̇
αq̇β + Jλµ

(
ΓµρσJ̄

ρ
αJ̄

σ
β + J̄

µ
αβ

)
Jαγ q̇

γJβδ q̇
δ = Jλα q̈

α + Jλαβ q̇
αq̇β +

(
JλαΓαγδ − Jλγδ

)
q̇γ q̇δ = Jλα

(
q̈α + Γαγδ q̇

γ q̇δ
)

= Jλαa
α

(1.7.94)

while with respect to reparameterisations it transforms as

a′λ = q̈′λ + Γλαβ q̇
′αq̇′β = (φ′)2q̈λ + φ′′q̇λ + Γλαβ(φ′)2q̇αq̇β = (φ′)2aλ + φ′′q̇λ (1.7.95)

The right hand side of the equations of motion transforms with respect to reparameterisations as

d
ds′ (ln(|q̇′|)) q̇′λ = d

ds′ (ln(φ′|q̇|))φ′q̇λ = d
ds (ln(|q̇|)) (φ′)2q̇λ + φ′′q̇λ (1.7.96)
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Accordingly, the equations of motion transform as

a′λ − d
ds′ (ln(|q̇′|)) q̇′λ = (φ′)2aλ + φ′′q̇λ − d

ds (ln(|q̇|)) (φ′)2q̇λ − φ′′q̇λ = (φ′)2
(
aλ − d

ds (ln(|q̇|)) q̇λ
)

(1.7.97)

so that, the reparameterisation of a solution is still a solution.

One can show that for any solutions q(s) of equations of motions there is always a reparameterisation q′(s′) of it which is solution of

q̈′λ + Γλαβ q̇
′αq̇′β = 0 (1.7.98)

and, on the other hand, for any q′(s′) solutions of this, any reparameterisation of it, namely q(s), is a solution of (1.7.92).

Since equations (1.7.98) are Euler–Lagrange equations for the Lagrangian (1.7.89) this justifies using Lagrangian (1.7.89) in place of Lagrangian

(1.7.91). Another reason for justifying Lagrangian (1.7.91) instead Lagrangian (1.7.89), although it does not implement the fundamental invariance

with respect to reparameterisations, is that the invariant Lagrangian (1.7.91) is degenerate. In fact, momenta are

pµ = mc
�gµνuνp�gµνuµuν (1.7.99)

This cannot be inverted with respect to velocity since the map ΦL : TM ! T ∗M : (q, u) 7! (q, p) is not surjective since one has

jpj2 := pµg
µνpν = m2c2 gµαu

αgµνgνβu
β

�gµνuµuν = �m2c2 (1.7.100)

Thus one has a submanifold S = Im(ΦL) � T ∗M given by

S := f(q, p) : jpj2 = �m2c2g (1.7.101)

.Coisotropic submanifoldsThis submanifold is of codimension 1, thus it is coisotropic. Being coisotropic, it supports a characteristic distribution

∆ = fw 2 TT ∗M : 8v 2 TS : !(w, v) = 0g (1.7.102)

Vectors tangent to TS are in the form v = vµ∂µ + vµ∂
µ; if this is tangent to S, one has v ∈ [γ = (q(s), p(s))], thus

pµg
µνpν = −m2c2 ⇒ vµg

µνpν = 0 (1.7.103)

In Cartesian coordinates in Minkowski, one has generically

−v0p0 + v1p1 + v2p2 + v3p3 = 0 (1.7.104)

Since |p|2 = −m2c2 the momenta (p0, p1, p2, p3) cannot be all zero at the same time. Moreover, since it is negative one must have p0 6= 0. Then one has

v0 = v1
p1

p0
+ v2

p2

p0
+ v3

p3

p0
(1.7.105)
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and the vectors tangent to S are in the form

v = vµ∂µ +

(
v1
p1

p0
+ v2

p2

p0
+ v3

p3

p0

)
∂0 + vi∂

i (1.7.106)

Vectors in ∆ are then in the form

0 =ω(w, v) = −vµwµ + vµw
µ = −vµwµ +

(
v1
p1

p0
+ v2

p2

p0
+ v3

p3

p0

)
w0 + viw

i = −vµwµ + v1

(
p1

p0
w0 + w1

)
+ v2

(
p2

p0
w0 + w2

)
+ v3

(
p3

p0
w0 + w3

)
(1.7.107)

This has to be zero for all v ∈ TS, hence

wµ = 0 w1 = −p1

p0
w0 w2 = −p2

p0
w0 w3 = −p3

p0
w0 (1.7.108)

and accordingly the distribution ∆ it generated by

w = w0

(
∂0 −

pi
p0
∂i

)
∝ p0∂0 − pi∂i (1.7.109)

Let us stress that ∆ ⊂ TS which confirms that S is coisotropic.

The characteristics are the curves 8<
: q̇0 = p0 =

q
1 + j~pj2

q̇i = �pi

�
ṗ0 = 0

ṗi = 0
(1.7.110)

i.e., essentially

q0 =
q

1 + j~pj2s+ q0
0 qi = �pis+ qi0 (1.7.111)

and constant momenta. These correspond to curves in Fig. 1.1. Since we are considering the case p0 6= 0 the lines are never horizontal.

qi

q0

Fig 1.1: Characteristic distribution for relativistic point

Accordingly, the axis q0 = q0
o is transverse to the characteristics.

.Symplectic reductionTwo points in S are equivalent iff they lie on the same characteristics and we define the quotient

Q := S/ � (1.7.112)

with coordinates (qi, pi) together with the embedding

ϕ : Q! T ∗M : (qi, pi) 7! (q0
o , q

i,
q

1 + j~pj2, pi) (1.7.113)

On Q, we can define the symplectic form

!̂ = dp ·i ^ dqi = ϕ∗! (1.7.114)

Notice that Q is a cotangent bundle since we can define also a Liouville form

�̂ = ϕ∗� = pidqi !̂ = d�̂ (1.7.115)
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from which one gets that Q ' T ∗R3. The Poincaré–Cartan form induced by the Lagrangian (1.7.91) is

�L = Lds +
∂L

∂uµ
(dqµ � uµds) (1.7.116)

We already showed that a section γ of R×M is critical iff ∀X ∈ X(R× TM)

(γ̂)∗X dΘL = 0 (1.7.117)

where γ̂ denotes the tangent lift of γ to R× TM .

The form �L induces a form �H on S such that (ΦL)∗�H = �L, namely

�H = � �pµuµ � L�ds + pµdqµ = �Hds + pµdqµ (1.7.118)

where for us one has

H = � mcgµνu
νq

�gαβuαuβ
uµ �mc

p�gµνuµuν = mc
p�gµνuµuν �mc

p�gµνuµuν = 0 (1.7.119)

so that �H = pµdqµ. Also the form ΘH contains the information about dynamics. In fact a section σ : R! R�T ∗M is critical iff 8X 2 X(S) one has

(σ)∗X d�H = 0 (1.7.120)

One has σ : R→ R× T ∗M : s 7→ (qµ(s), pµ(s)) and X ∈ X(S) iff

X = Xµ∂µ +X1

(
p1

p0
∂0 + ∂1

)
+X2

(
p2

p0
∂0 + ∂2

)
+X3

(
p3

p0
∂0 + ∂3

)
(1.7.121)

In our case we also have

dΘH =dpµ ∧ dqµ ⇒ X dΘH = −Xµdpµ +X1

(
p1

p0
dq0 + dq1

)
+X2

(
p2

p0
dq0 + dq2

)
+X3

(
p3

p0
dq0 + dq3

)
(1.7.122)

Thus one has

(σ)∗X dΘH = −Xµṗµ +X1

(
p1

p0
q̇0 + q̇1

)
+X2

(
p2

p0
q̇0 + q̇2

)
+X3

(
p3

p0
q̇0 + q̇3

)
(1.7.123)

 ṗµ = 0

q̇1 = −p1

p0
q̇0


q̇2 = −p2

p0
q̇0

q̇3 = −p3

p0
q̇0

(1.7.124)

From which one has

|q̇|2 =

(
−1 +

|~p|2

(p0)2

)
(q̇0)2 =

(q̇0)2

(p0)2
(1.7.125)
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8. Epilogue

It is time to stop and look back on what we have discussed in this Chapter.

Essentially, we have learnt to take a dynamics given in terms of a Lagrangian and obtain field equations, to consider transformations and check

whether they are Lagrangian symmetries and, if they are, compute Noether currents. In some cases, we learnt to build superpotentials for conservation

laws. We also discussed a number of examples.

The beginner has to learn both the general ideas and learn to do computations. Here we begun to learn about computations and set up the basis for

future discussions.

Most of the examples we considered were not discussed in their physical meaning. In Section 1.6 we also discussed Hilbert–Einstein gravity, though

without discussing any meaning of the objects we introduced. Most of this book will be spent in discussing these examples in greater and greater

detail and meaning. Here all the examples are introduced for giving examples of field equations, conservation laws and superpotentials in Lagrangian

field theory and discussions are limited to these aspects leaving more physical discussion for later. What the reader should be able to grasp is the

mathematical notation and techniques and, if needed, one should resort to Part IV for filling the mathematical gaps.

As we said, there are plenty of books introducing to GR and gravity on a physical stance, with somehow minimal mathematical background. This is

not our way. Here we are booting up a (massive and highly correlated) mathematical framework which needs time, examples, detailed discussions to

be glued together.

As we also remarked, for us, physical intuition has to be built on mathematics, so one needs to examine examples before having a physical grasp on

what is going on. This is precisely what we have done in this Chapter; we examined a number of examples we do not yet really understand from a

physical viewpoint. Physical understanding will come later, for now we are happy enough when we realise we are skilled enough the do our maths.

There will be time to come back on these examples with all we shall learn and eventually see them in their true colours.
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Chapter 2. General covariance

.Next Chapter

Can you help me?

Hey you, don’t tell me there’s no hope at all

Together we stand, divided we fall.

(Pink Floyd, Hey You)

1. Introduction

.Next Section

.Next SubSection

This Chapter is devoted to introduce relativistic theories and discuss the role of general covariance principle.

There are two types of relativistic theories called natural theories and gauge-natural theories. Both natural and gauge-natural theories obey the same

simple principles and the difference is, in a sense, just technical.

Moreover, natural theories can be seen as special gauge-natural theories (of degree (0, h) and with a trivial gauge group G = {e}). We keep them separated because

historically natural theories are closer to what was originally considered a relativistic theory, often they are simpler to discuss, and they refer to better known objects,

which are the same objects studied in standard differential geometry.

However, sometimes considering gauge-natural theories as more fundamental gives us a better, more general, viewpoint. And it is necessary, for example, to deal with

spinor fields.

Let us start by stating these principles in words. Precise technical formulation will follow. As usual, what matters are the technical precise formulation,

while the naive statements are only used for heuristic purposes.

We can summarise the naive principles for relativistic field theories as follows:

(i) any physical law should be expressed in an absolute fashion;

(ii) all fields appearing in the Lagrangian are dynamical.

Of course, the focus goes on the definition of absolute and of dynamical field. Absolute means independent of the observer; it is a principle of relativity

similar to the old principle of Galilei, though extended to any observer, not restricted to inertial observers. Of course, said that, the focus is shifted

from absolute to the definition of observer.

We discussed examples of non-dynamical fields in the previous Chapter. A precise definition of dynamical fields is a core issue, unfortunately not

completely addressed. It will be discussed hereafter. It is often very clear what is not a dynamical field (for example the Minkowski metric in SR)

while sometimes non-dynamical structures are difficult to be pinpointed. What is a dynamical field is connected to discussing what is a background
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108 General covariance

and a background-free field theory. The definition of dynamical field is somehow easier in a Lagrangian framework: for us, dynamical will roughly mean

that it is varied in the action and it obeys the endowed field equations.

As far as the observers are concerned, here we are using a rather general definition of observer. An observer is any collection of conventions which

allows to report physical observations as a list of numbers.

There are other definitions of observer which usually are particular cases of our definition.

In Newtonian mechanics, an observer is a reference frame (O, ei) in the affine space A3. Of course, there is a Cartesian coordinate system associated to the frame (if

P ∈ A3, then P −O = xiei and one can define a chart r : A3 → R3 : P 7→ xi). By using these coordinates, one can specify the positions of material points as a list of

coordinates.

The same construction holds in Minkowski spacetime for special relativity.

.Fermi coordinatesIn relativity (both GR and SR), one sometimes uses a clock (a parameterised worldline) as an observer. We shall see how this will allow one to define a local coordinate

system which allows to report events as m-tuples (t, xi).

In field theory, reporting observations means recording when, where and which field reading has been done. Since fields are represented by a section

σ of a configuration bundle C = (C,M, π, F ), observers are canonically identified with fibered coordinates on the configuration bundle. Once a fibered

chart is given, the value of fields at a given spacetime point xµ is described by the numbers (xµ, yi) which are the coordinates representing the point

σ(x) 2 C.

We can consider a laboratory as log file of observation reports in the form (xµ, yi), to be understood as:

the fields have been measured at xµ to have to values yi.

This is all a laboratory does. Even if it wants to report its conventions, usually the convention can be expressed as measuring some conventional object. For example:

I read the temperature of boiling water to be 100

is a (partial) declaration of Celsius unit.

Well, one has to also declare the pressure, that water was distilled, that the thermometer had a certain precision, that it was not illuminated by incoming radiation, and

so on. All these other additional details is why we want to avoid declaring conventions and we prefer declaring a correspondence between the reports of two different

laboratories (which is not something one laboratory does but something extra we do).

When one is able to report the observation of one observer, then one should be able to predict the list of numbers produced by another observer when

the description of the first observer of the same physical situation is known. In other words, one should be able to map one set of fibered coordinates

into the other, i.e. for a generic pair of fibered charts (
x′µ = x′µ(x)

y′i = y′i(x, y)
(2.1.1)

As we discussed, this information is enough to define the configuration bundle (modulo isomorphisms) by glueing tubelike patches together.

One naturally has an equivalence relation between local descriptions of physical observations. Two local descriptions (xµ, yi) and (x′µ, y′i) are equivalent if they can

be produced by two different observers looking at the same physical situation; this corresponds to require that the two local descriptions are related by (2.1.1). One

can define an absolute physical reality to be the equivalence class of observations modulo this equivalence relation. This is absolute since of course it does not depend

on the observer anymore (since it collects the descriptions by all possible observers).
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Notice that there is a natural identification between absolute physical facts and points in configuration bundles (which are themselves defined to be the equivalence

class of all local descriptions in terms of fibered coordinates). In other words, the configuration bundle is by definition an absolute description of the physical situation

under consideration.

The most general change of observers is in this general case a map ϕ : U(αβ) ! Diff(F ) defined on the intersection U(αβ) � M of the two observers

and valued in the diffeomorphisms of the standard fiber F .

This most general case is almost hopeless since the group Diff(F ) is not a finite dimensional manifold. It is a fortunate event that we will not need

to go that way. In most cases considered in current physical modelling, the configuration bundle C does not need such a generality. As a matter of

fact, one can restrict allowed trivialisations so that one can always cover the bundle C just using these special trivialisations and all transition maps

among these special trivialisations take the values in some finite dimensional subgroup ϕ : U(αβ) ! G � Diff(F ).

The simplest example of this situation is what happens with vector bundles and affine bundles, which alone cover all cases of interest for fundamental interactions and

matter with the (not so irrelevant) exception of models with gravitation (for which a similar situation occurs though the relevant bundles are not vector or affine).

Affine bundles have an affine space A as a standard fiber and by definition they allow trivialisations so that transition maps take values in the group of affine maps

GA(A), so that one has ϕ : U(αβ) → GA(A) ⊂ Diff(A). Vector bundles have a vector space V as a standard fiber and by definition they allow trivialisations so that

transition maps take values in the group of linear maps GL(V ), so that one has ϕ : U(αβ) → GL(V ) ⊂ Diff(V ).

The group embedding i : G ↪! Diff(F ) is a (left) action of G on the manifold F , which is something quite familiar to work with. It can be represented

by a map λ : G� F ! F which is an ordinary map between two ordinary finite dimensional manifolds.

In all these cases, one can define group valued transition maps ϕ̂ : U(αβ) ! G which induce then, by composition with the group embedding, the

standard transition maps ϕ = i � ϕ̂ : U(αβ) ! Diff(F ). The group-valued transition maps ϕ̂ form a cocycle, which defines a principal bundle P , modulo

diffeomorphisms. Then the original configuration bundle C is isomorphic to the associated bundle C ' P �λ F .

Accordingly, in these cases one can restrict without loss of generality to bundles associated to a principal bundle P , which is called the structure

bundle. On these bundles C, a fibered chart is induced by a fibered chart on P . Let us define gauge-natural observer to be a fibered chart on P . In

this way, we also provide P with a role of describing observers.

This framework is particularly inspiring since automorphisms Φ 2 Aut(P ) of P canonically act on associated bundles (and in particular on C) and

define a special subgroup Aut(P ) � Aut(C) of transformations on C, which are called (generalised) gauge transformations. If one requires these

transformations to be Lagrangian symmetries, we shall see in detail that this implies that all gauge-natural observers are treated on equal footing and

accordingly, the physical laws are independent of the gauge-natural observer. This is, modulo some technicality to be discussed in detail, the general

scheme for so-called gauge-natural theories.

Sometimes the situation is even simpler than that! In many cases (among which all tensor bundles in which what follows specify to the case h = 1)

each chart in the base manifold does induce a trivialisation on C, then transition maps are induced by transition maps in the base manifold and they

depend on the Jacobians up to some finite order h.

As an example, let us consider the tangent bundle T (M). Once a chart xµ in the base M is chosen then spacetime coordinates induce a natural basis ∂µ of tangent

vectors and any tangent vector can be written in the form v = vµ∂µ. This induces a trivialisation of the tangent bundle

t : π−1(U)→ U × Rm : (x, v) 7→ (xµ, vµ) (2.1.2)
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These special trivialisations of T (M) which are induced by spacetime charts are called natural trivialisations (or natural observers in the physical jargon).

The tangent bundles can always be covered by natural trivialisations (just because the spacetime can always be covered by charts). The transition maps between

natural trivialisations on T (M) are in the form {
x′µ = x′µ(x)

v′µ = Jµν (x)vν
(2.1.3)

.Standard Jacobianswhere, following the standard notation for Jacobians, Jµν are the Jacobians of the spacetime transition maps x′µ = x′µ(x). Hence the transition maps between natural

trivialisations on T (M) are completely determined by the spacetime atlas.

Of course, on T (M) one could also use more general trivialisations associated to non-natural pointwise basis Va. Once such a basis has been fixed, then any tangent

vector v can be expanded as v = vaVa and one can define a trivialisation

t̂ : π−1(U)→ U × Rm : (x, v) 7→ (xµ, va)

which is not natural but it is still a trivialisation of the bundle T (M).

Accordingly, the transition maps between two such trivialisations are in the form{
x′µ = x′µ(x)

v′a = Jab (x)vb
(2.1.4)

Now the matrix Jab is not a Jacobian any longer, it is instead related to the bases fixed, namely Va = JbaV
′
b . Thus one cannot obtain Jab from what is going on on

spacetime (i.e. from x′µ = x′µ(x)).

A similar situation can be shown to hold on any tensor bundle defined over M . One can also define the bundle of Lorentzian metrics Lor(M). This has local fibered

coordinates (xµ, gµν) where the field “coordinates” gµν are coefficients of symmetric, non-degenerate, Lorentzian bilinear forms. Transition maps are fixed to represent

the tensorial transformation rules, namely, {
x′µ = x′µ(x)

g′µν = J̄
α
µgαβ J̄

β
ν

(2.1.5)

Also in this case, transition maps are uniquely determined in terms of spacetime charts.

Let us stress for future reference that transformation laws between natural observers contain as a essential part the transformation laws of fields, namely g′µν = J̄
α
µgαβ J̄

β
ν ,

This is the general scheme for so-called natural bundles. On natural bundles, the group Diff(M) of base diffeomorphisms canonically acts on C and

defines a subgroup Diff(M) � Aut(C) of transformations which can be reasonably required to be symmetries for the system. This identifies a class

of special observers (which are associated to charts in M), called natural observers. We shall see in detail that this implies that all these natural

observers are treated on equal footing and accordingly, the physical laws are independent of the natural observer. This is, modulo some technicality to

be discussed in detail, the general scheme for a so-called natural theories.

Diffeomorphisms of M act by tangent maps on TM and can be required to be symmetries of the dynamics, obtaining a natural theory.

The tangent bundle TM is associated to the general frame bundles L(M), which is thence a kind of structure bundle. If the dynamics were covariant with respect to

the whole Aut(L(M)) it would be a gauge-natural theory. As long as it is covariant only with respect to diffeomorphisms of M lifted on L(M) by the natural lift and

then represented on TM as on associated bundles, then the theory is a natural theory. In other words, in a natural theory on TM , one has the relevant group actions

Diff(M) ⊂ Aut(L(M)) ⊂ Aut(TM) (2.1.6)
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which are implemented as symmetries.

Currently, all physics of relativistic fundamental interactions and matter can be understood in terms of natural and gauge-natural theories. Let us

summarising the situation to an intermediate level of precision.

One can think about the classification of observers in natural and gauge-natural observers is after all a classification as inertial and non-inertial observers in Newtonian

mechanics. And that would be wrong.

The difference between natural and gauge-natural observers is dictated by the kind of physical phenomenology one is required to observe. It is not an attribute of the

observer, it does not single out a class of well behaving observers in a more general class.

If we are observing a Newtonian system we can do it by using an inertial frame or a rotating one (whatever that could mean from a fundamental viewpoint). Here the

critical issue is that both inertial and non-inertial observers can report on the same system.

If we are describing electromagnetic field, instead, there is no choice and we are forced to use gauge-natural observers. As long as the electromagnetic field is modelled

by a connection on a U(1)-principal bundle, it is a fact that it is a section of a gauge-natural bundle which, in general, is not natural. Whatever observer is used, it

needs extra conventions to deal with gauge invariance.

It is a matter of fact that spacetime diffeomorphisms do not act (globally) on the electromagnetic potential Aµ while gauge transformations do. To deal with this

situation one needs gauge-natural observers. There is no natural observer which has anything to say about this. On the other hand, when a natural observer is enough

to do the job, any gauge-natural observer just has extra conventions which are not used and ignored. In those situations, the gauge-natural observers are equivalent to

natural observer.

In other words, one could say that there is only one class of observers, which are gauge-natural observers with general enough conventions to deal with any physical

situation. Natural observers just are those general observers which happen to keep some of their conventions silent. As we said, one could introduce gauge-natural

theories only and then regard natural theories as specific simple cases of this general class. Here we decided not to do it, since this general approach would have been

hard to follow in the beginning and to connect to historical standard examples.

Hereafter we shall give a definition of natural and gauge-natural field theories.

In Section 2.2 we shall discuss how (gauge) covariance constrains allowed dynamics in these theories. Section 2.3 will be devoted to discuss how

evolution connects to the homogeneous formalism. In Section 2.4 we shall consider how general (covariance) affects the interpretation of a relativistic

theory, in particular how it constrains the notion of physical state. Section 2.5 will be devoted to review some traditional critiques to general covariance

with the aim of render them in modern language. In Section 2.6 we discuss when a field can be considered a background and when it is not, so sketching

a discussion about what is a background-free theory. Finally, in Section 2.7 we collect some examples to show how one defines a relativistic theory.

Natural theories

Natural theories are the framework for situations in which the observers just need to know a local description of spacetime to report about the physical

events happening in their neighbourhood. This is not always the case. In particular, it is not the case when, as we shall see, one has to take some

gauge symmetry into account. However, in some situations the transformation of fields y′i = y′i(x, y) can be uniquely determined by the spacetime

transformations x′µ = x′µ(x). When this happens we say we are considering a natural bundle.
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Accordingly, let us define a natural bundle C iff one can lift functorially any base map φ to a bundle endomorphism φ̂, namely

C

MM

C
...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

................................................................................................................................................................... ............
φ

............. ............. ............. ............. ............. ............. ............ ............
φ̂

(2.1.7)

Let us stress that the prolongation must be functorial, i.e. the prolongation of the identity is the identity and the prolongation must preserve

compositions, i.e.

(φ � ψ)∧ = φ̂ � ψ̂ (2.1.8)

For the tangent bundle TM the lift is provided by the tangent map φ̂ := T (φ), which is, in fact, functorial.

Hence, on natural bundles, one has a canonical action of spacetime diffeomorphisms on the configuration bundle, i.e. a group homomorphism

(�)∧ : Diff(M)! Aut(C) : φ 7! φ̂

which is called the natural lift.

The natural lift (·)∧ is a group homomorphism, thus it preserves compositions.

One can define a (covariant) functor from the category of manifolds to the category of bundles associating the bundle C to the base manifold M (remember that the

cocycle of transition maps of the bundle C is constructed out of the cocycle of transition maps of an atlas of M) and a bundle morphism φ̂ on C to a base morphism φ.

Accordingly, we could write C = M̂ and (·)∧ : Man→ FibB.

The situation can be summarized by the following diagram

M M

C

φ φ

φ̂

:::; .............
........
.....
.......
......
.......
......
.......
......
.......
......

.......
......

.............
...........................

(�)∧
............................................................................................................
.....
.......
.....

π

.............

.............

.............

.............

.......
.....
.......
.....

(2.1.9)

In natural bundles, the natural lift is a canonical splitting of the short exact sequence of groups

I AutV (C) Aut(C) Diff(M) I................................................ ............ .................................................................... ............i ........................................................................... ............
p

....................................................... ............

.............
..............................................................................

..........
...
...............
............

(�)∧ (2.1.10)

Recognising and building natural bundles is quite important since they appear to be configuration bundles in natural theories. Luckily, a bundle is

natural iff it is associated to to some frame bundle Lh(M).
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In this context, observers are identified with natural observers, i.e. spacetime charts and changes of (natural) observers are local spacetime diffeomor-

phisms. The canonical lift defines a subgroup of transformations Diff(M) � Aut(C) and one can drag sections of C along spacetime diffeomorphisms

σ̂ := φ̂ � σ � φ−1 (2.1.11)

This is an action of the group Diff(M) on the set of sections of C, namely Sec(C).

Sections, as well as the group action of spacetime diffeomorphisms, are prolonged to jet bundles and one can require these transformations to leave

the Lagrangian invariant. A Lagrangian which is covariant with respect to any spacetime diffeomorphism is called a natural Lagrangian or a covariant

Lagrangian.

Let us stress that if the configuration bundle is not a natural bundle then there is no canonical action of spacetime diffeomorphisms on the configuration bundle.

Spacetime diffeomorphisms do not act on fields. In this context, asking the dynamics to be generally covariant does not make any sense.

Moreover, in a natural theory, all fields appearing in Lagrangian are dynamical. This means that one cannot fix any field structure on spacetime.

Spacetime is given as a bare manifold and all additional structures defined on it are determined by field equations.

Let us remark that that is not completely true. There are some structures (e.g. the Kronecker delta, or the Levi Civita tensor densities) which are canonical and are

somehow in between constants and fields. Deciding if they need to be dynamical or can be used as fixed structures in relativistic theories, and how they relate to

covariance is something to be discussed. We shall do it below.

In other words, one considers a general variation of a section of the configuration bundle C and each field has to satisfy the field equations endowed

by Hamilton principle.

Definition (2.1.12): a natural theory is a field theory defined on a natural bundle C over a spacetime M by a global Lagrangian which is covariant

with respect to any spacetime diffeomorphism. A section σ of the configuration bundle represents a set of fields, all to be considered dynamical.

We shall show below that the covariance imposed on dynamics does impose observer independence. The dynamics has to be defined by choosing some

Lagrangian. We assume that the Lagrangian must be covariant with respect to all spacetime diffeomorphisms. Since a one-parameter subgroup of

diffeomorphisms on M is generated by a spacetime vector field ξ, this is equivalent to require that the Lagrangian L = L(xµ, yi, yiµ, y
i
µν , . . .)d� satisfies

the covariance identity for any spacetime vector field ξ, i.e.

pi£ξy
i + pµi dµ£ξy

i + pµνi dµν£ξy
i + . . . = dµ (ξµL) (2.1.13)

where the Lie derivative of a section with respect to ξ is defined to be £ξσ = £ξ̂σ, i.e. as the Lie derivative of the section with respect to the natural

lift of the vector field to the configuration bundle (the natural lift which exists since the configuration bundle is assumed to be natural).

The identities (2.1.13)—one for any spacetime vector field ξ—are a strong constraint on the functional form of the Lagrangian. We already noticed

that, in order to be covariant, a Lagrangian must transform as a scalar density of weight 1 with respect to the finite symmetry transformation and

(2.1.13) was obtained as the infinitesimal form of this condition. Thus a Lagrangian is natural iff it transforms as a scalar density of weight 1 under

any spacetime diffeomorphism (at least in the connected component of the identity).
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Usually, one can use this covariance identity (2.1.13) to find out all possible natural Lagrangians depending on some set of fields and their derivatives

up to some fixed order. This sort of results are called Utiyama-like theorems. Some examples will be considered below.

Gauge-natural theories

In some situations, natural theories are not enough. If we consider electromagnetism as an example, we decided (see above) to describe the electro-

magnetic field by a potential Aµ on spacetime. In fact, that, not F, is the field with respect to which the Maxwell Lagrangian is varied.

However, as a matter of fact, one measures F (each observer through measuring Ei and Bi), not Aµ. And as we noticed, there are infinitely many

local potentials A′µ which correspond to the same F. In fact, one has that if F = 1
2

�
∂µAν � ∂νAµ

�
dxµ ^dxν then F = 1

2

�
∂′µA

′
ν � ∂′νA′µ

�
dx′µ ^dx′ν for

any A′µ(x′) = J̄
ν
µ (Aν(x) + ∂να(x)), where α is a local function on M .

In order to describe the electromagnetic field F, each observer needs to select a representative in each class of potentials which determine the same

F. That means that given two observers, one should know, beside how to transform spacetime coordinates from one observer to the other, which local

function α one has to use in order to transform the potential Aµ of the first observer into the potential A′µ of the second observer. Notice also that the

function α is completely uncorrelated to the change of coordinates x′µ = x′µ(x).

.Dirac MonopoleAs a matter of fact, we already discussed it, though in the specific example of Dirac monopole in the previous Chapter. If a specific configuration of

electromagnetic field F is observed then one is already able to connect global properties of it to a specific (class of isomorphism of) structure bundles.

When the electromagnetic field F is closed but not exact, then one can find a family of local potentials which are connected in the overlaps by a

2-cocycle of pure gauge transformations. Such a cocycle is not uniquely defined but two different representatives differ by a coboundary. Then the

cocycle defines a U(1)-principal bundle P , and a different cohomology representative does in fact define a different representative of the same class of

diffeomorphisms. (If F is exact a global potential exists and this leads to a a trivial U(1)-bundle.)

Let us in fact suppose we live on a spacetime M on which an electromagnetic field F is defined. Then we have a collection of local observers (each defined on an open

set Uα) and each observer defines its potential A
(α)
µ (x) on Uα. Since they do describe the same electromagnetic field F on the overlaps Uαβ = Uα ∩ Uβ (whenever

Uαβ 6= ∅) the local potentials are related by

A′(β)
µ (x′) = J̄

ν
µ

(
A(α)
ν (x) + ∂να(βα)(x)

)
(2.1.14)

Of course, since defining the same F is an equivalence relation on the potentials, one has
α(αα)(x) = 0

α(βα)(x) = −α(αβ)(x)

α(αγ)(x) + α(γβ)(x) + α(βα)(x) = 0

(2.1.15)

Then we can associate a local map φ(βα) : Uαβ → U(1) : x 7→ eiα(βα)(x) to each non-empty overlap Uαβ 6= ∅ This is a cocycle since
φ(αα)(x) = 1

φ(βα)(x) = eiα(βα)(x) = e−iα(αβ)(x) =
(
φ(αβ)(x)

)−1

φ(αγ)(x) · φ(γβ)(x) · φ(βα)(x) = eiα(αγ)(x) · eiα(γβ)(x) · eiα(βα)(x) = ei(α(αγ)(x)+α(γβ)(x)+α(βα)(x)) = 1

(2.1.16)
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and it defines (uniquely, up to isomorphisms) a U(1)-principal bundle P = (P,M, π, U(1)) as a structure bundle on which the local potentials define a global connection

ω = dxµ ⊗ (∂µ −Aµ(x)ρ) (2.1.17)

Of course, if the same observers measure a different electromagnetic field F′ they define different potentials, related by a different cocycle (Uαβ , φ
′
(βα)). Whether the two

cocycles define the same principal bundle (and, of course, we mean modulo isomorphisms), or two different bundles P and P′ (we mean that they are not isomorphic)

depends on the details encoded in the maps φ(βα)(x).

If the spacetime M is contractible then any bundle defined on it is trivial. Then any two U(1)-principal bundles defined on M are isomorphic. Then one has necessarily

P ∼ P′.
If M is not contractible than there exist U(1)-principal bundles P and P′ which are not isomorphic. Then one can solve Maxwell equations on the two bundles obtaining

solutions on P or on P′.
On a given structure bundle P (or P′) there exist infinitely many connections (which, in fact, form an affine space) and infinitely many electromagnetic fields F which

lead precisely to that structure bundle P (or P′).
In other words, being a solution of Maxwell equations on the same structure bundle is an equivalence relation on solutions of Maxwell equations. The space of solutions

disconnects in families each associated to a particular structure bundle, each in view of their global properties.

Thus the general solution of Maxwell equations is obtained by solving Maxwell equations on each structure bundle and then taking the union of all solutions found.

There are two essential things to keep in mind. First, P contains extra information about the (gauge-natural) observers which is not contained in M .

Second, the extra information is not contained in any particular observer, it is not something which can be measured by one observer. It is a collective

property of all observers which although non-local and conventional is in principle observable analysing the observer conventions (or their reports).

Since one has a principal bundle P around, then fibered coordinates on P and associated bundles are not induced by an atlas on M . One needs to

select a trivialisation on P, for example by selecting a family of local sections in P each inducing a local trivialisation. Once a trivialisation on P is

given then its transition functions φ(βα) : Uαβ ! G are determined.

Principal bundles are not suited for variational calculus. Since they support a bijection between local sections and local trivialisations, a principal bundle allows global

sections iff it is trivial. Then, in general, there are no global sections on principal bundles. If one selects such a bundle with no global section as a configuration bundle

for a field theory, the action (which is a functional on the set of global sections) is defined on the empty set. It is quite trivial and non-sensical to look for solutions of

field equations (i.e. global sections which obey Euler–Lagrange equations) if there are no global section at all!

In gauge-natural theories, the configuration bundle C is a gauge-natural bundle; it is associated to the structure bundle P , which is a principal bundle

for some Lie group G, which is called the gauge group.

Since the configuration bundle C is associated to the structure bundle P , then any automorphism (Φ, ϕ) 2 Aut(P) induces an automorphism

(Φ, ϕ)∧ 2 Aut(C) which preserves compositions

(idP , idM )∧ = (idC , idM ) (Φ2, ϕ2)∧ � (Φ1, ϕ1)∧ = (Φ2 � Φ1, ϕ2 � ϕ1)∧ (2.1.18)

Accordingly, one has a canonical action of gauge transformations Aut(P ) on the configuration bundle, i.e. a group homomorphism

(�)∧ : Aut(P )! Aut(C) : φ 7! φ̂

which is called the gauge-natural group action.
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The gauge-natural group action (·)∧ is a group homomorphism, thus it reserves compositions.

One can define a (covariant) functor from the category of principal bundles to the category of bundles, associating the bundle C to the principal bundle P (remember

that the cocycle of transition maps of P induces the cocycle of transition maps of the bundle C) and a bundle morphism φ̂ on C to an automorfism φ ∈ Aut(P ).

Accordingly, we could write C = P̂ and (·)∧ : P(M,G)→ FibB.

The configuration bundle comes with a G-structure (trivialisations of P define trivialisations on C) and with special transformations Aut(P) � Aut(C)
which are called (generalised) gauge transformations.

One can also define pure gauge transformations to be vertical automorphisms of the structure bundle, namely AutV (P ) � Aut(P ) � Aut(C). The

situation can be summarized by the following diagram

M

P

M

CΦ

φ φ

Φ̂

:::;

............................................................................................................
.....
.......
.....

.............

.............

.............

.............

.......
.....
.......
.....

............................................................................................................
.....
.......
.....

π

.............

.............

.............

.............

.......
.....
.......
.....

(2.1.19)

The relevant transformation groups are described by the following exact sequence

I AutV (P ) Aut(P ) Diff(M) I.................................................. ............ ...................................................................... ............i ........................................................................... ............
p

....................................................... ............ (2.1.20)

Notice that this exact sequence does not in general split (as it happened canonically for (2.1.10)). It is precisely because this exact sequence does not

split (in general) that we can say that spacetime diffeomorphisms do not act (in general) on configuration bundle.

As it happened in natural theories on Lh(M), it will be particularly important to be able to recognise and build gauge-natural bundles associated to

a structure bundle P; luckily, a gauge-natural bundle C = (C,M, π, F ) is necessarily associated to JkP �M Lh(M) with h � k. The integer pair (k, h)

is called the degree of the gauge-natural bundle C.
In this context, observers are identified to gauge-natural observers, i.e. trivialisations of P and changes of (gauge-natural) observers are local gauge

transformations. The canonical lift defines a subgroup of transformations Aut(P ) � Aut(C) and one can drag sections of C along gauge transformations

σ̂ := φ̂ � σ � φ−1 (2.1.21)

This is an action of the group Aut(P ) on the set of sections Sec(C).

Sections, as well as the action of gauge transformations, are prolonged to jet bundles and one can require these transformations to leave the Lagrangian

invariant. A Lagrangian which is covariant with respect to any automorphism of P is called a gauge-natural Lagrangian or a gauge covariant Lagrangian.

Moreover, in a gauge-natural theory, all fields appearing in Lagrangian are dynamical. This means that one cannot fix any field structure on spacetime

or on P . Again the structure bundle P is given as a bare principal bundle and all additional structures defined on it are determined by field equations.

In other words, one considers a general variation of a section of the configuration bundle C and each field obeys the field equations obtained by Hamilton

principle.
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Definition (2.1.22): Let us define a gauge-natural theory as a field theory defined on a gauge-natural bundle C associated to a structure bundle

P = (P,M, π,G) and defined by a global Lagrangian L which is covariant with respect to all gauge transformations. A section σ of the configuration

bundle represents a set of fields, all to be considered dynamical.

Also in this more general case, we shall show below that the gauge covariance imposed on dynamics does implement observer independence.

Again, the covariance requests on the Lagrangian is a strong constraint on allowed dynamics and, also in this case, one can use Utiyama-like arguments

to find all possible gauge-natural Lagrangians. These are the Lagrangians for which the following equation is identically satisfied

pi£Ξy
i + pµi dµ£Ξy

i + pµνi dµν£Ξy
i + . . . = dµ (ξµL) (2.1.23)

for any generator of gauge transformations.

Any vector field Ξ on P is right-invariant iff its flow is made of automorphisms. For this reason, right-invariant vector fields on P are also called infinitesimal generators

of automorphisms or generators of gauge transformations.

Then the flow (Φs, ϕs) of Ξ induces a flow (Φs, ϕs)
∧ on C (which is a flow just because (·)∧ is a covariant functor). As any flow on C, (Φs, ϕs)

∧ on C has an infinitesimal

generator denoted by Ξ̂ ∈ X(C).

The vector field Ξ̂ is also called a generator of gauge transformations on C and it is induced canonically by Ξ.

Then one can define the Lie derivative of sections of C with respect to Ξ̂. However, that depends in fact just on Ξ (through Ξ̂). For that reason, let us denote it as

£Ξσ := £Ξ̂σ (2.1.24)

as one does for natural objects.

Let us stress once again that since in general C is not a natural bundle, the sections of C, i.e. the fields, do not support a group action of spacetime diffeomorphisms.

One cannot define the transformation rules (or Lie derivatives) of fields with respect to spacetime diffeomorphisms but just with respect to gauge transformations.

Everything is in transformation rules

The situation described above may appear intricate at first. The requests about symmetries probably are acceptably clear though we refer to group

actions which encode a lot of geometric information about the configuration bundle and its relation with spacetime or the structure bundle. Such

relations are expressed by the request of being a natural or gauge-natural bundle which, in turn, understands a whole Chapter of bundle theory.

It is important that eventually one sees the structure of a field theory in these general terms and we shall below present a number of examples to get

used to this vewpoint. However, as a matter of fact and on a practical stance, we stress that

everything is encoded into transformation laws of fields.

If we are considering a field which we know as a natural object, that means we know how it transforms under spacetime diffeomorphisms. For example,

if we are considering a metric field gµν , then we know that under a spacetime diffeomorphism φ : M !M : xµ 7! x′µ(x) it transforms as

g′µν(x
′) = J̄

α
µ gαβ(x) J̄

β
ν (2.1.25)
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which can be recognised to come from a group action on the configuration bundle(
x′µ = x′µ(x)

g′µν = J̄
α
µ gαβ J̄

β
ν

(2.1.26)

That is a group action λ : GL(m)� L! L where L denotes the set of all non-degenerate bilinear forms of a fixed signature (r, s), with m = r + s, for

example Lorentzian, which is also the standard fiber of the configuration bundle.

Everything comes from this group action λ; the configuration bundle is associated to L(M), which has GL(m) as structure group, by the group action

λ. One can define the configuration bundle as being associated to L(M), namely

Lor(M) ' C := L(M)�λ L (2.1.27)

Since we build it as an associated bundle to L(M), this comes with the group action of Diff(M) � Aut(C) canonically defined and it coincides by

construction with (2.1.26). This canonical group action induces on sections, again by construction, the group action of diffeomorphisms on fields,

i.e. the action (2.1.25).

Let us stress once again that there is no extra work in setting a global bundle framework. The bundle framework is exactly equivalent to the local

setting enhanced with the declaration of transformation laws of fields.

If one has a group action written in terms of Jacobians, that can be written as an action of the group GL(m) and the configuration bundle is associated

to L(M). If the action depends on higher derivatives of Jacobians (Hessians, . . . ) (e.g. it depends on Hessians as it happens for connections Γαβµ) then

the group action can be written in terms of the group GLh(m) (e.g. GL2(m)) and the configuration bundle is associated to Lh(M) (e.g. L2(M)).

For example, the bundle of connections can be defined to be

Con(M) = L2(M)×λ T 1
2 (R) (2.1.28)

where one sets coordinates (Jab , J
a
bc) on the group GL2(m) and defines the action

Γ′abc = Jad

(
Γdef J̄

e
bJ̄

f
d + J̄

d
ab

)
(2.1.29)

which can be shown to be a left action on the space T 1
2 (R) which has been given coordinates Γabc.

Then one can show that this construction is equivalent to more canonical ones, e.g.

L2(M)×λ T 1
2 (R) ' J1L(M)/GL(m) (2.1.30)

and that (global) sections of Con(M) are in one-to-one correspondence with (global) connections on M .

If, then, transformation laws are written with another group G, then the configuration bundle is associated to a structure bundle P which is a

G-principal bundle P

C = P �λ F λ : G� F ! F (2.1.31)

which could be called a pure gauge theory.
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.Complex Klein–Gordon fieldIn the examples of the previous Chapter, a complex Klein–Gordon field is a pure gauge theory for the group U(1).

If transformation laws depend algebraically on Jacobians and a group G, one can repeat the construction of the associated configuration bundle as

C = (P � L(M))�λ F λ : G�GL(m)� F ! F (2.1.32)

The most general case is when transformation laws of fields depend on Jacobians and their derivatives up to order h together with the elements in

group G together with their derivatives up to order k (and for technical reasons in those cases one must necessarily have h � k). In such cases, one

has a group action

λ : JkG�GLh(m)� F ! F (2.1.33)

and the configuration bundle is associated to

C ' JkP �M Lh(M)�λ F (2.1.34)

The electromagnetic potential Aµ seen as a U(1)-connection is an example of such a general case with k = h = 1.

One can prove that the most general gauge-natural bundle is associated to the principal bundle

W (k,h)P = JkP � Lh(M) (2.1.35)

for some (k, h) with h � k. In all gauge-natural theories a gauge transformation in φ 2 Aut(P ) projects onto ϕ 2 Diff(M) (since it is projectable) and

it defines an automorphism of W (k,h)P by (jkφ, ϕ̂) which is then represented on the configuration bundle and its sections.

Natural and gauge-natural theories are structurally quite different. In order to allow to discuss them on an equal footing, one needs unified notation

which specifies to different structures in the two cases. For example, we shall denote by S the group of symmetries, which specifies to spacetime

diffeomorphims in natural theories or to generalised gauge transformations in gauge-natural theories. This unified notation will, of course, make

discussion easier but it also encapsulate irrelevant details, which are essential to be recognised as irrelevant.

Let us stress it once again:

everything is encoded in transformation rules of fields.

Bundle framework is just a mean to trace globally the transformation laws of fields, i.e. to trace globally gauge transformations. As long as you keep

track of transformation laws in a field theory (unlike we did in first example about vibrating plate in Chapter 1, but as already done in the second

example after one reformulates it in terms of tensor densities) you are in fact using bundle theory, or at least a formalism equivalent to it.

If one does not declare transformation laws for fields, then we have a local field theory, a local expression for dynamics which defines local field equations and local

solutions. Unfortunately, these local solutions encode physical facts together with observer conventions but we do not know how to relate observations from different

observers. Then we have no absolute description for physics and the theory tells us something, only if we support it with a detailed description of the conventions

of the observers. For it to make a minimal sense, the description of the observer conventions relies on accepted physical assumptions (at least about the structure of

spacetime and the nature of fields).

Here we are attempting to boot up a fundamental theory, which defines absolute description of the world without relying on assumptions of the

structure of spacetime. And in such a situation, the only option we have is to define absolute knowledge as a intersubjective knowledge. That is the
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only known way to define what is absolute knowledge together with what is an observer, without having to describe an observer (i.e. its conventions)

in an absolute way.

That is the best we can do. That is the best we can currently do. It is the only known escaping to defining absolute knowledge without an absolute

benchmark, something that medieval philosophy was not able to even imagine. That is the most heuristically essential, precise definition of what is a

relativistic theory. A relativistic theory is a field theory defining absolute knowledge as general intersubjective knowledge.

If this is not philosophy, I do not know what else it is.

2. Utiyama-like arguments

.Next SectionAs a matter of fact, imposing general covariance with respect to spacetime diffeomorphisms in a natural field theory, or general covariance with respect

to gauge transformations in a gauge-natural field theory does constrain the allowed Lagrangians severely.

When one is setting up a natural or a gauge-natural field theory, once fundamental fields have beed fixed and the order at which they appear in

the Lagrangian has been decided, then just some Lagrangians are allowed. The Utiyama-like theorems explicit the conditions to be checked for being

generally (gauge) covariant and they fix which combinations of fields can appear in (gauge) covariant Lagrangians.

The trick is to find combinations which transform well. These usually are rather complicated functions of fundamental fields and their derivatives;

examples are (gauge) covariant derivatives which depend on the connection and the derivatives of fields, though they transforms better than partial

derivatives. One trades better transformation rules with more complicated expression as functions of the fundamental fields.

Having simple transformation rules translate in having simple Lie derivatives, while being a complicate functions of fundamental fields translate in

having complicated expression under variation. However, one can check that covariance identity just depends on Lie derivatives, not on variations.

Accordingly, it is highly recommended to use combinations with simple transformation rules. It is a (another) fortunate event, that differential

geometry spent over a century by now building geometric objects which in fact are exactly objects with a possibly quite intricate expression which

though transform better than expected. For example, the curvature tensors are depending on second derivatives of the metric field, but they are

tensors! They transforms with Jacobians only while second derivative of a tensor is in general expected to transform with third order Jacobians.

Hereafter we shall discuss examples of Utiyama-like arguments for natural and gauge-natural field theories. It will be important to keep two results

from these examples: first, covariance do in fact constrains dynamics. Second, the examples discussed will be further analysed for their physical

meaning in next Chapters. More examples will be discussed at the end of this Chapter.

Utiyama-like theorems for natural theories

Let us consider the bundle Lor(M). We already discussed that it is a natural bundle with coordinates (xµ, gµν). Let us look for natural Lagrangians

defined on J2Lor(M). Locally we have

L = L̃(xµ, gµν , dαgµν , dαβgµν)d� (2.2.1)
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This example contains also natural Lagrangians on J1Lor(M), which can be obtained by assuming that the Lagrangian does not in fact depend on dαβgµν . This

particular case will be discussed below.

First of all, let us notice that we can change fibered coordinates on J1Lor(M) by setting8><
>:
xµ = xµ

gµν = gµν

fggαβµ = 1
2g

αε
��dεgβµ + dβgµε + dµgεβ

� (2.2.2)

This is a change of fibered coordinates since the relation between fgg and first derivatives is invertible.

One can permute indices {
2gεα{g}αβµ = −dεgβµ + dβgµε + dµgεβ

2gβα{g}αµε = −dβgµε + dµgεβ + dεgβε
(2.2.3)

and summing to obtain

2gεα{g}αβµ + 2gβα{g}αµε = −dεgβµ + dβgµε + dµgεβ − dβgµε + dµgεβ + dεgβε = 2dµgεβ (2.2.4)

from which one obtains

dµgεβ = gεα{g}αβµ + gβα{g}αµε (2.2.5)

Let us also define new “coordinates” on J2Lor(M)8>>>>>><
>>>>>>:

xµ = xµ

gµν = gµν

fggαβµ = 1
2g

αε
��dεgβµ + dβgµε + dµgεβ

�
Rαβµν = dµfggαβν � dνfggαβµ + fggαεµfggεβν � fggαενfggεβµ
Sαβµν = d(µfggαβν)

(2.2.6)

which is also invertible for second derivatives, as one can show.

Of course, Rαβµν (as well as Sαβµν) are not properly coordinates, since their components are not independent, since they obey symmetry properties. The curvature

Rαβµν is antisymmetric in [µν] and it obeys first Bianchi identities. Moreover, since here it is a metric curvature, it is also antisymmetric in the first pair [αβ] and

symmetric with respect to pair swap ({αβ}{µν}), once α has been lowered by the metric g. Analogously, Sαβµν is symmetric with respect to (βµν).

One means that, from Rαβµν and Sαβµν , a number of independent quantities (in this metric case m2

12 (m2 − 1) for Rαβµν and m2

6 (m + 2)(m + 1) for Sαβµν , thus
m2

4 (m+ 1)2 overall) are extracted and used as real coordinates. Thus they well account for the second derivatives of the metric, which are precisely m2

4 (m+ 1)2.

By using more or less the same quantities, we shall also deal with Palatini formalism. In that case, the curvature has more independent components (since it obeys

less symmetry identities) and, also in that case, they will precisely account for the first derivatives of the (torsionless) connection, which are m3

2 (m + 1) independent

components, i.e. more than the second derivative of the metric.

One can check that
3Sαβµν − 2Rα(βν)µ =3Sαβµν −Rαβνµ −Rανβµ =

=dµ{g}αβν + dν{g}αµβ + dβ{g}ανµ − dν{g}αβµ + dµ{g}αβν − dβ{g}ανµ + dµ{g}ανβ + . . . =

=dµ{g}αβν + . . .

(2.2.7)
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where . . . denotes terms which do not depend on second derivatives of the metric. That shows that the correspondence between (Rαβµν , S
α
βµν) and dµ{g}αβν is

one-to-one.

Of course, while Rαβµν is tensorial, Sαβµν is not.

The Lagrangian can be written in terms of the new coordinates

L =
p
g l(xµ, gµν , fggαβµ, Rαβµν , Sαβµν)d� (2.2.8)

We can also write Lie derivatives of the new coordinates as8<
:£ξgµν = 2

g

r(µξν)

£ξfggαβµ = ξλRαβλµ +
g

rβµξα

8<
:£ξR

α
βµν = ξλ

g

rλRαβµν �
g

rλξαRλβµν +
g

rβξλRαλµν +
g

rµξλRαβλν +
g

rνξλRαβµλ
£ξS

α
βµν = d(µ(ξλRαβλν) +

g

rβν)ξ
α)

(2.2.9)

where
g

rβµ denotes symmetrised second order covariant derivatives.

Let us also set 8>>><
>>>:
pµν =

p
g
∂l

∂gµν
+ 1

2

p
ggµν l =

p
gp̂µν + 1

2

p
ggµν l

pβµα =
p
g

∂l

∂fggαβµ
=
p
gp̂βµα

8>><
>>:
pα

βµν =
p
g

∂l

∂Rαβµν
=
p
gp̂α

βµν

Pα
βµν =

p
g

∂l

∂Sαβµν
=
p
gP̂α

βµν
(2.2.10)

for the naive momenta. Then the covariance identity reads as

p
g

�
(2p̂µν + gµν l)

g

rµξν + p̂βµα

�
ξλRαβλµ +

g

rβµξα
�

+ p̂α
βµν

�
ξλ

g

rλRαβµν �
g

rλξαRλβµν +
g

rβξλRαλµν + 2
g

rµξλRαβλν
�

+

+ 2P̂α
βµνdµ

�
ξλRαβλν +

g

rβνξα
��

=
p
g

�
g

rλξλl + ξλ
g

rλl
�

=
g

rλ
�p

g l ξλ
� (2.2.11)

Since this must hold for any ξλ and the values of ξλ(x),
g

rαξλ(x), . . . are pointwise independent, one has(
p̂βµα Rαβλµ + p̂α

βµν
g

rλRαβµν =
g

rλl
2p̂µνgµλ + p̂α

βµε
��δαλRνβµε + δνβR

α
λµε + 2δνµR

α
βλε

�
= 0

(
p̂βµα = 0

P̂α
βµν = 0

(2.2.12)

where some terms (in the first three equations) factorising P̂α
βµν have been neglected since, in view of the fourth equation, P̂α

βµν = 0.

From the last two equations one gets that the Lagrangian (2.2.8) cannot depend explicitly on Sαβµν and fggαβµ. The condition for covariance then

reduces to (
p̂α

βµν
g

rλRαβµν = rλl= ∂λl + p̂αβdλgαβ + p̂α
βµνdλR

α
βµν

2p̂µνgµλ + p̂αβµε·
��gαλRνβµε � δναRβλµε + 2δνµRαβλε

�
= 0

(2.2.13)
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Then we can extract information from the first equation by restoring covariant derivatives with respect to g and using the second equation to obtain

that ∂λl = 0.

One has

p̂α
βµν

(
dλR

α
βµν + ΓαελR

ε
βµν − ΓεβλR

α
εµν − 2ΓεµλR

α
βεν

)
= ∂λl + p̂αβ

(
∇λgαβ + 2Γεαλgεβ

)
+ p̂α

βµνdλR
α
βµν (2.2.14)

and

∂λl +
(
2p̂θβgεβ + p̂αβµν·

(
−gαεRθβµν − δθαR ·βεµν + 2δθµR

·
αβεν

))
Γεθλ = 0 ⇒ ∂λl = 0 (2.2.15)

Accordingly, the first condition implies that the Lagrangian (2.2.8) cannot depend explicitly on x. Then one is left with a Lagrangian

L =
p
g l(gµν , R

α
βµν)d� (2.2.16)

which obeys the second condition

2p̂µνgµλ + p̂αβµε·
��gαλRνβµε � δναRβλµε + 2δνµRαβλε

�
= 0 (2.2.17)

Let us start considering zero order covariant Lagrangians (so that L =
p
gl(gµν)d� and p̂αβµε· = 0). Then one must have

p̂µν = 0 ) L = �2
√
g

2κ Λ d� (2.2.18)

[Λ] = L−2for some constant Λ which is usually called a cosmological constant. For historical and dimensional reasons, the constant 2κ = 16πGc−3 is fixed to

produce a Newtonian limit which agrees with standard units.

For first order Lagrangians, one still has p̂αβµε· = 0. Then there is no first order covariant Lagrangians (other than the Lagrangians which are actually

zero order) which depend only on the metric and its first derivatives.

Second order covariant Lagrangians then are the first option if one wants a theory depending on the metric only.

Choosing covariant Lagrangians amounts to list scalar densities one can build with (gµν , R
α
βµν). First of all, any scalar density L(gµν , R

α
βµν) of weight 1 induces a

scalar density of weight zero l(gµν , R
α
βµν) = 1√

gL(gµν , R
α
βµν). Accordingly, all scalar densities of weight 1 can be written in the form

L(gµν , R
α
βµν) =

√
g l(gµν , R

α
βµν) (2.2.19)

for some scalar l(gµν , R
α
βµν).

For example, one has a scalar l(gµν , R
α
βµν) = R = gβνδµαR

α
βµν = 1

2

(
gβνδµα − gβµδνα

)
Rαβµν for which

pµν =
√
g
(

1
2g
µνR−Rµν

)
pα

βµε =
√
ggβ[εδµ]

α =
√
g

2

(
gβεδµα − gβµδεα

)
(2.2.20)

i.e.

p̂µν =
(

1
2g
µνR−Rµν

)
− 1

2g
µνR = −Rµν p̂α

βµε = 1
2

(
gβεδµα − gβµδεα

)
(2.2.21)

This satisfies the condition (2.2.17); in fact

− 2Rνλ + 1
2

(
gβεδµα − gβµδεα

) (
−δαλRνβµε − gανRβλµε + 2δνµR

α
βλε

)
= −2Rνλ −Rνλ +Rνλ + 2Rνλ = 0 (2.2.22)
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Other examples are

L =
√
g Q =

√
g RαβR

αβ L =
√
g K =

√
g RαβµνR

αβµν (2.2.23)

Also any algebraic combination of the invariants (R,Q,K) gives examples of Lagrangians which are generally covariant, namely

L =
√
g f(R,Q,K) (2.2.24)

for any sufficiently regular function f . Here sufficiently regular means that a number of its derivatives must exist in order to write down field equations and field

equations must themselves be sufficiently regular so that they can be reasonably analysed looking for solutions.

As usual smooth is ok, though we shall show that some smooth functions f lead to degenerate dynamics and are usually excluded. Nevertheless a generic smooth

function is ok, meaning that one has to rule out a finite number of small families which will be discussed below.

A more geometric account of gauge-natural bundles and Utiyama theorem can be found in[12][13].

Utiyama-like arguments for gauge-natural theories

As for natural theories, also gauge-natural theories have their Utiyama-like theorems. If one fixes fields and the order of the theory, then gauge

covariance imposes strong constraints on the allowed gauge-natural Lagrangians.

For example, let us consider a Lagrangian for electromagnetism, which depends on (gµν , Aµ), which is zero order in gµν and first order in Aµ. A

general Lagrangian is in the form:

L = L̃(xµ, gµν , Aµ, dµAν)d� (2.2.25)

One can define new fibered “coordinates” (xµ, gµν , Fµν , Sµν) on the prolongation of the bundle of potentials Aµ:

Fµν = dµAν � dνAµ Sµν = dµAν + dνAµ (2.2.26)

One can easily check that the first derivatives dµAν can be expressed as a function of Fµν and Sµν .

Of course, Fµν is tensorial, Sµν is not. Then one can equivalently consider a Lagrangian in the form:

L =
p
g l(xµ, gµν , Aµ, Fµν , Sµν)d� (2.2.27)

Let us now consider a symmetry generator, which is a right-invariant vector field Ξ = ξµ∂µ + ζρ on P . Lie derivatives of fields read as

(
£Ξg

µν = �2
g

r(µξν)

£ΞAµ = ξλFλµ +DµζV

8<
:£ΞFµν = ξλ

g

rλFµν +
g

rµξλFλν +
g

rνξλFµλ
£ΞSµν = dµ

�
ξλFλν +rνζV

�
+ dν

�
ξλFλµ +rµζV

�
= 2rµνζV + . . .

(2.2.28)

where we set ζV = ζ + ξµAµ for the vertical part of the symmetry generator and rµζV = ∂µζV denotes the gauge covariant derivative (which, in this

case, coincides with the ordinary partial derivative since the group is commutative).
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Let us also define the naive momenta 8>><
>>:
pµ =

p
g
∂l

∂Aµ
=
p
gp̂µ

pµν =
p
g
∂l

∂gµν
� 1

2

p
glgµν

8>><
>>:
pµν =

p
g
∂l

∂Fµν
=
p
gp̂µν

P µν =
p
g
∂l

∂Sµν
=
p
gP̂ µν

(2.2.29)

The covariance identity reads as

pµν£Ξg
µν + pµ£ΞAµ + pµν£ΞFµν + P µν£ΞSµν = dλ

�
ξλL

�
(2.2.30)(

p̂µν
g

rλFµν = rλl
� 2p̂λνg

µν + lδµλ + 2p̂µνFλν = lδµλ ) p̂λνg
µν = p̂µνFλν

�
pµ = 0

P µν = 0
(2.2.31)

The third and fourth conditions force the Lagrangian to be independent of Aµ and Sµν . The first equation (using the second) implies that l does not

depend explicitly on x.

p̂µν
g

∇λFµν = ∂λl + p̂µν∇λgµν + p̂µν∇λFµν ⇒ ∂λl = 0 (2.2.32)

Then we have the most general covariant Lagrangian depending on (xµ, gµν , Aµ, dµAν)

L =
p
g l(gµν , Fµν)d� (2.2.33)

which satisfies

p̂λνg
µν = p̂µνFλν (2.2.34)

This condition is satisfied, for example, by Maxwell Lagrangian (1.6.85).

In fact:

L = − 1
4g

√
gFαβF

α
·
β
·dσ ⇒

{
p̂λν = − 1

2gFλαFν
α
·

p̂µν = − 1
2gF

µ
·
ν
·

⇒ − 1
2gFλαFν

α
· g
µν = − 1

2gF
µ
·
ν
·Fλν (2.2.35)

3. Initial value problems for covariant theories

.Next SectionNow that we defined natural and gauge-natural field theories and we showed how general (as well as gauge) covariance constrains allowed dynamics,

we can go on analysing general features of relativistic theories. Let us here consider initial problem formulation for covariant theories.

Generally speaking, initial value problem formulation means regarding a covariant field σ on the spacetime M as a 1-parameter family of fields on a

hypersurface Σ � M . Instead of having one covariant field which describes the whole history of the field on spacetime, one can think of selecting a

:Notation: :Symbols: :AIndex: :Index:



126 General covariance

space manifold Σ and considering a 1-parameter family of fields each representing a configuration, which evolves as the parameter passes by. There is

no a priori need in general to regard the parameter as a physical time; still often it is.

First ingredient for initial value formulation is a 1-parameter foliation of spacetime M . Each leaf Σs of such a foliation is a frame in the evolution of

the fields. The covariant field σ on M induces fields on the hyperfurfaces Σs which represent the system at that value of the parameter s. This will be

called an ADM slicing of spacetime or an ADM foliation.

Then the covariant field equations can be written in terms of the fields on Σs and they (may) become a Cauchy problem: one assigns the value of fields

on Σs (and their derivatives up to some order) and field equations determine the evolution of fields as s passes by. As a result, one has a 1-parameter

family of fields, one on each Σs.

Finally, one would like to build the covariant field σ out of the 1-parameter family of fields on Σs and be sure that σ is a solution of covariant field

equations as a consequence of being built out of solutions of equations on Σs.

Let us remark that this scheme is quite simplistic and it almost never works this way. As a consequence we shall elaborate it as we proceed.

Let us stress that, by selecting a foliation, the general covariance is broken. The ADM slicing is a structure fixed on spacetime which is not (completely)

determined by field equations. If one thinks to the parameter s as time, the surfaces Σs are equal time surfaces and they select preferred observers

which agree that events on Σs are contemporary.

On the other hand, studying initial value problem clearly states what one is free to fix and what is determined by field equations. In other words, it

is equivalent to Hamiltonian viewpoint and it defines the physical state of the system.

As we already said, covariant theories trade absolute description of fields with redundancy of description. One can think to a system as an absolute

description of physical world, at the price of adding a lot of redundancy accounting for the observer freedom; this is the covariant formulation.

Alternatively, one can describe the system with minimal data, which unfortunately usually depends on the observer; and this is the initial value

formulation. Both viewpoints tell us a piece of the story and we have to be able to do both.

ADM space-times

Let us start by defining the foliation which is the starting point for initial value formulation.

Definition (2.3.1): an ADM splitting of spacetime or a ADM foliation is a bundle B = (M,R, t,Σ) which foliates the spacetime M in a 1-parameter

family of (m� 1)-manifolds isomorphic to Σ.

This is a general result since any foliation in hypersurfaces can be considered as a bundle (provided the leaves are all diffeomorphic to a standard model

Σ). Since the base R is contractible, then the bundle over it is necessarily trivial. Accordingly, for any ADM slicing the spacetime M is necessarily a

product M ' R�Σ for some abstract (m� 1)-dimensional model for the leaves Σs. Such a spacetime is also called a globally hyperbolic spacetime. As

a matter of fact being globally hyperbolic is necessary in order to be able to write field equations in evolutionary form, thus we shall restrict to these

cases.

The fibers Σs = t−1(s) ⊂M are called synchronous hypersurfaces or space hypersurfaces at time s. The map t : M → R is usually thought as a map attaching the time

to each event that happens and events on the same fiber happen at the same time and are hence synchronous.
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Of course, different observers may define different notions of synchronisation and then different ADM splittings.

First of all, we have to remark that, on the trivial bundle B, one can define many different structures of product R�Σ, essentially one for any global

trivialisation.

To keep it simple, let us consider a fibered plane p : R2 → R : (s, x) 7→ x. One has a global trivialisation t : R2 → R× R : (s, x) 7→ (s, x) which is compatible with the

choice of fibered coordinates. This corresponds to embed back in R2 the spatial point x by the maps hx : R→ R2 : s 7→ (s, x). If we are in a mechanical setting and s

is time, then the curves hx(s) represent the rest motions at the point x (which, of course, depend on the observer).

However, one can also define a different product structure on R2 which corresponds to a different global trivialisation, i.e. t′ : R2 → R× R : (s, x) 7→ (s, x+ vs). This

corresponds to rest motions h′x : R→ R2 : s 7→ (s, x+ vs), which are rest motions for an observer in motion at velocity v with respect to the first one.

As a matter of fact, different product structures compatible with an ADM slicing correspond to different observers. A single ADM slicing selects a class of preferred

observers, called ADM observers with respect to that ADM slicing.

One has a correspondence between product structures and connections of the bundle B. Let us consider a connection H on the ADM slicing, thought

as a distribution of horizontal subspaces Hx 2 TxM . Since the base manifold R is of dimension 1, then the subspaces Hx are of dimension 1 as

well. Then the horizontal distribution is of rank 1, hence it is always integrable. The integral curves of the horizontal distributions are in the form

hx : s 7! (s, x(s)) and are everywhere tangent to the horizontal distribution. One can choose initial conditions x(0) = x 2 Σ0. They are called rest

motions and they foliate the spacetime M . Since they are horizontal the rest motions are everywhere transverse to the surfaces Σs.

Accordingly, we have two different foliations on M : the foliation Σs of synchronous hypersurfaces and the foliation hx of rest motions (with x 2 Σ ' Σ0).

Any event e 2M belongs to precisely one leaf Σs and one leaf hx and one can define a global diffeomorphism

ιH : M ! R� Σ : e 7! (s, x) (2.3.2)

Of course, different connections H produce different diffeomorphisms ιH : M ! R� Σ.

In view of these correspondence, let us define a pair (B, H) of an ADM slicing and a connection H over it to be an ADM space-time. Choosing an

ADM space-time corresponds to endow the spacetime M with a product structure M ' R� Σ which in turn corresponds to an observer which splits

time and space according to its own conventions.

An ADM space-time is also called a (3 + 1)-slicing when the spacetime is of dimension m = 4. We shall use the dash space-time to denote a (3 + 1)-slicing of a

spacetime, or more generally an ADM space-time, since space and time have been conventionally split.

It is important to understand that the ADM slicing is still a more general structure than the ADM space-time. The spacetime M is general and

absolute. On M one can use any observer. Fixing an ADM slicing selects a class of ADM observers which agree on what it means to be contemporary

but disagree on which space points correspond at different times, i.e. they disagree on rest motions. Finally, on an ADM space-time the observers

agree on both contemporary and on how space points at different times are in correspondence.

The spacetime M can be covered with fibered coordinates (t, kA) with respect to the ADM splitting. Such coordinate systems are called ADM

coordinates or ADM observers. The transition functions among ADM observers are in the form(
t′ = t′(t)

k′A = k′A(t, k)
(2.3.3)
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and a globally hyperbolic spacetime can always be covered with a family of ADM observers which share the same definition of time. ADM coordinates

are not the most general coordinate systems on M , since in general one can consider observers which do not preserve the time structure (i.e. they refer

to different ADM splittings).

The ADM space-time is a rigid structure. It is in fact stricter than a trivial bundle, it corresponds to a trivial bundle with a global trivialisation fixed

on it, i.e. a product structure. Being it a product, one has two projections, one on R which coincides with the original ADM projection t : M ! R
and one on Σ which corresponds to the map χ := p2 � ιH : M ! Σ where p2 is the canonical projection on the second factor in a product.

Now suppose we are able to split the configuration bundle C on M as a bundle D on Σ such that χ∗D ' C is a bundle isomorphism, i.e.

M M R� Σ Σ

C χ∗D p∗2D D

..............................................................................................................................

..............................................................................................................................
...................................................................................................................... ............

ιH
...................................................................................................................... ............

p2

...................................................................................
.....
.......
.....

π

...................................................................................
.....
.......
.....

p

...................................................................................
.....
.......
.....

p′
...................................................................................
.....
.......
.....

π′

........................................................................................................................... .......................
.......
...... p∗2................................................................................................................. .......................

.......
...... ι∗H

............. ............. ............. ............. ......................... ............
�

(2.3.4)

If we denote by (xµ, yi) as fibered coordinates on C and (kA, zi) as fibered coordinates on χ∗D, then fibered coordinates on ι∗HD are (s, kA, zi).

A section of the bundle ι∗HD is locally described by functions zi(s, k) which can be interpreted as a 1-parameter family of fields zis(k) on D. The detail of the isomorphism

Φ : C → χ∗D depends on which fields we are considering. We shall give plenty of examples below.

Ok, the construction is everything but simple and immediate. But I warned you that ADM foliations break general covariance and select special observers. The

isomorphisms Φ : C → χ∗D and ιH : M → R× Σ is where the details about these special observers are hidden.

A bundle D over space Σ such that one can define the isomorphism Φ : C ! χ∗D is called adapted configuration bundle.

To summarise, in a specific situation the point will be to fix a generic ADM foliation and to learn how to decompose fields on spacetime as fields on

space, i.e. how to define the bundle D such that one has the diagram above. At that point, it will be equivalent to describe the system as a set of

covariant fields (i.e. a section of C) or by a 1-parameter family of fields on space, i.e. a section of ι∗HD. Once this is somehow achieved, then, of course,

by composition with any vertical isomorphism of ι∗HD, one obtains infinitely many ways of doing it. The hope is that, despite these infinitely many

ways of doing it, in at least one of these splittings field equations will be arranged in a way in which equations are evolutionary.

Let us describe some simple examples of these decompositions.

Let us start from the trivial case of scalar field ϕ. The configuration bundle is C = M × R, as we already discussed. Let us suppose M is globally hyperbolic and let

us fix an ADM space-time for it, i.e. a specific isomorphism ι : M → R× Σ for some (m− 1)-manifold Σ.

In general, we can set coordinates xµ on M and coordinates (s, kA) on R× Σ, so that the (inverse) isomorphism is locally expressed as

ῑ : R× Σ→M : (s, k) 7→ xµ(s, k) (2.3.5)

This isomorphism can be regarded in two ways: first, one can consider it as a change of coordinates in M to adapted coordinates to the foliation, i.e. one can use (s, k)

as coordinates on M instead of xµ. In these adapted coordinates the local expression of the isomorphism simplifies to ῑ : R× Σ→M : (s, k) 7→ (s, k).

Second, one can associate to the isomorphism iH above a family of embeddings

ιs : Σ→M : k 7→ xµ(s, k) (2.3.6)
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which describes the foliation by selecting the leaves as Σs = Im(ιs).

Now, the scalar field ϕ pulls back nicely along embeddings. The scalar field ϕ(x) defines a 1-parameter family of scalar fields ι∗sϕ(k) on Σ. Thus one can fix D = Σ×R
for the bundle of scalar fields on Σ. Let us fix, by an abuse of notation, (k, ϕ) as fibered coordinates on D so that we can describe the maps which appear in diagram

(2.3.4) as

Φ : C → χ∗D : (x, ϕ) 7→ (x, ϕ) ι∗H : χ∗D → p2D : (x, ϕ) 7→ (s, k, ϕ) (2.3.7)

Thus a covariant scalar field ϕ(x) corresponds to a 1-parameter family ϕs = ι∗sϕ : Σ→ R : x = (s.k) 7→ ϕs(k), i.e., when x = ιs(k), we obtain

ϕs(k) = ϕ(x) (2.3.8)

Notice we have one function of x in the covariant setting, one function of (s, k) in the ADM setting. The correspondence between the covariant field ϕ and the space

field ϕ is one-to-one.

As a second relatively less trivial example, let us consider a metric field gµν on a spacetime M of dimension m = 4. Since the components are symmetric, a metric field

is described by 10 functions gµν(x). Being the metric a covariant tensor, it also nicely pulls back on space Σ to define a tensor γ = i∗sg on Σ, namely

γAB(s, k) = JαAgαβ(x)JβA JαA := ∂Ax
α(s, k) (2.3.9)

If the metric g is strictly Riemannian, then the tensor γ(s, ·) is also a 1-parameter family of metrics on Σ. However, γ is described by 6 functions. Thus, unlike what

happened with scalar fields, by pulling back we lost 4 functions. There are other objects on Σ one can define with the metric g to account for the 4 extra functions.

While γ accounts for inner products of vectors tangent to Σ, the inner products involving the normal vector have been lost. The normal covector is canonically defined

as

u = 1
3!ε

ABCJαAJ
β
BJ

γ
Cεαβγµdx

µ (2.3.10)

while for the normal unit vector one needs to use the metric g:

u := 1
3!ε

ABCJαAJ
β
BJ

γ
Cεαβγ

µ
·∂µ n := ± 1√

g(u, u)
u (2.3.11)

One can also define the tangent vectors

eA = JαA∂α (2.3.12)

and prove that g(eA, n) = 0 and g(n, n) = 1.

Let us now define the lapse N and the shift βA so that one has

∂0 = Nn+ βA· eA (2.3.13)

Then one has
g00 = g(Nn+ βA· eA, Nn+ βB· eB) = N2 + βA· βA = N2 + |~β|2 g0B = g(Nn+ βA· eA, eB) = βB

gAB = γAB
(2.3.14)

In other words we have now 10 functions (N, βA, γAB) which are defined out of gµν and such that one can reconstruct the covariant metric g once the lapse N , shift β

and space metric γ are given.

Thus we can define

D = (Σ× R)×Σ T
∗Σ×Σ Euc(Σ) (2.3.15)

with fibered coordinates (kA, N, βA, γAB).
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Evolutionary equations

By evolutionary scheme for covariant equations, we mean to fix and ADM space-time, to define the adapted configuration bundle D and write field

equations in terms of the adapted fields and the adapted coordinates (s, k). Then one gives initial conditions on a space submanifold Σ0 (also called

the Cauchy surface) and, hopefully, field equations uniquely determine a solution which agrees with initial conditions.

Let us consider Klein–Gordon equations on Minkowski spacetime M = R4. Let us fix Cartesian coordinates xµ on M so that the metric expression is

η = ηµνdx
µ ⊗ ddxν = −dx0 ⊗ dx0 + dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3 (2.3.16)

and the ADM slicing to be t : M → R : xµ 7→ x0. The leaves of the ADM splicing are the hypersurfaces Σs := {(s, kA)} modelled by Σ = R3 with coordinates kA.

The Cartesian coordinates xµ turn out to be adapted to the ADM slicing, since the embeddings

ιH : Σ→M : kA 7→ (s, kA)

{
x0 = s

xi = δiAk
A

(2.3.17)

are in standard form and

JαA =

(
δ0
A = 0

δiA

)
=: δαA (2.3.18)

We can fix a connection Hx = Span (∂0) ⊂ TxM so that the rest motions are the horizontal curves hx(s) = (s, xi). This establishes the ADM space-time as

ιH : R× Σ→M : (s, k) 7→ (x0 = s, kA) (2.3.19)

We already discussed the adapted configuration bundle: a covariant scalar field induces a space scalar field which is denoted by the same name ϕ. The covariant field

equations are (
�− µ2

)
ϕ = 0 (2.3.20)

which can be split as

∂00ϕ− δAB∂ABϕ+ µ2ϕ = 0 (2.3.21)

For this equation, one gives initial conditions ϕ(0, k) = φ(k) and ∂0ϕ(0, k) = ψ(k) and the equation selects one and only one solution ϕ(s, k) which obeys initial

conditions. This is a section of the bundle χ∗D ∼ C which induces a section of the covariant configuration bundle C, namely ϕ(x) = ϕ(x0, xi).

The covariant scalar field ϕ(x) is a solution of the original covariant equations.

Of course, the choice of the connection (2.3.19) made everything particularly simple. If one chooses a different connection, e.g. H ′ = Span
(
∂0 + vi

c ∂i

)
, then a different

product structure is induced

ῑH′ : R× Σ→M : (s, kA) 7→
(
s, δiAk

A + vi

c s
)

(2.3.22)

By fixing kA, one obtains rest motions, by fixing s one obtains Σs space surfaces.

Thus we have new adapted coordinates {
x′0 = s = x0

x′i = xi − vi

c x
0

(2.3.23)

The metric in the new coordinates reads as

η = −(c2 − |v|2)dt′ ⊗ dt′ + v ·i
(
dt′ ⊗ dx′i + dx′i ⊗ dt′

)
+ δijdx

′i ⊗ dx′j (2.3.24)
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which corresponds to taking

N ′ = 1 β′i =
v ·i
c γ′ij = δij (2.3.25)

The non-vanishing shift βi accounts for how spaces are mapped one into the others as time passes by. Notice that the metric coefficients are still constant, thus

Christoffel symbols {η}′αµν are zero.

The Klein–Gordon equation can be written in the new coordinates as

�′ϕ′ − µ2ϕ′ = g′µν
(
∂′µνϕ

′ + {η}′αµν∂′αϕ′
)
− µ2ϕ′ = −

(
∂′00ϕ

′ − 2 v
i

c ∂
′
0iϕ
′ −
(
δij − vivj

c2

)
∂′ijϕ

′ + µ2ϕ′
)

= 0 (2.3.26)

Also for this equation, one gives initial conditions ϕ′(0, k) = φ(k) and ∂0ϕ
′(0, k) = ψ(k) + vi

c ∂iφ and the equation selects one and only one solution ϕ′(x′) which obeys

initial conditions. This is a section of the bundle χ∗D ∼ C which induces a section of the covariant configuration bundle C, namely ϕ′(x′) = ϕ′(x′0, x′i).

Again, the covariant scalar field ϕ′(x′) is a solution of the original covariant equation.

One can verify that since ϕ(s, k) satisfies the adapted equation with respect to the ADM space-time above, then one has that

ϕ′(x′0, x′i) = ϕ(x′0, x′i + vix′0) (2.3.27)

satisfies the new equation (and initial conditions).

It is evident that we need a more general structure to deal with solutions in general when one considers fields more complicated than scalar fields.

In order to solve adapted field equations, we need a form of Cauchy theorem which guarantees existence and uniqueness of solutions for a given initial

condition. Hereafter we shall sketch a framework which is able to encapsulate all analytical details in Cauchy theorem and leave us with algebraic

conditions to be checked on equations.

Review first this exampleLet us first notice that we are not interested in general equations; we are interested in field equations coming from a variational principle as Euler–

Lagrange equations. We can also restrict for simplicity to equations which are quasi-linear. This restricts allowed Lagrangians, though all Lagrangians

which are relevant to fundamental physics lead to quasi-linear equations. By considering a Lagrangian L, one can consider its Euler–Lagrange part

E(L) = Ei(L) ωi ^ d� as an element Ê(L) = Ei(L)d̄y
i 
 d� in V ∗(C)
Am(M). In fact, for a vertical vector X = δyi∂i one has

iXE(L) = Ei(L)δyid� = Ê(L)(X) (2.3.28)

Thus we can restrict to equations Ei = 0 with Ê(L) = Ei(L)d̄y
i 
 d� 2 V ∗(C) 
 Am(M), which is in fact compatible with the transformation laws

Ei = JJki E
′
k that we proved above; see (1.3.32).

Let us start by considering a first order quasi-linear differential operator E on an ADM space-time; this can be written in ADM coordinates as

eijy
j
0 + eaijy

j
a + bi(t, x

a, yk) = 0 (2.3.29)

A first order quasi-linear operator (2.3.29), with eaij = eaji and a eij which is a non-degenerate definite positive bilinear form, is called a symmetric

hyperbolic operator.

It would be better to define a symmetric hyperbolic operator as one for which a system of ADM coordinates exists so that eaij = eaji and eij is a non-degenerate definite

positive bilinear form.
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If such ADM coordinates exists then one can check that the form of the operator is preserved in any ADM coordinates for a given splitting. However, if one changes

the ADM splitting, such a form is not necessarily preserved. Of course, in order to solve equations, one just needs that there exists an ADM splitting in which the

operator turns out to be symmetric hyperbolic.

We can state the Cauchy theorem as follows:

Theorem: given a symmetric hyperbolic system with smooth initial conditions, then there exists a unique smooth solution satisfying the equations

and the initial conditions.

If, for any smooth initial conditions, there exists a unique smooth solution satisfying the equations and the initial conditions, we say that the Cauchy

problem is well-posed.

Let us stress that being symmetric hyperbolic is sufficient for being well-posed. It is not necessary.

As a matter of fact, one just have to write down equations and check that the coefficients obey some algebraic conditions in order to guarantee that

the Cauchy problem is well-posed.

Let us consider now a second order, quasi-linear differential operator E on an ADM space-time so that the operator can be written in ADM coordinates

as

eijy
j
00 + eaijy

j
0a + eabij y

j
ab + bi(t, x

a, yk, yk0 , y
k
a) = 0 (2.3.30)

As often done with ODE, one can write a second order equations as a system of first order equations by setting vi := yi0 and via := yi0a. The last

definition implies that d0v
i
a � davi = 0.

8><
>:
d0y

i � vi = 0

eijd0v
j + eaijdav

j + eabij dav
j
b + bi(t, x

a, yk, vk, vka) = 0

d0v
i
a � davi = 0

via := dav
i (2.3.31)

The equation via := dav
i does not involve time derivatives and it will be called a constraint.

In fact, it can be seen as a constraint to allowed initial conditions yi(0, k) = f(k), vi(0, k) = gi(k), via(0, k) = hia(k). The constraint implies that initial conditions must

be chosen so that hia(k) = daf(k).

We have here to remark that the system (2.3.31) is a first order system, though not in the form of the first order system considered above. The fields

are (yi, vi, via) though the equations do not live in the dual space. This can be corrected easily introducing two non-degenerate bilinear forms βij and

βabij and writing the system (2.3.31) in the equivalent form

8><
>:
βijd0y

j � βijvj = 0

eijd0v
j + eaijdav

j + eabij dav
j
b + bi(t, x

a, yk, vk, vka) = 0

βabij d0v
j
b � βabij dbvj = 0

via := dav
i (2.3.32)
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There is no loss of generality in choosing βij = eij .

Let us then consider the second order Cauchy problem (CP2)

eijy
j
00+eaijy

j
0a + eabij y

j
ab + bi(t, x

a, yk, yk0 , y
k
a) = 0

yi(0, k) = f i(k), yi0(0, k) = gi(k)
(2.3.33)

and the first order Cauchy problem (with constraint) (CP1)8>><
>>:
eijd0y

j � eijvj = 0

eijd0v
j + eaijdav

j + eabij dav
j
b + bi(t, x

a, yk, vk, vka) = 0

βabij d0v
j
b � βabij dbvj = 0

yi(0, k) = f(k), vi(0, k) = gi(k), via(0, k) = ∂af
i(k)

via = dav
i (2.3.34)

and show that there is a one-to-one correspondence between solutions.

Let yi(t, k) be a solution of CP2 and let us define vi(t, k) := ∂0y
i(t, k) and via(t, k) := ∂ay

i(t, k). One has immediately that eij
(
d0y

j − vj
)

= 0, βabij

(
d0v

j
b − dbvj

)
= 0,

via = dav
i, and via(0, k) = ∂af

i(k). Accordingly, one has a solution of CP1 in the form (yi(t, k), ∂0y
i(t, k), ∂ay

i(t, k))

On the other hand, let us consider a solution (yi(t, k), vi(t, k), via(t, k)) of CP1. Because of equation d0y
j = vj , the field vi must be equal to vi(t, k) = ∂0y

i(t, k).

Because of the equation d0v
j
b = dbv

j , one has via = ∂av
i + c(k) and because of the constraint one has c(k) = 0. Thus yi(t, k) is a solution of CP2.

The second order problem CP2 is well-posed if the first order problem CP1 is symmetric hyperbolic. That is symmetric when βabij = eabji and it

is symmetric hyperbolic when eabij is non-degenerate and definite positive. Accordingly, a second order quasi-linear operator (2.3.33) is symmetric

hyperbolic iff eij is non-degenerate definite positive and eabij = eabji is symmetric and non-degenerate definite positive.

The second order Cauchy problem CP2 is well-posed if the operator is symmetric hyperbolic in some ADM space-time. Unlike for first order operators,

an operator which is symmetric hyperbolic in a system of ADM coordinates may fail to be in another ADM coordinate system (e.g. if eaij happens

not to be symmetric).

Let us stress that these conditions are met for Klein–Gordon equation considered above. For the Klein–Gordon equation the evolutionary scheme

applies directly and thoroughly.

Let us consider now vacuum electromagnetism on Minkowski. With the standard ADM space-time we have ADM coordinates (t, xi), and the potential Aµ can be

pulled back to space as

Ai = Jαi Aα = Ai (2.3.35)

and a space scalar field A = Aαn
α = A0.

The adapted configuration bundle can be fixed to

D = (Σ× R)×M T ∗Σ (2.3.36)

Maxwell equations are written as

∂µF
µν = 0 (2.3.37)
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which splits as

∂j0A
j
· = ηkj∂jkA ηik∂00Ak − ηik∂0kA+

(
ηikηnl − ηilηnk

)
∂nkAl = 0 (2.3.38)

This system is not symmetric hyperbolic. In particular, the first equation has no second time derivatives implying a degenerate coefficient eij . The first equation does

not determine fields, it just constrains initial conditions. In other words, initial conditions must obey these equations.

The second equation are 3 equations which are symmetric hyperbolic for the field Ai. If initial conditions are provided, the field Ai(s, k) is uniquely determined. In

other words, Maxwell equations do not determine uniquely the potential Aµ. It determines Ai while A0 is left undetermined. Thus field equations are underdetermined.

Moreover, one of the equations actually is a constraint for initial conditions, thus field equations are overdetermined.

In the next Section we shall show that the fact that equation is underdetermined is directly connected with covariance. Of course, in a variational

setting there are as many equations as fields, and if some fields are left undetermined, the corresponding equations cannot determine anything and

must be constraints. accordingly also overdetermination is (indirectly, in a variational framework) related to covariance.

This is a general feature of gauge theories and relativistic theories; field equations split in two groups. One group of constraints and one group of

evolutionary equations which partially determine fields. The other fields are left undetermined and are the remnant of observer freedom. In this way

one can count how many fields are determined by the evolutionary system. Their number is also called the number of physical degrees of freedom.

When there are no constraints and field equations are of order k, the sections of Jk−1D uniquely determine solutions. Then Sec(Jk−1D) is the phase

space of the system. When initial conditions are constrained, constraints identifies a subset P � Sec(Jk−1D) which is the phase space of the system.

In general, field equations which contain time derivatives could fail to be symmetric hyperbolic, e.g. because eABij are not symmetric. This could be

settled by introducing other constraints or partially fixing spatial coordinates. We shall discuss the general situation below.

For now, we shall only prove that this evolutionary scheme (i.e. the one without constraints) does not work in most theories of physical interest,

i.e. every time one has a non-trivial symmetry group as a consequence of covariance.

4. Hole argument

.Next SectionLet us review now a modification of the hole argument presented by Einstein in 1913, though in this form it was discussed by Hilbert; see[14]. It is a

fundamental piece of interpretation of relativistic theories. It will also give us a precise and general definition of gauge theory. Let us remark that the

original hole argument is traditionally used to discuss whether the points in spacetime retain some direct physical interpretation, while here we use it

only to discuss observability of the metric field, since we believe it makes it a clearer argument.

Let us first notice that, as a matter of fact, compact supported diffeomorphisms exist on any smooth manifold.

Let D ⊂M be a compact subset of spacetime.

Let us consider any vector field ξ ∈ X(M) and ϕ : M → R a function compactly supported in D. Such a function exists in view of paracompactness of manifolds

(essentially because one can easily define them on Rm).

Then define the vector field ξ′ = ϕ · ξ which is zero outside D and different from zero in D. The flow Φs of ξ′ is then the identity for any s and any x outside D, while

it is different from identity within D. A diffeomorphsm Φ is called compactly supported if there exists a compact set D ⊂M such that Φ is the identity outside D while

it is different from the identity within D. Thus the flow Φs is made of compactly supported diffeomorphisms of M .
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In any natural theory, diffeomorphisms are symmetries, so they send solutions into solutions. Accordingly, if ψ 2 Sec(C) is a solution, then ψ′ := Φ∗ψ

is a solution as well. Now the important issue is that, if Φ is supported in D �M , then ψ and ψ′ are identical outside D and different within D.

To be true one does not need the diffeomorphism to be compactly supported. What is needed is that the support does not touch a Cauchy surface

Σ0. Thus, at a fixed ADM slicing, one can fix a Cauchy surface and define a hole (or a Cauchy domain) D � M as a close set which does not

intersect the Cauchy surface. A Cauchy diffeomorphism is a diffeomorphism of M which is supported into a Cauchy domain D. More generally, a

Cauchy transformation is a symmetry (not necessarily a spacetime diffeomorphism depending on the theory, e.g. a pure gauge transformation in a

gauge-natural theory) which is supported into a Cauchy domain and the set of Cauchy transformations is denoted by D1. We shall also denote by Dn
the transformations which can be expressed as the composition of n Cauchy transformations and by D the group generated by Cauchy transformations.

Of course, one has

D1 � D2 � . . . � Dn � . . .D � S (2.4.1)

For any Φ ∈ D1, the two solutions ψ and ψ′ = Φ∗ψ are different (within the Cauchy domain D), they are both solutions, and they have the same initial conditions

since they are identical (everywhere outside D and in particular) on the Cauchy surface Σ0.

The Cauchy theorem does not hold true simply because, assuming existence of solutions, we constructed a counterexample to uniqueness. Thus field equations cannot

uniquely determine solutions and are hence underdetermined.

The only two ways out are getting rid of determinism without a fight or assuming that the two mathematical objects ψ and ψ′ in fact describe the

same physical state.

In the second case we are saying that many different mathematical objects do describe the same physical state. One can try to make this idea precise:

there must be some equivalence relation to be defined so that it implements the idea that ψ � ψ′ iff they represent the same physical state.

Here we have three groups which are relevant.

The first group is the symmetry group S = Diff(M) of all transformations which are symmetries of the dynamics.

The second group is the one generated by Cauchy diffeomorphisms, denoted by D. Transformations in D are compositions of a finite number of Cauchy diffeomorphisms.

Notice that a composition of Cauchy diffeomoprhisms need not to be a Cauchy diffeomorphisms; in fact one can compose two Cauchy diffeomorphisms which reduce

to the identity in a neighbourhood of two different Cauchy surfaces.

The third group is the group which defines physical states, denoted by G. Two configurations define the same physical state iff there exists a transformation Φ ∈ G
mapping one configuration into the other. In other words, physical states are defined as equivalence classes, i.e. as the orbits of the group action of G.

The field equation which is written for ψ is compatible with this equivalence relation iff whenever ψ is a solution and ψ′ � ψ then ψ′ is a solution as

well. Thus the transformations between different representations of the same physical state must be symmetries, i.e. G � S. Then the field equations

pass to the quotient and become equations for the true physical states which are in fact equivalence classes [ψ].

This idea solves the problem highlighted by the hole argument provided one has that if ψ and ψ′ = Φ∗ψ differ by a Cauchy diffeomorphism, then they

must represent the same physical situation, i.e. ψ � ψ′.
In other words, one must also have D � G. To summarise the results, then the situation must be

D � G � S (2.4.2)

:Notation: :Symbols: :AIndex: :Index:



136 General covariance

In some cases, one might have D = S so that there is only one possibility for G = S. However, if the inclusion D ⊂ S is strict, one may have different possibilities for

choosing G. In this cases, different specification of the group G do define different systems. One can see it studying a simple example. Let us consider Kepler problem in

the plane. The symmetry group is SO(2) and there is no symmetry which is compactly supported, thus D = {e}. Then one has D S and different options for choosing

G, e.g G = {e} or G = SO(2).

In the first case, by choosing G = {e} we are declaring that two planets with orbits which are rigidly rotated around the Sun are two different physical states. Since

physical states are defined as what we are able to observe, that means, for example, that we can observe the direction of the orbital main axis, for example by referring

it to fixed stars.

But suppose that for some reason there are no fixed stars. Then we are not able to observe a global rotation and only relative angles are physically defined. This

corresponds to declare that rotations do not change the physical state and to choose G = SO(2).

None of the two choices is a priori right and it must be addressed on the physical stance. On the other hand, let us stress that different choices come with a consequence

on what is to be considered observable in the theory.

More generally, whether D = S or not, it depends on details and it will discussed below.

When D is not trivial, there is no choice: if one wants to keep some sort of determinism, then at least two sections which differ by (a finite composition

of) Cauchy diffeomorphisms cannot describe different physical states.

One can get easily convinced that the hole argument can be expressed in a much more general way. Whenever one has symmetries which reduce to

the identity in a neighbourhood of a Cauchy surface, then sections related by these transformations must represent the same physical state.

What is relevant is the equivalence class of sections (modulo transformations in G). This applies to diffeomorphisms in natural theories as well as to

Cauchy gauge transformations in gauge-natural theories.

Cauchy transformations are a kind of symmetries which are quite peculiar of field theory and quite rare in mechanics.

Consider the motion of a particle in a central force. For this system, rotations are symmetries. However, there is nothing like a compactly supported rotation. Either

the rotation is non-trivial (then it moves almost any point in the space, namely all except the ones on its axis) or it is the identity everywhere. The same consideration

applies to translations.

As a matter of fact, something similar to gauge transformations in mechanics is considered only when considering the motion of a relativistic point. In that case, one

wants arbitrary reparameterisations of the worldlines to be symmetries. And one can easily see that one can define Cauchy reparameterisations (i.e. reparameterisations

which reduce to the identity out of a Cauchy domain D ⊂ R). We shall show below that any reparameterisation can be written as a composition of two Cauchy

reparameterisations, so that in this case one has D = S and one is forced to choose G = S.

In that situation, i.e. when reparameterisations are symmetries for the dynamics, one has no option. Different parameterisations of the same trajectories do define the

same physical state. There is no model for parameterised curves in spacetime, which is covariant with respect to reparameterisations, in which different parameterisations

describe different motions. And this has little to do with the physical meaning of the sentence, it is rather a pure mathematical claim.

We define a gauge theory to be a field theory in which one has Cauchy symmetries. This includes the relativistic point, natural theories (e.g. gravitational

theories), and gauge-natural theories (e.g. Maxwell and Yang–Mills theories).

This is not optional. If there are Cauchy symmetries one is forced to purge them from physical states if determinism has to be saved. One cannot ignore if a field

theory is a gauge theory and act as if it were not.

Accordingly, in gauge theories the physical state is always a class of configurations and field equations are always underdetermined since they cannot

determine a representative within the gauge class.
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As we discussed above, field equations are also overdetermined (there are constraints on allowed initial conditions).

Thus in general one needs to discuss whether the inclusions D � G � S are strict and how many possibilities one has in choosing G accordingly. Hereafter

we shall discuss the case of pure gauge transformations, of reparameterisation of trajectories on spacetime, and of Cauchy spacetime diffeomorphisms

in natural theories with a compact and non-compact space Σ.

Step-like functions

Before proceeding with Cauchy transformations, let us here introduce a pair of smooth functions, called step-like functions and denoted by ϕ± : R! R,

which will prove useful below. Let us first define ϕ+ : R! R as

ϕ+(s; a, α) =
1

N

Z s

−∞
ϕ̂+(x; a, α)dx (2.4.3)

where we set

ϕ̂+(x; a, α) =

(
exp

�
� a2

α2−x2

�
x 2 (�α, α)

0 otherwise
(2.4.4)

Fig. 2.1: Smooth step-like functions ϕ±

The function ϕ+(s; a, α) is smooth everywhere, it is identically ϕ+(s; a, α) = 0 for s � �α, the parameter a > 0

can be fixed at will and the normalization factor is fixed as

N :=

Z +∞

−∞
ϕ̂+(x; a, α)dx =

Z +α

−α
ϕ̂+(x; a, α)dx (2.4.5)

so that the function ϕ+(s; a, α) = 1 for s � α. Moreover, the derivative ϕ′+(s; a, α) is positive and bounded by

the value ϕ′+(0; a, α) = 1/N .

Then one can define

ϕ−(s; a, α) = 1� ϕ+(s; a, α) (2.4.6)

which is also everywhere positive and decreasing, it is ϕ−(s; a, α) = 1 for s � �α, ϕ−(s; a, α) = 0 for s � α and

its derivative is bounded from below by the value ϕ′−(0; a, α) = �1/N . For short we shall set

ϕ±(x) = ϕ±(x; 1, 1) (2.4.7)

The step-like functions ϕ±(s; a, α) are a kind of partition of unity, though not compactly supported. We shall see in next Subsection how to use these

functions to dump a symmetry to make it a Cauchy transformation in a number of different contexts. However, these step-like functions can be used

to solve a number of different problems, for example, they can be used to smoothly connect two functions.
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Let f(x), g(x) : R! R be two functions and suppose we want to define a smooth connection between these two functions in the interval [x0, x1]. Let

us set

s(x;x0, x1) := 2
x� x0

x1 � x0
� 1 (2.4.8)

which runs in the range s 2 (�1, 1) as x 2 (x0, x1), and consider the function h(x) = f(x)ϕ− (s(x;x0, x1)) + g(x)ϕ+ (s(x;x0, x1)).

One has that

h(x0) = f(x0) h(x1) = g(x1) (2.4.9)

Thus the function defined as

H(x) =

8><
>:
f(x) x � x0

h(x) x0 < x < x1

g(x) x � x1

(2.4.10)

turns out to be continuous. Moreover, one has that the derivative of h(x) is

h′(x) = f ′(x)ϕ−(s) +
2

x1 � x0
f(x)ϕ′−(s) + g′(x)ϕ+(s) +

2

x1 � x0
g(x)ϕ′+(s) (2.4.11)

so that h′(x0) = f ′(x0) and h′(x1) = g′(x1) and the function H(x) is also C1. Then one can prove that all higher derivatives match at any order and

the function H(x) is hence, in fact, smooth.

Now let us suppose that f(x0) < g(x0). One can expand f(x) and g(x) around the point x = x0 to obtain

f(x) = f(x0) + f ′(x0)h+O(h2) g(x) = g(x0) + g′(x0)h+O(h2)

f ′(x) = f ′(x0) + f ′′(x0)h+O(h2) g′(x) = g′(x0) + g′′(x0)h+O(h2)
(2.4.12)

where we set h := x� x0 > 0.

Then one has in x 2 (x0, x1)

h′(x) =f ′(x0)ϕ−(s) + f ′′(x0)hϕ−(s) +
2

x1 � x0
f(x0)ϕ′−(s) +

2h

x1 � x0
f ′(x0)ϕ′−(s) + g′(x0)ϕ+(s) + g′′(x0)hϕ+(s)+

+
2

x1 � x0
g(x0)ϕ′+(s) +

2h

x1 � x0
g′(x0)ϕ′+(s) +O(h2) =

=f ′(x0)� f ′(x0)ϕ+(s) + f ′′(x0)h� f ′′(x0)hϕ+(s)� 2

x1 � x0
f(x0)ϕ′+(s)� 2h

x1 � x0
f ′(x0)ϕ′+(s) + g′(x0)ϕ+(s) + g′′(x0)hϕ+(s)+

+
2

x1 � x0
g(x0)ϕ′+(s) +

2h

x1 � x0
g′(x0)ϕ′+(s) +O(h2) =

=
2 (g(x0)� f(x0))

x1 � x0
ϕ′+(s) + f ′(x0) +

�
g′(x0)� f ′(x0)

�
ϕ+(s) +

2h
�
g′(x0)� f ′(x0)

�
x1 � x0

ϕ′+(s) +O(h)

(2.4.13)
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Thus we have a smooth link between the two functions and if f(x0) < g(x0) one has that as x1 is chosen near x0 the first term grows unbounded and

alone. If f(x) and g(x) are positive diffeomorphisms then one can choose x1�x0 small enough so that h(x) has positive derivative as well. Accordingly,

H(x) is a smooth diffeomorphism.

Let us stress that we showed that we can define a smooth diffeomorphism H(x) starting form any two positive diffeomorphisms f(x) and g(x), without any request

about being homotopic to the identity. We shall use this result later on to discuss reparameterisations.

Physical states and pure gauge transformations

The issue about whether generic gauge transformations do preserve the physical state is particularly tricky. Of course, transitivity of equivalence

relations implies that the composition of a finite number of Cauchy transformations does still preserve the physical state. However, it is unclear if any

gauge transformation can be written as a finite composition of Cauchy ones.

In a gauge-natural theory, pure gauge transformations are generated by vertical automorphisms of the structure bundle P. The group of such

transformations is denoted by AutV (P) and we restrict to transformations which can be connected by a flow to the identity, thus one has a flow of

pure gauge transformations Φs such that Φ = Φ(s=1). The corresponding group is denoted by S = AuteV (P).

Let us prove that any symmetry transformation Φ 2 S can be written as the composition of two Cauchy transformations Φ± 2 D1.

Now, given a pure gauge transformation flow Φs : P ! P one can decide to follow the flow first for a time s = ϕ+(t � π(p)), then for a time

s = ϕ−(t � π(p)). This can be obtained by defining

Φ+(p) = Φϕ+(t◦π(p))(p) Φ−(p) = Φϕ−(t◦π(p))(p) (2.4.14)

The composition of these two maps is

Φ− � Φ+(p) = Φϕ−(t◦π(Φϕ+(t◦π(p))(p)))

�
Φϕ+(t◦π(p))(p)

�
(2.4.15)

Since the map Φ+ is vertical one has t � π(Φϕ+(t◦π(p))(p)) = t � π(p) so that

Φ− � Φ+(p) = Φϕ−(t◦π(p))

�
Φϕ+(t◦π(p))(p)

�
= Φϕ−(t◦π(p))+ϕ+(t◦π(p))(p) = Φ1(p) = Φ(p) (2.4.16)

Analogously, one has

Φ+ ◦ Φ−(p) = Φϕ+(t◦π(Φ−(p)))

(
Φϕ−(t◦π(p))(p)

)
= Φϕ+(t◦π(p))

(
Φϕ−(t◦π(p))(p)

)
= Φϕ+(t◦π(p))+ϕ−(t◦π(p))(p) = Φ1(p) = Φ(p) (2.4.17)

Both Φ± are Cauchy transformations (they are identical for t �π(p) < �α and t �π(p) > α, respectively) and any Φ 2 AuteV (P ) can always be written

as a composition of two Cauchy transformations, namely Φ = Φ+ � Φ− .

Thus one has D = S. Accordingly, one is forced to set G = S and any two configurations differing by a pure gauge transformation are always equivalent

and they represent the same physical state.
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Physical states and reparameterisation of trajectories

Let us here consider reparameterisations in the model for relativistic point. Let us consider a curve γ : R!M in spacetime and φ : R! R : ŝ 7! s(ŝ)

a (positively oriented) diffeomorphism. If γ(s) is a local expression for the curve, one can define a reparameterisation by composition γ̂(ŝ) = γ(s(ŝ)).

Also in this case we can prove that any (positive) reparameterisation φ can be obtained as a composition of two Cauchy reparameterisations φ = φ+�φ−.

Actually, in this case, we can be more general than what we did for pure gauge transformations, since we shall prove it for any positive reparameterisation,

without resorting to flows at all, i.e. not only for reparameterisations in a flow.

If we show that φ = φ+ �φ− for two Cauchy reparameterisations φ± 2 D1, then, given the curve γ, one can define γ+ = γ �φ+ and γ̂ = γ+ �φ− = γ �φ
having γ � γ+ and γ+ � γ̂, thus by transitivity property, one has γ � γ̂. Accordingly, two curves differing by such a (positive) reparameterisation do

in fact represent the same physical state.

Before starting proving this result, let us remark that it is necessary and sufficient to show that one can find a reparameterisation φ− : R! R which

agrees with φ in an interval I � R and it reduces to the identity in another interval J � R. In fact, once one has such a reparameterisation, which will

be called a splitter for φ, one can define

φ+ = φ � φ−1
− ) φ = φ+ � φ− (2.4.18)

and the map φ+ : R! R in fact reduces to the identity on I. Then both φ± 2 D1 and hence φ 2 D2.

Thus let us prove that one can build splitters φ− for any (positive) diffeomorphism φ by using the step-like functions ϕ± defined above.

Let φ : R→ R : ŝ 7→ φ(ŝ) be a (positive) diffeomorphism, i.e. with φ̇(ŝ) > 0 everywhere in R.

If φ = idR, there is nothing to prove. If φ 6= idR one can find a point x0 ∈ R such that φ(x0) 6= x0. Let us suppose that φ(x0) > x0; then we can go back to when we

proved smooth connection between diffeomorphisms and set f = φ and g(x) = 0. Then one can find x1 − x0 small enough to have a smooth φ− which agrees with φ

for ŝ ≥ x1, while it agrees with idR for ŝ ≤ x0.

On the other hand, if φ(x0) < x0 one can choose f(x) = x and g(x) = φ(x). Accordingly, one can find a smooth splitter φ+ for φ, which agrees with φ for ŝ ≤ x0, while

it agrees with idR for ŝ ≥ x1.

Since any reparameterization φ 2 S = Diff(R) is compositions of two Cauchy reparameterisations φ±, then φ 2 D2 = D = S and one is forced again

to set G = S.

Two curves differing by a reparameterisation do describe the same physical state and there is nothing like a theory for relativistic particles where

state is described by a motion is spacetime. Only trajectories matter.

Physical states in spacetimes with compact space

We can now adapt the argument of the reparameterisations above to any natural theory defined on a spacetime M equipped with an ADM splitting

t : M ! R� Σ with a compact space Σ. Of course, this includes the case of reparameterisations where the space Σ was made of one point only.

Let us fix two disjoint closed intervals I, J � R and denote by U = t−1(I) and V = t−1(J) the corresponding sets in M . Let us consider a

diffeomorphism φ : M ! M which can be deformed to the identity by a flow φs so that φ = φ(s=1) and show we can build a splitter for it, i.e. there

exists a diffeomorphism φ− : M !M which reduces to the identity in V and it coincides with φ on U .
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Once a splitter is produced, then one can define

φ+ = φ � φ−1
− ) φ = φ+ � φ− (2.4.19)

and the map φ+ : M !M in fact reduces to the identity on U . Then both φ± 2 D1 and hence φ 2 D2 so that one has D2 = D = S.

In order to build a splitter φ− for φ, let us consider the infinitesimal generator ξ of the flow φs and define the dumped vector field ξ− = ϕ−(t(x))ξ. Let us denote by

φ−s the flow of ξ− and set φ− = φ−(s=1), which is a diffeomorphism by construction.

Let us then show that φ− is a splitter for φ. The vector field ξ− coincides with ξ where t(x) < −1. However, if one considers a point x with t(x) < −1 and one leaves

it be dragged along the flow φ−s until s = 1, then the endpoint can be different from φ(x). In fact, it may happen that during the dragging the point enters the region

t(x) > −1, it feels a dumped field, and shows down.

In order to avoid such a problem, we should restrict to points that will not enter in the region t(x) > −1 when dragged until s = 1. For, let us consider the space Σ−1

at t = −1 and consider the map τ : Σ→ R : x 7→ t(φ−1(x)). Since Σ is compact, the function τ attains its minimum at t = t1. Now it is easy to check that by starting

from a point in the region t(x) < t1 one can follow the flow φ−s until s = 1 and stay safely in the region t(x) < −1, i.e. for t(x) < t1 one has φ−(s=1)(x) = φ(x).

Then the map φ− is a splitter for φ, since it coincides with φ in the region t(x) < t1 and it reduces to the identity in the region t(x) > 1.

Since we showed that splitters exist, then one has D = G = S. Accordingly, two configurations differing by any diffeomorphism (in the connected

component to the identity) represent the same physical state.

As we said this argument can be applied straight away to reparameterisations.

However, in Subsection 2.4.3 we obtained the same result for any (positive) reparameterisation, not only for reparameterisation in the connected component to the

identity.

Physical states in spacetimes with non-compact space

The proof in the compact-space case relies on the assumption that space is compact to guarantee that the map τ attains its minimum and one can

find a region in which the transformation φ− coincides with φ, which is essential to prove that φ+ 2 D1. One could argue that one may have D2 = S
in any case, though possibly the structure of the proof might need to be adapted to different situations.

This is not the case. We can show that when the space Σ is non-compact there are diffeomorphisms which are not in D2.

Let us consider M = R2 with the canonical ADM splitting on R. Since M = R�R the space Σ = R is non-compact. Then define the diffeomorphism

φ : R2 ! R2 : (t, x) 7! (t′, x′)

(
t′ = cos(t2 + x2)t� sin(t2 + x2)x

x′ = sin(t2 + x2)t+ cos(t2 + x2)x
(2.4.20)

which is in fact generated by the flow of the vector field ξ = (t2 + x2)(x∂t � t∂x), i.e. one has φ = φ(s=1) where the flow of ξ is given by

φs : R2 ! R2 : (t, x) 7! (t′, x′)

8<
:
t′ = cos

�
(t2 + x2)s

�
t� sin

�
(t2 + x2)s

�
x

x′ = sin
�

(t2 + x2)s
�
t+ cos

�
(t2 + x2)s

�
x

(2.4.21)
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A proof along the lines for compact-space case does not work in this case. In fact, one has that a line Σt0 = f(t0, x)g is sent around in a spiral φ(Σt0)

which has no maximum or minimum.

Fig 2.2: The image (blue) of a vertical stripe (red)

under the transformation φ

However, this does not mean that there could be other ways to build a splitter for φ. Thus we have to

prove directly that φ 62 D2.

One can easily check that φ 6∈ D1 since its fixed points are the origin and a discrete sets of circles around it (the

ones of radius r2 = t2 + x2 = 2kπ with k ∈ Z) so that φ is not the identity on any vertical line.

Let us first introduce two notations. For two subsets I1, I2 ⊂ R we write I1 < I2 iff ∀t1 ∈ I1 and ∀t2 ∈ I2 one has

t1 < t2.

Analogously, for two subsets U1, U2 ⊂M we write U1 < U2 iff ∀x1 ∈ U1 and ∀x2 ∈ U2 one has t(x1) < t(x2).

In both cases we shall say that I1 (or U1) is on the left of I2 (or U2) or equivalently that I2 (or U2) is on the right

of I1 (or U1).

Let us suppose, for the sake of argument, that φ ∈ D2 and it can be written as φ = φ+ ◦ φ− for two Cauchy

transformations φ± ∈ D1.

Let us denote by Ui = π−1(Ii) the opensets with Ii intervals in R so that φi is the identity on the vertical stripe Ui.

The two intervals I1 and I2 are disjoint (if not φ would be in D1). With no loss of generality we can choose I1 < I2

(meaning that I1 is on the left of I2); if this were not the case one can repeat the argument for φ−1 = φ−1
2 ◦ φ−1

1

(being that φ ∈ D2 if and only if φ−1 ∈ D2).

Let us remark that a map φ1 ∈ D1 (which is the identity on a stripe U1) maps the left (right) region into itself,

thus preserving the ordering. In other words, one has that for any {p} < U1 then one has {φ1(p)} < U1 (as well as

for any {p} > U1 then one has {φ1(p)} > U1).

Now consider a point p ∈ U2; one has φ2(p) = p and φ1(p) = φ(p). Since φ1 is the identity on U1 and U1 < {p} then U1 < {φ(p)}. Thus the diffeomorphism φ maps

the stripe U2 in a stripe which lies on the right of U1, i.e. we write U1 < φ(U2). However, since the stripes go up (and down) to infinity the spiral drives their image

φ(U2) around and sooner or later it will be forced to have some points on the left of U1. By the contradiction one concludes that φ cannot the written as φ = φ1 ◦ φ2,

i.e. φ 6∈ D2.

One can easily check that φ 62 D1 since its fixed points are the origin and a discrete sets of circles around it (the ones of radius r2 = t2 + x2 = 2kπ

with k 2 Z) so that φ is not the identity on any vertical line.

Let us first introduce a notation. For two subsets I1, I2 � R we write I1 < I2 iff 8t1 2 I1 and 8t2 2 I2 one has t1 < t2.

Analogously, for two subsets U1, U2 �M we write U1 < U2 iff 8x1 2 U1 and 8x2 2 U2 one has t(x1) < t(x2).

In both cases we shall say that I1 (or U1) is on the left of I2 (or U2) or equivalently that I2 (or U2) is on the right of I1 (or U1).

Let us suppose, for the sake of argument, that φ 2 D2 and it can be written as φ = φ+ � φ− for two Cauchy transformations φ± 2 D1.

Let us denote by Ui = π−1(Ii) the open sets with Ii intervals in R so that φi is the identity on the vertical stripe Ui. The two intervals I1 and I2 are

disjoint (if not, φ would be in D1). With no loss of generality, we can choose I1 < I2 (meaning that I1 is on the left of I2); if this were not the case one

can repeat the argument for φ−1 = φ−1
2 � φ−1

1 (being that φ 2 D2 if and only if φ−1 2 D2).
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Let us remark that a map φ1 2 D1 (which is the identity on a stripe U1) maps the left (right) region into itself, thus preserving the ordering. In other

words, one has that for any fpg < U1 then one has fφ1(p)g < U1 (as well as for any fpg > U1 then one has fφ1(p)g > U1).

Now consider a point p 2 U2; one has φ2(p) = p and φ1(p) = φ(p). Since φ1 is the identity on U1 and U1 < fpg then U1 < fφ(p)g. Thus the

diffeomorphism φ maps the stripe U2 in a stripe which lies on the right of U1, i.e. we write U1 < φ(U2). However, since the stripes go up (and down)

to infinity the spiral drives their image φ(U2) around and sooner or later it will be forced to have some points on the left of U1. By the contradiction,

one concludes that φ cannot the written as φ = φ1 � φ2, i.e. φ 62 D2.

Thus, in the cases for which the space manifold is non-compact, one can have diffeomorphisms of M which are not in D2 and, accordingly, one has

D2  Diffe(M).

With some more effort, one can show that the diffeomorphism φ here considered is not in D3 either. Thus one has that D3 Diffe(M). However, this

direct approach to Dn grows soon too difficult since the direct proof needs to consider in Dn all the possible orderings of the stripes Ui (and find a

contradiction for each of such orderings) on which the diffeomorphisms φi reduce to the identity once one assumes that φ = φ1 � φ2 � . . . � φn. In other

words, the length of the direct proof grows as n!/2 and it becomes soon too long.

We still miss to prove that this is a real counterexample, that φ 62 D, so that D  Diffe(M) and one really has some freedom in choosing the gauge

transformations D � G � S in these cases.

On the other hand, we have to remark that one alternatively would need a proof that D = S in order to assume, as usually done, that two configurations

differing by a diffeomorphism are necessarily representing the same physical state (i.e. general covariance principle). Such a proof is missing and one

should study each case on a separate basis, possibly resorting to physical arguments, to justify the assumption.

We shall assume hereafter that the standard choice G = Diff(M), which is always a possible choice, (and the consequent general covariance principle)

holds true.

Local Lagrangians

If field equations are not global, then a section is a solution or not depending on the coordinate used. This is unacceptable for a fundamental field

theory. For that reason, we required the Lagrangian to be global (so that field equations are automatically global as well).

However, one can obtain global field equations also from non-global Lagrangians.

Let us consider two observers (xλ, yk) and (x′λ, y′k) defined over U and U ′ (or, for simplicity, both defined on U\U ′) which define two local Lagrangians

L(xλ, yk, ykλ, . . .)d� L′(x′λ, y′k, y′kλ , . . .)d�
′ (2.4.22)

If the difference of the Lagrangian density is a pure divergence on U \ U ′, i.e. if

JL′(x′λ, y′k, y′kλ , . . .) = L(xλ, yk, ykλ, . . .) + dµα
µ(xλ, yk, ykλ, . . .) (2.4.23)

then they induce the same field equations, i.e.

Ei(L
′) = JE′k(L)Jki (2.4.24)
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Preserving the Lagrangian up to pure divergences is sufficient for having global field equations, not necessary. However, we restrict to this case.

Now, if one has a global covariant Lagrangian L (actively or passively, it does not matter, as we shall discuss below), locally one can write it as

L =
�
L+ dµλ

µ
�

d� =
�
L′ + dµλ

′µ�d�′ JL′ = L+ dµα
µ

where we set αµ :=
�
λµ � JJ̄µν λ′ν

�
, so that we are in the situation presented above and the two observers define the same field equations.

If λ = λµd�µ and λ′ = λ′µd�′µ are global (m � 1)-forms then also Ld� and L′d�′ are global Lagrangians as well and they differ at most by a pure

divergence dα.

The interesting case is when each observer subtract to the global Lagrangian L a local divergence, i.e. a local (m � 1)-forms defined on its domain.

Since L is a global form and λ (λ′, respectively) is local, then Ld� (L′d�′, respectively) is local. In this case, the observers define local Lagrangians

which define the same field equations.

There are essentially two examples of this situation. One is Chern–Simons theories presented above in Section 1.6.9.

The other is the local variational principle which was used by Einstein in place of the Hilbert Lagrangian. If one considers the Hilbert Lagrangian LH =
√
g

2κR (for

simplicity with no cosmological constant) and tries to isolate second derivatives of the metric, one can recast it as

2κLH =
√
gR =

√
ggβµδεαR

α
βεµ =

√
ggβµδεα

(
dε{g}αβµ − dµ{g}αβε + {g}αλε{g}λβµ − {g}αλµ{g}λβε

)
=

=
√
g
(
δραg

βσ − gβρδσα
)
dρ{g}αβσ +

√
g
(
gβσδρα − gβρδσα

)
{g}αλρ{g}λβσ =

=dρ
(√
g
(
δραg

βσ − gβρδσα
)
{g}αβσ

)
− dρ

(√
g
(
δραg

βσ − gβρδσα
))
{g}αβσ +

√
g
(
δµε δ

λ
αg

βσ − δβε δλαgσµ
)
{g}ελµ{g}αβσ =

=dρ

(√
ggβσ

(
{g}ρβσ − δ

ρ
(σ{g}

ε
β)ε

))
− dρ

(√
g
(
δραg

βσ − gβρδσα
))
{g}αβσ +

√
g
(
δµε δ

λ
αg

βσ − δβε δλαgσµ
)
{g}ελµ{g}αβσ =

=dρ

(√
ggβσuρβσ

)
− dρ

(√
g
(
δραg

βσ − gβρδσα
))
{g}αβσ +

√
g
(
δµε δ

λ
αg

βσ − δβε δλαgσµ
)
{g}ελµ{g}αβσ

(2.4.25)

Then, if one discards the local divergence dρ

(√
ggβσuρβσ

)
, one obtains a family of local Lagrangians of first order in the metric, which, in this case, are called the

Einstein Lagrangian(s). They can be recast as

LE =− dρ
(√

g

2κ

(
δραg

βσ − gβρδσα
))
{g}αβσ +

√
g

2κ

(
δµε δ

λ
αg

βσ − δβε δλαgσµ
)
{g}ελµ{g}αβσ =

=
√
g

2κ

[
− 1

2δ
ρ
αg

µνgβσ + 1
2δ
σ
αg

µνgβρ + δραg
βµgσν − δσαgβµgρν

]
dρgµν{g}αβσ +

√
g

2κ

(
δµε δ

λ
αg

βσ − δβε δλαgσµ
)
{g}ελµ{g}αβσ =

=
√
g

2κ

[
− 1

2δ
ρ
αg

µνgβσ + 1
2δ
σ
αg

µνgβρ + δραg
βµgσν − δσαgβµgρν

] (
gνεδ

λ
µ + gµεδ

λ
ν

)
{g}ελρ{g}αβσ +

√
g

2κ

(
δρε δ

λ
αg

βσ − δβε δλαgσρ
)
{g}ελρ{g}αβσ =

=
√
g

2κ

[
− 1

2δ
λ
ε δ
ρ
αg

βσ + 1
2δ
λ
ε δ
σ
αg

βρ + δβε δ
ρ
αg

σλ − δλε δσαgβρ − 1
2δ
λ
ε δ
ρ
αg

βσ + 1
2δ
λ
ε δ
σ
αg

βρ + δβε δ
ρ
αg

σλ − δβε δσαgρλ + δλε δ
ρ
αg

βσ − δβε δραgσλ
]
{g}ελρ{g}αβσ =

=
√
g

2κ

[
δβε δ

ρ
αg

σλ − δβε δσαgρλ
]
{g}ελρ{g}αβσ =

√
g

2κ g
ρλ
(
{g}βσλ{g}

σ
βρ − {g}σβσ{g}

β
λρ

)
(2.4.26)

Notice that the Lagrangian(s) LE is not a scalar density (just because the divergence we discarded was local).

In these cases, we usually try to go the other direction. When observers define local Lagrangians, we shall usually try to restore the local divergences

to describe the same system by the global Lagrangian L. Restoring divergences does not change field equations, and it restores globality of conservation

laws.
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5. Covariance principles

.Next SectionUntil now, we have been quite sloppy, mixing the principles of general relativity (any observer has equal right to describe physics) with the general

covariance (diffeomorphisms, or gauge transformations, are symmetries of the system) and globality. It is time here to stop and clarify the issue in

detail.

Below we shall consider different conditions, investigating their geometric meaning and their mutual relations.

Globality

Let us start by considering a global Lagrangian on the configuration bundle C = (C,M, π, F ).

Let us consider an open cover Uα of spacetime M and each open set Uα supports an observer which is defined on π−1(Uα) � C of the configuration

bundle C. Each observer is identified with a fibered chart (xµ, yi) and one can map one observer into another (x′µ, y′i) by transition functions(
x′µ = x′µ(x)

y′i = Y i(x, y)
(2.5.1)

The observer can be induced by a chart on spacetime, as it happens in natural theories, or can be induced by a local trivialisation on the structure

bundle P, as it happens in gauge-natural theories, or, even not being induced by anything external to the configuration bundle, as in a generic field

theory with no particular covariance required. In any event, the observer is a fibered chart (xµ, yi) supported on Uα.

In natural theories, the transition functions (2.5.1) on C are induced by transition functions on M , namely x′µ = x′µ(x). As it happens in the tangent bundle, there is a

covariant functor which takes the transition functions on M and defines the transition functions (2.5.1) on C . In other words, the maps Y i(x, y) are defined out of the

functions x′µ = x′µ(x). For example, on the tangent bundle, one has v′µ = Jµν (x)vν which is determined by transition functions on M since Jµν (x) are the Jacobians

of x′µ = x′µ(x).

In gauge-natural theories the transition functions (2.5.1) on C are induced by transition functions on the structure bundle P{
x′µ = x′µ(x)

g′ = φ(x) · g
(2.5.2)

This means that the maps Y i(x, y) are defined out of the transition functions on the structure bundle. In this case, the configuration bundle C is the image of the

structure bundle through a covariant functor. The transition functions of C are the image of the transition functions of the structure bundle P through the same functor.

Then, each observer gives a local description of the system under consideration. In particular, each observer needs to select a dynamics which is done

by choosing a local Lagrangian Lα = Lα(xλ, yk, ykλ, . . .)d�.

Then one needs the Lagrangian of the system to be global. For, in the intersection of the observer domains one must have Lα = Lβ. For that one has

to have

JLβ(x′λ, y′k, y′kλ , . . .) = Lα(xλ, yk, ykλ, . . .) (2.5.3)

where we denoted by (xλ, yi) the coordinates associated to the observer Uα and (x′λ, y′i) the coordinates associated to the observer Uβ.
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This has not much to do with covariance. Global Lagrangians are common in mechanics, as well. Of course, t′ = t+ t0 is a symmetry only when the Lagrangian does

not depend explicitly on time. Any time-dependent force gives us an example of a global Lagrangian which is not covariant with respect to time reparameterisations.

[Not to mention that virtually any Newtonian Lagrangian is not covariant with respect to arbitrary time-reparameterisations. This is the consequence of the fact that

Newtonian time is absolute. One can set the origin of times at will but non-linear reparameterisations introduce accelerations which are not a matter of conventions.

They have a physical meaning of new forces acting on the system. For that reason, arbitrary time-reparameterisations are not symmetries.]

Then, the two observers compute their local field equations obtaining

Ei(Lα) = 0 E′i(Lβ) = 0 (2.5.4)

We already computed the relation between the two sets of field equations (see (1.3.32)) and we found that

Ei(Lα) = JE′j(Lβ)Jji (2.5.5)

This is just what it is needed to show that the two observers are defining as local field equations two patches of the same submanifold S � J2kC.
Let us consider a point j2k

x σ ∈ J2kC which is projecting over a point x in the intersection Uαβ of the domains of the two observers which is assumed to be non-empty.

One has j2k
x σ ∈ S ⊂ J2kC if for any X ∈ XV (C)

(j2kX E(Lα)) ◦ j2k
x σ = 0 ⇐⇒ Ei(Lα) ◦ j2k

x σ = 0 (2.5.6)

where we defined the form E(Lα) = Ei(Lα) ωi ∧ dσ.

If j2k
x σ ∈ S ⊂ J2kC for the first observer, then for the second observer one has

Ei(Lα) ◦ j2k
x σ = JE′j(Lβ)Jji ◦ j

2k
x σ = 0 ⇐⇒ E′j(Lβ) ◦ j2k

x σ = 0 (2.5.7)

The fact that j2k
x σ ∈ S ⊂ J2kC is independent of the observer since the two observers agree on which points are in S and on which are not. They define the same field

equation S, just giving a different local expression for it.

Now, let the two observers look for local solutions of their field equations. The first observer finds a local solution σα : Uα ! π−1(Uα), i.e. a local

section such that Ej(Lα) � j2kσα = 0. Let the expression of σα be

σα : Uα ! π−1(Uα) : xλ 7! (xλ, yi(x)) (2.5.8)

This local section is seen by the second observer as a local section σβ : Uβ ! π−1(Uβ) locally expressed as

σβ : Uβ ! π−1(Uβ) : x′λ 7! (x′λ, y′i(x′))

(
x′µ = x′µ(x)

y′i(x′) = Y i(x, y(x))
(2.5.9)

This is equivalent to say that the two local sections σα and σβ glue together and are, in fact, two local expressions of a single global section σ defined

on Uα [ Uβ. Now, let us consider a point j2kσ(x) in the image of (prolongation of the) section σ. For what we said above, that point is a solution of

the field equation for one observer iff it is for the other observer.
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Then the map (2.5.1) between the observers sends solutions of equations Ei(Lα) into solutions of equations E′i(Lβ). Then globality of the Lagrangian

just means that a section either is a solution or it is not, and that does not depend on which observer is asked to address the issue.

Of course, it may happen that the Lagrangian is not global while field equations are, as it happens in Chern–Simons theories. Just in these cases, one needs extra

arguments to show that field equations are global, while when the Lagrangian is global, globality of field equations follows automatically.

Without globality of field equations, being a solution is something that depends on the section and on the observer. In mechanics, that would mean

that one observer solves equations on a interval t 2 [t0, t1] until the system enters the overlap between two observers. Then the system evolves for time

t � t1 on a curve for the first observer and on a different curve for the other observers, which is clearly hard to be given a physical meaning. For this

reason, globality is for us is a very minimal requirement for a theory which makes sense and which is physically sound.

Principle of general relativity (passive covariance)

First of all, unless notification to the contrary, transformation refers to an invertible map. We shall consider two types of transformations.

The first type are spacetime diffeomorphisms φ : M !M or bundle automorphisms Φ : C ! C. These are maps which move points on spacetime or

bundle and are called active maps. They are represented in coordinates by local expressions in coordinates.

Let us fix a spacetime transformation φ : M →M and a coordinate chart, which is called the origin chart and which is defined on a domain U ⊂M . A point x in the

origin chart is represented by its coordinates xµ. If the point φ(x) is still in the same chart it is represented by coordinates x′µ and the local expression of the map is

given by

x′µ = φµ(x) (2.5.10)

which assigns the coordinates of the target point as a function of the origin coordinates.

In general, not all points in the coordinate domain U are mapped in U . In general, one defines a subdomain

U ′ = {x ∈ U : φ(x) ∈ U} ⊂ U ⊂M (2.5.11)

and, if U ′ is not the empty set, one restricts the map φ to U ′ and its local expression is given by (2.5.10).

Or, more generally, if the point x′ = φ(x) does not belong to the same chart U then one needs to choose a new chart with coordinates x′µ, which is called the target

chart, and again the local expression of the active map φ in coordinates is given by (2.5.10), though with a different meaning: the point corresponding to coordinates

xµ in the origin chart, is mapped on the point corresponding to coordinates x′µ in the target chart.

In any event, the local expression is a function φµ : Rm → Rm, while the active transformation is a map φ : M →M .

The same argument can be carried over on the configuration bundle C. Let us fix a bundle transformation Φ : C → C and the origin fibered coordinate chart. A point

p ∈ C in the origin chart is represented by its coordinates (xµ, yi). If the point Φ(x) is still in the same chart, it is represented by coordinates (x′µ, y′i) and the local

expression of the map is given by {
x′µ = φµ(x)

y′i = Y i(x, y)
(2.5.12)

which assigns the coordinates of the target point as a function of the coordinates of the origin point both in the origin chart. In (2.5.12) one needs to restrict the

domain to be sure that the image point still belongs to the origin chart domain, or choosing a new target fibered chart around the target point. Either way, the local

expression is a function (φµ, Y i) : Rm+k → Rm+k, not on the bundle C.
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The second type of transformations are transition functions on the spacetime M (or on a bundle C). These maps are called passive transformations.

These are local maps φµ : Rm ! Rm (or (φµ, Y i) : Rm+k ! Rm+k) which, in fact ,do not move anything. They simply map the name of a point x 2M
(i.e. its coordinates in the origin chart) to the name of the same point in the target chart.

If one considers the identity (active) map idM : M → M : x 7→ x and selects two different charts, xµ for the origin chart and x′µ for the target chart, then the local

expression of the identity map is in the form (2.5.10) which coincides with a passive transformation.

Transition functions are the local expressions of the identity map in two charts.

Quite a similar phenomenon happens on vector spaces when one uses different basis to write the matrix representing an endomorphism. It happens both that the

identity map can be represented by a matrix different from I and that any endomorphism f : V → V can be represented by the matrix I (by choosing a basis ei for

the origin and a basis fi = f(ei) for the target vectors). The situation arises from the confusion between a map (or an endomorphism) and its local expression, which

depends on the choice of coordinates (or a basis).

Active and passive transformations have two completely different natures, though in fact they share the same local expressions.

This is not a coincidence. It happens on manifold, bundles and whenever one builds global objects by glueing together trivial models along a class of maps. Then a

good definition for morphisms in that category is obtained by considering maps which have local expressions in the same class where glueing functions are.

In such a category, morphisms (the active transformations) and transition functions (the passive transformations) share the same type of local expressions. In fact

manifolds are obtained by glueing together patches of Rm along local diffeomorphisms, and bundles are obtained by glueing together tubelike products U × F along

fibered morphisms. In both cases, active and passive transformations do share the same local expressions.

Let us now discuss the principle of passive covariance or general relativity.

In natural theories, (natural) observers are identified with spacetime charts. They are the conventions needed to give a name to events. A local

observer xµ relates to a nearby observer x′µ when we are able to map the name of an event for the first observer into the name of the same event for

the second event, i.e. when we define the transition functions

x′µ = x′µ(x) (2.5.13)

If the first observer is defined on an open set U and the second is defined on U ′, then the transition functions (2.5.13) are defined on U \ U ′.
In gauge-natural theories, gauge-natural observers are identified with local fibered charts on the structure bundle P. Then transition functions are in the form (2.5.2).

Again, in transition functions (2.5.2), (x, g) and (x′, g′) refer to the same point and its coordinate labels according to two different gauge-natural observers. There is

nothing moving, just two names for the same point in P.

Let us first give a heuristic formulation of the general relativity principle (also called passive general covariance principle). Let us require that physics

can and ought to be described in an observer-independent fashion and there is no privileged class of (natural or gauge-natural) observers.

That in particular means that all observers set the same Lagrangian functional dependence on fields, i.e. passive covariance is obtained if each observer

defines the same Lagrangian density:

Lα = Lα(xλ, yk, ykλ, . . .)d� = L(xλ, yk, ykλ, . . .)d� Lβ = Lβ(x′λ, y′k, y′kλ , . . .)d�
′ = L(x′λ, y′k, y′kλ , . . .)d�

′ (2.5.14)

where L is the same Lagrangian density for all observers, just expressed using the coordinates of each observer.
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If the Lagrangian of one observer has extra terms, these terms can usually be interpreted as interactions which is not there for the other observer and the two observers

describe the same situation in different ways, one with different interactions than the other. This is against the general relativity principle.

General relativity alone does not say much. The function L can be any (local) function. It just prescribes total democracy among observers. It is

only when general relativity is put together with globality and one has Lα = Lβ, that general relativity implies that

JL(x′λ, y′k, y′kλ , . . .) = L(xλ, yk, ykλ, . . .) (2.5.15)

i.e. the function L behaves as a scalar density (and the changes of observer act as symmetries).

Probably, we should stress again that a genuinely non-global Lagrangian (one for which the local Lagrangians differ by more than a local divergences) would determine

local field equations and solutions in one patch that would not be connected to solutions in the other nearby patches.

In other words, being a solution would not be a geometric condition on sections alone but a property of local sections and observers. Being a solution of field equation

would depend on the coordinates chosen. That would mean to give up an absolute description of physical reality.

Physically speaking, the general relativity principle asserts that an absolute description of physics is in fact possible. And in principle, it must be preferred over relative

descriptions.

Thus we can state the general relativity principle as:

General Relativity Principle: the local representation of the (global) Lagrangian L given by each observer has to be in the form (2.5.14).

Equivalently, the Lagrangian density chosen by any observer must be a scalar density as in (2.5.15) with respect to arbitrary changes of observer.

Then general relativity principle (or, synonymously, passive covariance principle) is the globality of dynamics plus the covariance with respect to

general changes of observer. Since different observers select the same Lagrangian density, they find the same field equations (just each written with

the fields used by that observer).

Since equations are global the transformations on local sections defined as

y′i(x′) = Y i(x, y(x)) (2.5.16)

map local solutions in local solutions and since the transformations preserve the equations in form, they map local solutions of field equations into

local solutions of the same field equations. In other words, the changes of observer are (local) symmetries of the field equations.

Each natural (gauge-natural, respectively) observer locally defines the same Lagrangian density (the same functional form just as a function of its

fields). Hence physically speaking, each observer accounts for the same interactions and essentially provides the same description of physical reality.

General covariance (active covariance)

Active general covariance is a completely different property.

Let us start with natural theories. Here we are concerned with diffeomorphisms on spacetime M . These are real (and global) maps which actively

act on spacetime points. Locally, the diffeomorphism is expressed as

φ : M !M : xµ 7! x′µ = φµ(x) (2.5.17)
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Notice that the local expression of diffeomorphism is similar to transition functions, just with a different meaning. That happens because manifolds are obtained by

glueing patches of Rm exactly along (local) diffeomorphisms.

Let us stress that, unlike for principle of general relativity, here xµ and x′µ refer to coordinates of two different points. The map φ is actually regarded

as a map which moves the points in M .

Since the configuration bundle C is natural, the spacetime diffeomorphism φ can be lifted to a natural transformation φ̂ : C ! C of the configuration

bundle.

Being the configuration bundle C a natural bundle, there is a covariant functor F such that C = F (M). Then one has φ̂ = F (φ). Locally, natural transformations are

in the same form of (2.5.1), and the maps Y i(x, y) are constructed out of φµ(x) in a canonical way dictated by F .

Let us remark once again that the local expression of a natural transformation φ̂ is formally similar to the expression of a change of observer. Again, that is true since

bundles are obtained by glueing together trivial patches (namely, tubes U × F ) along natural transformations.

Then, the Lagrangian is chosen so that (it is global and) any such natural transformation is a symmetry, i.e. one has

(jkφ̂)∗L = L () JL(x′λ, y′k, y′kλ , . . .) = L(xλ, yk, ykλ, . . .) (2.5.18)

as in (1.4.1).

However, the active covariance condition (2.5.18) holds true for all diffeomorphism, i.e. for all functions x′µ = φµ(x), including the same local maps which represent

general relativity in a passive viewpoint.

Thus, with our definitions, a global Lagrangian is actively covariant iff it is passively covariant. For that reason, often one does not care much about the distinction

between active and passive viewpoint, though, of course, they are different conditions concerning different kind of transformations and endowed with different physical

meaning. Still, they select the same global dynamics.

A Lagrangian is natural if, for any spacetime vector field ξ 2 X(M), one has (2.1.13), i.e., in the case of a second order Lagrangian,

pi£ξy
i + pµi dµ£ξy

i + pµνi dµν£ξy
i = dµ (ξµL) (2.5.19)

A similar situation happens in gauge-natural theories. There one has a structure bundle P and the configuration bundle C is a gauge-natural bundle

associated to P. In other words, there exists a covariant functor F such that C = F (P). Any gauge transformation Φ : P ! P on the structure bundle

induces a gauge transformation F (Φ) =: Φ̂ : C ! C on the configuration bundle.

Then the Lagrangian is chosen so that (it is global and) any such gauge transformation is a symmetry, i.e. one has

(jkΦ̂)∗L = L () JL(x′λ, y′k, y′kλ , . . .) = L(xλ, yk, ykλ, . . .) (2.5.20)

Locally, a Lagrangian is gauge-natural if for any generator Ξ 2 X(P) of gauge transformations one has (2.1.23), i.e., in the case of a second order

Lagrangian,

pi£Ξy
i + pµi dµ£Ξy

i + pµνi dµν£Ξy
i = dµ (ξµL) (2.5.21)

The situation, in the two cases of natural and gauge-natural theories, is essentially the same; the difference between them is encoded in the different

definition of Lie derivatives that one uses in writing down the covariance principle.
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To summarise, in both cases, natural (gauge, respectively) transformations are Lagrangian symmetries, thus they leave field equations invariant and

they map solutions of field equations into solutions of the same field equations.

If one fixes the configuration bundle (which describes the fundamental fields and the whole structure of variations) and the order of the theory (i.e. how

many derivatives enter the Lagrangian) then Utiyama arguments do in fact select covariant dynamics.

Those global dynamics are, at the same time, actively and passively (gauge-)natural Lagrangian dynamics.

This would be satisfactory, if were not that already back in 1917 Kretschmann observed that any set of equations can be put in generally covariant

form at the price of introducing new fields; see[15][16]. Einstein almost immediately accepted Kretschmann’s argument and agreed that general relativity

was not a physical principle since it does not really select dynamics. He admitted that general relativity can be used only as a heuristic principle to

select covariant dynamics which are simple in covariant form. That is probably the historical reason why equivalence principle took over as a physical

root for GR.

It is here where we get into troubles! We showed that the principle of general relativity is equivalent (unless local Lagrangians are considered, as, by

the way, Einstein was doing at that time) to the principle of general covariance. If the principle of general relativity has no physical content then the

principle of general covariance has neither. On the other hand, we have examples of how general and gauge-natural covariance does select dynamics.

That is what Utiyama-like theorems do.

Utiyama arguments show that covariance principle (plus the choice of fundamental fields) does select dynamics. This, strictly speaking, does not contradict Kretschmann

argument since he claimed that covariantisation can be achieved, though at the price of adding new fields or equations.

Moreover, we shall also see below that the weak equivalence principle (in the naive form that all test particles in free fall are described by geodesics of a connection, or

projective structure) can be proven on the basis of hypotheses which are essentially only covariance hypotheses.

Thus equivalence principle itself is, as a matter of fact, a consequence of covariance principle. If covariance principle had no physical content, I see no reason why

(weak) equivalence principle should have.

We have though to stress that the context of Utiyama-like arguments and the original Kretschmann’s argument are quite different. While Kretschmann

discussed field equations, Utiyama discusses action principles. While Kretschmann added fields to obtain general covariance, Utiyama works with a

given set of fields and with a fixed order. Moreover, in 1917 the globality notion was quite obscure and it is unclear what survives of Kretschmann in

a global and variational setting. Thus a direct comparison is difficult and currently unclear.

We already discussed an example which partially enlightens some issues and the differences in context. We discussed the dynamics for a test particle on spacetime. We

gave the homogeneous formulation of a Newtonian test particle in Subsection 1.7.1 and the homogeneous formulation of a relativistic test particle in Subsection 1.7.7.

They are both given by an action principle, thus this does not seem to be a relevant difference. The relativistic Lagrangian is somehow simpler than the Newtonian

one, though simpler does not mean anything precise. In this specific case, simplicity means that, as we already noticed, in the Newtonian formulation time does not

completely disappear and survive in a factor u0 which can be written intrinsically by introducing a vector field τ = − 1
2U ∂0 (which makes perfect absolute sense in a

Newtonian world, provided that one has forces acting) and writing u0 = ĝ(u, τ).

Unfortunately, this is done at the price of introducing a new structure τ on spacetime which is fixed instead being determined dynamically. Thus the difference between

Newtonian and relativistic test particles can be traced back to the existence of a background structure τ which is not dynamically determined and it is forbidden in

natural theories.

This does not close the issue though, since there is no precise, general definition of what is a background structure.
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In particular, it is not clear if one can, for example, add a new Lagrangian depending on τ which selects τ = −(2U)−1∂0 as solution of the equations of motion.

We believe it is worth having both Utiyama and Kretschmann arguments in mind, even though, at the moment, we cannot trace precisely their mutual

relation.

6. Physical content of general covariance

.Next SectionAlready in 1917, E. Kretschmann argued that general covariance has no physical content; see[15][16]. Precisely, he argued that any theory can be

formulated in a covariant form.

Kretschmann presented some examples which are worth keeping in mind.

Let us consider M = R � Rn with coordinates (x0 = t, xi) where xi are orthogonal Cartesian coordinates on Rn. Let us also consider a scalar field

Φ : M ! R. The field is a section of the (trivial) bundle F = (M � R,M, π,R) which then has fibered coordinates (t, xi, φ).

Then consider the second order equation

∂tφ = κ∆φ (2.6.1)

where κ is a real constant and ∆ denotes the Laplacian operator in Rn. The equation (2.6.1), which is more or less inspired to the Schrödinger equation

for the free particle, is global, just because the coordinates are global on M . It is not covariant. It does not preserve its form with respect to arbitrary

changes of coordinates. For example, if one considers a transformation changing x0 and xi the equation does not preserve its form.

Let us then define a metric on M , of signature (n, 1) and form

η = �dt2 + δijdx
i 
 dxj = ηµνdx

µ 
 dxν (2.6.2)

and define a time-like vector n := ∂0. Then equation (2.6.1) can be written in the form

nµrµφ� κ(gµν � nµnν)rµνφ = 0 (2.6.3)

which is covariant with respect to general changes of coordinates (or general diffeomorphisms from the active viewpoint). Of course, equation (2.6.3) is

equation (2.6.1), since in orthonormal coordinates it reduces to that; it is covariant though it depends also on a metric η and the time-like unit vector

n. These are to be considered as fixed structures on M . In fact, equation (2.6.3) is covariant provided that diffemorphisms transform the components

ηµν and nµ so that the corresponding tensors η = ηµνdx
µ 
 dxν and n = nµ∂µ are invariant.

Having fixed structures on spacetime is not allowed in a relativistic theory. All fields are dynamical, which in particular means that all fields should

be determined by their field equations. Of course, when we selected g and n we could add field equations to justify our selection. For example, we can
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consider 8>>>><
>>>>:

nµrµφ� κ(gµν � nµnν)rµνφ = 0

g(n, n) = �1

rµnν = 0

Rαβµν = 0

(2.6.4)

where the Riemann tensor Rαβµν and the covariant derivative rµ are induced by the metric.

The fields (gµν = diag(�1, 1, . . . , 1), nµ = (1, 0, . . . , 0), φ(x)) are a solution of the system (2.6.4) which is covariant. With these choices the original

equation (2.6.1) is in fact recovered.

Of course, we would like that the system (2.6.4) came from a Lagrangian on a configuration bundle which accounts for the fields (gµν , n
µ, φ).

Unfortunately, this is not the case since one should have 1 + (1 + n) + 1
2(n + 1)(n + 2) equations, which is not the case since in fact (2.6.4) are

2 + (n+ 1)2 + 1
12(n+ 1)2((n+ 1)2 � 1) equations.

By setting n = 3 we have 15, instead of 38, equations.

However, we clearly see that an equation which does not seem to be covariant can be make up as covariant by adding extra fields and extra equations.

This would be just a first step to show that any field theory can be formulated as a relativistic theory with extra fields, still the example is annoying

and worth considering.

A possible way out is to make precise the notion of absolute structure and to require that the system has not absolute structures. Then one could show

that g and n are absolute structures in the Kretschmann’s example and in similar situations, even when they are determined by field equations. The

problem with this program is that there is not universally accepted definition of absolute structure and on how this definition should be formulated.

There are examples in which anyone agrees that some structure is absolute and some examples in which anyone agrees that there is no absolute

structures.

We shall hereafter discuss some examples of background and non-background structures in order to make an explicit and precise list of what we

want and what we do not want to happen in a relativistic theory. Unfortunately, at the present stage, we cannot say wether these conditions single

out definitely what we should mean by a background structure. One can consider the following examples as tests that we developed the geometric

framework enough to be able to precisely discuss situations which are allowed or have to be avoided.

Back to the homogeneous formulation of mechanics given in Subsection 1.7.1, one can introduce a time-like unit vector n as in the example above and make it covariant

by replacing occurrences of u0 with u0 = uµnµ.

Electromagnetism on Minkowski

We already discussed Minkowski electromagnetism above in Subsection 1.6.6. If we consider the Maxwell Lagrangian and fix the Minkowski metric,

then Maxwell equations follows. Unfortunately, to fix the metric, one must consider the corresponding section of Lor(M) fixed. We can split the

configuration bundle into the product of two bundles, one accounting for dynamical fields Aµ, the other for background fields gµν .
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Let us consider a field theory with a configuration bundle which is the fibered product of two bundles C = F×M B with coordinates (xµ, yi, za). Sections of F are called

dynamical fields while sections of B are called background fields. A section of C is a pair (y, z) of a collection of dynamical and background fields.

In this setting, the Maxwell Lagrangian is written on a configuration bundle Con(P )×M Lor(M), A is a dynamical field and g is a background field.

Let us assume all the bundles to be natural so that we have a group action of spacetime diffeomorphisms Diff(M) on fields, on both dynamical and

background fields. Such a group action is the product of the natural action on F and the natural action on B and will be denoted by Φ∗(y, z) = (Φ∗y,Φ∗z).

Such actions can be prolonged to any jet prolongation JsC. We shall still denote by Φ∗ the prolonged group actions so that we can write, e.g.,

Φ∗(j
sy) = js(Φ∗y).

Dynamics is specified by a Lagrangian which is k-order in the dynamical fields y and h-order in the background fields z.

The Maxwell Lagrangian is first order with respect to the electromagnetic potential A and zero order in the metric field g.

This theory is not a natural theory. If it were, then all fields would have to be dynamical, both (A, g). But as we discussed, one cannot take too seriously the field

equations associated to g (unless one couples to a dynamics for the metric only, obtaining Einstein–Maxwell theory which is natural, but a different theory from the

one on Minkowski, where the metric is not determined by some field equation but is instead fixed by hand to be the Minkowski metric g = η and not even varied).

If one fixes the metric g, then the Lagrangian depends on the dynamical field A only. Unfortunately, a general diffeomorphism does not fix the Minkowski metric and

only transformations on isometries are symmetries of the theory. Hence the theory where one has substituted gµν = ηµν is not generally covariant.

Canonical objects

As a matter of fact, some natural bundles have canonical sections. The Kronecker delta δµν and the Levi Civita antisymmetric tensor densities εµ1µ2...µm

are examples.

Let us consider the bundle T 1
1 (M) with coordinates (xµ, tµν ). If in each patch we define a local section

δ : M → T 1
1 (M) : x 7→ (xµ, δµν ) (2.6.5)

these local sections do glue together to define a global section δ. This is true in view of invariance of δµν with respect to general diffeomorphisms over M .

δ′µν = Jµαδ
α
β J̄

β
ν = Jµα J̄

α
ν = δµν (2.6.6)

Let us consider the bundle D1
m(M) of antisymmetric tensor densities of weight 1 of rank (0,m) on a manifold M of dimension m. This has coordinates (xµ, tµ1µ2...µm)

and transformation rules {
x′µ = x′µ(x)

t′µ1µ2...µm = J̄Jµ1
ν1 J

µ2
ν2 . . . J

µm
νm tν1ν2...νm

(2.6.7)

As for the Kronecker delta, one can define local sections

tµ1µ2...µm = εµ1µ2...µm (2.6.8)

and they glue together to define a global section ε which is called the Levi Civita density of weight 1.

Also in this case, the existence of ε is related to its invariance under diffeomorphisms (and the definition and properties of determinants)

ε′µ1µ2...µm = J̄Jµ1
ν1 J

µ2
ν2 . . . J

µm
νm εν1ν2...νm = J̄Jεµ1µ2...µm = εµ1µ2...µm (2.6.9)
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Thus we have these natural bundles equipped with special sections δ : M ! T 1
1 (M) and ε : M ! D1

m(M). And these sections are invariant with

respect to diffeomorphisms ϕ 2 Diff(M)

ϕ∗δ = δ ϕ∗ε = ε (2.6.10)

Accordingly, one can restrict the bundles to the image of these sections, obtaining the bundles δ(M) = (Im(δ),M, i, fpg) and ε(M) = (Im(ε),M, i, fpg),
which are natural subbundles of T 1

1 (M) and D1
m(M). Although these are formally bundles, their standard fiber is made of one point only, the total

space is diffeomorphic to the base. Accordingly, they have only one section. In view of the invariance of the sections, the bundles δ(M) and ε(M) are

also natural bundles.

If one has a natural bundle C, one considers the bundle C ′ = C�M δ(M) which is again natural. A natural theory is associated to a natural Lagrangian

which is in the form L(xµ, yi, δµν ). In this natural theory, the δµν is a field and it must be varied. However, since the standard fiber of the bundle δ(M) is

discrete there is no non-zero variation and no field equations for δ. Accordingly, one should allow any section as solution, but δ(M) has only a unique

section δ.

Thus we have two equivalent frameworks: on one hand, one can regard the field δµν as a background: it is not varied, it is fixed to the value δµν , it has

not field equations. On the other hand, one can consider it as a field in a trivial natural theory on the bundle δ(M).

This can be repeated any time one has an invariant section of a natural bundle. In other words, one can use invariant objects in natural (and

gauge-natural) theories without considering them as fields, still obtaining (gauge-)natural theories.

On the other hand, given a natural theory with a dynamics depending on an invariant object (e.g. δµν ), one can promote the object to a dynamical field

(e.g. replacing δµν with a field tµν in the dynamics) and then varying it as a dynamical field, endowing field equations and letting these field equations to

determine solutions. If field equations select many possible solutions, one has defined a good (gauge-)natural theory, though another (gauge-)natural

theory.

This is quite different from what happens, for example, to the metric in Minkowski electromagnetism. In that case, one is forced to promote the

Minkowski metric to a dynamical field, since the Minkowski metric is not invariant with respect to general diffeomorphisms. If one built the subbundle

η(M) = (Im(η),Rm, i, fpg) � Lor(R4) that subbundle would not be natural. Moreover, of course, one cannot do it on a general manifold M . In any

event, one cannot use the trick used for the Kronecker delta.

Evolution of physical degrees of freedom

Another feature of dynamical field is that they must have a dynamics. In particular, field equations must endow a non-trivial dynamic with a non-

trivial phase space. There must be some freedom in choosing the initial conditions and, correspondently, to allow initial conditions, and field equations

must uniquely determine a solution.

However, as we already discussed, hoping that dynamics fully determines dynamical fields without constraints on initial conditions is too much in

many relevant cases. If there are no constraints, field equations are not overdetermined, and, since in a variational setting one has as many equations

as fundamental fields, they are not underdetermined either. However, this happens essentially only for the Klein–Gordon scalar field (which though

needs to be coupled to a metric which is associated to degenerate dynamics, in any event).
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Most of the relevant dynamics in fundamental physics are degenerate and constraints are there to account for observer freedom. The determinism

needs to be traded with an absolute description. Covariant and gauge covariant dynamics are generically degenerate and there is nothing one can do

about it.

As a consequence, one has to learn to live with fields which are only partially determined by field equations. However, a physical field must have a

phase space which is not discrete.

Of course, according to this definition, Kronecker delta δ, as well as Levi Civita tensor densities ε are not physical field.

If we add a field to a theory, we would like that the phase space of the theory becomes bigger than without the field. Technically, we still have to

determine when a field comes with a non-trivial contribution to the phase space. However, we already discussed initial problems and phase spaces and

how they are described in field theories. It may be difficult to explicit this information since one needs to define ADM space-time and adapted fields.

Still, it is a property of field equations and hence a property of the Lagrangian which induces field equations.

One needs to characterise Lagrangians which induce field equations which are quasi-linear with a principal symbol such that there exists a field transformation in which

field equations decouple into an elliptic part ,which defines constraints, and in a symmetric hyperbolic part, which defines the Cauchy problem for some of the adapted

fields. The other fields account for observer freedom.

We shall do it, but not now. It is equivalent to Hamiltonian analysis of the theory and it will be discussed below. We shall also consider a number of

example of fields in which the phase space is well-defined and big enough. We already discussed Maxwell electromagnetism.

In view of the hole argument, what one needs is that solutions do not form a single orbit with respect to (finite compositions of) Cauchy (gauge)

transformations. If they do, then there is only one point in the phase space of the theory. This is clearly an intrinsic property, though one would like

to have a criterium to ensure it a priori.

7. Examples

.Next SectionLet us hereafter consider some examples. The first three examples (the relativistic point, Hilbert–Einstein GR and Maxwell–Einstein–Klein–Gordon

theory) have already been computed in the previous Chapter. We shall here simply summarise and collect the results discussed above and focus on

the natural or gauge-natural structure of the theory..

Further examples will be added from scratch. These examples are chosen to illustrate what we discussed in this Chapter and for future reference,

as examples of (gauge-)natural theories. In particular, we shall consider Yang–Mils theories, which are an extension of Maxwell electromagnetism,

Vielbein formalism for GR and Dirac spinor fields, which are example of gauge-natural theories, conformal gravity, in which we show how with some

dynamics a natural theory can get extra symmetries and become gauge-natural.

In the next Chapter we shall compute conservation laws for these theories as an application of the general framework which we shall discuss for

conservation laws and the techniques to compute superpotentials in (gauge-)natural theories.
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Relativistic point

The dynamics for the relativistic point particle has been discussed in Subsection 1.7.7.

Let (M, g) be a spacetime equipped with a Lorentzian metric g. This is not a natural theory for two reasons: first, there is background metric g which

is fixed and not dynamically determined and, second, it is a mechanical theory in which the fields xµ are coordinates in spacetime and they need to be

determined as a function of a parameter s.

However, it can be recast in a form which resembles a natural theory in which the covariance with respect to the reparameterisations is analogous to

the general covariance theory.

The histories of particles are trajectories in the spacetime M and one can define a configuration bundle C = (C,R, π,M). Since the basis R is

contractible, then any bundle over it is trivial. This means that there exists a global trivialisation and C ' R�M .

Of course, global trivialisations of C are not unique and different choices of the product structures C ' R�M correspond to different reference frames.

Let us denote by (s, xµ) fibered coordinates on C.
Let us remark that there is a one-to-one correspondence between curves γ : R→M in M and sections of C.
In fact, to any curve γ : R→M : s 7→ xµ(s) one can associate a section σ : R→ R×M : s 7→ (s, xµ(s)) and vice versa.

The first jet prolongation is J1C ' R� TM and one can choose a Lagrangian

L = L(s, x, u)ds = mc
q
jgµν(x)uµuν jds (2.7.1)

This Lagrangian is covariant with respect to arbitrary reparameterisations.

Let σ : R → C : s 7→ (s, xµ(s)) be a section of the configuration bundle and φ : R → R : ŝ 7→ s = φ(ŝ) be a positive diffeomorphism on the basis R. This acts as

φ̂ : C → C : (s, xµ) 7→ (ŝ(s), xµ) which acts on the section σ as

φ∗σ : R→ C : ŝ 7→ (ŝ, xµ(s(ŝ))) (2.7.2)

The transformation can be prolonged to the jet bundle as 
ŝ = ŝ(s)

x̂µ = xµ

ûµ = φ̇(ŝ)uµ

(2.7.3)

With respect to this transformation the Lagrangian transforms as

L̂ = mc
√
|gµν(x̂)ûµûν |dŝ = mcφ̇

√
|gµν(x)uµuν |dŝ = mc

√
|gµν(x)uµuν |ds = L (2.7.4)

Thus, positive reparameterisations are Lagrangian symmetries. By the discussion above, since one has reparameterisations supported in Cauchy

domains, one is forced to define the physical state as curves modulo reparameterisations, i.e. trajectories.

Since the theory is covariant with respect to arbitrary (positive) diffemorphisms of the base, it implements a kind of general covariance principle.
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The equation of motions are (
u̇λ + fggλαβuαuβ = d

ds (ln(juj))uλ
ẋµ = uµ

() ẍλ + fggλαβẋαẋβ = d
ds (ln(jẋj)) ẋλ (2.7.5)

Let us specialise M to Minkowski space (R4, η) in Cartesian coordinates xµ. In these coordinates, the metric is constant, the Christoffel symbols

fggλαβ = 0 vanish, and equations can be recast as8>>><
>>>:
ẍ0 = d

ds (ln(jẋj)) ẋ0 =
ηµν ẋ

µẍν

ηρσẋρẋσ
ẋ0 =

ẋ0ẍ0 � δij ẋiẍj
ẋ0ẋ0 � δkhẋkẋh

ẋ0

ẍi = d
ds (ln(jẋj)) ẋi =

ηµν ẋ
µẍν

ηρσẋρẋσ
ẋi =

ẋ0ẍ0 � δij ẋiẍj
ẋ0ẋ0 � δkhẋkẋh

ẋi
(2.7.6)

Let us now define the physical velocities and physical accelerations to be

βi =
ẋi

ẋ0 αi =
ẍiẋ0 � ẋiẍ0

(ẋ0)2

1

ẋ0 =
ẍi � ẍ0βi

(ẋ0)2 (2.7.7)

so that one has equations in the form 8>>><
>>>:
ẍ0 =

ẍ0 � δijβiẍj
1� jβj2

ẍi =
ẍ0 � δijβiẍj

1� jβj2 βi
) ẍ0βi = ẍi ) αi = 0 (2.7.8)

Thus, among solutions, one has uniform straight motions, which are determined by these m� 1 equations.

However, in homogenous formalism one has m equations for four unknowns, while the solution αi = 0 are m � 1 equations. That means that one

equation has been left unused. Potentially, the further equation could select initial conditions and reduce the space of solutions to some straight

motions.

This is not what actually happens. In fact, by using ẍ0βi = ẍi in the first equation of motion one obtains the identity

ẍ0 =
1� δijβiβj

1� jβj2 ẍ0 = ẍ0 (2.7.9)

showing that the first equation is identically satisfied, once the other m� 1 are.

This a direct consequence of covariance with respect to reparameterisations: covariance implies that some of the variables cannot be determined by

equations and the equations are not independent. The extra variable has no direct physical meaning and instead it represents the conventional freedom

of the observer to describe the same situation.

In fact, one can describe the system with physical quantities (βi, αi) (which, unfortunately, is a description depending on the observer) or with

unphysical quantities (ẋµ, ẍµ) which do not depend on the observer, though are partially left undetermined by the equations (which, in fact, do not

allow to determine ẍ0).
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Standard Hilbert–Einstein general relativity

We already discussed Hilbert–Einstein theory in Subsection 1.6.10 and found in Subsection 2.2.1 the most general second order Lagrangian. In

Subsection 2.1.3, we also discussed how the bundle Lor(M) emerges as a natural bundle in view of transformation laws of the metric.

A spacetime vector field ξ induces a bundle vector field on Lor(M)

ξ̂ = ξµ∂µ + (gνα∂αξ
µ + gµα∂αξ

ν)
∂

∂gµν
(2.7.10)

which leaves the Lagrangian invariant.

Dynamics is described by Hilbert Lagrangian

LH =
√
g

2κ (R� 2Λ)d� (2.7.11)

or by local Einstein Lagrangians described in Subsection 2.4.6, which are equivalent to Hilbert global Lagrangian.

AddReference to ADMWe still have to discuss why a metric on spacetime should have anything to do with gravity (which will be discussed in Part II below) and how

Einstein equations can be put in evolutionary form (which is quite complicated, deserves a Chapter on its own and will be done in Chapter xx). Some

physical consequences of this theory will be analysed in detail in Part III.

Standard Einstein–Maxwell–Klein–Gordon theory

If we want to couple Hilbert–Einstein GR to some matter field, all we have to do is adding terms to the Lagrangian. The matter Lagrangian to be

added will depend on matter field and the metric. The variation of the matter Lagrangian with respect to the matter fields will produce field equations

for matter fields (which, in general, depend on the metric as well). These field equations predict how matter evolve in a given gravitational field, which

is described by the metric field.

Then, the variation of the matter Lagrangian with respect to the metric will define the energy-momentum stress tensor Tµν which, together with the

variation of the Hilbert Lagrangian with respect to the metric, will produce Einstein equations. The energy-momentum stress tensor describes the

back reaction of matter fields on the gravitational field. It describes how matter fields act as a source of gravitational field.

The system of Einstein equations and matter field equations described the whole system of gravity and matter in their mutual interaction.

In Subsections 1.6.6 we computed what happens by coupling with electromagnetism.

The electromagnetic field is described by the local potential Aµ. Two nearby observers can describe the same electromagnetic field by two local potentials provided

that in the overlap the local potentials are related by the transformation rules

A(β)
µ = J̄

ν
µ

(
A(α)
ν + ∂να(αβ)

)
(2.7.12)

for some function α(αβ) defined on the overlap.

The functions α(αβ) defined in the overlaps of all pairs of observers contain physical information encoding the global properties of the electromagnetic field. They define

a cocycle

ϕ(αβ) : U(αβ) → U(1) : x 7→ exp
(
iα(αβ)(x)

)
(2.7.13)
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which, in turn, define a principal bundle P = (P,M, π, U(1)) which is called the structure bundle.

One can define principal connections on the structure bundle and find that they are in the form

ω = dxµ ⊗ (∂µ −Aµρ) (2.7.14)

where ρ is a right-invariant pointwise basis for vertical vectors on P. The coefficients Aµ of the connection transform as local potential (2.7.12) and, as a consequence,

there is a one-to-one correspondence between connections on structure bundles and electromagnetic potentials.

The electromagnetic field is described as the curvature of the connection ω

F = 1
2Fµνdx

µ ∧ dxν = 1
2 (∂µAν − ∂νAµ)dxµ ∧ dxν (2.7.15)

which, in this case of the commutative group U(1), is in fact a 2-form on spacetime.

In view of transformation laws (2.7.12), one can guess a group action of the group W (1,1)U(1) = J1U(1)oGL(m) with coordinates (α, αa, J
b
a) on the manifold Rm with

coordinates Aa given by

λ : W (1,1)U(1)× Rm → Rm : (α, αa, J
b
a, Aa) 7→ A′a = (Ab + αb)J̄

b
a (2.7.16)

By this group action and the principal bundle W (1,1)P = J1PoL(M), one can define the gauge-natural bundle

Con(P) = W (1,1)P ×λ Rm (2.7.17)

which is defined so that there is a one-to-one correspondence between principal connections on P and (global) sections of Con(P).

The construction is somehow overshot for the group U(1). The essential is that we end up with a bundle which parameterises principal connections to be used as

configuration bundle. However, the construction is canonical with respect to the group and it will be repeated with no changes for Yang–Mills fields.

The configuration bundle for Maxwell–Einstein theory is chosen to be

C = Lor(M)�M Con(P) (2.7.18)

which has fibered coordinates (xµ, gµν , Aµ). Sections of C are in one-to-one correspondence with pairs (g,A) of a Lorentzian metric g and a connection

ω on P which acts as potential of electromagnetic field F.

The dynamics is described by the Lagrangian

L =
�√

g
2κ (R� 2Λ)�

√
g

4g FµνF
µν
�

d� (2.7.19)

In Subsections 1.6.6, we already computed field equations to be(
Rµν � 1

2Rgµν = �Λgµν + κTµν

rµF µν = 0
(2.7.20)

The first field equation describes the evolution of the metric field (which will be recognised to be the gravitational field) when the electromagnetic field

Fµν acts as a gravitational source. The second field equation describes the evolution of electromagnetic field under the action of the gravitational field.

Mathematically speaking, the equations are coupled and can only be solved as a system. This means, in physical jargon, that field equations describe

the interaction of the electromagnetic and gravitational fields.
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In the case described above, there is no source for the electromagnetic field in the region of spacetime under consideration. If one wants to describe

also the interaction between gravity, electromagnetism, and a charged field, a new Lagrangian for the charged matter field has to be added. In the

simplest model, the charged matter field is a complex scalar field, denoted by ϕ; we refer to Subsection 1.6.7.

The transformation laws for this matter field is assumed to be

ϕ′(x′) = eiqα(x)ϕ(x) (2.7.21)

Then one can guess a group action ρ : U(1) � C ! C : (eiα, ϕ) 7! eiqα(x)ϕ(x) and define a bundle P �ρ C. The relevant things about such a bundle

are that there is a one-to-one correspondence between global sections of P �ρ C and matter fields and that matter fields by construction transform as

prescribed by (2.7.21). The construction of associated bundles is not too esoteric; it is just a mean to obtain the prescribed transformation laws.

Then the configuration bundle is now chosen to be

C = Lor(M)�M Con(P)�M
�
P �ρ C

�
(2.7.22)

which has (real) fibered coordinates (xµ, gµν , Aµ, ϕ, ϕ
†).

The dynamics will be described by the Lagrangian

L =
�√

g
2κ (R� 2Λ)�

√
g

4g FµνF
µν �

√
g

2

�
rµϕ†rµ·ϕ+ µ2ϕ†ϕ

��
d� (2.7.23)

where we set rµϕ = dµϕ� iqAµϕ for the gauge-natural covariant derivative.

One can apply a Utiyama-like argument to show that if a Lagrangian on this bundle is gauge covariant, then it depends on the combination ∇µϕ = dµϕ− iqAµϕ only,

i.e. it has no further dependences on Aµ other than those encoded into the gauge-natural covariant derivatives.

This Lagrangian is then covariant with respect to arbitrary automorphisms of the structure bundle and we have a gauge-natural theory.

For field equations ,one has to vary with respect to all fields, namely (gµν , Aµ, ϕ, ϕ
†), to obtain8><

>:
Rµν � 1

2Rgµν = �Λgµν + κT emµν + κTKGµν

rµF µν = gJν

�ϕ� µ2ϕ = 0

(2.7.24)

where the Klein–Gordon matter Lagrangian is responsible for the term TKGµν (by variation with respect to gµν) for the term Jν (by variation with

respect to Aµ which is contained in the covariant derivatives) and for the matter field equation. In the matter field equation, the operator � is defined

as

�ϕ = gµνrµrνϕ = gµν
�
dµνϕ�

�
fggλνµ + 2iqAνδ

λ
µ

�
dλϕ+

�
iqfggλνµAλ � iqdµAν � q2AνAµ

�
ϕ
�

(2.7.25)

and it depends on the metric gµν (also though its Christoffel symbols in the second covariant derivative) and the electromagnetic potential Aµ.

Accordingly, both the electromagnetic field and the matter field act as sources of the gravitational field in the first equation (through their energy-

momentum tensors T emµν and TKGµν ). The matter field acts as a source of the electromagnetic field (through the current tensor Jν and the electromagnetic
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field also is affected by the gravitational field in its evolution. Finally, the matter field has no sources, though it is affected by the gravitational and

the electromagnetic field in its evolution.

The theory then describes the interactions among gravitational,, electromagnetic and matter fields. The reader should refer to Subsections 1.6.6

for detailed computations, though we need to stress that most of the general characteristics of field equations (in particular which interactions are

considered and by which terms in the Lagrangian they are described) can be inferred qualitatively by inspection of the Lagrangian.

Yang–Mills theories

In analogy with electromagnetism, we can fix a semisimple Lie group G and try to write a gauge-natural theory for connections on a structure bundle

P = (P,M, π,G).

One usually restricts to semisimple groups since, on these groups, one has the canonical Ad-invariant Cartan–Killing bilinear form which is non-degenerate positive-

definite and can be used as a metric on the group (and as an inner product on the Lie algebra g).

In this case, one chooses an orthonormal basis TA in the Lie algebra g and, in such a basis, the Cartan–Killing form is expressed as δAB . This is a canonical structure

that, for example, can be used to write Lagrangians (e.g. contracting Lie algebra indices) to describe possible dynamics.

Thus let us fix a principal bundle P = (P,M, π,G) as a structure bundle and consider the group action

λ : W (1,1)G� (g
 Rm)! (g
 Rm) : (gi, gia, J
b
a, ω

B
a ) 7! ω′Aa = AdAB(g)(ωBb + R̄Ai (g)gib)J̄

b
a (2.7.26)

One should check that this is, in fact, a left group action and define the bundle

Con(P) = (P � L(M))�λ (g
 Rm) (2.7.27)

which has fibered coordinates (xµ, ωAµ ). The fields ωAµ transforms by construction as the coefficients of principal connections on P so that there is a

one-to-one correspondence between global sections of Con(P) and principal connections on the structure bundle, i.e.

ω = dxµ 

�
∂µ � ωAµ (x)ρA

�
(2.7.28)

where ρA is a right-invariant pointwise basis for vertical vectors on the structure bundle P.

The curvature of the connection ω is a 2-form F with values in the Lie algebra

F = 1
2F

A
µνTA 
 dxµ ^ dxν FA

µν = ∂µω
A
ν � ∂νωAµ + cABCω

B
µ ω

C
ν (2.7.29)

The coefficients FAµν of the curvature transform under generalised gauge transformations as

F ′Aµν = AdAB(α(x))FBρσJ̄
ρ
µJ̄

σ
ν (2.7.30)

Unlike in electromagnetism, where Ad reduces to the identity, the coefficients of the curvature, also called the field strength, are not gauge invariant. Accordingly, the

hole argument applies to them as well and two field strengths which differ by a gauge transformation do define the same physical state.
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Thus, unlike in electromagnetism, the components of field strength are not observables. One cannot measure FAµν and there is nothing like the electric or magnetic

field, or at least they are not measurable quantities.

However, if one selects a Ad-invariant polynomial `(F), for example `(F) = δABF
A
µνF

B
ρσg

µρgνσ, this quantity is gauge invariant and observable. Thus in Yang–Mills

theories the trace of powers of field strength are observables.

If we managed to write a Lagrangian which depends on the field ωAµ alone (as we did in Section 1.6.9) then we could describe a system with only the

field ω on spacetime and no interaction with anything else.

In the physical jargon there is one (and the only) field which can live without interacting with anything else, and this is the gravitational field. Thus any such theory

would be interpreted as an alternative description of the gravitational field. This is essentially because it is believed that any other physical field has to interact at

least with the gravitational field.

That is however, another story, which contains a lot of physical motivations and it needs that we improve our physical intuition before we deal with that.

In general, we can easily define Lagrangians which depend on the field ωAµ and the metric field gµν . Such a system needs a configuration bundle which

accounts for both fields (ωAµ , gµν), so let us define

C = Lor(M)�M Con(P) (2.7.31)

with fibered coordinates (xµ, gµν , ω
A
µ ).

As an example of Lagrangian, we can get inspiration from electromagnetism and we can consider

LYM = �
√
g

4g F
A
µνF

µν
A d� (2.7.32)

where we set F µν
A := δABF

B
αβg

αµgβν . This is called the Yang–Mills Lagrangian.

The variation of the Yang–Mills Lagrangian is

δLYM =
√
g

g

(
− 1

2

(
FAµαFAν

α
· − 1

4F
A
βαF

βα
A gµν

)
δgµν − FµνA ∇µδω

A
ν

)
dσ =

=
(
−
√
g

2 Tµνδg
µν − 1

g∇µ
(√
gFµνA δωAν

)
+ 1

g∇µ (
√
gFµνA ) δωAν

)
dσ

(2.7.33)

where we set T
(YM)
µν := 1

g

(
FAµαFAν

α
· − 1

4F
A
βαF

βα
A gµν

)
for the Yang–Mills energy momentum stress tensor.

To take it seriously, one has to couple it to a gravitational Lagrangian (e.g. the Hilbert Lagrangian) to describe the interaction of the Yang–Mills field

with the gravitational field. The Lagrangian to be considered is then

L =
�√

g
2κ (R� 2Λ)�

√
g

4g F
A
µνF

µν
A

�
d� (2.7.34)

This Lagrangian is covariant with respect to generalised gauge transformations and the theory we are considering is a gauge-natural theory.

Let us consider a generalised gauge transformation on the structure bundle{
x′µ = x′µ(x)

g′ = α(x) · g
(2.7.35)
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This induces on the configuration bundle the transformation 
x′µ = x′µ(x)

ω′Aµ = AdAB(α)(ωBρ + R̄Ai (α)dρα
i)J̄

ρ
µ

g′µν = J̄
ρ
µgρσJ̄

σ
ν

(2.7.36)

Under such a transformation, R is a scalar, as well as FAµνF
µν
A ; accordingly, the Lagrangian density is a scalar density and the Lagrangian L is covariant with respect

to generalised gauge transformations.

As usual, we can also check that the covariance identity holds true. For, we need to compute Lie derivatives

£Ξg
µν = £ξg

µν = − (∇µξν +∇νξµ) £Ξω
A
µ = ξλFAλµ −∇µξA(V ) (2.7.37)

where covariant derivatives are induced by the connection ωAµ on P and {g}αβµ on M (and, of course, the covariant derivative ∇µξν does not depend on the gauge

connection ω but on the Levi Civita connection {g}, only) and we set ξA(V ) := ξA + ωAλ ξ
λ for the vertical part with respect to the gauge connection ω.

Using Bianchi identities for the curvature FAµν , one has

0 = FµνA ∇[µF
A
λν] = FµνA

(
∇µFAλν +∇λFAνµ +∇νFAµλ

)
= FµνA

(
2∇µFAλν +∇λFAνµ

)
⇒ 2FµνA ∇µF

A
λν = FµνA ∇λF

A
µν (2.7.38)

In view of this identity, we can prove the covariance identity for the Yang–Mills Lagrangian

−
√
g

2g

(
FAµαFAν

α
· − 1

4F
A
βαF

βα
A gµν

)
£ξg

µν −
√
g

g F
µν
A ∇µ£Ξω

A
ν =

=
√
g

g

(
FAµαFAν

α
· − 1

4F
A
βαF

βα
A gµν

)
∇µξν −

√
g

g F
µν
A ∇µ

(
ξλFAλν −∇νξA(V )

)
=

=
√
g

g F
A
µαFAν

α
·∇µξν −

√
g

4g F
A
βαF

βα
A gµν∇µξν −

√
g

g F
µν
A

(
∇µξλFAλν + ξλ∇µFAλν

)
+
√
g

2g F
µν
A [∇µ,∇ν ]ξA(V ) =

=−
√
g

4g F
A
βαF

βα
A ∇µξ

µ −
√
g

2g 2FµνA ∇µF
A
λνξ

λ +
√
g

4g F
µν
A cABCF

B
µνξ

C
(V ) = −

√
g

4g F
A
βαF

βα
A ∇µξ

µ −
√
g

2g F
αβ
A ∇µF

A
αβξ

µ =

=dµ (ξµLYM )

(2.7.39)

Then the Lagrangian is covariant with respect to all generalised gauge transformations.

Since the Lagrangian is a gauge-natural Lagrangian, Yang–Mills theory is a gauge-natural theory provided that all fields are dynamical. The variation

of this Lagrangian is

δL =
h√

g
2κ

�
Rµν � 1

2Rgµν + Λgµν
�
δgµν +rλ

�√
g

2κ g
µνδuλµν

�
+
�
�
√
g

2 T
(YM)
µν δgµν �rµ

�√
g

2g F
µν
A δωAν

�
+rµ

�√
g

2g F
µν
A

�
δωAν

�i
d� (2.7.40)

where we set uλµν := Γλµν � δλ(µΓεν)ε.

Field equations are (
Rµν � 1

2Rgµν = �Λgµν + κT
(YM)
µν

rµF µνA = 0
(2.7.41)
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The first variation formula then defines the Euler–Lagrange and the Poincaré–Cartan parts of the Lagrangian to be

E(L) =
p
g
h

1
2κ

�
Rµν � 1

2Rgµν + Λgµν � κT (YM)
µν

�
!µν + 1

2grµF µν
A !Aν

i
^ d�

F(L) =
p
g
h

1
2κg

µν!λµν � 1
2gF

λν
A !Aν

i
^ d�λ

(2.7.42)

where we defined !Aµ := dωAµ � dλωAµ dxλ, !µν := dgµν � dλgµνdxλ, and !λµν := duλµν � dεuλµνdxε for the relevant contact forms.

/

Vielbein formalism

Given a metric g of signature η = (r, s) one can define orthonormal bases ea at a point x 2M , i.e.

g(ea, eb) = ηab (2.7.43)

where ηab is the standard bilinear form of signature η = (r, s), namely ηab = diag(�1, . . . ,�1, 1, . . . , 1) with s entries �1 and r entries +1.

Whether the Lorentzian signature corresponds to (1, 3) or (3, 1) depends on the book, as well as whether the pluses or the minuses come first in ηab .

Our notation is that Lorentzian signature is (3, 1) and minus comes first.

The set of all positive orthonormal frames for a metric g is denoted by SO(M, g) � L(M) and it is a principal subbundle with the group SO(η).

M M

SO(M, g) L(M)

..............................................................................................................................

..............................................................................................................................

...................................................................................
.....
.......
.....

π

...................................................................................
.....
.......
.....

π

...................................................................... .......................
.......
...... ι

(2.7.44)

In particular, if one considers a local trivialisation of SO(M, g), that is expressed by a local section σ : U → SO(M, g). Such a section can be composed with the

canonical injection ι : SO(M, g) ↪→ L(M) to obtain a local section ι ◦ σ : U → L(M) : x 7→ Va(x) of the frame bundle, which induces a local trivialisation of L(M).

By construction, Va is a positive orthonormal basis with respect to g and having two of such local trivialisations the transition functions are valued into the orthogonal

group SO(η).

If there exists a metric g of signature η on (an orientable) M one can always define SO(M, g) and a trivialisation of this bundle always produce a trivialisation of L(M)

made by orthonormal bases, hence with transition functions in the smaller group SO(η) ⊂ GL(m).

One metric g has many orthonormal bases. In fact, if ea is an orthonormal basis and Λa
b 2 SO(η) then

e′a = ebΛ
b
a (2.7.45)

is an orthonormal basis as well. However, given a basis ea (any basis!) there is one and only one metric g (for each signature η) for which the basis

ea = eµa∂µ is an orthonormal basis, namely

g = gµνdxµ 
 dxν gµν = eaµηabe
b
ν (2.7.46)
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where eaµ denotes the inverse matrix to eµa

When using bases, moving frames, Vielbein, or spin frames, we have invertible matrices eµa which carry a coordinate index µ and a frame index a. Both indices run in

the same range 0..(m− 1) since the elements in a basis are as many as the coordinates.

However, when one changes coordinates, the coordinate indices change by the Jacobian (or anti-Jacobian depending on the position). The frame indices do not

transform with coordinates (unless they are a natural frame). Instead, they change with the matrix associated to the change of basis in GL(m) if one decides to change

the basis (even if coordinates are unaffected). In other words, the family of an index is not determined by its range only, but also by its transformation rules.

We decide to raise and lower frame indices by the metric η and coordinate indices by the induced metric g. Since the matrix eµa is invertible one should denote the

inverse by ēaµ so that

eµa ē
a
ν = δµν ēbµe

µ
a = δba (2.7.47)

However, one can also start from eµa , raise the index a and lower the index µ to obtain

ea·
·
µ = gµνe

ν
bη
ba (2.7.48)

The bar notation for the inverse would we justified to distinguish ēaµ from ea·
·
µ. However, one has

ea·
·
µ = gµνe

ν
bη
ba = ēcµηcdē

d
νe
ν
bη
ba = ēcµηcdδ

d
b η
ba = ēcµηcbη

ba = ēcµδ
a
c = ēaµ (2.7.49)

Thus, in fact, one has ea·
·
µ = ēaµ and one does not really need a notation to distinguish one object from the other. Accordingly, both objects are denoted simply by eaµ .

Analogously, by eaµ one can denote equivalently both

eaµ := ea
·
µ = eνagµν = eνaeνe

cηcde
d
µ = ηade

d
µ = e ·aµ (2.7.50)

In other words, the position and family of the indices are sufficient to distinguish what object one refers to.

Let us also stress that ηab is not a field. Here ηab does not represents a metric field on a spacetime which, being written in Cartesian coordinante, happens to be

constant. The quantities ηab are instead (integer) numbers since they represent the signature which is fixed over the whole spacetime, not depending on the point.

Equivalently, the indices of ηab are frame indices, not coordinate indices and, as such, the quantities ηab are invariant with respect to coordinate transformations. They

transform according to the orthogonal group SO(η) and are invariant with respect to these gauge transformations. Accordingly, the object ηab is a canonical object as

δνµ and εαβγδ are.

A basis ea is a point in L(M); in general, the bundle L(M) has no global sections. However, one can consider a local section ea : M ! L(M) : x 7!
ea(x) = eµa(x)∂µ, which is called a moving frame.

If a moving frame ea(x) is given, then one can define a metric field

g = gµν(x)dxµ 
 dxν = eaµ(x)ηabe
b
ν(x)dxµ 
 dxν (2.7.51)

out of it. Then one could use moving frames to describe metrics.

However, there are many moving frames defining locally the same metric and, moreover, there are manifolds in which L(M) has no global sections.

If L(M) has a global section then it is trivial, since it is principal. If L(M) is trivial then any bundle associated to it (hence including the tangent and cotangent

bundles) is trivial as well.

Of course, there exist manifolds with a non-trivial tangent bundle (e.g, the sphere S2). Accordingly, these manifolds do not allow global moving frames.
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A manifold M for which L(M) is trivial is called parallelisable. Being parallelisable is a topological characteristics and if M is parallelisable then any manifold

diffeomorphic to M is parallelisable as well.

One could restrict spacetimes to be parallelisable manifolds. However, one can live without this assumption which is hence considered too strict. The price to be paid

for it is to use a better, more elaborated, notion that moving frames, i.e. Vielbein.

The word Vielbein is from German and it means many legs. Sometimes in dimension two they are called Zweibein, Dreibein in dimension three (three legs), and in

dimension four they are also called Vierbein (four legs). Vielbein is useful because it does not focus on the specific dimension, as other English synonyms such as, e.g.,

tetrad do.

Beside existence of global moving frames on non-parallelisable manifolds, moving frames have also another reason to be abandoned. As long as what

matters is the metric, then if two nearby observers set their moving frames to ea and e′a, respectively, they define the same global metric g iff the two

fames in the overlap are related as

e′µa (x′) = Jµν e
ν
b (x)Λ̄b

a(x) (2.7.52)

for some local map Λb
a : U ! SO(η) defined in the overlap U of the two observers. By taking this transformation law seriously, one recognises that the

fields eµa cannot be a natural object, but they are a gauge-natural object which is affected by gauge transformations Λ in the group SO(η).

Thus let us follow the standard procedure for building gauge-natural bundles out of transformation laws of their sections to be. Let us fix the gauge

group SO(η) and a structure bundle P = (P,M, π,SO(η)).

A Vielbein is a vertical principal morphism e : P ! L(M) which is hence given in the form

π � e(V ) = p(V )

(verticality)

M M

P L(M)

..............................................................................................................................

..............................................................................................................................

...................................................................................
.....
.......
.....

p

...................................................................................
.....
.......
.....

π

........................................................................................................................ ............
e

P L(M)

P L(M)

........................................................................................................................ ............
e

...................................................................................
.....
.......
.....

Rg

...................................................................................
.....
.......
.....

Ri(g)

........................................................................................................................ ............
e

e(V � g) = e(V ) � i(g)

(equivariance)

(2.7.53)

where i : SO(η)! GL(m) denotes the canonical group embedding.

Let us consider a trivialisation of P associated to a family of local sections σ(α) : U(α) → P . The section domains U(α) form an open covering of the manifold M and,

on the overlaps, one has transition functions

σ(β) = σ(α) · ϕ(αβ) (2.7.54)

which map one section into another by the canonical right action on P .

Let us set e(σ(α)(x)) = (x, V
(α)
a ). Once one knows the map e on the section σ(α), then one knows it on the whole tube p−1(U(α)). In fact, for any V ∈ p−1(U(α)) one

has V = σ(α) · g for some g ∈ SO(η) and consequently

e(V ) = e(σ(α) · g) = e(σ(α)) · i(g) = (x, V (α)
a · i(g)) = (x, V

(α)
b gba) (2.7.55)

where we set i(g) = gba ∈ GL(m).

Accordingly, all information about the map e is encoded in the family of moving fames V
(α)
a = e(σ(α)(x)). On the overlaps, one has precisely

V (β)
a = e(σ(β)(x)) = e(σ(α)(x) · ϕ(αβ)(x)) = e(σ(α)(x)) · i(ϕ(αβ)(x)) = Vb · (ϕ(αβ))

b
a (2.7.56)
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where we set i(ϕ(αβ)) = (ϕ(αβ))
b
a ∈ SO(η) ⊂ GL(m).

Thus the map e is precisely described by a family of frames which differ by orthonormal transformations on the overlaps. Vice versa, for any such a family one can

define a Vielbein map e.

Thus Vielbein are in one-to-one correspondence with families of frames which differ by orthonormal transformations on the overlaps. And that is exactly what one

needs to define a global metric.

Then the transformation laws above define for us a left group action on the manifold GL(m) (which is also a Lie group though that is irrelevant here)

σ : SO(η)�GL(m)�GL(m)! GL(m) : (Λb
a, J

β
α , e

α
a ) 7! e′βa = Jβαe

α
b Λ̄b

a (2.7.57)

This action allows us to define the gauge-natural bundle

F (P) = (P �M L(M))�σ GL(m) (2.7.58)

which is called the bundle of Vielbein, which has coordinates (xµ, eµa). By construction there is a one-to-one correspondence between sections of the

bundle F (P) and global Vielbein maps e : P ! L(M).

Let us stress that the bundle F (P) always allows global sections, even when M is not parallelisable. In fact, one can always find a family of local frames

differing by orthogonal transformations, even when the manifold does not allow global moving frames (as a consequence of existence of orthonormal

basis for inner products in arbitrary signature).

Now everything comes as expected, by construction. A generalised gauge transformation on P acts on F (P) as(
x′µ = x′µ(x)

S′ab = Λa
c(x)Scb

:::;

(
x′µ = x′µ(x)

e′µa = Jµν e
ν
b Λ̄

b
a(x)

(2.7.59)

One has a global bundle morphism g : F (P) ! Lor(M) : (xµ, eµa) 7! (xµ, gµν) given by gµν = eaµηabe
b
µ. Given a section e of F (P), i.e. a Vielbein, one

can take the composition g � e : M ! Lor(M) which is a global metric on M , which is called the induced metric.

Finally, any basis in the image of e is orthonormal with respect to the induced metric. Accordingly, one has e(P) = SO(M, g) � L(M).

We have to stop and stress that here the order matters.

One starts from P and define the bundle of Vielbein F (P). This is done without fixing a metric. The map g : F (M)→ Lor(M) is also obtained before fixing a metric.

Then any section e of F (P), i.e. any Vielbein, defines an induced metric by composition with the bundle map g. Only at this point, the frames in the image of the

Vielbein e : F (P)→ L(M) becomes orthonormal bases for the induced metric.

In this framework, there is no metric at a fundamental level. The metric is defined as a by-product of Vielbein by (2.7.51). Of course, one can pull

back any Lagrangian defined in terms of a metric to obtain a Lagrangian written in term of the Vielbein.

One has that
√
g =
√
e2 = |e| (2.7.60)

where we denoted by e the determinant of the inverse Vielbein eaµ.
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For any Vielbein e : M → F (P), one can define a compatible connection defined by

Γabµ = eaα

(
{g}αβµe

β
b + dµe

α
b

)
(2.7.61)

which is called the Vielbein connection and has the property

∇µeaν := dµe
a
ν + Γabλe

b
ν − {g}λνµeaλ = 0 (2.7.62)

The curvature of the Vielbein connection is defined as

Rabµν = dµΓabν − dνΓabµ + ΓacµΓcbν − ΓacνΓcbµ (2.7.63)

and one has

Rabµν = eaαR
α
βµνe

β
b Raµ = Rabµνe

bν = eaαRαµ R = Rabµνe
µ
ae
ν
b (2.7.64)

where Rαβµν is the Riemann tensor and Rαµ is the Ricci tensor of the Levi Civita connection {g} of the induced metric g.

One can write the Hilbert Lagrangian as

L = |e|
2κ (R� 2Λ) d� =

√
g

2κ (R� 2Λ) d� (2.7.65)

The variation of such Lagrangian is

δL =
√
g

2κ

h�
Rµν � 1

2Rgµν + Λgµν
�
δgµν + gµνrλδuλµν

i
d� (2.7.66)

However, our fundamental fields here are eµa (or equivalently eaµ, but not gµν), thus variation of the metric needs to be further expanded as

δgµν = 2eaµδeνa gµνδuλµν =
�
δλε g

σρ � gλρδσε
�
δΓερσ = 1

2

�
gλαgσρ � gλρgσα

��
�rαδgρσ +rρδgσα + rσδgαρ

�
=

=
�
gλαgσρ � gλρgσα

� �rρδeaσeaα + eaσrρδeaα
�

=
�
gλρgσα � gλαgσρ

� �
eaσgβα + gσβe

a
α

�rρδeβa =

=
�
eaσgβαg

λρgσα + gσβe
a
αg

λρgσα � eaσgβαgλαgσρ � gσβeaαgλαgσρ
�
rρδeβa =

=
�

2eaβg
λρ � δλβeaρ � δρβeaλ

�
rρδeβa

(2.7.67)

We used the identity

eλae
a
ν = δλν ⇒ δeλa = −eλb δebνeνa ⇒ ∇µδeλa = −eλb∇µδebνeνa (2.7.68)

which is a consequence of compatibility condition ∇µeνa = 0 used to define the Vielbein connection.

Then the variation of the Lagrangian can be recast as

δL = 1
κ

hp
g
�
Raν � 1

2Re
a
ν + Λeaν

�
δeνa +rλ

�√
g

2

�
2eaβg

λρ � δλβeaρ � δρβeaλ
�
rρδeβa

�i
d� (2.7.69)

The Euler–Lagrange and Poincaré–Cartan parts are

E =
√
g
κ

�
Raν � 1

2Re
a
ν + Λeaν

�
!νa ^ d� F =

√
g
κ

�
eaβg

λρ � ea(ρδ
λ)
β

�
rρ!βa ^ d�λ (2.7.70)
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where we defined the relevant contact forms as !µa := deµa � dλeµadxλ.

The field equations are

Raµ � 1
2Re

a
µ = �Λeaµ (2.7.71)

Given a Vielbein e : M → F (P) one can define the action λ : SO(η) × Rm → Rm : (S, va) 7→ v′a = iab (S)vb and define the associated bundle T = P ×λ Rm and the

Vielbein induces a map λ(e) : T → TM : (xµ, va) 7→ vaea, which is called soldering form.

The Vielbein framework and the soldering forms are equivalent formulations, just one is done at the level of principal bundles, the other in terms of the corresponding

vector bundles.

The Lagrangian (2.7.65) is clearly gauge-natural. The Lagrangian depends on the Vielbein through the induced metric only. A generalised gauge

transformation Ξ acts on the Vielbein so that the metric only transforms with respect to the diffeomorphism ξ, i.e.

£ξg
µν = 2ea(µ£Ξe

ν)
a (2.7.72)

Accordingly, the Lagrangian is a gauge-natural Lagrangian.

One can also show that any covariant Lagrangian depending on the Vielbein and derivatives up to order 2, then it necessarily depends on the frame

through the induced metric and it is actually the pull-back of a metric Lagrangian.

Without any loss of generality the Lagrangian may be assumed locally to have the following form:

L = L̂(xµ, eµa , e
µ
aσ, e

µ
aρσ) dσ = L(xµ, eµa ,Γ

a
bµ, R

ab
µν , S

a
bµν) dσ (2.7.73)

where we set Sabµν := d(µΓabν). Let us also define the naive momenta by the standard prescription:

pµ =
∂L

∂xµ
paµ =

∂L

∂eµa
pbµa =

∂L

∂Γabµ
pab

µν =
∂L

∂Rabµν
Pa

bµν =
∂L

∂Sabµν
(2.7.74)

Requiring this Lagrangian to be Aut(P)-covariant amounts to the following covariant identity:

dσ(Lξσ) =paµ£Ξe
µ
a + pbµa £ΞΓabµ + pab

µν£ΞR
ab
µν + Pa

bµν£ΞS
a
bµν (2.7.75)

where £Ξ denotes the Lie derivative of sections with respect to the infinitesimal generator Ξ = ξµδµ + ξabσab of a one-parameter subgroup of automorphisms on P.

Let us denote by ξab
(V)

= ξab + Γabµ ξ
µ the vertical part of the infinitesimal generator Ξ with respect to the connections Γabµ ,. The field Sabµν transforms with second

derivatives ∇µνξab(V ). It is the only field transforming in such a way. Hence the corresponding momenta vanish and the Lagrangian cannot depend on it if it has to be

gauge covariant.

The field Γabµ transforms with ∇µξab(V ) and it is the only field transforming in such a way. Hence the Lagrangian cannot depend on it.

Thus the Lagrangian is in the form

L = L(xµ, eµa , R
ab
µν) dσ (2.7.76)

and the covariance identity simplifies to

∇σ(Lξσ) =paµ£Ξe
µ
a + pab

µν£ΞR
ab
µν (2.7.77)
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The Lie derivatives appearing in equation (2.7.77) may be explicitly expressed in the following form:

£Ξe
µ
a = eµb

(
ξ(V )

)b ·
a −∇νξµeνa

£ΞR
ab
µν = ξλ∇λRabµν +Rabλν∇µξλ +Rabµλ∇νξλ −

(
ξ(V )

)a ·
cR

cb
µν −

(
ξ(V )

)b ·
cR

ac
µν

(2.7.78)

Hence for the Lagrangian to be gauge covariant one needs to have
∇λL = pab

µν∇λRabµν
Lδαλ = −paλeαa + pab

ανRabλν + pab
µαRabµλ

p ·[aµe
µ
b] = −2pc[a

µνRcb]µν

(2.7.79)

We want to show here how the Lagrangian (2.7.73) simplifies because of covariance. The first identity can be recast as

dλL−Γσλαδ
α
σL− pabµν∇λRabµν = dλL− Γσλα

(
−paσeαa + pab

ανRabσν + pab
µαRabµσ

)
− pabµν∇λRabµν =

=dλL− Γσλα
(
−paσeαa + 2pab

µαRabµσ
)
− pabµνdλRabµν + 2pab

µαRabµσΓσαλ + 2pc[b
µνRca]µνΓabλ =

=∂λL+ paµdλe
µ
a + pab

µνdλR
ab
µν + paµe

α
aΓµαλ − pab

µνdλR
ab
µν − 2pc[a

µνRcb]µνΓabλ =

=∂λL−
(
p ·[aµe

µ
b] + 2pc[a

µνRcb]µν
)

Γabλ = ∂λL = 0

(2.7.80)

Accordingly, the Lagrangian cannot depend on xµ either and we are left with a Lagrangian L = L(eµa , R
ab
µν) dσ. With no loss of generality, we can introduce a new

Lagrangian density

L̃(eµa , R
α
βµν) = L(eµa , e

a
αR

α
βµνe

bβ) (2.7.81)

and the new momenta

p̃aµ = paµ − p̃µβρσeaαRαβρσ + p̃α
ερσeaεR

α
µρσ p̃α

βµν = pab
µνeaαe

bβ (2.7.82)

Finally, we want to write the constraints (2.7.79) in terms of the new momenta

p̃ ·[aµe
µ
b] = p ·[aµe

µ
b] + 2pc[a

ρσRcb]ρσ = 0 p̃aµe
α
a = paµe

α
a + p̃µ

βρσRαβρσ + p̃αβρσRµβρσ (2.7.83)

so that the constraints become {
L̃δαλ = −p̃aλeαa + p̃λ

βρσRαβρσ + 3p̃β
αρσRβλρσ

p̃ ·[aµe
µ
b] = 0

(2.7.84)

The second constraint p̃ ·[aµe
µ
b] = 0 simply says that the Lagrangian density L̃ does depend on the Vielbein only through the combination gµν = eµaη

abeνb , i.e. it is satisfied

if and only if the Lagrangian density L̃ is constant on the fibres of the projection F (P)→ Lor(M), i.e. it is compatible with the quotient, so that a metric Lagrangian

is induced. In other words, the Lagrangian depends only on the associated metric and not on others combinations of the Vielbein.

To prove our claim, let us recall that the projection is locally given by g : F (P) → Lor(M) : eµa 7→ gµν = eaµ ηab e
b
ν and that the fibres of this projection are orbits of

the following representation

ρ : O(η)× F (P)→ F (P) : (aab , e
µ
a) 7→ eµb a

b
a

Then L̃ is constant on fibres if and only if p̃aµe
µ
b ȧ

b
a = 0 for all ȧba(t) ∈ o(η) and each point eµa ∈ F (P). This is, in turn, equivalent to the following identity

(p̃aµe
bµ
· )ηbcȧ

c
a = 0
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Since a ∈ O(η), then ηbcȧ
c
e is skew-symmetric with respect to the indices [be], thus this identity holds if and only if p̃

[a
µ e

b]µ
· = 0.

To summarise, any gauge-natural Lagrangian depending on the Vielbein (and their derivatives up to order 2) is, in fact, the pull back of a generally covariant metric

Lagrangian.

Thus Vielbein formalism does not allow more dynamics than purely metric formalism. We shall see, however, that it allows more couplings to matter

field. In particular, it allows couplings with spinor fields which do not factorise through metric formulations.

In other words, if one wishes to deal with spinors Vielbein formalism is needed (or more precisely, spin frames formalism). If one describes gravity in

Vielbein formalism and then couples to tensor matter fields, then everything factorises through a metric theory and Vielbein formalism does not add

new physics.

Spin frames and spinor fields

The group Spin(η) is a double covering of the orthogonal group SO(η), i.e. there exists a 2-to-1 group homomorphism ` : Spin(η) ! SO(η). When

the spin group is defined within a Clifford algebra generated by a basis γa which obey the relations

fγa, γbg = �2ηabI γ0γ
†
aγ0 = γa (2.7.85)

then the covering map is defined as ` : Spin(η)! SO(η) : S 7! `(S) such that

SγaS
−1 = γb`

b
a(S)

h
() SγaS−1 = `ab (S

−1)γb
i

(2.7.86)

The map ` : Spin(η)→ SO(η) so defined is a group homomorphism. In fact:

TSγaS
−1T−1 = TγbT

−1`ba(S) = γc`
c
b(T )`ba(S) = γc`

c
a(TS) (2.7.87)

Depending on the convention for the signature one assumes Dirac matrices’ anticommutators to be as in (2.7.85) for the signature (3, 1) (the one that we are using) or

{γa, γb} = 2ηabI (2.7.88)

for the signature (1, 3). The reason is to have the square of the Dirac operator equal to the Klein–Gordon operator in Minkowski which was a historical motivation for

spinor fields.

One can repeat the argument for Vielbein starting from a structure bundle P̂ = (P̂ ,M, p̂, Spin(η)) for the spin group. Any principal spin bundle P̂ is

a double covering of a principal orthogonal bundle P = (P,M, p,SO(η)) such that one has

M M

P̂ P

..............................................................................................................................

..............................................................................................................................

...................................................................................
.....
.......
.....

p̂

...................................................................................
.....
.......
.....

p

.......................................................................................................................................... ............
ˆ̀

ˆ̀ : P̂ ! P : [x, S] 7! [x, `(S)]

(2.7.89)
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This map ˆ̀ is global and independent of the trivialisation.

Let us define a spin frame to be a vertical principal morphism ê : P̂ ! L(M) which is hence given in the form

π � ê(ν) = p̂(ν)

(verticality)

M M

P̂ L(M)

..............................................................................................................................

..............................................................................................................................

...................................................................................
.....
.......
.....

p̂

...................................................................................
.....
.......
.....

π

........................................................................................................................ ............
ê

P̂ L(M)

P̂ L(M)

........................................................................................................................ ............
ê

...................................................................................
.....
.......
.....

RS

...................................................................................
.....
.......
.....

Ri◦`(S)

........................................................................................................................ ............
ê

ê(ν � S) = ê(ν) � i � `(S)

(equivariance)

(2.7.90)

where i � ` : Spin(η)! GL(m) denotes the canonical group embedding.

As for Vielbein, a spin frame ê is completely determined (by equivariance) once it is known on a section (e.g. the one associated to a local trivialisation).

For example, let us fix a family of local sections σ̂(α) : U(α) ! P̂ which induces a trivialisation of P̂. Then, for any spin frame ê, let us define the local

moving frames ê(σ̂(α)) = (x, e
(α)
a ) with e

(α)
a = (e(α))µa∂µ which completely determine the spin frame.

On the overlap of two local trivialisations, one has

σ̂(β) = σ̂(α) � S(αβ)(x) ) e
(β)
a = e

(α)
b `ba

�
S(αβ)(x)

�
(2.7.91)

so that two nearby spin frames differ by an orthogonal transformation. Then there exists one and only one metric

g = eaµηabe
b
νdxµ 
 dxν

which is called the induced metric.

The image ê(P̂) � L(M) coincides with the subbundle ê(P̂) = SO(M, g) of orthonormal frames defined by the induced metric.

Any spin frame ê : P̂ → L(M) restricts to a map ẽ : P̂ → SO(M, g). The pair (P̂, ẽ) is called a spin structure on the Riemannian manifold (M, g).

Spin structures are considered necessary to define global Dirac equations on the Riemannian manifold (M, g). This approach is good in geometry, not as good in GR,

where the metric g is not a fixed structure and it is unknown until one solves Einstein equations. Spin frames are a rephrasing of the same topic, without starting with

a fixed metric on the spacetime.

Of course, one fixes a spin frame instead of a metric. However, the construction is independent of which spin frame one fixes and the spin frame can be varied at

will. On the contrary, if one fixes the metric, then the structure is too rigid to vary it (essentially because the variation of the metric does not single out uniquely a

deformation of the spin frame).

The trivialisation on P̂ induces a trivialisation on P given by σ(α) = ˆ̀ � σ̂(α) : U(α) ! P .

If transition functions in the trivialisation induced by the sections σ̂(α) are denoted by S(αβ) : U(αβ) → Spin(η), then the trivialisation induced on P has transition

functions `(S(αβ)) : U(αβ) → SO(η).

Since S(αβ) form a cocycle, then `(S(αβ)) : U(αβ) → SO(η) is a cocycle as well, since ` : Spin(η)→ SO(η) is a group homomorphism. This cocycle defines the principal

bundle for the orthogonal group, namely P.

One can hence define a Vielbein e : P ! L(M) defined by

e(σ(α)) = ê(σ̂(α)) ) e � ˆ̀ = ê (2.7.92)
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i.e. the spin frames factorises through the covering map ˆ̀:

M

M

M

P̂

P

L(M)

....................................................................................................................

....................................................................................................................

............................................................................................................
.....
.......
.....

p̂

...............................................................................................
.....
.......
.....

p

........................................................................................................................................ ........
....

ˆ̀
............................................................................................................
.....
.......
.....

π

................................................................................................................................................................................................................................................................................................................................ ............
ê

.............
.............

.............
.............

.............
.............

.............
..............
............

e

................
................

................
................

................
................

................
................

................
................

................
.......

................
................

................
................

................
................

................
................

................
................

................
.......

(2.7.93)

Since the covering map ˆ̀ : P̂ ! P is a local diffeomorphism, one can pull back connections (and then dynamics) from P to P̂ .

Given a connection Γabµ on P, one can define the spin connection Γµ = − 1
4Γabµ γaγb (matrix indices understood) on P̂; see Appendix A below.

The definition of the bundle of spin frames F (P̂) goes along the same line as for Vielbein. One defines the left group action

σ̂ : Spin(η)�GL(m)�GL(m)! GL(m) : (S, Jβα , e
α
a ) 7! e′βa = Jβαe

α
b `
b
a(S̄) (2.7.94)

This action allows us to define the gauge-natural bundle

F (P̂) =
�
P̂ �M L(M)

�
�σ̂ GL(m) (2.7.95)

which is called the bundle of spin frames, which has coordinates (xµ, eµa). By construction there is a one-to-one correspondence between sections of the

bundle F (P̂) and global spin frames maps ê : P̂ ! L(M).

Since the spin frame ê induces a metric, which defines a Levi Civita connection and can be then pulled back on P̂, then one has a spin connection Γµ on P̂ and a

connection {g}αβµ on L(M).

Consequently, one can define the covariant derivatives of the spin frame

∇µeαa = dµe
α
a − Γbaµe

α
b + {g}αβµeβa = 0 (2.7.96)

which vanishes in view of the definition (2.7.61) of the connection Γabµ. In fact, the connection defined by (2.7.61) is the only connection for which ∇µeαa = 0.

One can write a dynamics in terms of the spin frames only, e.g.

L = |e|
2κ (R� 2Λ) d� (2.7.97)

The dynamics written in terms of Vielbein or spin frames are identical since the spin frame dynamics factorises through the Vielbein dynamics. This

is true also with matter coupling until the representation λ̂ of the spin group is a tensor representation, i.e. until there exists a representation λ of the

orthogonal group SO(η) such that

λ̂(S) = λ(`(S)) (2.7.98)
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When this happens the matter dynamics written in terms of Vielbein or spin frames are identical.

However, the spin group also has representations which are not tensorial. For example, for any choice of matrices γa such that the anticommutation

relations (2.7.85) are implemented, one has a representation of the whole Clifford algebra which restricts to a representation λ : Spin(η) � V ! V of

the spin group. In such representations �I are represented by the matrix �I, respectively, thus they are not compatible with the quotient induced by

the covering map and the representation is not tensorial.

For some obscure reason, the representations of the Spin(η) group which are not tensorial are called spin representations of the orthogonal group in the literature. This

is, of course, a notational abuse since a representation of the spin group is by no means a representation of the orthogonal group.

Of course, the abuse of language relies on the fact that the two groups have the same algebra spin(η) ' so(η) and there is the habit to confuse representations of the

algebras with the representations of their group, which, in fact, is equally deplorable.

When considering matter couplings with spin frames, one has more freedom than with Vielbein. Every time a matter coupling is built using a non-

tensorial representation of the spin group, that dynamics cannot be written in terms of an ordinary orthogonal representation (which hence factorises

through the induced metric). Matter fields which couple in this way to spin frames are called spinors.

Let us consider a (non-tensorial) representation λ : Spin(η)� V ! V one can define the spinor bundle

S(P̂) = P̂ �λ V (2.7.99)

with coordinates (xµ, ψ) (matrix indices understood in what should be ψi).

At this point, one should define connections of P̂ and covariant derivatives of spinor fields ψ. There is a long and correct way and a short and naive

way to do that. The naive way is to define the covariant derivative of spinors to be

rµψ = ∂µψ � 1
4Γabµ γaγbψ (2.7.100)

and check that it transforms well under gauge transformations ψ′ = S(x)ψ.

In fact,
(∇µψ)′ =S∂µψ + ∂µSψ − 1

4Γ′abµ SS−1γaSS
−1γbSψ = S

(
∂µψ + S−1∂µSψ − 1

4Γ′abµ
¯̀c
a
¯̀d
bγcγdψ

)
= S

(
∂µψ − 1

4
¯̀c
a

(
Γ′abµ

¯̀d
b + ∂µ`

a
bη
bd
)
γcγdψ

)
=

=S
(
∂µψ − 1

4Γcdµ γcγdψ
)

= S∇µψ
(2.7.101)

Ok, we used the identities

S−1∂µS = −¯̀c
a∂µ`

a
bη
bdγcγd (2.7.102)

Except for that, it is just a computation.

:o)One cannot really say that there is something wrong with this procedure. However, it is like having your grandmother living in Paris who gives you an airplane as a

gift for allowing to visit her more often. And since you don’t know how to pilot you enrol on a course in mechanics to tear the wings apart to be able to drive the

airplane on the highway.

Covariant derivatives are important and they transform well. They are important because they transform well and sometimes all you need is the fact they transform

well. However, that is not why connections have been invented for or how they are meant to be used.

Since once in a lifetime everyone should be able to take the long and correct way, we do that for reference in Appendix A below. Of course, if one knows how to do it,

the short and naive way will be fine as well.
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Let us also compute the commutator of spinor covariant derivatives

[rµ,rν ]ψ =rµ(∂νψ � 1
4Γabν γaγbψ)� [µν] = ∂µνψ � 1

4∂µΓabν γaγbψ � 1
4Γabν γaγb∂µψ � 1

4Γabµ γaγbrνψ � fggανµrαψ � [µν] =

=� 1
4∂µΓabν γaγbψ � 1

4Γabν γaγb

�
rµψ + 1

4Γcdµ γcγdψ
�
� 1

4Γabµ γaγbrνψ � [µν] =

=� 1
4∂µΓabν γaγbψ + 1

4Γabµ γaγbrνψ + 1
16Γabµ Γcdν γaγbγcγdψ � 1

4Γabµ γaγbrνψ � [µν] =

=� 1
4

�
∂µΓabν � ∂νΓabµ + ΓacµΓcbν � ΓacνΓ

cb
µ

�
γaγbψ = �1

4R
ab
µνγaγbψ

(2.7.103)

We used the identity on the Clifford algebra

Γabµ Γcdν γaγbγcγd − Γabν Γcdµ γaγbγcγd = Γabµ Γcdν (abcd− cdab) =

= Γabµ Γcdν (abcd− abcd− 2(bc)ad+ 2(bd)ac− 2(ac)db+ 2(ad)cb) = 4Γabµ Γcdν (−(bc)ad+ (bc)da) =

= −4ΓacµΓcbν γaγb + 4ΓacµΓcbν γbγa = −4
(
ΓacµΓcbν − ΓacνΓcbµ

)
γaγb

(2.7.104)

In the proof, we did not used a particular representation of the Clifford algebra but only the anticommutation relations (2.7.85).

We introduced a shortcut notation for products of gamma matrices.

Exercise: guess how the shortcut notation works by knowing that the anticommutation relations read as

ab+ ba = −2(ab) (2.7.105)

If you cannot guess just repeat the computation above in full notation.

Let us define ψ̄ := ψ†γ0, raψ := eµarµψ and consider the Lagrangian

LD = �h̄jej � i2 ψ̄γaraψ � i
2raψ̄γaψ + µψ̄ψ

�
d� (2.7.106)

which is called the Dirac Lagrangian and it depends on the spinor field ψ (and its first derivatives) and on the spin frame eµa (and its first derivatives).

As usual let us spend some time for dimensional analysis. As in the metric case [|e|dσ] = Lm; the matrices γa and the spin frame eµa are adimensional. Then

[ i2 ψ̄γ
a∇aψ] = L−1[ψ]2; thus, if we want the Lagrangian to have the dimension of an action, we have to set MLm+1T−1[ψ]2 = ML2T−1 and obtain [ψ] = L

1−m
2 .

For the mass term, now we have [µ] = L−1, which is thus not a mass, however, one can define µ = c
h̄ µ̂ so that now µ̂ is. That is analogous to what we did for

Klein–Gordon field.

The corresponding total Lagrangian will be

L = jej � 1
2κ (R� 2Λ)� ih̄

2 ψ̄γ
araψ + ih̄

2 raψ̄γaψ � cµ̂ψ̄ψ
�

d� (2.7.107)

which is called the Dirac–Einstein Lagrangian and it describes interactions between a spinor field ψ and the gravitational field described by the spin

frame eµa (which induces a metric g on the spacetime M). Let us stress that here the metric field is not a fundamental field but it is a composite field

which is induced by the spin frame which is to be considered the fundamental field.
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The variation of the Dirac Lagrangian is

δLD =� h̄ |e|2
h
� δeµaeaµ

�
ψ̄Dψ + Dψ̄ψ

�
+ δψ̄Dψ + Dψ̄δψ � iδ �raψ̄� γaψ + iψ̄γaδ (raψ) + µ

�
δψ̄ψ + ψ̄δψ

� i
d� =

=� h̄ |e|2
h
δeµa

�
�eaµ

�
ψ̄Dψ + Dψ̄ψ

�
+ i
�
ψ̄γarbψ �rbψ̄γaψ

�
ebµ

�
+ δψ̄Dψ + Dψ̄δψ + µ

�
δψ̄ψ + ψ̄δψ

�
+

+ i
��raψ̄γaδψ + δψ̄γaraψ

�� i
4 ψ̄ (γaγcγd � γdγcγa)ψeaµδΓcdµ

i
d�� h̄ra

h
i |e|2
�
ψ̄γaδψ � δψ̄γaψ� id� =

=� h̄ |e|2
h
δeµa

�
�eaµ

�
ψ̄Dψ + Dψ̄ψ

�
+ i
�
ψ̄γarbψ �rbψ̄γaψ

�
ebµ

�
+ 2

�
δψ̄Dψ + Dψ̄δψ

�� i
2 ψ̄γacdψδΓ

cd
µ e

aµ
i
d�+

� h̄ra
h
i |e|2
�
ψ̄γaδψ � δψ̄γaψ� id� =

=� h̄ |e|2
h
δeµa

�
�eaµ

�
ψ̄Dψ + Dψ̄ψ

�
+ i
�
ψ̄γarbψ �rbψ̄γaψ

�
ebµ

�
+ 2

�
δψ̄Dψ + Dψ̄δψ

�
+

� i
2 ψ̄γacdψ

�
�δab ec[αedβ] + δcbe

d[αeaβ] + δdb e
c[βeaα]

�
rαδebβ

i
d�� h̄ra

h
i |e|2
�
ψ̄γaδψ � δψ̄γaψ� id� =

=� h̄ |e|2
h
δeµa

�
�eaµ

�
ψ̄Dψ + Dψ̄ψ

�
+ i
�
ψ̄γarbψ �rbψ̄γaψ

�
ebµ

�
+ 2

�
δψ̄Dψ + Dψ̄δψ

�
+

� i
2 ψ̄γacdψ

�
�δab ec[αedβ] + δab e

c[αedβ] � δab ec[βedα]
�
rαδebβ

i
d�� h̄ra

h
i |e|2
�
ψ̄γaδψ � δψ̄γaψ� id� =

=� h̄ |e|2
h
� δeµa

�
eaµ
�
ψ̄Dψ + Dψ̄ψ

�� i �ψ̄γarbψ �rbψ̄γaψ� ebµ � i
2rα

�
ψ̄γbcdψ

�
ηcaedαebµ

�
+ 2

�
δψ̄Dψ + Dψ̄δψ

� i
d�+

� h̄rα
h
i |e|2
�
ψ̄γαδψ � δψ̄γαψ�� i |e|4 �ψ̄γbcdψ� ηcaedαebµδeµaid� =

=� jejT aµδeµad�� h̄jej �δψ̄Dψ + Dψ̄δψ
�

d�� h̄rα
h
i |e|2
�
ψ̄γαδψ � δψ̄γαψ�� i |e|4 �ψ̄γbcdψ� ηcaedαebµδeµaid�

(2.7.108)

where we set Dψ := iγcrcψ + µψ, Dψ̄ := �ircψ̄γc + µψ̄ for the Dirac operator and

T aµ := � h̄
2

�
eaµ
�
ψ̄Dψ + Dψ̄ψ

�� i �ψ̄γarµψ �rµψ̄γaψ�� i
2rα

�
ψ̄γbcdψ

�
ηcaedαebµ

�
(2.7.109)

for the energy-momentum stress tensor of spinors and we used the relations8<
:
δ (raψ) = δeεae

d
εrdψ +raδψ � 1

4e
µ
aδΓ

cd
µ γcγdψ

δ
�raψ̄� = δ

�
raψ†

�
γ0 =

�
δeεae

d
εrdψ† +raδψ† � 1

4ψ
†γ†dγ

†
ce
µ
aδΓ

cd
µ

�
γ0 = δeεae

d
εrdψ̄ +raδψ̄ � 1

4 ψ̄γdγce
µ
aδΓ

cd
µ

(2.7.110)

as well as

δΓcdµ e
aµ = ecα

�
�δeαb Γbdµ + δΓαβµe

dβ + Γαβµδe
dβ + ∂µδe

dα
�
eaµ = ecαe

dβ
�
δΓαβµ + ebβrµδebα

�
eaµ = ecαe

dβ
�
δΓαβµ �rµδebβeαb

�
eaµ =

= 1
2e
cαedβ

�
�rαδebβebµ � ebβrαδebµ +rµδebαebβ + ebαrµδebβ +rβδebµebα + ebµrβδebα � 2ebαrµδebβ

�
eaµ =

= 1
2e
cαedβ

�
�rαδebβebµ �rαδebµebβ +rµδebαebβ +rβδebµebα +rβδebαebµ �rµδebβebα

�
eaµ =

= e[cαed]β
�
�rαδebβebµ +rµδebαebβ +rβδebµebα

�
eaµ =

�
�ec[αedβ]δab + 1

2δ
c
be
dαeaβ � 1

2δ
d
b e
cαeaβ + 1

2δ
d
b e
cβeaα � 1

2δ
c
be
dβeaα

�
rαδebβ =

=
�
�δab ec[αedβ] + δcbe

d[αeaβ] + δdb e
c[βeaα]

�
rαδebβ

(2.7.111)

:Notation: :Symbols: :AIndex: :Index:



178 General covariance

We also used the identity in the Clifford algebra

δΓcdµ (γaγcγd − γdγcγa) = 1
3δΓ

cd
µ (acd− dca− cad+ cda− adc+ dac− 2(ac)d+ 2(dc)a− 2(dc)a+ 2(ac)d) = 2δΓcdµ γacd (2.7.112)

For future convenience, let us also compute the trace of the energy-momentum stress tensor

T :=T aµe
µ
a = � h̄

2

�
m
�
ψ̄Dψ + Dψ̄ψ

�� ψ̄ (Dψ � µψ)� �Dψ̄ � µψ̄�ψ � i
2rα

�
ψ̄γbcdψ

�
ηcbedα

�
= �m−1

2 h̄
�
ψ̄Dψ + Dψ̄ψ

�� µ̂cψ̄ψ (2.7.113)

which on shell turns out to be proportional to the mass.

The first variation formula of the total Lagrangian (2.7.107) defines the Euler–Lagrange and Poincaré–Cartan parts as

E =jej � 1
κ

�
Raµ � 1

2Re
a
µ + Λeaµ

�� T aµ�!µa ^ d�� h̄jej �!̄ Dψ + Dψ̄ !
� ^ d�

F = |e|κ

�
eaβg

αρ � ea(ρδ
α)
β

�
rρ!βa ^ d�α � h̄ |e|2

h
i
�
ψ̄γα!� !̄γαψ�� i

2

�
ψ̄γbcdψ

�
ηcaedαebµ!

µ
a

i
^ d�α

(2.7.114)

where we set !µa := deµa � dλeµadxλ, !̄ := dψ̄ � dλψ̄dxλ, ! := dψ � dλψdxλ for the relevant contact forms. Field equations are then(
Raµ � 1

2Re
a
µ = �Λeaµ + κT aµ

iγcrcψ + µψ = 0
(2.7.115)

that describe the interaction between the spinor field and gravity.

Field equations for the spinor field are Dψ = 0 and Dψ̄ = 0, which are two real-independent equations but two complex-dependent equations. Accordingly, one can

regard them as one single complex field equation Dψ = 0.

The automorphisms of the structure bundle P̂ act on the configuration bundle by generalised gauge transformations8><
>:
x′µ = x′µ(x)

e′µa = Jµν e
ν
b `
b
a(S̄)

ψ′ = Sψ ) ψ̄′ = ψ̄γ0S
†γ0 = ψ̄S−1

(2.7.116)

We have to prove that S−1 = γ0S
†γ0. By definition, an element S of the spin group is a (even) product of unit vectors in the Clifford algebra.

Let u = uaγa ∈ V be a unit vector in the Clifford algebra C(V, η). Then one has

γ0u
†γ0 = uaγ0γ

†
aγ0 = uaγa = u (2.7.117)

Thus if S = u1 · u2 · . . . · u2k then

γ0S
†γ0 = u2k · . . . · u2 · u1 (2.7.118)

Hence one has

Sγ0S
†γ0 = u1 · u2 · . . . · u2ku2k · . . . · u2 · u1 = (−1)2kη(u1, u1)η(u2, u2) . . . η(u2k, u2k) = ±I ⇒ S−1 = ±γ0S

†γ0 (2.7.119)
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If S in the connected component to the identity, one can find a curve S(t) in the spin group such that S(0) = I and S(1) = S. The inverse S−1 is a continuous function,

the inverse of I is I, a continuous function is locally constant, hence one has

S−1(t) = ±γ0S
†(t)γ0 ⇒ I = ±(γ0)2I = ±I ⇒ S−1 = γ0S

†γ0 (2.7.120)

The covariant derivative of spinors has been defined so that it transforms well with respect to generalised gauge transformations. In fact, one has

(raψ)′ =e′µa

�
∂′µψ

′ � 1
4Γ′cdµ γcγdψ

′
�

= S
�
∂νψ + S−1∂νSψ � 1

4`
c
e

�
Γefν `

d
f + dν¯̀

e
fη

fd
�
S−1γcSS

−1γdSψ
�
eνb ¯̀

b
a =

=S
�
∂νψ + S−1∂νSψ � 1

4

�
Γegν + dν¯̀

e
fη

fd¯̀g
d

�
γeγgψ

�
eνb ¯̀

b
a = Srbψ¯̀b

a + S
�
S−1∂νS + 1

4dν
¯̀e
f`
f
dη

gdγeγg

�
ψeνb ¯̀

b
a =

=Srbψ¯̀b
a

(2.7.121)

Here we used the identity S−1∂νS = �1
4∂ν

¯̀a
c`
c
dη
bdγaγb the proof of which is analogous to the proof of (2.A.10).

One starts from a function S : U → Spin(η), and hence has S̄γaS = γb ¯̀
b
a. By taking derivative of both sides one has

dν S̄γaS + S̄γadνS = γbdν ¯̀b
a ⇒ dν S̄S(S̄γaS) + (S̄γaS)S̄dνS = γbdν ¯̀b

a ⇒ −S̄dνSγc + γcS̄dνS = γbdν ¯̀b
a`
a
c ⇒

⇒ [γc, S̄dνS] = γbdν ¯̀b
a`
a
c ⇒ [S̄dνS, γc] = γb ¯̀

b
adν`

a
c

(2.7.122)

Then by the same argument used in (2.A.10) we have

S̄dνS = sabγaγb sab = − 1
4dν

¯̀a
c `
c
dη
bd ⇒ S−1dνS = − 1

4dν
¯̀a
c `
c
dη
bdγaγb (2.7.123)

Let us stress that the coefficient − 1
4 does not depend on the dimension.

The bilinear ψ̄ψ is invariant with respect to generalised gauge transformations. We are now able to check that the bilinear ψ̄γaraψ is invariant as

well.

We already checked that γa is invariant; see (2.A.33). One has

ψ̄′γa(∇aψ)′ = ψ̄S̄γaS∇bψ ¯̀b
a = ψ̄γc`ac∇bψ ¯̀b

a = ψ̄γb ∇bψ (2.7.124)

Accordingly, the Dirac–Einstein Lagrangian (2.7.107) is invariant under generalised gauge transformations. Since all fields are dynamical, it is in fact

a gauge-natural Lagrangian. As usual, invariance with respect to generalised gauge transformations implies the covariance identity

paµ£Ξe
µ
a + pab

µν£ΞR
ab
µν + p£Ξψ + p̄£Ξψ̄ + pa£Ξ(raψ) + p̄a£Ξ(raψ̄) = dα

�
ξλL

�
(2.7.125)

which, however, can be proved directly.

We already know that covariance identity holds true for the purely gravitational Lagrangian. Thus we only have to check it for the Dirac Lagrangian (2.7.106). The

relevant Lie derivatives are:

£Ξe
µ
a = eµb (ξ(V ))

b ·
a −∇αξµeαa

£Ξψ = ξα∇αψ + 1
4ξ
cd
(V )γcγdψ

£Ξ(∇aψ) = ξα∇α∇aψ + 1
4ξ
cd
(V )γcγd∇aψ + (ξ(V ))

c ·
a∇cψ

£Ξψ̄ = ξα∇αψ̄ − 1
4ξ
cd
(V )ψ̄γcγd

£Ξ(∇aψ̄) = ξα∇α∇aψ̄ − 1
4ξ
cd
(V )∇aψ̄γcγd + (ξ(V ))

c ·
a∇cψ̄

(2.7.126)
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Then we have

paµ£Ξe
µ
a + p£Ξψ + p̄£Ξψ̄ + pa£Ξ(∇aψ) + p̄a£Ξ(∇aψ̄) = h̄|e|eaµ

(
i
2 ψ̄γ

a∇aψ − i
2∇aψ̄γ

aψ + µψ̄ψ
) (
eµb (ξ(V ))

b ·
a −∇αξµeαa

)
+

− h̄|e|
(
− i

2∇
aψ̄γa + µψ̄

) (
ξα∇αψ + 1

4ξ
cd
(V )γcγdψ

)
− h̄|e|

(
ξα∇αψ̄ − 1

4ξ
cd
(V )ψ̄γcγd

) (
i
2γa∇

aψ + µψ
)

+

− ih̄
2 |e|

(
ξαψ̄γa∇α∇aψ + 1

4ξ
cd
(V )ψ̄γaγcγd∇

aψ + (ξ(V ))
caψ̄γa∇cψ

)
− ih̄

2 |e|
(
−ξα∇α∇aψ̄γaψ + 1

4ξ
cd
(V )∇

aψ̄γcγdγaψ − (ξ(V ))
ca∇cψ̄γaψ

)
=

=L∇αξα − h̄µ|e|
(
ξα∇α

(
ψ̄ψ
)

+ 1
4ξ
cd
(V )ψ̄γcγdψ − 1

4ξ
cd
(V )ψ̄γcγdψ

)
− ih̄

2 |e|
(
ξα∇αψ̄γa∇aψ − ξα∇aψ̄γa∇αψ − 1

4ξ
cd
(V )∇

aψ̄γaγcγdψ − 1
4ξ
cd
(V )ψ̄γcγdγa∇

aψ
)

+

− ih̄
2 |e|

(
ξαψ̄γa∇α∇aψ + 1

4ξ
cd
(V )ψ̄γaγcγd∇

aψ + (ξ(V ))
cdψ̄γd∇cψ

)
− ih̄

2 |e|
(
−ξα∇α∇aψ̄γaψ + 1

4ξ
cd
(V )∇

aψ̄γcγdγaψ − (ξ(V ))
cd∇cψ̄γdψ

)
=

=L∇αξα − h̄|e|ξα∇α
(
µψ̄ψ + i

2 ψ̄γa∇aψ −
i
2∇

aψ̄γaψ
)
− ih̄

2 |e|ξ
cd
(V )

(
1
4∇

aψ̄[γcγd, γa]ψ − 1
4 ψ̄[γcγd, γa]∇aψ + ψ̄γd∇cψ −∇cψ̄γdψ

)
=(2.A.9)

=L∇αξα − h̄|e|ξα∇α
(
µψ̄ψ + i

2 ψ̄γa∇aψ −
i
2∇

aψ̄γaψ
)
− ih̄

2 |e|ξ
cd
(V )

(
∇cψ̄γdψ − ψ̄γd∇cψ + ψ̄γd∇cψ −∇cψ̄γdψ

)
= dα (ξαL)

(2.7.127)

Let us remark that, in order to have covariance of the Dirac(–Einstein) Lagrangian, one is forced to transform spinors and spin frames at the same

time. Let us also stress that spinors, as we introduced them here, are gauge-natural objects. They do not transform under spacetime diffeomorphisms

(contrary to the usual Minkowski spinors which at least transform under Minkowski isometries). On a general spacetime, generically, there are no

isometries at all and spinors became gauge. Once again, the group action of the isometry group is something which is lost on a general curved spacetime,

or, to say it better, it is a free token one gets on flat spacetimes only.

As we declared in the beginning, for us, the flat case is a special case to be obtained by specialisation of the general curved space, not something

more fundamental to be generalised from it. Accordingly, for us true spinors are gauge-natural objects and they have to be treated as such also when

special structures can be defined in view of the specific solution under consideration.

As a side comment, since it has a special historical motivation, let us compute the square of the Dirac operator. When Dirac defined spinors on Minkowski space it

was important that they somehow can be considered as a square root of a Klein–Gordon field. This feature is anyway lost on a generic curved background.

We can compute the square of the Dirac operator.

D2ψ =D (iγc∇cψ + µψ) = −γ[dγc]∇d∇cψ + �ψ + 2µiγd∇dψ + µ2ψ = − 1
2γ

dγc[∇d,∇c]ψ + �ψ + 2µ (Dψ − µψ) + µ2ψ =

= 1
8R

ab
cdγ

cγdγaγbψ + 2µDψ +
(
�ψ − µ2ψ

) (2.7.128)

On Minkowski space, one has no curvature and a solution ψ of Dirac equation is also a solution of the Klein–Gordon operator. Let us remark that the box operator

for spinor fields is defined as

�ψ =gαβ∇α∇βψ = ηab∇a∇bψ = ηabeβb e
α
a∇α

(
dβψ − 1

4Γcdβ γcγdψ
)

=

=gαβ
(
dαβψ − 1

4Γcdβ γcγd
(
∇αψ + 1

4Γefα γeγfψ
)
− 1

4dαΓcdβ γcγdψ − 1
4Γcdα γcγd∇βψ − {g}εβα∇εψ

)
=(2.7.104)

=gαβ
(
dαβψ − {g}εβα∇εψ

)
+ gαβ

(
− 1

2Γcdβ γcγd∇αψ + 1
4

(
ΓacαΓcbβ − ΓacβΓcbα

)
γaγbψ − 1

4dαΓabβ γaγbψ
) (2.7.129)

Again, this reduces to the box operator on each component ψi of the spinor field only in Minkowski space, in Cartesian coordinates, with an orthonormal frame. In

general, the splitting is not even covariant since the operator gαβ
(
dαβψ − {g}εβα∇εψ

)
is not covariant with respect to generalised gauge transformations (and in general

pure diffeomorphisms do not even act on spinor fields).

Even if this property is a historical motivation for Dirac equation, it does not survive on a general curved background.
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Conformal gravity

A conformal structure on a spacetime M is an equivalence class [g] of metrics (of signature η) with respect to conformal equivalence relation. Two

metrics g, g′ on M are said to be conformally equivalent iff there exists a function ω : M ! R such that

g′ = eω(x) � g (2.7.130)

By a conformal structure, one can define angles but not distances. Distances depend on the representative of the conformal class [g]; different representatives define

different distances and lengths for the same curve γ : R→M . On the contrary, (for strictly Riemannian signature) any representative of g′ ∈ [g] defines the same angle

θ between two vectors v, w ∈ TxM :

cos(θ) =
g(v, w)√

g(v, v)
√
g(w,w)

=
g′(v, w)√

g′(v, v)
√
g′(w,w)

(2.7.131)

Analogously, in the Lorentzian signature, the notion of time-like (g(v, v) < 0), light-like (g(v, v) = 0), and space-like (g(v, v) > 0) just depend on the conformal

structure, not on the specific representative chosen. Also the set of light-like vectors, which is also called the light cone C = {v ∈ TM : g(v, v) = 0} ⊂ TM , just depends

on the conformal structure, being the same for all its representatives.

We want to define a field theory for conformal stuctures. In such a theory, one can use fields gµν which transform as

g′µν(x
′) = eω(x) J̄

α
µgαβ(x)J̄

β
ν (2.7.132)

This is, of course, not a natural object. The transformation laws depend on gauge transformations parameterised by the local function ω : U ! R.

Accordingly, here fields are gauge-natural objects.

In view of transformation laws, one defines the left group action

λ : R�GL(m)� L! L : (ω, J, gab) 7! g′ab = eω J̄
c
agcdJ̄

d
b (2.7.133)

where L is the set of non-degenerate bilinear forms of signature η, endowed with coordinates gab.

Thus one can start from a structure bundle P = (P,M, π,R) and define the configuration bundle as

W (P) = (P �M L(M))�λ L (2.7.134)

with coordinates (xµ, gµν).

The structure bundles P have fibered coordinates (x, l) and transition functions are in the form(
x′µ = x′µ(x)

l′ = ω(x) + l
(2.7.135)

Because of the particular group G = (R,+) chosen, transition functions are principal and at the same time affine transformations. Then the structure

bundle P is principal as usual, though in this case it is also an affine bundle. This combination is particularly interesting. The bundle P has global

sections since it is affine, and it is trivial since it has global sections and it is principal.
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Accordingly, structure bundles for the group (R,+) are always trivial. Then all associated bundles, including W (P), are trivial as well. That, in turn,

means that any global sections of W (P) can be represented by a global metric on M .

A gauge transformation (which, in this case, is also called a Weyl conformal transformation) on the structure bundle is generated by

Ξ = ξµ(x)∂µ + ζ(x)ρ (2.7.136)

where ρ = ∂l is the usual right-invariant pointwise basis for vertical vectors on P. The Lie derivatives of fields are in the form

£Ξgµν = rµξαgαν + gναrνξα � ζgµν (2.7.137)

The Hilbert Lagrangian is not gauge covariant with respect to Weyl conformal transformations. However, we can consider a Lagrangian quadratic in

the curvature, i.e. in the form

L =
√
g

2κ

�
aRαβµνR

αβµν + bRβνR
βν + cR2

�
d� =

√
g

2κ

�
agαγgβδgµρgνσ + bgαµgγρgδβgσν + cgαµgβνgγρgδσ

�
RαβµνRγδρσd� (2.7.138)

Let us define K := RαβµνR
αβµν and Q := RβνR

βν so that the more general Lagrangian quadratic in the curvature can be split as

L =
√
g

2κ

�
aK + bQ+ cR2

�
d� = aLK + bLQ + cLR (2.7.139)

By variation of the Lagrangian LK , one obtains

δLK =
√
g

2κ

�
�1

2Kgµν + 2RµαβγRν
αβγ � 4rλrεRλµνε

�
δgµν +rλ

h√
g

2κ

�
�4rεRλµνεδgµν + 4Rρ(µν)λrρδgµν

� i
(2.7.140)

For the Lagrangian LQ, one obtains

δLQ =
√
g

2κ

�
2RµαRν

α � 1
2Qgµν � 2rλr(µRν)

λ + �Rµν + 1
2�Rgµν

�
δgµν+

+rλ
h√

g
2κ

��
�2r(µR

λ
ν) +rλRµν + 1

2rλRgµν
�
δgµν +

�
2Rρνgλµ �Rµνgλρ �Rλρgµν

�
rρδgµν

� i (2.7.141)

Finally, by varying the Lagrangian LR, one has

δLR =
√
g

2κ

�
2RRµν � 1

2gµνR
2 + 2�Rgµν � 2r(µrν)R

�
δgµν +rλ

h√
g

2κ

�
2rηR

�
gηλgµν � gη(νgµ)λ

�
δgµν + 2R

�
gρ(µgν)λ � gλρgµν

�
rρδgµν

� i
(2.7.142)

Field equations for the total quadratic Lagrangian are then

a
�
�1

2Kgµν + 2RµαβγRν
αβγ � 4rλrεRλ(µν)

ε
�

+ b
�

2RµαRν
α � 1

2Qgµν � 2rλr(µRν)
λ + �Rµν + 1

2�Rgµν
�

+

+ c
�

2RRµν � 1
2gµνR

2 + 2�Rgµν � 2r(µrν)R
�

= 0
(2.7.143)
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Before simplifying it, let us prove some identities. First of all, in view of second Bianchi identities

∇αRαβµν = ∇µRβν −∇νRβµ ⇒ ∇ν∇αRαβµν· = ∇ν∇µRβν· −�Rβµ ⇒ ∇ν∇αRα(βµ)
ν
· = ∇α∇νRα(βµ)

ν
· = ∇ν∇(µRβ)

ν
· −�Rβµ (2.7.144)

Also, one has

[∇µ,∇ν ]Rαβ = −RλαµνRλβ −RλβµνRαλ (2.7.145)

from which one can easily expand to

∇β∇µRνβ· = ∇µ∇βRνβ· +Rλνµ
β
·Rλβ +RλµRνλ = 1

2∇µ∇νR+Rλνµ
β
·Rλβ +RλµRνλ ⇒ ∇β∇(µRν)

β
· = 1

2∇(µ∇ν)R+Rλ(µν)
β
·Rλβ +RλµRνλ (2.7.146)

Then, field equations (2.7.143) can be recast as

a
�

2RµαβγRν
αβγ � 1

2Kgµν � 4RαµRν
α
·

�
� 1

2bQgµν + c
�

2RRµν � 1
2gµνR

2
�
� 2(2a+ b)Rα(µν)

β
·Rαβ+

+ (4a+ b)�Rµν +
�

1
2b+ 2c

�
�Rgµν � (2c+ 2a+ b)r(µrν)R = 0

(2.7.147)

The quadratic Lagrangian L is generally covariant and we can focus on pure Weyl conformal transformations to check if and when such a Lagrangian

is a gauge covariant Lagrangian. Since that result will depend on dimension, we shall eventually discuss the case m = 4.

Let us consider two metrics gµν and g̃µν = eωgµν which are conformally equivalent. Their Christoffel symbols are

{g̃}αβµ = {g}αβµ − 1
2

(
gαεgβµ − 2δα(µδ

ε
β)

) ∗
∇εω = {g}αβµ +Kα

βµ (2.7.148)

where we set Kα
βµ := − 1

2

(
gαεgβµ − 2δα(µδ

ε
β)

) ∗
∇εω, which is a tensor.

The corresponding Riemann tensors are

R̃αβµν = Rαβµν +∇µKα
βν −∇νKα

βµ +Kα
εµK

ε
βν −Kα

ενK
ε
βµ (2.7.149)

R̃αβµν =eω
(
Rαβµν − 1

2

(
δεαgβν − 2gα(νδ

ε
β)

)
∇µεω + 1

2

(
δεαgβµ − 2gα(µδ

ε
β)

)
∇νεω+

+ 1
4

(
δραgεµ − 2gα(µδ

ρ
ε)

)(
gεσgβν − 2δε(νδ

σ
β)

)
∇ρω∇σω − 1

4

(
δραgεν − 2gα(νδ

ρ
ε)

)(
gεσgβµ − 2δε(µδ

σ
β)

)
∇ρω∇σω

)
=

=eω
(
Rαβµν − 1

2

(
δεαgβν − gανδεβ − gαβδεν

)
∇µεω + 1

2

(
δεαgβµ − gαµδεβ − gαβδεµ

)
∇νεω+

+ 1
4

(
δραδ

σ
µgβν − δραδσβgνµ − δραδσν gβµ − gαµgρσgβν + δρνδ

σ
βgαµ + δρβδ

σ
ν gαµ − δρµδσαgβν + δρµδ

σ
βgαν + δρµδ

σ
ν gαβ

)
∇ρω∇σω+

− 1
4

(
δραδ

σ
ν gβµ − δραδσβgµν − δραδσµgβν − gανgρσgβµ + δρµδ

σ
βgαν + δρβδ

σ
µgαν − δρνδσαgβµ + δρνδ

σ
βgαµ + δρνδ

σ
µgαβ

)
∇ρω∇σω

)
=

=eω
(
Rαβµν + 2δε[αgβ][µ∇ν]εω +

(
δρ[αgβ][νδ

σ
µ] − 1

2g
ρσgν[βgα]µ

)
∇ρω∇σω

)
(2.7.150)

This is relatively ugly, though it improves a bit when one considers the Ricci tensor

R̃βν = Rβν − 1
2gβν�ω −

m−2
2 ∇νβω + m−2

4 ∇βω∇νω −
m−2

4 gνβ∇ρω∇ρω (2.7.151)

and the Ricci scalar

eωR̃ = R− (m− 1)�ω − (m−1)(m−2)
4 ∇ρω∇ρω (2.7.152)
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For later convenience, we should also write these in terms of the conformal factor ϕ = eω, i.e. ω = lnϕ. For that, just remember that ∇µω = ϕ−1∇µϕ and

∇µνω = ϕ−1∇µνϕ− ϕ−2∇µϕ∇νϕ �ω = ϕ−1�ϕ− ϕ−2∇µϕ∇µϕ (2.7.153)

Then, we have the Ricci tensor

R̃βν =Rβν − 1
2ϕgβν�ϕ−

m−2
2ϕ ∇βνϕ+

(
m−2
2ϕ2 + m−2

4ϕ2

)
∇βϕ∇νϕ+

(
1

2ϕ2 − m−2
4ϕ2

)
∇ρϕ∇ρϕgνβ = Rβν − 1

2ϕgβν�ϕ−
m−2
2ϕ ∇βνϕ+ 3(m−2)

4ϕ2 ∇βϕ∇νϕ− m−4
4ϕ2 ∇ρϕ∇ρϕgνβ (2.7.154)

and the Ricci scalar

ϕR̃ = R−
(
m
2ϕ + m−2

2ϕ

)
�ϕ+

(
3(m−2)

4ϕ2 − m(m−4)
4ϕ2

)
∇ρϕ∇ρϕ = R− m−1

ϕ �ϕ− (m−1)(m−6)
4ϕ2 ∇ρϕ∇ρϕ (2.7.155)

However, even if the expression is not too simple, the action of Weyl conformal transformations on the Riemann tensor (2.7.150) are enough to compute the Lie

derivative. A generator of pure Weyl conformal transformations is Ξ = ζ(x)ρ and the relevant Lie derivatives are

£Ξg
µν = ζgµν £ΞRαβµν = −ζRαβµν + δε[αgβ]ν∇µεζ − δε[αgβ]µ∇νεζ (2.7.156)

For future reference, we can also compute the Lie derivative of the Ricci tensor and the Ricci scalar

£ΞRβν = 1
2gβν�ζ + m−2

2 ∇νβζ £ΞR = ζR+ (m− 1)�ζ (2.7.157)

The covariance identity associated to Weyl conformal transformations to be proven is

pµν£Ξg
µν + pαβµν£ΞRαβµν = 0 (2.7.158)

Using the naive momenta which have been obtained in the variation of the Lagrangian, we obtain(
−m2 + 4

)
Lζ − 2Lζ + 4a

√
gRβν∇βνζ + b

√
g
(
R�ζ + (m− 2)Rβν∇νβζ

)
+ c
√
gR (2m�ζ − 2�ζ) =

= −m−4
2 Lζ +

√
g (4a+ (m− 2)b)Rβν∇νβζ +

√
g (b+ 2c(m− 1))R�ζ

(2.7.159)

This must vanish for any ζ. Hence one needs 
m = 4

4a+ (m− 2)b = 0

b+ 2c(m− 1) = 0

(2.7.160)

Accordingly, Lagrangians which are quadratic in the curvature can be Weyl covariant only in dimension m = dim(M) = 4. In that case{
2a+ b = 0

b+ 6c = 0
⇒

{
b = −6c

a = 3c
(2.7.161)

Thus, in dimension 4, the only covariant quadratic Lagrangian is

LW = 3c
√
g

2κ

�
RαβµνR

αβµν � 2RβνR
βν + 1

3R
2
�

d� = 3c
√
g

2κ WαβµνW
αβµνd� (2.7.162)
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where we set

Wαβµν := Rαβµν �
�
gα[µRν]β � gβ[µRν]α

�
+ 1

3Rgα[µgν]β (2.7.163)

for the well-known Weyl tensor.

In fact, being in dimension 4, we have:

WαβµνW
αβµν =

(
Rαβµν − gα[µRν]β + gβ[µRν]α + 1

3Rgα[µgν]β

)(
Rαβµν − gαµRνβ + gβµRνα +

1

3
Rgαµgνβ

)
=

=RαβµνR
αβµν − 2RβνR

νβ + 1
3R

2 + (RβνRνβ − 2
3R

2)− (RβµRµβ + 2
3R

2)+

+ 1
2 (2RναRνα + 1

3R
2)− 1

2Rµα(2Rαµ + 1
3Rg

αµ) + 1
6Rgαµ(2Rαµ + 1

3Rg
αµ)− 1

6Rgαν(2Rνα + 1
3Rg

να) =

=RαβµνR
αβµν − 2RβνR

νβ + 1
3R

2

(2.7.164)

In dimension m = 4, there is one notable quantity in this family, namely the Gauss–Bonnet form

G =
√
g

2κ εαβγδR
αβ ^Rγδ =

√
g

8κ εαβγδε
µνρσRαβµνR

γδ
ρσd� =

√
g

2κ

�
K � 4Q+R2

�
d� (2.7.165)

where we set Rαβ := 1
2R

αβ
µνdxµ ^ dxν for the curvature 2-form.

In fact, one has

1
4εαβγδε

µνρσRαβµνR
γδ
ρσ = 4!

4 δ
µ
[αδ

ν
βδ
ρ
γδ
δ
σ]R

αβ
µνR

γδ
ρσ =

(
δµ[αδ

ν
β]δ

ρ
[γδ

σ
δ] + δµ[αδ

ρ
β]δ

σ
[γδ

ν
δ] + δµ[αδ

σ
β]δ

ν
[γδ

ρ
δ] + δν[αδ

ρ
β]δ

µ
[γδ

σ
δ] + δν[αδ

σ
β]δ

ρ
[γδ

µ
δ] + δρ[αδ

σ
β]δ

µ
[γδ

ν
δ]

)
RαβµνR

γδ
ρσ =

=RµνµνR
ρσ
ρσ +RµρµνR

σν
ρσ +RµσµνR

νρ
ρσ +RνρµνR

µσ
ρσ +RνσµνR

ρµ
ρσ +RρσµνR

µν
ρσ =

=R2 −RρνRνρ −RσνRνσ −RρµRµρ −RσµRµσ +RρσµνR
µν
ρσ = R2 − 4RρνR

νρ +RρσµνRµνρσ = R2 − 4Q+K

(2.7.166)

Sometimes, in the literature, one sees that the Gauss–Bonnet form is used to cancel the K term in any quadratic Lagrangian. The Gauss–Bonnet

form is known to endow identically satisfied field equations (as we shall see in a while), so adding it to a quadratic Lagrangian will not change field

equations. And one can fix the coefficient of the linear combination to cancel the term K.

This simplifies the computation of field equations,, since the Lagrangian from K does not need to be varied any longer. However, Gauss–Bonnet form

is not conformally invariant (since it is not the LW which is the only quadratic Lagrangian which is conformally invariant). Then one is subtracting from

the quadratic Lagrangian a divergence which is not conformally invariant, hence compromising the conformal covariance of the quadratic Lagrangian,

if it originally was conformally invariant.

This trick may be ok, if we are interested to field equations only, though it makes then difficult to discuss conservation laws. It is not much different

than subtracting non-covariant divergences from a covariant Lagrangian, producing local Lagrangian(s) which are however still producing global field

equations.

Since we are interested in conservation laws, we shall not go with this trick. Of course, we shall prove that Gauss–Bonnet form does in fact preserves

field equations to support what we here claimed.
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Before considering what happens for the Gauss–Bonnet form, let us consider the following identity in dimension 4

0 = δε[θδ
µ
αδ
ν
βδ
ρ
γδ
σ
δ] = δεθδ

µ
[αδ

ν
βδ
ρ
γδ
σ
δ] − δ

µ
θ δ
ε
[αδ

ν
βδ
ρ
γδ
σ
δ] − δ

ν
θ δ
µ
[αδ

ε
βδ
ρ
γδ
σ
δ] − δ

ρ
θδ
µ
[αδ

ν
βδ
ε
γδ
σ
δ] − δ

σ
θ δ

µ
[αδ

ν
βδ
ρ
γδ
ε
δ] (2.7.167)

which we can then contract with

− 3!gλε

(
δεθδ

µ
[αδ

ν
βδ
ρ
γδ
σ
δ] − δ

µ
θ δ
ε
[αδ

ν
βδ
ρ
γδ
σ
δ] − δ

ν
θ δ
µ
[αδ

ε
βδ
ρ
γδ
σ
δ] − δ

ρ
θδ
µ
[αδ

ν
βδ
ε
γδ
σ
δ] − δ

σ
θ δ

µ
[αδ

ν
βδ
ρ
γδ
ε
δ]

)
RαβµνR

γδ
ρσ =

= 3!gλε

(
−δεθδ

µ
[αδ

ν
βδ
ρ
γδ
σ
δ] + δµθ δ

ε
[αδ

ν
βδ
ρ
γδ
σ
δ] + δµθ δ

ε
[αδ

ν
βδ
ρ
γδ
σ
δ] + δµθ δ

ε
[αδ

ν
βδ
ρ
γδ
σ
δ] + δµθ δ

ε
[αδ

ν
βδ
ρ
γδ
σ
δ]

)
RαβµνR

γδ
ρσ =

= −3!gλθδ
µ
[αδ

ν
βδ
ρ
γδ
σ
δ]R

αβ
µνR

γδ
ρσ + 3! 4gλεδ

µ
θ δ
ε
[αδ

ν
βδ
ρ
γδ
σ
δ]R

αβ
µνR

γδ
ρσ =

=
(
−Kgλθ + 4Qgλθ − gλθR2

)
+ 4gλεδ

µ
θ

(
δε[αδ

ν
β]δ

ρ
[γδ

σ
δ] − δ

ε
[αδ

ρ
β]δ

ν
[γδ

σ
δ] − δ

ε
[αδ

σ
β]δ

ρ
[γδ

ν
δ] + δρ[αδ

σ
β]δ

ε
[γδ

ν
δ] − δ

ν
[αδ

σ
β]δ

ε
[γδ

ρ
δ] − δ

ρ
[αδ

ν
β]δ

ε
[γδ

σ
δ]

)
RαβµνR

γδ
ρσ =

=
(
−Kgλθ + 4Qgλθ − gλθR2

)
+ 4gλεδ

µ
θ (RενµνR

ρσ
ρσ −RερµνRνσρσ −RεσµνRρνρσ +RρσµνR

εν
ρσ −RνσµνRερρσ −RρνµνRεσρσ) =

=
(
−Kgλθ + 4Qgλθ − gλθR2

)
+ 4

(
RRλθ +Rρλθ

νRνρ +Rσλθ
νRνσ +Rθ

νρσRλνρσ −RλσRσθ −RλρRρθ
)

=

= −Kgλθ + 4Qgλθ − gλθR2 + 4RRλθ + 8Rα(λθ)
β
·Rαβ + 4RλαβγRθ

αβγ − 8RαλRθ
α
· = 0

(2.7.168)

By using this identity, we can see directly what we claimed about Gauss-Bonnet form not affecting field equations. In fact, if we specialise the general

field equations (2.7.147) to the Gauss–Bonnet case (a = 1, b = �4, c = 1) one obtains

4RµαβγRν
αβγ �Kgµν � 8RαµRν

α
· + 4Qgµν + 4RRµν � gµνR2 + 8Rα(µν)

β
·Rαβ = 0 (2.7.169)

which, in fact, vanishes as a consequence of identity (2.7.168). Accordingly, as we claimed, field equations of Gauss–Bonnet form in dimension 4 are

identically satisfied.

The reason why Gauss-Bonnet form does not affect field equations is that it is locally (though not globally) a pure divergence.

This can be shown directly. It is not easy, nor particularly useful to what we shall do below. However, it is a good practice in tensor calculus, so we shall do it anyway.

Let ea = eµa∂µ be a Vielbein inducing g and let us denote by eaµ the inverse matrix of eµa . Thus we have gµν = eaµηabe
b
ν .

The spin connection is defined to be

ωabµ = eaα

(
{g}αβµe

β
b + ∂µe

α
b

)
(2.7.170)

and its curvature is defined to be

Rabµν = ∂µω
ab
ν − ∂νωabµ + ωacµω

cb
ν − ωacνωcbµ (2.7.171)

One can show by direct computation that Rabµν = eaαe
b
βR

αβ
µν and define the local forms

ωab := ωabµdx
µ Rab :=

1

2
Rabµνdx

µ ∧ dxν = dωab + ωac ∧ ωcb (2.7.172)

The Gauss–Bonnet form is defined to be

G := 1
2κεabcdR

ab ∧Rcd =
√
g

2κ

[
RαβγδR

αβγδ − 4RαβR
αβ +R2

]
dσ (2.7.173)

Before proceeding, let us prove some lemmas.

Lemma: The identity εabcd dω
a
e ∧ ωeb ∧ ωcd = −εabcd ωae ∧ dωeb ∧ ωcd holds true.
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Proof: one has:

εabcd dω
a
e ∧ ωeb ∧ ωcd = εabcd ω

eb ∧ dωae ∧ ωcd = εabcd ω
b
e ∧ dωea ∧ ωcd = −εabcd ωae ∧ dωeb ∧ ωcd (2.7.174)

Lemma: The identity εabcd dω
a
e ∧ ωeb ∧ ωcd = εabcd ω

a
e ∧ ωeb ∧ dωcd holds true.

Proof: one has:

εabcd dω
a
e ∧ ωeb ∧ ωcd = −1

4
εabcdε

aehiεfghi dω
fg ∧ ωbe ∧ ωcd = εabcd dω

cd ∧ ωae ∧ ωeb = εabcd ω
a
e ∧ ωeb ∧ dωcd (2.7.175)

Lemma: The identity d
(
εabcd ω

a
e ∧ ωeb ∧ ωcd

)
= 3εabcd ω

a
e ∧ ωeb ∧ dωcd holds true.

Proof: one has

d
(
εabcd ω

a
e ∧ ωeb ∧ ωcd

)
= εabcd dω

a
e ∧ ωeb ∧ ωcd − εabcd ωae ∧ dωeb ∧ ωcd + εabcd ω

a
e ∧ ωeb ∧ dωcd = 3εabcd dω

a
e ∧ ωeb ∧ ωcd (2.7.176)

One can also prove by direct computation that εabcd ω
a
e ∧ ωeb ∧ ωcf ∧ ωfd = 0, and

Lemma: εabcd ω
ab ∧ ωcd = 0

Proof: one has

εabcd ω
ab ∧ ωcd = −εabcd ωcd ∧ ωab = −εabcd ωab ∧ ωcd (2.7.177)

By using these lemmas, one can easily show that

G = 1
2κd

(
εabcd

(
Rab − 1

3
ωae ∧ ωeb

)
∧ ωcd

)
(2.7.178)

Thus once a Vielbein ea has been selected we are able to find a local potential G = dΩ defined by

Ω = εabcd

(
Rab − 1

3
ωae ∧ ωeb

)
∧ ωcd = εabcd

(
dωab +

2

3
ωae ∧ ωeb

)
∧ ωcd (2.7.179)

This potential depends on the Vielbein and its derivatives up to order 2. Such a potential is not covariant since it depends directly on the spin connection, which is not

a tensor.

In the special case of the Lagrangian LW (a = 1, b = �2, c = 1
3), field equations (2.7.147) specify to

6RµαβγRν
αβγ � 12RαµRν

α
· + 2RRµν � 3

2

�
K � 2Q+ 1

3R
2
�
gµν + 6�Rµν ��Rgµν � 2r(µrν)R = 0 (2.7.180)

One can check directly that Weyl conformal transformations are symmetries for these equations by checking that if gµν is a solution then any conformal metric

g̃µν = eωgµν is a solution as well. However, it is much easier to check covariance identities for LW and compute its conservation laws with respect to Weyl conformal

transformations.
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Once you know that Weyl conformal transformations are symmetries, then the theory ensures that they send solutions into solutions.

Finally, let us remark that, since LW is covariant with respect to Weyl conformal transformations, one can define a Noether current and the divergence

of the Noether current equals the work current, which, in this case, is given by

W = �Eµν£Ξg
µν = �Eµνgµνζ (2.7.181)

This current generally vanishes on shell (i.e. along solutions). However, in this special case, the trace of field equations Eµνgµν vanishes identically, so

that the Noether current is conserved off shell (i.e. along any configurations, not only along solutions of field equations).

Among quadratic Lagrangians, there is a class of models for which the trace of field equations is identically satisfied.

This class corresponds to the theories for which

a
(
2K − 2K − 4Q

)
− 2bQ+ c

(
2R2 − 2R2

)
+ 2(2a+ b)Q+ (4a+ b)�R+ 2 (b+ 4c)�R− (2c+ 2a+ b)�R = 0 ⇒

⇒ −2(2a+ b)Q+ 2(2a+ b)Q+ 2(a+ b+ 3c)�R = 0 ⇒ a+ b+ 3c = 0
(2.7.182)

This class includes the Weyl Lagrangian LW (a = 1, b = −2, c = 1
3 ), as well as the Gauss–Bonnet form (a = 1, b = −4, c = 1) (as well as other quadratic Lagrangians).

Of course, only the Weyl Lagrangian is covariant and produces a Noether current conserved, hence conserved off shell.

Let us summarise the situation we discovered. The Lagrangian LW is covariant with respect to Weyl conformal transformations. Even if we did not

define it as a gauge-natural theory, starting by assuming that we want a theory in which the difference among representatives of a conformal structure

is not observable, hence with a structure bundle P , and the endowed pure gauge transformations, but simply as a generalisation of standard GR, when

we select that particular dynamics, it is a matter of fact that the theory earns Weyl conformal transformations as extra symmetries. Symmetries are

there, they are a property of the Lagrangian and its field equations, and it is not something we select. One cannot select the Lagrangian LW and forget

to mention that it is covariant with respect to Weyl conformal transformations.

In view of what we said about the hole argument, we do not have much of a choice there: if one wants to maintain a sort of determinism, we

are forced to purge conformal transformations from physical states. In this case, the transformations are pure gauge transformations (i.e. they are

vertical transformations) and we showed in general that any two configurations which are conformally equivalent must be considered as two different

representatives of the same physical state.

Accordingly, just in view of our choice of the dynamics LW , we conclude that one cannot observe any different between two conformally equivalent

metrics and that we are dealing with a theory for conformal structures rather than a theory for metrics.

Weyl electromagnetism

(to be done)You may have noticed that one could interpret the electromagnetic potential as a connection on a R-principal bundle, instead of a U(1)-principal

bundle. As a matter of fact this was the original proposal by Weyl which proved to be wrong but the underlying idea was the first gauge theory. It is

interesting to try to develop such a theory from scratch in a modern language and trace the differences with electromagnetism.
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Appendix A. Inducing connections around and defining covariant derivatives

:o)Let us here introduce connections and covariant derivatives of spinors in the proper way. It will not be a short procedure, so take a comfortable seat.

All we have in the beginning is a spin bundle P̂ = (P̂ ,M, p̂, Spin(η)) and a spin frame ê : P̂ ! L(M). Let us consider a trivialisation of P̂ given by a

family of local sections σ̂(α) which are related by transition functions

σ̂(β) = σ̂(α) � S(αβ) S(αβ) : U(αβ) ! Spin(η) (2.A.1)

on the patches overlap. These transition functions form a cocycle.

Since ` : Spin(η) ! SO(η) is a group homomorphism, then O(αβ) := `(S(αβ)) : U(αβ) ! SO(η) is a cocycle as well and it defines a principal bundle

P = (P,M, p,SO(η)). Since the two bundles P̂ and P come with two trivialisations with transition functions S(αβ) and O(αβ) which are the image

through a group homomorphism `. Then one can define a principal morphism

M M

P̂ P

..............................................................................................................................

..............................................................................................................................

...................................................................................
.....
.......
.....

p̂

...................................................................................
.....
.......
.....

p

.......................................................................................................................................... ............
ˆ̀

ˆ̀ : P̂ ! P : [x, S] 7! [x, `(S)]

(2.A.2)

which is global and independent of the trivialisation.

The local sections σ̂(α) of P̂ induce local sections σ(α) = ˆ̀ � σ̂(α). Accordingly, any trivialisation of P̂ induces a trivialisation of P and if S(αβ) are

transition functions on P̂, the transition functions of the induced trivialisation on P are O(αβ) := `(S(αβ)). Unless we say otherwise, trivialisations on

P will always be induced by trivialisations on P̂.

If we consider a generalised gauge transformation Φ̂ : P̂ ! P̂ that is locally given as(
x′µ = x′µ(x)

S′ = ŝ(x) � S ŝ : U ! Spin(η) (2.A.3)

The transformation Φ̂ induces a transformation Φ : P ! P locally given by(
x′µ = x′µ(x)

O′ = s(x) �O s = ` � ŝ : U ! SO(η) (2.A.4)

For any p ∈ P , there are two preimages p̂± ∈ P̂ such that ˆ̀(p̂±) = p. Their images Φ̂(p̂±) are different, however, ˆ̀◦ Φ̂(p̂+) = ˆ̀◦ Φ̂(p̂−) =: Φ(p).

Thus one can define the map Φ : P → P : p 7→ Φ(p) intrinsically.

Let us now consider tangent vectors to the bundle. This is a particularly tricky issue since usually coordinates on groups are quite complicated to be

defined. For that reason, one usually relies on the fact that matrix groups can be seen as submanifolds of GL(k) every time one has a representation.
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In GL(k), the theory for right-invariant fields is easy since the matrix entries are coordinates and rij = Sik∂
k
j form a right-invariant basis for tangent

vectors to GL(k).

If G � GL(k) is a subgroup, then one can represent vectors on G as combinations of rij which are tangent to the submanifold G.

The group SO(η) is a subgroup of GL(m) identified by the constraints

Oac η
cdObd = ηab ⇒ Ȯac Ō

c
eO

e
fη
fdObd +Oac η

cfOef Ō
d
e Ȯ

b
d = Ȯac Ō

c
dη
db + ȮbcŌ

c
dη
ad = 0 (2.A.5)

Thus a vector v = Ȯad∂
d
a = Ȯac Ō

c
dO

d
b∂

b
a = Ȯac Ō

c
dρ
d
a = Ȯac Ō

c
dη
dbρ ·ba is tangent to SO(η) ⊂ GL(m) iff its components vab = Ȯac Ō

c
dη
db are skew-symmetric with respect to

[ab] (as it happens if it is represented by a curve in the subgroup).

Thus the combinations sab = r ·[ba] form a basis of vectors tangent to to SO(η) which are hence in the form

v = vabsab (2.A.6)

The same procedure can be applied to the group Spin(η) by fixing some matrix representation in GL(k) where the group Spin(η) is defined by the constraints

SγaS
−1 = γb`

b
a(S) (2.A.7)

with `ba(S) ∈ SO(η). Then, by taking the derivative of the constraint, one has

ṠγaS
−1 + SγaṠ

−1 = γb ˙̀b
a ⇒ ṠS−1SγaS

−1 + SγaS
−1SṠ−1 = ṠS−1γc`

c
a + `caγcSṠ

−1 = γb ˙̀b
a ⇒ ṠS−1γc − γcṠS−1 = [ṠS−1, γc] = γb ˙̀b

a
¯̀a
c (2.A.8)

One can look for the element ṠS−1 in the Clifford algebra which fulfils this relation.

If ṠS−1 had a component along I that would not affect the commutator [ṠS−1, γc]. However, ṠS−1 ∈ spin(η) and cannot have components along I. If it had a

component along a odd product of gamma matrices, the commutator would be even and cannot be in the span of γb. If it had a component along a product of 2n

gamma matrices (with n 6= 1) then the commutator would be a product of 2n+ 1 or 2n− 1 and, since n 6= 0, 1, this cannot be 1.

Accordingly, ṠS−1 must be proportional to the product of 2 (different) gammas, i.e. ṠS−1 = vabγaγb. Since one has

[γaγb, γc] = abc− cab = abc− abc− 2(bc)a+ 2(ac)b = 2 (ηacγb − ηbcγa) (2.A.9)

the commutator is

[ṠS−1, γc] = 4vabηcaγb = γb ˙̀b
a
¯̀a
c ⇒ vab = 1

4
˙̀b
d
¯̀d
cη
ca = − 1

4
˙̀a
d
¯̀d
cη
cb ⇒ ṠS−1 = − 1

4
˙̀a
d
¯̀d
cη
cbγaγb (2.A.10)

Then a vector v̂ = vij∂
j
i = v̂ik(S−1)khS

h
j ∂

j
i = Ṡik(S−1)khr

h
i = ṠS−1r tangent to GL(k) happens to be tangent to Spin(η) ⊂ GL(k) iff one has

ṠS−1 = − 1
4

˙̀a
c
¯̀c
dη
dbγaγb = − 1

4v
abγaγb (2.A.11)

for some vector v = vabsab tangent to SO(η). Accordingly, the vectors

ŝab = − 1
4γ[aγb]r (2.A.12)

form a basis of tangent vectors to Spin(η).

The covering map ` : Spin(η)→ SO(η) is a local diffeomorphism and establishes an isomorphism between the corresponding tangent spaces

T` : TSSpin(η)→ T`(S)SO(η) : vabŝab 7→ vabsab = v · s (vab 7→ v = − 1
4v
abγaγb) (2.A.13)
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One can define a right-invariant pointwise basis σ̂ab for vertical vectors on P̂ . Since we have a map ˆ̀ : P̂ ! P one can define ˆ̀∗(σ̂ab) = σab, which are

right-invariant vector fields on P .

Let us remark that the map ˆ̀ is a local diffeomorphism, thus one can also pull back vectors from P to P̂ (as well as vice versa). Hence, if we get a vertical vector

v = vabσab at the point (xµ, `ab ) ∈ P that can be pulled back to the point (xµ, S) ∈ P̂ and one has

v̂ := ˆ̀∗(v) = − 1
4v
abγaγbρ = vabσ̂ab (2.A.14)

We did some extra work which is, however, quite useful. For example, given a connection on P locally represented as

ω = dxµ 
 (∂µ � Γabµ σab) (2.A.15)

then that induces a connection on P̂ given by

ω = dxµ 
 (∂µ + 1
4Γabµ γaγbρ) = dxµ 
 (∂µ � Γabµ σ̂ab) (2.A.16)

The spin frame ê : P̂ ! L(M) we fixed above allows us to define a lot of further structures.

The spin frame ê defines the induced metric gµν which in turn defines the Levi Civita connection fggαβµ on L(M). It also defines the subbundle

ê(P̂ ) = SO(M, g) � L(M) of orthonormal frames.

Usually, a connection on L(M) does not restrict to the subbundle SO(M, g), but the Levi Civita connection of g does.

Let us consider a trivialisation of SO(M, g) induced by orthonormal moving frames VA = V µA∂µ which induces coordinates (xµ, εAa ) on L(M). These are adapted to the

subbundle since a general frame εa = εAa VA = εµa∂µ ∈ L(M) belongs to the subbundle SO(M, g) iff εAa ∈ SO(η).

One can write the Levi Civita connection in this adapted trivialisation to obtain

ΓABµ = V Aα

(
{g}αβµV

β
B + dµV

α
B

)
(2.A.17)

By taking into account that the frames VA have been chosen to be orthonormal with respect to the induced metric, i.e. gµν = V Aµ ηABV
B
ν , one can expand the connection

to

ΓABµ = 1
2V

AαV Bβ
(
−dαV Cβ VCµ − VCβdαV Cµ + dβV

C
µ VCα + VCµdβV

C
α + dµV

C
α VCβ + VCαdµV

C
β − VCαdµV Cβ − VCαdµV Cβ

)
=

=V A[αV Bβ]
(
dβV

C
µ VCα + VCµdβV

C
α + dµV

C
α VCβ

)
= V [AαV B]β

(
dβV

C
µ VCα + VCµdβV

C
α + dµV

C
α VCβ

) (2.A.18)

Thus ΓABµ is antisymmetric with respect to the indices [AB]. Then the Levi Civita connection, in the adapted frame, reads as

ω = dxµ ⊗ (∂µ − ΓABµ ρ ·BA) = dxµ ⊗ (∂µ − ΓABµ σAB) (2.A.19)

which is hence a connection on the subbundle SO(M, g).

Then the Levi Civita connection fgg on L(M) does induce on SO(M, g) a connection

ω = dxµ 

�
∂µ � ΓABµρ

B
A

� 8<
:ΓABµ = V A

α

�
fggαβµV β

B + dµV
α
B

�
ρBA = V A

α ρ
α
βV

β
B

(2.A.20)
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Then the Vielbein e : P ! L(M) : (x, `ba) 7! (x, eAb `
b
a) allows to pull back the connection on P .

ω = dxµ 

�
∂µ � Γabµ σab

� 8<
:Γabµ = eaA

�
ΓABµe

bB + dµe
bA
�

= eaα

�
fggαβµebβ + dµe

bα
�

σab = ηc[ae
c
Aρ

A
Be

B
b] = ηc[ae

c
αρ

α
βe

β
b]

(2.A.21)

Once the spin frame has induced a connection on P that can be lifted to P̂

ω̂ = dxµ 

�
∂µ � Γabµ σ̂ab

�
= dxµ 


�
∂µ � Γjiµρ

i
j

� 8><
>:

Γµ = �1
4Γabµ γaγb

ρij = Sik
∂

∂Sjk

(2.A.22)

Now we have a connection on P̂ and one on L(M) induced by the spin frame ê. Since the bundle F (P̂) of spin frames is associated to P̂�L(M), then

the connection

dxµ 

�
∂µ � Γabµ σ̂ab � fggαβµρβα

�
(2.A.23)

induces a connection on F (P̂).

Let us denote by εa = εµa∂µ the points in L(M), by σ · S the points in P̂, and by eba ∈ GL(m). A point in F (P̂) is an equivalence class

[σ · S, εa, eba]σ̂ = [σ, ∂µ, e
µ
a ]σ̂ ∈ F (P̂) eµa := εµde

d
c`
c
a(S̄) (2.A.24)

For any matrix eba ∈ GL(m) one can define a map Φe : P̂ × L(M)→ F (P̂) : [σ̂ · S, εa] 7→ [σ · S, εa, eba]σ̂ which, in coordinates, reads as

Φe : (x, S, ε) 7→ (x, eµa = εµc e
c
b`
b
a(S̄)) (2.A.25)

The tangent map of this is given by


∂µ = ∂µ

∂

∂`ba
= −εµf e

f
d

¯̀d
b
¯̀a
c

∂

∂eµc
= −eµb ¯̀a

c

∂

∂eµc
∂

∂εµa
= eab

¯̀b
c

∂

∂eµc
= εaνe

ν
c

∂

∂eµc

⇒



∂µ = ∂µ

σba = ηc[a`
c
d

∂

∂`
b]
d

= −ηc[aeµb]
∂

∂eµc
⇒ σab = ηc[ae

µ
b]

∂

∂eµc

ρνµ = ενa
∂

∂εµa
= eνc

∂

∂eµc

(2.A.26)

Hence we are able to induce the connection on F (P̂) as

ωσ̂ = dxµ ⊗
(
∂µ −

(
{g}αβµeβc + Γabµ ηc[ae

α
b]

) ∂

∂eαc

)
(2.A.27)

and such a connection induces the covariant derivative of sections (i.e. of spin frames) as

∇µeαc = dµe
α
c + {g}αβµeβc + Γabµ ηcae

α
b = dµe

α
c + {g}αβµeβc − Γacµe

µ
a (2.A.28)
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The connection on P̂ also induces a connection on the spinor bundle S(P̂).

Let us denote by v the coordinates on V and one can define the map

Φv : P̂ → S(P̂) : σ · S 7→ [σ · S, v]λ Φv : S 7→ ψ := S · v (2.A.29)

The tangent map of Φv is {
∂µ = ∂µ

∂ji = vj∂i
⇒

{
∂µ = ∂µ

ρki = Skj ∂
j
i = ψk∂i

(2.A.30)

Then, the connection (2.A.22) induces the connection ωλ on S(P̂) which is given by

ωλ = dxµ ⊗
(
∂µ − Γijµψ

j ∂

∂ψi

)
= dxµ ⊗

(
∂µ + 1

4Γabµ γaγbψ
∂

∂ψ

)
(2.A.31)

The corresponding covariant derivative for spinors reads as

∇µψ = dµψ − 1
4Γabµ γaγbψ (2.A.32)

The same procedure should be used to check that the Dirac matrices γa are covariantly constant.

These matrices have 3 indices (a frame index a and two spinor indices which are understood) and they transform as

γ′aij = `abS
i
kγ

bk
hS̄

h
j (= `ab

¯̀b
cγ
ci
j = γaij) (2.A.33)

Accordingly, the covariant derivative is defined as (mind the order or write the matrix indices explicitly):

∇µγa = dµγ
a + Γacµγ

c + Γµγ
a − γaΓµ = Γacµγ

c − 1
4Γcdµ [γcγd, γ

a] = Γacµγ
c − Γadµ γd = 0 (2.A.34)

Of course, this is long and detailed. On the other hand, there is nothing to be guessed or assumed. This is a canonical construction, which being

canonical can be skipped once one knows how to do it and how to guess the result.

Moreover, the abundance of details to be kept under control is a good thing since it prevents inconsistencies. We can suggest to try to introduce some

error.

Exercise: try to repeat the computations in this Appendix in all possible wrong ways and check that inconsistencies force you to spot the mistakes.

Let me tell you that the first time I did it I considered ` to be defined as SγaS−1 = `ab (S)γb, instead of SγaS−1 = `ab (S−1)γb. That is, of course, wrong as one is forced

to eventually accept by skipping the check that ` is a group homomorphism and try to fight (in vain) to get a meaning of the rest of the computation.

References
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Add references
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8. Exercises

Exercise 1: Show that, for the metric Lagrangian L =
√
g

2κR, the correct expression for momenta pα
βµν is the one given in (2.2.20) and not simply

p̃α
βµν =

√
g

2κ g
βνδµα (2.8.1)

Exercise 2: Show that also Lagrangians (2.2.23) satisfy covariance conditions (2.2.17).

Exercise 3: Compute field equations for the Gauss-Bonnet Lagrangian

L =
√
g

2κ

�
K � 4Q+R2

�
(2.8.2)

Exercise 4: Show that, on a spacetime of dimension m = 4, the Lagrangian

L = 1
4ε
αβµνFαβFµνd� (2.8.3)

is a gauge-natural Lagrangian which depends on Aµ and its first derivatives only. Compute its field equations and discuss conservation laws.

Exercise 5: Define a Lagrangian to describe a spinor in interaction with electromagnetism and gravity; show that it is a gauge-natural Lagrangian

and compute its first variation formula.

Hint: The spinor field is meant to be charged if it transforms as

ψ′ = eiqαSψ (2.8.4)

In order to account for U(1)-gauge transformations, the covariant derivative must depend on Aµ as well.

Exercise 6: Write down covariance identities for a second order Lagrangian depending on a metric and compare with (2.7.84).

Exercise 7: Define the bundle where ψ̄ lives as an associated bundle to P̂, induce a connection on it and show that

rµψ̄ = dµψ̄ + 1
4Γabµ ψ̄γaγb (2.8.5)
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Chapter 3. Conservation laws

.Next Chapter

Pure mathematics is, in its way, the poetry of logical ideas. One seeks the most

general ideas of operation which will bring together in simple, logical and unified form

the largest possible circle of formal relationships. In this effort toward logical beauty

spiritual formulas are discovered necessary for the deeper penetration into the laws of

nature.

(Albert Einstein, Obituary for Emmy Noether (1935))

1. Introduction

.Next SectionThere is a beautiful, complete and quite satisfactory theory of conservation laws for relativistic theories. In particular one can prove that all relativistic

theories allow superpotentials, i.e. any Noether current is not only closed (i.e. conserved) on shell (i.e. along solutions) but it is in fact exact on shell.

As a consequence all conserved quantities can be computed by integrating a (m� 2)-superpotential on a closed (m� 2)-region. This is how one uses

Gauss theorem to evaluate the electric charge in a spatial region by computing the flow of the electric field through the boundary of that region (which

is in fact a (m� 2)-surface in spacetime). Whenever, conserved quantities are computed in this way we shall say they are evaluated à la Gauss.

In this Chapter we are not interested in the physical meaning of conserved quantities which will be discussed later on. Here we are interested in

extracting from a field theory some geometrically well-defined quantities which are characteristics of the theory. The physical quantities are expected

to be geometrically well-defined quantities, thus whatever they are, they should be searched among the numbers we are here going to define. This is a

consequence of the principle of relativity: physics should be described in a covariant way in order not to privilege any special class of observers. Thus

they have to be independent of the coordinates used. Thus they have to be geometrically well-defined quantities. Once we defined conserved quantities

the physical interpretation will follow from their properties and use.

In view of this consideration, the correct way of proceeding is analysing conserved quantities in general without selecting particular coordinates or

specific symmetries. Then one can use the general results to specify to particular situations, for example considering the symmetries a specific solution

may have.

Accordingly, one should not discuss symmetry in Minkowski space then trying to generalise the discussion to a general spacetime. On the contrary,

one should obtain conserved quantities in Minkowski by specialising the results obtained for a general spacetime. In particular, Killing vectors should

not play any fundamental role in the discussion, since the generic spacetime has no Killing vector.

In a natural theory any spacetime vector field is a generator of symmetries, thus one can associate conservation laws to any spacetime vector fields,

without any need to restrict to Killing vectors. It is only in Minkowski, when discussing a field theory in which the Lagrangian depends on the

metric which is treated as a background field, thus it is considered fixed, the variation with respect to the metric vanishes everywhere to cancel the

corresponding term in the variation of the Lagrangian, thus the metric does not obey to field equations, then one needs to restrict to symmetries for
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which £ξgµν = 0 (i.e. ξ is a Killing vector) in order to cancel the spurious term in Noether current. In natural theories there is no such spurious terms

because all fields are dynamical and no (non-dynamical) background field is allowed.

For a matter Lagrangian L = L(g, j1φ)dσ the variation is

δL = −
√
g

2 Tµνδg
µν + Eδφ+ dF (3.1.1)

The last term dF does not contribute to the variation of the action in view of boundary conditions. The second term Eδφ vanishes in view of matter field equations

E = 0. The first term vanishes since the metric is considered a background and one sets δgµν = 0. As a consequence Tµν is not constrained to be zero.

When one considers conservation laws Noether theorem for a transformation ξ one obtains

dE = −E£ξφ+
√
g

2 Tµν£ξg
µν (3.1.2)

In order for E to be a conserved current, the right hand side must vanish on shell. The first term on the right hand side E£ξφ vanishes because of field equations E = 0.

Since the metric has been treated as a background and Tµν does not vanish in general, the second term on the right hand side Tµν£ξg
µν vanishes only by restricting

the symmetries to Killing vectors, for which £ξg
µν = 0.

Notice that the restriction to Killing vectors is directly related to the background nature of the metric field. In a covariant theory no background field is allowed. In

a physically sound extension of the theory above, one regards g as a dynamical field, usually adding a Lagrangian for the metric alone (e.g. the Hilbert Lagrangian

LH(j2g)) to get a total Lagrangian LT = LH + L. Then the variation of the total Lagrangian reads as

δLT =
√
g

2κ (Gµν − κTµν) δgµν + Eδφ+ d (F+ FH) (3.1.3)

and field equations are now {
Gµν = κTµν

E = 0
(3.1.4)

which describe the interaction between the gravitational field g and the matter field φ.

When one considers conservation laws Noether theorem for a transformation ξ one obtains

dE = −E£ξφ−
√
g

2κ (Gµν − κTµν) £ξg
µν (3.1.5)

and the right hand side vanishes on shell without restricting the symmetry generator in any way.

Killing vectors play no fundamental role in generally covariant conservation laws which then apply also to spacetimes with no Killing vectors. On the

other hand this fantastic abundance of conservation laws poses an interpretation problem in selecting which of the infinitely many conservation laws

play the role of specific (and finite in number) physical quantities.

In Minkowski one has 10 linearly independent Killing vectors. Then there are 10 conservation laws. The corresponding conserved quantities are interpreted as 1 energy,

3 momenta (which are together called the covariant momentum vector) 3 components of the angular momentum and 3 components of boost momenta (which together

defines the 6-component covariant momentum tensor).

If this is a problem when generalising to spacetimes with less Killing vectors, it is also a problem when one has infinitely many conservation laws and wants to single

out which ones generate these quantities, as well as the physical meaning of the others.

This interpretation problem will be also an opportunity to discuss whether a particular conservation quantity (for example the energy) plays a

distinctive physical role over the others or rather all conservation laws have to be treated on equal footing and they play their role collectively while
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the physical interpretation of which is the energy and which is the angular momentum is more related to our Newtonian intuition, and as such it is

observer dependent and not fundamental.

2. Noether currents in natural theories

.Next SectionWe already specialised the general covariance identity to natural (2.1.13) and gauge-natural theories (2.1.23). We also discussed the form of the Noether

current (1.4.12) associated to an infinitesimal Lagrangian symmetry in Section 1.4. The Noether current is in the form E(L,Ξ) = (jk−1£Ξ) F(L)�ξ L,

while the work current is W(L,Ξ) = �(£Ξ) E(L).

On the other hand, in Section 16.7 we discuss the theory of Lie derivatives and computed the Lie derivatives of many different fields. We also proved

that, given the relevant connections, the Lie derivative of sections of natural (and gauge-natural) bundles can be written as linear combinations of the

symmetry generators and their symmetrised covariant derivatives up to some finite order which depends on the specific (gauge) natural object.

Let us restrict by now to the natural case. Gauge-natural theories will be considered below. We fix a connection Γ̂αβµ on spacetime. In general the

connection does not need to be torsionless. However, we know that one can define the transposed connection tΓ̂αβµ = Γ̂αµβ. Then one can decompose

the original connection as

Γ̂αβµ = Γ̂α(βµ) + Γ̂α[βµ] = Γαβµ + 1
2T

α
βµ (3.2.1)

where Γαβµ = Γ̂α(βµ) is a torsionless connection (which is called the symmetrised connection) and Tαβµ = Γ̂αβµ � Γ̂αµβ is the torsion tensor field.

Let us use the symmetrised connection Γ and denote by rµ the corresponding covariant derivatives (acting on all kind of first order geometric objects).

Both the Noether current and the work current are linear combinations of symmetrised covariant derivatives of the symmetry generators up to some

finite order. In natural theories then Noether currents and work currents can be written as8<
:
E =

�
E µε ξε + E µαε rαξε + E µαβε rαβξε + . . .+ E µα1...αs

ε rα1...αsξ
ε
�

d�µ

W =
�
W εξ

ε +W α
εrαξε +W αβ

ε rαβξε + . . .+W α0α1...αs
ε rα0...αsξ

ε
�

d�
(3.2.2)

Here the coefficients E µε , E µαε , E µαβε , . . . , E µα1...αs
ε are tensor densities of weight 1. They are symmetric in all upper indices but µ. These are called

canonical stress tensor densities.

Analogously, the coefficients W ε, W α
ε, W αβ

ε , . . . , W α0α1...αs
ε are tensor densities of weight 1 and they are symmetric in their upper indices. These

are called canonical work tensor densities. Notice that the work current vanishes on shell by construction. Consequently, and in view of independence

of symmetrised covariant derivatives of symmetry generators, all canonical work tensor densities vanish on shell as well.

More generally, we define currents to be horizontal (m � d)-forms which depend linearly on a symmetry generator ξ. Currents can be expanded as

linear combinations of ξ and its (symmetrised covariant) derivatives up to some finite order s. The integer m � d is called the degree of the current

(and d the codegree), while the integer s is called the order of the current. The currents are horizontal forms on some jet prolongation JkC of the

configuration bundle, thus coefficients depend on fields and their derivatives up to order k. The integer k is called the rank of the current.
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Essentially, a single current is a collection of infinitely many horizontal forms, one for any symmetry generator ξ. This infinite family is described by a single map from

some jet prolongation of the bundle of symmetry generators (in this case JkTM) to the bundle of horizontal forms of degree m− d, i.e. by a single map between finite

dimensional spaces.

This is not very different from how the action functional (which is a function of the infinite dimensional space of sections of configuration bundle) is generated by the

Lagrangian which is a (horizontal) form over a finite dimensional space JkC.

In general, the coefficients of a current are not required to be all non-zero and can be padded so that the order of the Noether current is 1 less than

the order of the work current. The form of these currents is a characteristic of the theory and in (gauge-)natural theories one has a pair of currents for

any infinitesimal symmetry generator.

Let us stress that we are working with currents. These are finite linear conbinations of the symmetry generator ξ and its derivative up to some finite order. In this set,

the symmetrised covariant derivatives form a basis.

In particular, the covariant derivative of a symmetrised covariant derivative can be uniquely expanded as a linear combination of symmetrised covariant derivatives by

using the commutation relation of covariant derivatives and their relation with the curvature.

For example,

∇µ∇νξε = ∇µνξε + 1
2 [∇µ,∇ν ]ξε = ∇µνξε + 1

2R
ε
ρµνξ

ρ (3.2.3)

where Rερµν denotes the Riemann tensor of the torsionless connection Γ. Analogously, one can compute

∇ρ∇µνξε = 1
6 (3∇ρ∇µ∇ν + 3∇ρ∇ν∇µ) ξε = 1

6 (∇ρ∇µ∇ν +∇ρ∇ν∇µ + 2∇µ∇ρ∇ν + 2∇ν∇ρ∇µ + 2[∇ρ,∇µ]∇ν + 2[∇ρ,∇ν ]∇µ) ξε =

= 1
6 (∇ρ∇µ∇ν +∇ρ∇ν∇µ +∇µ∇ρ∇ν +∇ν∇ρ∇µ +∇µ∇ν∇ρ +∇ν∇µ∇ρ) ξε + 1

6 (2[∇ρ,∇µ]∇ν + 2[∇ρ,∇ν ]∇µ +∇µ[∇ρ,∇ν ] +∇ν [∇ρ,∇µ]) ξε =

=∇ρµνξε + 1
3R

ε
σρµ∇νξσ − 1

3R
λ
νρµ∇λξε + 1

3R
ε
σρν∇µξσ − 1

3R
λ
µρν∇λξε + 1

6∇µ (Rεσρνξ
σ) + 1

6∇ν (Rεσρµξ
σ) =

=∇ρµνξε +
(

1
3 + 1

6

)
Rεσρµ∇νξσ − 1

3R
λ
νρµ∇λξε +

(
1
3 + 1

6

)
Rεσρν∇µξσ − 1

3R
λ
µρν∇λξε + 1

6∇µR
ε
σρνξ

σ + 1
6∇νR

ε
σρµξ

σ =

=∇ρµνξε +
(
Rεσρ(µδ

λ
ν) + 2

3R
λ

(νµ)ρδ
ε
σ

)
∇λξσ + 1

6 (∇µRεσρν +∇νRεσρµ) ξσ

(3.2.4)

and so on. In each natural field theory, one needs a finite number of these formulae which depends on the degree of Noether currents.

One can produce these formulae by iteration, though the procedure is somehow painfully involved; see[3].

Reduced currents

We say that a current of degree (m� 1) is reduced iff its components are symmetric in all their upper indices.

Reduced currents have a distinctive property: a closed reduced current of codegree 1 necessarily vanishes.

Let us consider a reduced current C of order 1 and degree m− 1

C = (C µε ξε + C µαε ∇αξε)dσµ = Cµdσµ (3.2.5)

which is closed by hypothesis, i.e.

∇µ (C µε ξε + C µαε ∇αξε) = 0 (3.2.6)
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Then we have
dµCµ =∇µC µε ξε + (C αε +∇µC µαε )∇αξε + C µαε

(
∇µαξε + 1

2R
ε
σµαξ

σ
)

=

=
(
∇µC µε + 1

2C
µα
σ Rσεµα

)
ξε + (C αε +∇µC µαε )∇αξε + C µαε ∇µαξε = 0

(3.2.7)

which, in view of the independence of the symmetrised covariant derivatives, implies
∇µC µε + 1

2C
µα
σ Rσεµα = 0

C αε +∇µC µαε = 0

C (µα)
ε = 0

(3.2.8)

However, since the current is reduced, the coefficient C µαε coincides with its symmetrisation and hence it vanishes by the third equation.

Once one knows that C µαε = 0, the second equation says also C αε = 0 vanishes and the first equation is identically satisfied. Then the reduced current C vanishes.

If we now consider a contribution to the reduced current for the order 2, namely C µαβε ∇αβξε, by closure one has

∇µC µαβε ∇αβξε + C µαβε ∇µ∇αβξε = 0 (3.2.9)

and one can expand ∇µ∇αβξε in the basis of symmetrised covariant derivatives. One does not need here to know the details of this expansion, since one has a single

contribution to third order, namely

C µαβε ∇µαβξε = 0 (3.2.10)

which alone prove that C (µαβ)
ε = 0 and, in view of reduction, C µαβε = 0.

Once we know that, all contributions from C µαβε to lower order vanish and one repeats the proof for first order currents.

This technique can be iterated at will since at any order one can express ∇µ∇α1...αsξ
ε as a single contribution at order s+ 1 and a tail of contributions at lower orders.

However, the condition to order s+ 1 together with reduction proves that the coefficient Cµα1...αs
ε = 0.

Thus, at any order, closed reduced currents vanish.

The condition of being reduced is trivial for currents of degree m (since they are symmetric in their upper indices by construction). On the other

hand, currents of degrees (m� 2) are in the form

C =
�
C µνε ξε + C µναε rαξε + C µναβε rαβξε + . . .

�
d�µν (3.2.11)

and cannot be symmetric in their upper indices, since they are antisymmetric in [µν]. One can extend reductions to currents of degree (m � 2) by

requiring maximal non-trivial symmetry, i.e.

C µναε = C µ(να)
ε C µναβε = C µ(ναβ)

ε . . . (3.2.12)

Anologously, at lower degrees.

We shall not need such general reduced currents, however, also in this case one can prove that closed reduced currents vanish.

Instead, let us show that being reduced depends on the connection one has decided to use.

Let us fix a connection Γαβµ and consider a reduced (m− 1)-current of order 1, namely

C = (Cµε ξε + Cµαε ∇αξε)dσµ (3.2.13)
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(thus with Cµαε = C(µα)
ε ).

Now let us define another (torsionless) connection Γ̂αβµ = Γαβµ + Kα
βµ for which one has ∇̂αξε = ∇αξε + Kε

βαξ
β . Thus the same current C, expanded using the new

connection, reads as

C =
(
Cµε ξε + Cµαε ∇̂αξε − C

µα
ε Kε

βαξ
β
)
dσµ =

(
(Cµε − C

µα
β Kβ

εα)ξε + Cµαε ∇̂αξε
)
dσµ

{
Ĉ
µ

ε = Cµε − C
µα
β Kβ

εα

Ĉ
µα

ε = Cµαε
(3.2.14)

Thus, when the current is reduced for the connection Γ, it is reduced also for the connection Γ̂.

However, this is just because we chose a current of order 1. If we consider a current of order 2, i.e.

C =
(
Cµε ξε + Cµαε ∇αξε + Cµαβε ∇αβξε

)
dσµ (3.2.15)

(thus with Cµαε = C(µα)
ε and Cµαβε = C(µαβ)

ε ) one has ∇̂αξε = ∇αξε +Kε
βαξ

β

∇̂α∇̂βξε =∇α∇βξε +∇αKε
λβξ

λ +Kε
λβ∇αξλ +Kγ

βα∇γξ
ε +Kγ

βαK
ε
λγξ

λ −Kε
γα∇βξγ −Kε

γαK
γ
λβξ

λ =

=∇α∇βξε +
(
Kε
λβδ

γ
α +Kγ

βαδ
ε
λ −Kε

λαδ
γ
β

)
∇γξλ +

(
Kγ
βαK

ε
λγ −Kε

γαK
γ
λβ +∇αKε

λβ

)
ξλ ⇒

⇒ ∇̂αβξε =∇αβξε +Kγ
βα∇γξ

ε +
(
Kγ
βαK

ε
λγ −Kε

γ(αK
γ
β)λ +∇(αK

ε
β)λ

)
ξλ

(3.2.16)

When expanding the second order term of the current, one gets

Ĉ
µαβ

ε ∇̂αβξε = Ĉ
µαβ

ε ∇αβξε + Ĉ
µαβ

ε Kγ
βα∇γξ

ε + Ĉ
µαβ

ε

(
Kγ
βαK

ε
λγ −Kε

γ(αK
γ
β)λ +∇(αK

ε
β)λ

)
ξλ (3.2.17)

Thus the second order term contributes to second, first and zeroth order terms.

At second order, one has Ĉ
µαβ

ε = Cµαβε and if the old term is reduced the new one is reduced as well.

However, at first order, one has

Cµγε = Ĉ
µγ

ε + Ĉ
µαβ

ε Kγ
βα (3.2.18)

In fact, even if the old current is reduced, one has

Ĉ
[µγ]

ε = K
[µ
αβ Ĉ

γ]αβ

ε 6= 0 (3.2.19)

Thus Ĉµγε is non-symmetric, in general. Thus, in general being, reduced depends on the connection, at least for currents of order higher than 1.

Conservation laws with currents

Let us now fix for simplicity the order of Noether current to 2 (and accordingly the order of the work current to 3). Thus we have8<
:
E =

�
E µε ξε + E µαε rαξε + E µαβε rαβξε

�
d�µ

W =
�
W εξ

ε +W α
εrαξε +W αβ

ε rαβξε +W αβγ
ε rαβγξε

�
d�

(3.2.20)

The conservation laws dE =W expands to

rµ
�
E µε ξε + E µαε rαξε + E µαβε rαβξε

�
=W εξ

ε +W α
εrαξε +W αβ

ε rαβξε +W αβγ
ε rαβγξε (3.2.21)
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which is equivalent to the following conditions 8>>>><
>>>>:

rµE µε + 1
2E βασ Rσεβα + 1

3E γαβσ rαRσεγβ =Wε

E αε +rµE µαε + E ρµασ Rσερµ + 2
3E ρµνε Rαµνρ =Wα

ε

E (βα)
ε +rµE µαβε =Wαβ

ε

E (γαβ)
ε =Wαβγ

ε

(3.2.22)

These conditions are just another equivalent form of conservation laws.

One can also try to integrate by parts the right hand side of conservation laws (3.2.21)

W :=W εξ
ε +W α

εrαξε +W αβ
ε rαβξε +W αβγ

ε rαβγξε =

= (W ε �rαW α
ε ) ξε �rαW αβ

ε rβξε �rαW αβγ
ε rβγξε +rα

�
W α

ε ξ
ε +W αβ

ε rβξε +W αβγ
ε rβγξε

�
=

=
�
W ε �rαW α

ε +rαβW αβ
ε

�
ξε +rαβW αβγ

ε rγξε + +rα
��
W α

ε �rβW αβ
ε

�
ξε +

�
W αβ

ε �rγW αβγ
ε

�
rβξε +W αβγ

ε rβγξε
�

=

=
�
W ε �rαW α

ε +rαβW αβ
ε �rαβγW αβγ

ε

�
ξε + +rα

��
W α

ε �rβW αβ
ε +rβγW αβγ

ε

�
ξε +

�
W αβ

ε �rγW αβγ
ε

�
rβξε +W αβγ

ε rβγξε
�

(3.2.23)

This is particularly easy since the canonical work tensor densities are symmetric in upper indices. Let us set

B ε :=W ε �rαW α
ε +rαβW αβ

ε �rαβγW αβγ
ε

C α :=
�
W α

ε �rβW αβ
ε +rβγW αβγ

ε

�
ξε +

�
W αβ

ε �rγW αβγ
ε

�
rβξε +W αβγ

ε rβγξε
(3.2.24)

so to define the forms B := Bεξεd�, which is called the Bianchi current, and C := Cαd�α which is called the reduced current. Let us stress that the

reduced current is built with canonical work tensor densities which vanish on shell; it consequently vanishes on shell as well.

In other words, we just showed that one can recast the work current by covariant integration by parts as

W = B+ dC (3.2.25)

Now let us compute the Bianchi current

Bε =W ε �rαW α
ε +rαβW αβ

ε �rαβγW αβγ
ε =

=rµE µε + 1
2E βασ Rσεβα + 1

3E γαβσ rαRσεγβ �rα
�
E αε +rµE µαε + E ρµασ Rσερµ + 2

3E ρµνε Rαµνρ

�
+ +rαβ

�
E (βα)
ε +rµE µαβε

�
�rαβγE (γαβ)

ε =

=1
2E αβσ Rσεαβ + 1

2 [rα,rβ]E αβε + +1
3E γαβσ rαRσεγβ �rα

�E ρµασ Rσερµ + 2
3E ρµνε Rαµνρ

�
+rαβrγE γαβε �rαβγE γαβε =

=1
2

�
E αβσ Rσεαβ +RασαβE σβε +RβσαβE ασε �RσεαβE αβσ � 2R[αβ]E αβε

�
+

+ 1
3E γαβσ rαRσεγβ �rα

�E ρµασ Rσερµ + 2
3E ρµνε Rαµνρ

�
+rαβrγE γαβε �rαβγE γαβε =

=1
2

�
Rαβ �Rβα � 2R[αβ]

� E αβε + 1
3E γαβσ rαRσεγβ �rα

�E ρµασ Rσερµ + 2
3E ρµνε Rαµνρ

�
+rαβrγE γαβε �rαβγE γαβε =

=� 1
3E γαβσ rαRσεβγ �rα

�
�E γαβσ Rσεβγ + 2

3E γσβε Rασβγ

�
+rα

�
2
3E γσβε Rασβγ � E γαβσ Rσεβγ

�
+ 1

3E γαβσ rαRσεβγ � 0

(3.2.26)
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In the above proof, we used the identity

[∇α,∇β ]E αβε = RασαβE σβε +RβσαβE ασε −RσεαβE αβσ − 2R[αβ]E αβε = −RσεαβE αβσ (3.2.27)

which holds true since Eαβε is a tensor density of weight 1 and the connection Γ is a generic torsionless connection (i.e. it does not need to be the Levi Civita connection

of a metric and consequently its Ricci tensor does not need to be symmetric).

We also used the identity

∇αβ∇γE γαβε = 1
3 (∇α∇β∇γ +∇β∇γ∇α +∇γ∇α∇β +∇β [∇α,∇γ ] +∇α[∇β ,∇γ ] + [∇α,∇γ ]∇β) E γαβε = ∇αβγE γαβε + 1

3 (2∇α[∇β ,∇γ ] + [∇α,∇γ ]∇β) E γαβε =

=∇αβγE γαβε + 2
3∇α

(
−E σαβε Rσβ + E γσβε Rασβγ + E γασε Rσγ − E γαβσ Rσεβγ − 2R[βγ]E γαβε

)
+

+ 1
3

(
−∇βE σαβε Rσα −∇βE γαβσ Rσεαγ +∇βE γσβε Rσγ + 2R[γα]∇βE γαβε

)
=

=∇αβγE γαβε +∇α
(

2
3E

γσβ
ε Rασβγ − 2

3E
γαβ
σ Rσεβγ

)
− 1

3∇α
(
E γαβσ Rσεβγ

)
+ 1

3E
γαβ
σ ∇αRσεβγ =

=∇αβγE γαβε +∇α
(

2
3E

γσβ
ε Rασβγ − E γαβσ Rσεβγ

)
+ 1

3E
γαβ
σ ∇αRσεβγ

(3.2.28)

The vanishing of Bianchi current Bε = 0 is called (generalised) Bianchi identity. Bianchi identities are characteristic of the natural field theory under

consideration and any natural field theory produces its own Bianchi identities. We shall see that if one considers Hilbert–Einstein standard GR,

generalised Bianchi identities are standard contracted Bianchi identities for the Riemann tensor Rαβµν .

Thus, while the reduced current vanishes on shell, the Bianchi current vanishes identically. We also say that the Bianchi identities vanish off shell

(i.e. along any configuration not necessarily along solutions of field equations). Hence the work current is exact (off-shell exact!) and the reduced

current is a potential for it; the work current can be recast as

W = dC (3.2.29)

Superpotentials

By Noether theorem, we have that dE =W � dC. This is called a weak conservation law since, for the Noether current, dE vanishes on shell, though,

in general, not off shell.

In view of Bianchi identities, one can recast Noether theorem in the form

dG := d (E � C) = 0 (3.2.30)

which instead holds off shell and it is hence called a strong conservation law.

The current G := E�C is strongly conserved and, since the reduced current C vanishes on shell, it coincides with the original Noether current on shell.

The current G is called the Gauss current. The Gauss current coincides with the Noether current on shell, while it is modified off shell. On the other

hand, the Gauss current G is enhanced in its off-shell behaviour since it is conserved off shell.

We shall show that the Gauss current is exact, i.e. there exists a (m� 2)-current U called the superpotential such that

G = dU ) E = C+ dU (3.2.31)
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Let us start by considering a Noether current of order 1, i.e.( E = (E µε ξε + E µαε rαξε) d�µ

W =
�
W εξ

ε +W α
εrαξε +W αβ

ε rαβξε
�

d�
(3.2.32)

One can recast Noether current as

E =
�
E µε ξε + E (µα)

ε rαξε + E [µα]
ε rαξε

�
d�µ =

��
E µε �rαE [µα]

ε

�
ξε + E (µα)

ε rαξε +rα
�
E [µα]
ε ξε

��
d�µ =

=
��
E µε �rαE [µα]

ε

�
ξε + E (µα)

ε rαξε
�

d�µ + d
�

1
2E [µα]

ε ξεd�µα

� (3.2.33)

and define

C̃ =
��
E µε �rαE [µα]

ε

�
ξε + E (µα)

ε rαξε
�

d�µ U = 1
2E µαε ξεd�µα (3.2.34)

Notice that the current C̃ is reduced. Then one has for the Gauss current

G = C̃ � C+ dU (3.2.35)

and, from strong conservation laws, d(C � C̃) = 0. Since the current C � C̃ is reduced and closed, it vanishes and C̃ = C.
In fact one can also check this directly

C =
(
W α

ε −∇βW αβ
ε

)
ξε +W αβ

ε ∇βξε =
(
E αε +∇βE βαε −∇βE (βα)

ε

)
ξε + E (βα)

ε ∇βξε =
((
E µε −∇αE [µα]

ε

)
ξε + E (µα)

ε ∇αξε
)
dσµ ≡ C′ (3.2.36)

Thus one has

E = C+ dU W = dC B = 0 (3.2.37)

which tells us pretty much everything about conservation laws.

This scheme applies to higher orders as well.

For example, by considering a Noether current of order 2, namely

E =E µαβε ∇αβξε =
(
E (µαβ)
ε + 2

3

(
E [µα]β
ε + E [µβ]α

ε

))
∇αβξε = E (µαβ)

ε ∇αβξε + 2
3

(
2E [µα]β

ε ∇α∇βξε + E [µβ]α
ε Rεσαβξ

σ
)

=

=E (µαβ)
ε ∇αβξε + 4

3∇α
(
E [µα]β
ε ∇βξε

)
+ 2

3E
[µβ]α
ε Rεσαβξ

σ − 4
3∇αE

[µα]β
ε ∇βξε =

=E (µαβ)
ε ∇αβξε + 4

3∇α
(
E [µα]β
ε ∇βξε

)
+ E′ µε ξε + E′ µαε ∇αξε

(3.2.38)

where we set E′ µε := 2
3E

[µβ]α
σ Rσεαβ and E′ µαε := − 4

3∇βE
[µβ]α
ε = − 2

3

(
∇βE µβαε −∇βE βµαε

)
and we obtain C′ = E′ µε ξε + E′ µαε ∇αξε which is a current of order 1, which

can hence be manipulated as above. Hence overall we obtain

E =
((
E′ µε −∇αE

′ [µα]
ε

)
ξε + E′ (µα)

ε ∇αξε + E (µαβ)
ε ∇αβξε

)
dσµ + d

(
1
2

(
4
3E

[µα]β
ε ∇βξε + E′ [µα]

ε ξε
)
dσµα

)
(3.2.39)
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Thus a leading term of order 2 contributes to the superpotential by a current

U ′ = 1
2

(
4
3E

[µα]β
ε ∇βξε + E′ [µα]

ε ξε
)
dσµα = 1

2

(
4
3E

[µα]β
ε ∇βξε − 2

3∇βE
[µα]β
ε ξε

)
dσµα (3.2.40)

and to the reduced current by a current

C′ =
((

2
3E

[µβ]α
σ Rσεαβ + 2

3∇α∇βE
[µα]β
ε

)
ξε − 2

3

(
∇βE (µα)β

ε −∇βE βµαε

)
∇αξε + E (µαβ)

ε ∇αβξε
)
dσµ (3.2.41)

Thus, if one starts by a general Noether current of order 2, namely

E =
�
E µε ξε + E µαε rαξε + E µαβε rαβξε

�
d�µ (3.2.42)

this can be decomposed as E = C+ dU, where the reduced current is

C =
��
E µε �rαE [µα]

ε + 1
3E αβµσ Rσεαβ+2

3rαrβE [µα]β
ε

�
ξε +

�
E (µα)
ε + 2

3rβE βµαε � 2
3rβE (µα)β

ε

�
rαξε + E (µαβ)

ε rαβξε
�

d�µ (3.2.43)

and the superpotential is

U = 1
2

�
4
3E µαβε rβξε +

�
E µαε � 2

3rβE µαβε

�
ξε
�

d�µα (3.2.44)

Usually, this will be enough for us. If we are considering a first order theory, the Poincaré–Cartan part F depends on variations at order zero and we

can treat geometric objects of order 2 (thus including connections). If we are considering a second order theory the Poincaré–Cartan part F depends

on first derivatives of variations and we can deal with fields which are first order (e.g. the metric). Since we shall consider first order theories depending

on connections (which are second order objects) or second order theories depending on a metric (which is first order) the Noether current will be at

most of order two and the decomposition above will be enough for our purposes.

However, this can be iterated up to the order needed. For example, at order 3 one considers the leading term

E µαβγε ∇αβγξε (3.2.45)

All one has to do is find a relation between the coefficient and its symmetrised part, something like

E (µαβγ)
ε = 1

4

(
E µαβγε + E γµαβε + E βγµαε + E αβγµε

)
= E µαβγε + 1

2

(
E [γµ]αβ
ε + E [βµ]γα

ε + E [αµ]βγ
ε

)
⇒ E µαβγε = E (µαβγ)

ε − 1
2

(
E [γµ]αβ
ε + E [βµ]γα

ε + E [αµ]βγ
ε

)
(3.2.46)

We should not worry about the symmetrised term E (µαβγ)
ε ∇αβγξε, since it contributes to the reduced current. Thus we are left with

− 1
2

(
E [γµ]αβ
ε + E [βµ]γα

ε + E [αµ]βγ
ε

)
∇αβγξε = − 1

2E
[αµ]βγ
ε (∇α∇βγξε +∇β∇γαξε +∇γ∇αβξε) =

= − 1
2E

[αµ]βγ
ε

(
3∇α∇β∇γξε +Rεσβα∇γξσ −Rσγβα∇σξε +∇βRεσγαξσ +Rεσγα∇βξσ +Rεσγα∇βξσ −Rσβγα∇σξε

)
=

= ∇α
(
− 3

2E
[αµ]βγ
ε ∇β∇γξε

)
+ 3

2∇αE
[αµ]βγ
ε ∇βγξε +

(
3
2E

[µν]βα
σ Rσεβν − E [µν]βγ

ε Rαγβν

)
∇αξε − 1

2E
[αµ]βγ
σ ∇βRσεγαξε

(3.2.47)

The first term on the right hand side contributes to superpotential. What is then left is a current of order 2 which can be treated as above.
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3. Noether currents gauge-natural theories

.Next SectionIn a gauge-natural theory, one starts from a structure bundle P = (P,M, p,G). A generator of gauge symmetries is a right-invariant vector field on

the structure bundle, namely

Ξ = ξµ(x)∂µ + ξA(x)ρA (3.3.1)

where ρA is a right-invariant pointwise basis of vertical vectors on P. By choosing a principal connection ωAµ on the structure bundle and a (torsionless)

connection Γαβµ on spacetime, one can define covariant derivatives of tensor densities.

Let us set ξA(V ) = ξa + ωAµ ξ
µ for the vertical part of the infinitesimal symmetry generator. Since Lie derivatives are linear in (ξµ, ξA(V )), the current can

be expanded as linear combinations of (ξµ, ξA(V )) and their symmetrised covariant derivatives.

For example, the work current in a gauge-natural theory of order 3 can be expressed as

W =
�
W εξ

ε +W α
εrαξε +W αβ

ε rαβξε +W αβγ
ε rαβγξε +W Aξ

A
(V ) +W α

ArαξA(V ) +W αβ
A rαβξA(V ) +W αβγ

A rαβγξA(V )

�
d� (3.3.2)

while the Noether current can be expressed as

E =
�
E µε ξε + E µαε rαξε + E µαβε rαβξε + E µAξA(V ) + E µαA rαξA(V ) + E µαβA rαβξA(V )

�
d�µ (3.3.3)

We can hence repeat the argument done for natural theories, just using the correct relation among higher order covariant derivatives. For example,

we can compute

[rα,rβ]ξA(V ) = cABCF
B
αβξ

C
(V ) (3.3.4)

where FB
αβ denotes the curvature of the gauge connection and cABC are the structure constants of the gauge group.

Reduced currents are defined as in the natural case. A current of order 1 and degree m� 1

C =
�
C µε ξε + C µαε rαξε + C µAξA(V ) + C µαA rαξA(V )

�
d�µ = Cµd�µ (3.3.5)

is reduced iff C µαε = C (µα)
ε and C µαA = C (µα)

A .

Let us now fix, for simplicity, the order of Noether current to 2 (and accordingly the order of the work current to 3). Thus we have8<
:
E =

�
E µε ξε + E µαε rαξε + E µαβε rαβξε + E µAξA(V ) + E µαA rαξA(V ) + E µαβA rαβξA(V )

�
d�µ

W =
�
W εξ

ε +W α
εrαξε +W αβ

ε rαβξε +W αβγ
ε rαβγξε +W Aξ

A
(V ) +W α

ArαξA(V ) +W αβ
A rαβξA(V ) +W αβγ

A rαβγξA(V )

�
d�

(3.3.6)

The conservation laws dE =W expand to8>>>><
>>>>:

rµE µε + 1
2E βασ Rσεβα + 1

3E γαβσ rαRσεγβ =Wε

E αε +rµE µαε + E ρµασ Rσερµ + 2
3E ρµνε Rαµνρ =Wα

ε

E (βα)
ε +rµE µαβε =Wαβ

ε

E (γαβ)
ε =Wαβγ

ε

8>>>>><
>>>>>:

rµE µA + 1
2c
B
CAE βαB FCβα + 1

3c
B
CAE γαβB rαFC

γβ =WA

E αA +rµE µαA + cBCAE ρµαB FCρµ + 2
3E ρµνA Rαµνρ =Wα

A

E (βα)
A +rµE µαβA =Wαβ

A

E (γαβ)
A =Wαβγ

A

(3.3.7)
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By integrating the work current by parts, one has

W :=
�
W ε �rαW α

ε +rαβW αβ
ε �rαβγW αβγ

ε

�
ξε +

�
W A �rαW α

A +rαβW αβ
A �rαβγW αβγ

A

�
ξA(V )+

+rα
��
W α

ε �rβW αβ
ε +rβγW αβγ

ε

�
ξε +

�
W αβ

ε �rγW αβγ
ε

�
rβξε +W αβγ

ε rβγξε
�

+

+rα
��
W α

A �rβW αβ
A +rβγW αβγ

A

�
ξA(V ) +

�
W αβ

A �rγW αβγ
A

�
rβξA(V ) +W αβγ

A rβγξA(V )

� (3.3.8)

Let us set
B ε :=W ε �rαW α

ε +rαβW αβ
ε �rαβγW αβγ

ε

B A :=W A �rαW α
A +rαβW αβ

A �rαβγW αβγ
A

C α :=
�
W α

ε �rβW αβ
ε +rβγW αβγ

ε

�
ξε +

�
W αβ

ε �rγW αβγ
ε

�
rβξε +W αβγ

ε rβγξε

D α :=
�
W α

A �rβW αβ
A +rβγW αβγ

A

�
ξA(V ) +

�
W αβ

A �rγW αβγ
A

�
rβξA(V ) +W αβγ

A rβγξA(V )

(3.3.9)

so to define the forms B :=
�
Bεξε + BAξA(V )

�
d�, which is called the Bianchi current, and C := (Cα +Dα) d�α which is called the reduced current. Let

us stress that the reduced current vanishes on shell.

Thus the work current, by covariant integration by parts, can be recast as

W = B+ dC (3.3.10)

While one has Bε = 0 by essentially the same computation done for natural theories, let us compute the gauge part of the Bianchi current

BA =W A �rαW α
A +rαβW αβ

A �rαβγW αβγ
A =

=rµE µA + 1
2E βαB cBCAF

C
βα + 1

3E γαβB cBCArαFC
γβ �rα

�
E αA +rµE µαA + E ρµαB cBCAF

C
ρµ + 2

3E ρµνA Rαµνρ

�
+rαβ

�
E (βα)
A +rµE µαβA

�
�rαβγE (γαβ)

A =

=1
2E αβB cBCAF

C
αβ + 1

2 [rα,rβ]E αβA + +1
3E γαβB cBCArαFCγβ �rα

�
E ρµαB cBCAF

C
ρµ + 2

3E ρµνA Rαµνρ

�
+rαβrγE γαβA �rαβγE γαβA =

=1
2

�
E αβB cBCAF

C
αβ +RασαβE σβA +RβσαβE ασA � cBCAFC

αβE αβB � 2R[αβ]E αβA
�

+

+ 1
3E γαβB cBCArαFCγβ �rα

�
E ρµαB cBCAF

C
ρµ + 2

3E ρµνA Rαµνρ

�
+rαβrγE γαβA �rαβγE γαβA =

=1
2

�
Rαβ �Rβα � 2R[αβ]

� E αβA + 1
3E γαβB cBCArαFC

γβ �rα
�
E ρµαB cBCAF

C
ρµ + 2

3E ρµνA Rαµνρ

�
+rαβrγE γαβA �rαβγE γαβA =

=� 1
3E γαβB cBCArαFCβγ �rα

�
�E γαβB cBCAF

C
βγ + 2

3E γσβA Rασβγ

�
+rα

�
2
3E γσβA Rασβγ � E γαβB cBCAF

C
βγ

�
+ 1

3E γαβB cBCArαFCβγ � 0

(3.3.11)

In the above proof, we used the identity

[∇α,∇β ]E αβA = RασαβE σβA +RβσαβE ασA − cBCAFCαβE
αβ
B − 2R[αβ]E αβA = −cBCAFCαβE

αβ
B (3.3.12)
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which holds true since EαβA is a tensor density of weight 1 and the connection Γ is a generic torsionless connection (i.e. it does not need to be the Levi Civita connection

of a metric and consequently its Ricci tensor does not need to be symmetric). We also used the identity

∇αβ∇γE γαβA = 1
3 (∇α∇β∇γ +∇β∇γ∇α +∇γ∇α∇β +∇β [∇α,∇γ ] +∇α[∇β ,∇γ ] + [∇α,∇γ ]∇β) E γαβA = ∇αβγE γαβA + 1

3 (2∇α[∇β ,∇γ ] + [∇α,∇γ ]∇β) E γαβA =

=∇αβγE γαβA + 2
3∇α

(
−E σαβA Rσβ + E γσβA Rασβγ + E γασA Rσγ − E γαβB cBCAF

C
βγ − 2R[βγ]E γαβA

)
+

+ 1
3

(
−∇βE σαβA Rσα −∇βE γαβB cBCAF

C
αγ +∇βE γσβA Rσγ + 2R[γα]∇βE γαβA

)
=

=∇αβγE γαβA +∇α
(

2
3E

γσβ
A Rασβγ − 2

3E
γαβ
B cBCAF

C
βγ

)
− 1

3∇α
(
E γαβB cBCAF

C
βγ

)
+ 1

3E
γαβ
B cBCA∇αFCβγ =

=∇αβγE γαβA +∇α
(

2
3E

γσβ
A Rασβγ − E γαβB cBCAF

C
βγ

)
+ 1

3E
γαβ
B cBCA∇αFCβγ

(3.3.13)

The off-shell vanishing of Bianchi current Bε = 0 and BA = 0 are called (generalised) Bianchi identities. Hence the work current can be recast as

W = dC (3.3.14)

Also, existence of superpotentials is analogous to the natural case. The Noether current of order 2 can always be recast as E = C+dU where the gauge

part D = Dαd�α of reduced current is

D =
��
E µA �rαE [µα]

A + 1
3c
B
CAE αβµB FC

αβ+2
3rαrβE [µα]β

A

�
ξA(V ) +

�
E (µα)
A + 2

3rβE βµαA � 2
3rβE (µα)β

A

�
rαξA(V ) + E (µαβ)

A rαβξA(V )

�
d�µ (3.3.15)

and the superpotential is

U = 1
2

�
4
3E µαβε rβξε +

�
E µαε � 2

3rβE µαβε

�
ξε + 4

3E µαβA rβξA(V ) +
�
E µαA � 2

3rβE µαβA

�
ξA(V )

�
d�µα (3.3.16)

If needed, superpotentials can be found by iteration at any order.

Unifying notation

The natural and gauge-natural theories can be treated on equal footing as far as conservation laws are concerned. For, it is convenient to have a

standardised way of refer to symmetry generators. To this end ,we can define a new index family a,b, . . . such that ξa = (ξµ) in natural theories, and

ξa = (ξµ, ξA(V )) in gauge-natural theories. Let us also set

RABµν := cACBF
C
µν (3.3.17)

Thus one has

[∇µ,∇ν ]ξa = Ra
bµνξ

b ⇐⇒

{
[∇µ,∇ν ]ξε = Rεσµνξ

σ

[∇µ,∇ν ]ξA(V ) = cACBF
C
µνξ

B
(V )

(3.3.18)

By using this notation, a Noether current of order 2 is

E =
�
E µaξa + E µαa rαξa + E µαβa rαβξa

�
d�µ (3.3.19)
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the work form is

W =
�
W aξ

a +W α
arαξa +W αβ

a rαβξa +W αβγ
a rαβγξa

�
d� (3.3.20)

and the corresponding superpotential is

U = 1
2

�
4
3E µαβa rβξa +

�
E µαa � 2

3rβE µαβa

�
ξa
�

d�µα (3.3.21)

Also, if one has a metric g in the theory (be it fundamental or composite as in spin frame formulation), then one can systematically turn densities

into tensors, e.g.

E µa :=
p
g Eµ

a E µαa :=
p
g Eµα

a E µαβa :=
p
g Eµαβ

a (3.3.22)

or

W a :=
p
g W a W α

a :=
p
g Wα

a W αβ
a :=

p
g Wαβ

a W αβγ
a :=

p
g Wαβγ

a (3.3.23)

The tensors (Eµ
a, E

µα
a , Eµαβ

a , . . .) are also called canonical stress tensors while the tensors (W µ
a,W

α
a ,W

αβ
a ,Wαβγ

a , . . .) are called the canonical work

tensors.

4. Conserved quantities

.Next SectionOnce in a field theory we computed Noether currents and their superpotentials, one can pull them back along a configuration to obtain forms on

spacetime. If the work current is

W =
p
g
�
Waξ

a +Wα
arαξa +Wαβ

a rαβξa +Wαβγ
a rαβγξa

�
d� (3.4.1)

the Noether current is in the form

E =
p
g
�
Eµ

a ξ
a + Eµα

a rαξa + Eµαβ
a rαβξa

�
d�µ (3.4.2)

and the superpotential is

U =
√
g

2 (Uµνa ξa + Uµναa rαξa) d�µν (3.4.3)

then their pull-back along a section σ in the configuration bundle will be denoted by

W(σ) = (j2kσ)∗W E(σ) = (j2k−1σ)∗E U(σ) = (j2k−2σ)∗U (3.4.4)

which are spacetime forms of degree m, (m � 1), and (m � 2), respectively. Of course, if σ is a solution of field equations, then W(σ) = 0 and

E(σ) = dU(σ).

Now, if we consider an (m� 1)-region Ω of spacetime the integrals

Q̃ =

Z
Ω

(j2k−1σ)∗E (3.4.5)
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are well-defined and independent of coordinates, as well as, for any (m� 2)-region D the integrals

Q =

Z
D

(j2k−2σ)∗U (3.4.6)

Thus, as we fix a solution σ and suitable regions, we have two numbers for any symmetry generator ξa. In a (gauge-)natural theory, there are infinitely

many symmetry generators, thus we have plenty of well-defined numbers to play with. Not that these numbers are all relevant or independent from

each other, however, we are not short of them. We can instead easily predict that our problem will not be finding the numbers but selecting the

relevant ones and giving them their correct physical meaning.

First of all, let us remark that, if we integrate the Noether current on an open region, the solution can be unbounded and the integral can diverge.

If we have fields on spacetime and a pointlike source at a point x ∈ M̄ usually fields diverge as approaching to x. For that reason, one usually purges the point x from

spacetime (to have fields which are smooth on the base manifold M = M̄ − {x}).
Thus one is left with a manifold M ⊂ M̄ and smooth fields on it. However, fields still goes to infinity as one gets closed to what was the point x, even if x does not

belong to M any longer.

Accordingly, one can choose a hypersurface Ω ⊂ M going close to the point x, on which fields are unbounded. The integral for Q̃ is an improper integral and may

diverge depending on how fast fields blow up.

Let us then start by inspecting some relation among these numbers and considering an (m� 1)-region Ω with no boundary. Then

Q̃ =

Z
Ω

(j2k−1σ)∗E =

Z
Ω
d(j2k−2σ)∗U =

Z
∂Ω≡∅

(j2k−2σ)∗U = 0 (3.4.7)

Consequently, if one has two regions Ω1 and Ω2 with the same boundary ∂Ω1 = ∂Ω2 � ∂Ω, then one has

Q̃1 � Q̃2 =

Z
Ω1−Ω2

(j2k−1σ)∗E =

Z
Ω1−Ω2

d(j2k−2σ)∗U =

Z
∂Ω−∂Ω

(j2k−2σ)∗U = 0 ) Q̃1 = Q̃2 (3.4.8)

In general one has a similar, though weaker, result with a more general proof. If the region Ω1 − Ω2 = ∂V is the boundary of an m-region V then one has

Q̃1 − Q̃2 =

∫
Ω1−Ω2

(j2k−1σ)∗E =

∫
∂V

(j2k−1σ)∗E =

∫
V

(j2k−1σ)∗dE = 0 ⇒ Q̃1 = Q̃2 (3.4.9)

in view of conservation on the Noether current.

This argument uses conservation of the Noether current instead of superpotentials, however, it proves Q̃1 = Q̃2 only when the two regions Ω1 − Ω2 = ∂V form a

boundary. Using superpotentials, one can prove it for any closed region Ω1 − Ω2.

Accordingly, the integral of the Noether current on a region Ω actually just depends on the boundary D = ∂Ω. This can be seen directly, by considering

an (m� 2)-region D = ∂Ω which is the boundary of an (m� 1)-region Ω, then, in view of Stokes theorem, one has

Q =

Z
D≡∂Ω

(j2k−2σ)∗U =

Z
Ω
d(j2k−2σ)∗U =

Z
Ω

(j2k−1σ)∗E = Q̃ (3.4.10)
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Under these assumptions, the integrals (3.4.10) are the most general ones to be considered as integrals of the Noether currents.

However, we have a mismatch. While we have one integral of the Noether current on any (m � 1)-region Ω, which can be recast as integral on a

boundary D = ∂Ω of the superpotential, the superpotentials can be still integrated on any (m� 2)-region D, not necessarily a boundary.

Let then D be an (m� 2)-region (not necessarily a boundary) and consider

Q =

Z
D

(j2k−2σ)∗U (3.4.11)

Let us consider two regions D1 and D2 such that D1 −D2 = ∂Ω is the boundary of some (m− 1)-region Ω. Then one has

Q1 −Q2 =

∫
D1−D2

(j2k−2σ)∗U =

∫
∂Ω

(j2k−2σ)∗U =

∫
Ω

(j2k−1σ)∗dU =

∫
Ω

(j2k−1σ)∗E (3.4.12)

For example, let us consider two spheres D1 and D2 at different radii around the point x ∈ M̄ as discussed above. Then imagine to shrink the sphere D2 on the point

x. At any stage Q1−Q2 =
∫

Ω
(j2k−1σ)∗E and, as the sphere D2 shrinks around the point x, that becomes what one would define as the integral of the Noether current

on the region Ω with a hole at x. This is how one would try to give a meaning to improper integrals and the integral of the superpotential on the sphere D2 would be

called the residual contribution at the point x.

This is the loose motivation why the integral of the superpotential on the sphere D1 (which is well-defined)

Q1 =

∫
D1

(j2k−2σ)∗U =

∫
Ω

(j2k−1σ)∗E+Q2 (3.4.13)

is considered to be the “value of the integral of the Noether current on the open region Ω ∪ {x}”.

In view of this discussion, we can forget about integrals of the Noether currents and focus on integrals of the superpotentials which are more general.

In relativistic theories then, for any region D with no boundary, one can consider the integrals

Q =

Z
D

(j2k−2σ)∗U (3.4.14)

which are (infinitely many, one for each symmetry generator) good numbers associated to any solution σ. These are called the conserved quantities

associated to the symmetry generator considered within the surface D.

For example, one considers a solution of Einstein–Maxwell equations corresponding to a pointlike particle falling around. These solutions are singular on the worldline

of the charge particle so that that worldline is purged from spacetime to guarantee smooth fields.

Then, consider the (m−2)-region defined at some time t = t0 around the point particle by r = r0. This is a surface D with the topology of the sphere, which surrounds

the particle at time t = t0, on which fields are well-defined. One can compute the integral of the superpotential associated to pure gauge transformations (which, in

that case, we already discussed to be the flow of the electric field; see (1.6.99)) and, at least on Minkowski space, we are ready to accept it defines the electric charge of

the pointlike particle. Of course, one expects to find the same result by saying that the electric field is generated by a suitable distributional charge density supported

on the worldline and integrating the Noether current (which is the divergence of the electric field, which in view of field equations and Stokes theorem can be written

as the integral of the charge density distribution).

Here, in fact, there is nothing really to prove since the suitable charge density distribution is exactly the one which makes this miracle to happen. In other words, one

could say that superpotentials are a way to avoid the details in defining distributional sources by just focusing on well-defined integrals.
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Our standard attitude will be to recover physical quantities as integrals of suitable superpotentials on suitable regions with no boundary. Searching

for physical quantities as integrals of superpotentials may seem optimistic (as well hopeless since, typically, we have infinitely many superpotentials

attached to each solution). On the other hand, one can regard the issue as an application of the general relativity principle. According to this principle,

a physical quantity is an important part of the description of the real world if and only if it can be expressed as something which is independent of the

observer conventions. Since the integrals of superpotentials are known to be independent of the observer conventions they are the right place to look

for physical quantities.

There is another viewpoint which is popular in the literature which goes in another direction. It has been argued that physical quantities are by their own nature

observer dependent since they are measured by observers. For example, the energy of a system is reasonably expected to depend on the observer conventions (and I

agree with this remark). Consequently, it has been argued that one can define physical quantities as integrals of objects that are not forms but they are considered to

be written in the coordinates defining the observers. These quantities are called pseudo-potentials and, of course, geometrically speaking, they make no sense.

However, when one has two observers each computing the same physical quantity and obtaining two different results then one should discuss whether the difference

is justified by considering that the physical quantity under consideration has been measured by two different observers. In order to discuss that, one would need a

complete control on the relation between the observers and their conventions, something which is often beyond the case, even in simple situations.

Moreover, one should pay attention that the procedure does not, in fact, select a special class of observers which would spoil general relativity (as well as they are

known not be traditionally well-defined in physics; in some sense relativity—all Galileian, Special and General relativities—exactly originated by the original sin of

privileging inertial frames without too much and fundamental support).

I have to confess, I have never managed to give a fundamental meaning to pseudo-potentials, nor a mathematical or a physical meaning. It seems to me that, if they

are the solution, then that is simply declaring that the physical quantities one defines by using them, even though possibly traditionally important, are unessential

to the description of the physical world. The good news is that one does not need to use pseudo-potentials. Some argued that the integrals of superpotential, being

intrinsic, do not depend on the observer and as such cannot represent quantities as the energy which is expected to depend on the observer after all!

Well, this is flat wrong.

Superpotentials are intrinsic forms, though they do depend on the symmetry generator under consideration. If each observer selects a different generator to define its

own energy, then the energy can depend on the observer even being well defined as a geometric quantity.

We shall see that, in many situations, this can be done and it gives the expected results whenever we are able to predict what should be expected.

We shall see some of such machinery at work below in the examples.

5. Augmented variational principles

.Next SectionIn some sense, the Lagrangian of a system is defined modulo pure divergences, meaning that adding a pure divergence to the Lagrangian does not

affect field equations though it changes Noether currents and superpotentials.

Let us consider a (gauge) natural Lagrangian L, a field-dependent (global) horizontal (m� 1)-form � = αµd�µ and a new Lagrangian

L′ = L + d� (3.5.1)

The pure divergence d� = dµα
µd� does not affect field equations, though it contributes to Noether currents and superpotentials.
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Assuming for the sake of simplicity that the form α depends on fields and their derivatives up to order 1, the variation of dα = dµα
µdσ =

(
∂iα

µyiµ + ∂αi α
µyiαµ

)
dσ is

δdµα
µ =∂ikα

µyiµδy
k + ∂αk ∂iα

µyiµdαδy
k + ∂iα

µdµδy
i + ∂k∂

α
i α

µyiαµδy
k + ∂αk ∂

ε
iα

µyiεµdαδy
k + ∂αi α

µδyiαµ =

=dµ∂kα
µδyk + dµ∂

α
k α

µdαδy
k + ∂iα

µdµδy
i + ∂αi α

µdµδy
i
α = dµ

(
∂kα

µδyk + ∂αk α
µδykα

) (3.5.2)

Thus, as expected, the pure divergence does not contribute to the Euler–Lagrange part, while it contributes to the Poincaré–Cartan one by

F′ = F+
(
∂kα

µωk ∧ dσµ + ∂αk α
µωkα ∧ dσµ

)
(3.5.3)

The pure divergence Lagrangian automatically obeys covariance identity

dµ∂kα
µ£Ξy

k + dµ∂
α
k α

µdα£Ξy
k + ∂iα

µdµ£Ξy
i + ∂αi α

µdµ£Ξy
i
α = dµ

(
∂kα

µ£Ξy
k + ∂αk α

µ£Ξy
k
α

)
= £Ξdµα

µ = dε (ξεdµα
µ) (3.5.4)

so that L′ is a (gauge-)natural Lagrangian as well.

The Noether current for the Lagrangian L′ is

E′ =E+
(
∂kα

µ£Ξy
k + ∂αk α

µdα£Ξy
k
)
dσµ − ξµdνανdσµ = E+ £ξα− ξµdνανdσµ = E+ ξµdνα

νdσµ + d (ξναµdσµν)− ξµdνανdσµ =

=E+ (ξµdνα
ν + dν (ξναµ)− dν (ξµαν)− ξµdναν)dσµ = E+ 2dν

(
ξ[ναµ]

)
dσµ = E+ dλ

(
ξ[ναµ]

)
dxλ ∧ dσµν = E+ d

(
ξ[ναµ]dσµν

) (3.5.5)

Thus the superpotential is

U ′ = U − ξ[µαν]dσµν (3.5.6)

Accordingly, as a consequence of adding a pure divergence d� to the Lagrangian L, one gets an extra contribution to the superpotential

∆ = �ξ[µαν]d�µν U ′ = U+ ∆ (3.5.7)

When computing the conserved quantities, this extra contribution is integrated on a (m� 2)-region D with no boundary and has no reason to vanish.

In fact, one can check in examples that it does not vanish in general.

Let us remark that in mechanics this is not the case. By adding a total time-derivative to a mechanical Lagrangian does not modify the Noether current at all, as it is

manifest by specialising equation (3.5.5) to dimension dim(M) = m = 1.

What we are discussing hereafter has no counterpart in mechanics and it is specific of field theories. Consequently, one should not trust too much physical intuition for

it, when it comes from mechanics, since its generalisation to fields theory may not be harmless.

Thus whenever integrals of superpotential define quantities which are not what one expects, one can still hope that adding a suitable divergence to the

Lagrangian the new superpotential accounts for the expected quantities. This is what one does defining the so-called augmented variational principles

which are a canonical choice of the divergence term which produces better conserved quantities than the original theories.

Thus we have to find reasons to complain about integrals of superpotential to fix this ambiguity. In order to keep the discussion focused, let us

consider energy and angular momentum, though, in the end, most of the arguments will hold in general.
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In mechanics, energy is associated by Noether theorem to invariance with respect to time translations. In a relativistic field theory, one has fields

which live on spacetime and observers represented by coordinate systems on spacetime. ADM observers correspond to coordinates (t, xi) in which one

coordinate comes with the meaning of a time. One can consider the corresponding vector field ξ = ∂t which is the nearest thing to a time translation.

The vector field ξ, as any other spacetime vector field, is a symmetry generator and one can compute the superpotential for it and take the integral

on a (m� 2)-region with no boundary. We shall call it the energy of the fields within the region surrounded by D.

If one considers spacetimes which support an action of the group of spatial rotations, there are vector fields ζ which are generators of spatial rotations.

The integral of the superpotential of such generators of rotations are called angular momentum.

Analogously, space translations generate momentum and one can include boosts to define the energy-momentum tensor which assembles the conserved

quantities associated to rotations (angular momentum) and boosts in a symmetric spacetime tensor Tµν .

Of course, different observers define a different transformation as time translation and this accounts for dependence of energy on the observer.

Relative conservation laws

First of all, one should not talk about the energy of a system. This is an unphysical notion in relativistic theories as it was in Newtonian physics.

The physical interpretation of these multiple energies defined in field theory goes back to thermodynamics where one has different quantities (the internal energy, the

Helmholtz free energy, the Gibbs free energy, the enthalpy, and so on) each associated to different boundary conditions which, in turn, express which variables are

controlled at the boundary. Boundary conditions are associated to boundary counterterms, thus one expects an energy of the system for any boundary term added to

the Lagrangian, which is, in fact, what we have.

This is why one expects many energies in a field theory and what we are up to discuss hereafter is how to choose an energy in this set that can represent what one

usually expects as the energy.

There is nothing like a scale to measure the energy of a system but all forms of energy are relative to something else, being it a reference frame or

another state of the system. Only differences of energy matter. Potential energy is measured relative to a conventional zero level. Kinetic energy is

relative to the rest frame which is conventionally chosen by the observer, as was already known by Galilean physics before Newton came.

The reference frames used in mechanics strongly rely on the affine structure on space(time) which does not survive in relativistic theories. However,

one can try to assume the differences of energies as fundamental. If a system undergoes a transformation and goes from one state to another, its energy

changes. The amount of energy needed to go from one state to another should be better defined on a physical stance than the energy of the system.

This kind of energy difference will be called the relative conserved quantity between two solutions. One should double the configuration bundle

∗C = C �M C which will be called the extended configuration bundle and it has coordinates (xµ, yi, ȳi) to account for the two states. A section of

the extended bundle ∗σ : M ! ∗C is a pair of sections σ, σ̄ : M ! C which, in fact, are two configurations of the original system. Conventionally,

σ : M ! C : x 7! y(x) will be called the (real) field while σ̄ : M ! C : x 7! ȳ(x) will be called the reference field.

Of course, the evolution of the two fields should be independent, since we do not want the real field to behave differently depending on how we fix the

reference field. Accordingly, if the original Lagrangian was L(jσ), the augmented Lagrangian will be something like

∗L(jσ, jσ̄) = L(jσ)� L(jσ̄) + d�(jσ, jσ̄) (3.5.8)
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Both the real and reference fields will be treated as dynamical, and they both obey the same field equations as in the original theory.

The conserved quantity obtained in the theory for the Lagrangian ∗L (which will depend on both σ and σ̄) is called the relative conserved quantity

between σ and σ̄ and it is

QD(∗L,Ξ, σ, σ̄) =

Z
Ω

(j2k−1σ)∗Ẽ(L,Ξ) +

Z
D

(j2k−2σ)∗U(L,Ξ)�
Z
D
ξ[µαν](σ, σ̄)d�µν �

Z
Ω

(j2k−1σ̄)∗Ẽ(L,Ξ) �
Z
D

(j2k−2σ̄)∗U(L,Ξ) (3.5.9)

We are going to investigate if one can choose the boundary term d� somehow canonically so that the behaviour of conserved quantities is improved.

Variation of conserved quantities

Let us consider a Lagrangian L(jσ), a 1-parameter family of configurations σs generated by the vertical field X on the configuration bundle C, and a

symmetry generator Ξ which projects on a spacetime field ξ. Let us set σ̄ = σ0 for the reference field and σ = σ1 for the real field. Conserved quantities

within a regular (m� 1)-region Ω can be (naively) defined as

QΩ(L,Ξ, σ) =

Z
Ω

(j2k−1σ)∗E(L,Ξ) =

Z
Ω

(j2k−1σ)∗Ẽ(L,Ξ) +

Z
∂Ω

(j2k−2σ)∗U(L,Ξ) (3.5.10)

On the other hand, by considering variation along the family of solutions generated by some vertical vector field X, we obtain

δXQΩ(L,Ξ, σ) =

Z
Ω
δXE(L,Ξ, σ) =

Z
Ω
δX

�
jk−1£Ξ F(L)

�
� ξ

�
jkX dL

�
=

Z
Ω
δX

�
jk−1£Ξ F(L)

�
� ξ

�
X E(L) + d(jk−1X F(L))

�
=

=

Z
Ω
δX

�
jk−1£Ξ F(L)

�
� ξ X E(L)�£ξ(j

k−1X F(L)) + d(ξ jk−1X F(L)) =

=

Z
Ω
ω(X,£Ξ)� ξ X E(L) + d(ξ jk−1X F(L))

(3.5.11)

where all currents are avaluated along σ. We have used the identity £ξθ = ξ dθ+d(ξ θ) holding for operators on spacetime forms; we set ω(X,£Ξ) :=

δX
�
jk−1£Ξ F(L)

��£ξ(j
k−1X F(L)) for the so-called symplectic form.

Comparing the two expression (3.5.10) and (3.5.11) one obtains

d(δXU(L,Ξ)� ξ jk−1X F(L)) = ω(X,£Ξ)� ξ X E(L)� δX Ẽ(L,Ξ) (3.5.12)

Notice that ξ X E(L) vanishes on shell and δX Ẽ(L,Ξ) vanishes because X is tangent to the space of solutions.

The quantity δX Ẽ(L,Ξ) is the infinitesimal generator of the quantities Ẽ(L,Ξ, σs). However, since each σs is a solution and the reduced current vanishes along solutions,

one has to take the derivative of Ẽ(L,Ξ, σs) = 0 with respect to the parameter s.

Essentially, what we are doing by correcting the (variation of the) Noether current is adding a pure divergence to it. The Noether current is originally

defined up to an exact current and adding it does not affect the integrals along (m� 1)-regions with no boundaries. Moreover, such corrections can be

obtained by adding to the Lagrangian a suitable pure divergence, as we shall show in a while.
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This suggests to define the corrected conserved quantity density as

δXQ(L,Ξ) = δXU(L,Ξ)� ξ jk−1X F(L) (3.5.13)

giving the corrected conserved quantity when integrated on an (m� 2)-region D.

Let us stress that this is a definition and as such, strictly speaking, it does not need to be proven. This choice will (or will not) be justified by the

examples of application to different situations and by the extent to which it will produce the expected results.

We remark that the quantity (3.5.13) is a cohomological invariant; in fact, it is independent of any pure divergence term added to the Lagrangian,

which does not change Euler–Lagrange field equations but changes the Poincaré–Cartan part F(L) and, consequently, the definition of conserved

quantities through (3.5.11).

By adding a pure divegence dα to the Lagrangian, the superpotential will change by

U ′ = U − ξµανdσµν ⇒ δXU ′ = δXU − ξ δXα (3.5.14)

while the Poincaré–Cartan part will be affected as

jk−1X F′ = jk−1X F+ δXα ⇒ ξ jk−1X F′ = ξ jk−1X F+ ξ δXα (3.5.15)

Hence one has

δXU ′ − ξ jk−1X F′ = δXU − ξ δXα− ξ jk−1X F− ξ δXα = δXU − ξ jk−1X F (3.5.16)

Schwarzschild anomalous factor

Relative conserved quantities originated from the need to correct the so-called anomalous factor (which more properly should be called anomalous

term). In order to keep it simple, let us consider standard GR (with cosmological constant) and a solution which is called the Schwarzschild (A)dS

metric

g = �A(r)c2dt
 dt +
dr
 dr

A(r)
+ r2dΩ2 A(r) := 1� 2Gm

c2r
� Λ

3
r2 (3.5.17)

where dΩ2 = dθ 
 dθ + sin2(θ)dφ
 dφ is the area element on a sphere.

The function A(r) needs to be non-zero in order to have g non-degenerate. Of course, one has

lim
r→0

A(r) = −∞ (3.5.18)

Then, if Λ ≤ 0 then the function A(r) is always increasing and it is positive in the interval r ∈ [rm,+∞].

If the cosmological constant Λ =: λ2 > 0 is positive then

lim
r→∞

A(r) = −∞ (3.5.19)
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it has a single maximum at r∗ = 3Gm
λ2c2 at which the function A takes the value

A(r∗) = 1− 2Gm

c2

(
λ2c2

3Gm

) 1
3

− λ2

3

(
3Gm

λ2c2

) 2
3

(3.5.20)

which is positive when

λ2 = Λ <

(
c2

3Gm

)2

(3.5.21)

Since we need the function A(r) to be positive in the metric, we assume that the cosmological constant, when positive, satisfies this constraint and it is not too big.

The radial coordinate r extends to a maximal value rM so that, in the interval r ∈ [rm, rM ], one has A(r) > 0.

In other words, when the cosmological constant is positive (but not too big), one has three numbers, two positive 0 < rm < rM and a negative one r− < 0 so that the

function A(r) can be written as

A(r) =
−Λ

3c2r
(r − r−)(r − rm)(r − rM ) (3.5.22)

and it is positive in the interval r ∈ [rm, rM ].

Of course, in this case it is meaningless to compute limits to r → +∞, since r → rM is the maximal value allowed.

The metric (3.5.17) is a solution of Einstein equations with a cosmological constant

Rµν � 1
2Rgµν = �Λgµν (3.5.23)

and are considered to represent the gravitational field generated by a mass m at the origin.

Let us here consider solutions with no cosmological constant Λ = 0 and radial motions of test particles, starting at infinite distance and at rest.

Test particles motion is described by the Lagrangian

L = mc
√
−gµνuµuνds = mc

√
A(u0)2 − (u1)2

A − r2
(
(u2)2 + sin2(θ)(u3)2

)
ds (3.5.24)

One can collect (u0)2 in the square root and remember that x0 = ct to rewrite the Lagrangian as

L =mc

√
A− (v1)2

A − r2
(
(v2)2 + sin2(θ)(v3)2

)
u0ds = mc

√
c2A− ṙ2

A − r2
(
θ̇2 + sin2(θ)φ̇2

)
dt (3.5.25)

where we set

vi :=
ui

u0
ṙ = cv1 θ̇ = cv2 φ̇ = cv3 (3.5.26)

Since we are considering radial motions, we can fix θ(t) = π
2 and φ(t) = φ0 and the Lagrangian simplifies to

L = mc
√

c2A− 1
A ṙ

2dt (3.5.27)

This is a Lagrangian depending on r only and independent of time, so that its total energy is conserved, i.e.:

ṙ2

A
√

c2A− 1
A ṙ

2
+
√

c2A− 1
A ṙ

2 = Kc ⇒ ṙ2 + c2A2 − ṙ2 = KcA
√

c2A− 1
A ṙ

2

⇒c2A4 = K2A2
(
c2A− 1

A ṙ
2
)

⇒ c2A3 = K2
(
c2A2 − ṙ2

)
⇒ K2ṙ2 = A2c2

(
K2 −A

) (3.5.28)
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If we focus on test particles that at t = 0 are at infinity (r(0) = +∞) and at rest ṙ(0) = 0, then one has A(r(0)) = 1, K = 1. For these motions, one has

ṙ2 = A2c2 (1−A) =
2Gm

r

(
1− 4Gm

c2r
+

4G2m2

c4r2

)
(3.5.29)

Far away from the origin, one has

2ṙr̈ ' −2Gm

r2
ṙ ⇒ r̈ ' −Gm

r2
(3.5.30)

Thus one obtains that, far away from the mass at the origin, the test particle feels an acceleration of

~g = −Gm
r2
~ur (3.5.31)

which reproduces the Newton law of gravity.

That is why one sets A = 1− 2Gm
c2r and not A = 1− 6Gm

c2r or A = 1 + Gm
c2r .

Let us also stress that (3.5.29) is an exacts account of GR effects on radial free fall on a spherically symmetric mass as a semiclassical modification of the gravitational

potential. Of course, the effects become soon negligible as r grows.

We already computed in (1.6.163) the superpotential to be

U =
√
g

2κ r[ρξλ]d�λρ (3.5.32)

Now we can fix the symmetry generator to be ξ = ∂t = c∂0, the (m� 2)-region D to be t = t0, r = r0 and compute the integral to be

Q =

Z
D
U = m

2 c2 + Λc
6κ r

3
0 (3.5.33)

We can expand

U =
√
g

2κ ∇
[ρξλ]dσλρ =

√
g

2κ c gρσ{g}λ0σdσλρ =
√
g

4κ c gρσgλε
(
−dεg0σ + d0gσε + dσgε0

)
dσλρ =

√
g

2κ c g11g00d1g00dσ01 = − 1
2κcr2 sin(θ) 1

AAA
′(r)dθ ∧ dφ =

=− 1
2κcr2 sin(θ)A′(r)dθ ∧ dφ

(3.5.34)

where by A′(r) we denoted the derivative with respect to r. The corresponding conserved quantity is

Q =

∫
D

U = − 1
2κcr2A′(r)

∫ 2π

0

dφ

∫ π

0

dθ sin(θ) = 2π
κ cr2A′(r) = 2π

κ cr2

(
2Gm

c2r2
+ 2

3Λr

)
= m

2 c2 + Λc
6κ r

3 (3.5.35)

In our current notation, in absence of cosmological constant, the expected value for the energy of gravitational field is Q = mc2. Hence the integral of the Komar

superpotential falls short of a factor 2, which is called the anomalous factor.

The value of the variation of the energy is

δQ = c2

2 δm (3.5.36)

Let us now consider the correction to the integral of the variation of the superpotential, namely the integral of �ξ j1X F. This can be proven by

using some package of tensor algebra to be

�
Z
D
ξ j1X F = c2

2 δm (3.5.37)
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We used Maple tensor package. We define the metric (3.5.17) and, after having checked that it is a solution of field equations, we compute the quantity

−
∫
D

√
g

2κ ξ
νδuµαβg

αβdσµν = c2

2 δmc2 (3.5.38)

See the worksheet attached.

Thus the corrected energy is

δQ = c2δm (3.5.39)

If we assume that the (A)dS solution (i.e. the one with m = 0) is zero, then the energy of the Schwarzschild (A)dS solution is mc2 as expected.

Hence the correction does correct the anomalous factor, at least in this case. Below, we shall consider other solutions as well.

Definition of augmented variational principles

We shall hereafter take for granted that the variation of conserved quantities in gauge-natural theories is given by the corrected formula (3.5.13). We

shall here prove that we can take advantage of the cohomological invariance of (3.5.13) to formally integrate it along the family of solutions defined

by a deformation X obeying Dirichlet boundary conditions. More precisely, we shall show that, once the extended configuration bundle ∗C has been

introduced, in many cases there is a particular representative ∗L (called the augmented Lagrangian) of the cohomology class of the original Lagrangian

L for which the superpotential provides the formal integration for the variation of conserved quantities.

Being a formal integration means that if we consider a 1-parameter family of solutions σs continuously connecting the reference field σ̄ = σ0 to the

real field σ = σ1 so that

δXQD(∗L,Ξ, σ, σ̄) :=
d

ds
QD(∗L,Ξ, σs, σ̄)

���
s=0

=

Z
D
δXU(L,Ξ)� ξ jk−1X F(L) =:

Z
D
δXQ(L,Ξ) (3.5.40)

where QD(∗L,Ξ, σ, σ̄) is the conserved quantity associated to the augmented Lagrangian as in (3.5.9) and X is the infinitesimal generator of the

deformation.

For the sake of simplicity, let us consider a first order gauge-natural Lagrangian L = L(j1σ) on C; this is not too restrictive both because any physical

theory has a first order formulation and because it can be easily extended to higher order theories (see below for the case of the second order purely

metric GR).

For (3.5.40) to be the case, one has

d

ds
QD(∗L,Ξ, σs, σ̄)

���
s=0

=
d

ds

Z
D

(j2k−2σs)
∗U(L,Ξ)� d

ds

Z
D
ξ[µαν](σs, σ̄)d�µν �

Z
D

(j2k−2σ̄)∗U(L,Ξ) =

=

Z
D

(j2k−2σ)∗δXU(L,Ξ)� d

ds

Z
D
ξ[µαν](σs, σ̄)d�µν

(3.5.41)
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and (3.5.40) holds true iff one has

d

ds
ξ[µαν](σs, σ̄)

���
s=0

d�µν = ξ jk−1X F(L) = pµi δȳ
iξνd�µν ) d

ds
αµ(σs, σ̄)

���
s=0

= �p̄µi δȳi (3.5.42)

where the momentum p̄µi is computed on the reference field and with α(σ0, σ̄) = 0.

For example, in first order variational principles, we see that whenever the action of the gauge group on fields comes as a restriction of a (linear)

representation (which encompasses all reasonable cases of fundamental fields, namely metrics, connections, gauge fields, tetrads, tensor densities,

spinors, etc.) one can set

αµ(σs, σ̄) = �p̄µi (yis � ȳi) (3.5.43)

to do the job. We stress that the additional request on the transformation rules of the fields applies just if we demand that αµ is a global divergence

term by itself. If we start from a local Lagrangian L the additional term d� is not expected to have a global meaning either, as for the total augmented

Lagrangian ∗L (see below the example about Chern–Simons and non-covariant first order gravitational Lagrangian).

In view of the discussion above, the standard superpotential of the augmented Lagrangian takes into account the correction to conserved quantities

given by (3.5.13).

6. Examples

.Next SectionWe shall here give examples of computation of the superpotential, augmented Lagrangians and corrected conserved quantities for some of the theories

introduced in the previous Chapters as examples of (gauge-)natural field theories.

Hilbert Lagrangian

Let us consider the Lagrangian LH =
√
g

2κ (R� 2Λ) d� which is a second order Lagrangian for a metric g.

We already discussed the first variation formula and Noether currents in Chapter 1; see Subsection 1.6.10. The canonical stress tensors are in the

form (1.6.159), i.e. 8>>><
>>>:
Eλ
ε = 1

2κ

�
3
2R

λ
ε � δλε (R� Λ)

�
Eλρ
ε = 0

Eλρσ
ε = 1

2κ

�
δλε g

ρσ � gλ(ρδ
σ)
ε

� (3.6.1)

while the work current is

W = �
√
g

2κ (Rµν � 1
2Rgµν + Λgµν)£ξg

µνd� =
2
√
g

2κ

�
Rµε � 1

2Rδ
µ
ε + Λδµε

�rµξεd� (3.6.2)
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Accordingly, the canonical work tensors are 8>>><
>>>:
Wε = 0

Wα
ε = 1

κ

�
Rαε � 1

2(R� Λ)δαε
�

Wαβ
ε = 0

Wαβγ
ε = 0

(3.6.3)

One can check directly that the conservation identities (see (3.2.22)) are verified:8>>>>><
>>>>>:

rµE µ
ε + 1

2E
βα
σ Rσεβα + 1

3E
γαβ
σ rαRσεγβ = Wε = 0

E α
ε + rµE µα

ε + E ρµα
σ Rσερµ + 2

3E
ρµν
ε Rαµνρ = Wα

ε

E
(βα)
ε + rµE µαβ

ε = Wαβ
ε = 0

E
(γαβ)
ε = Wαβγ

ε = 0

(3.6.4)

The last identity is trivially satisfied since E
(γαβ)
ε = δ

(λ
ε gρσ) − g(λρδ

σ)
ε = 0. The second identity reads as

E α
ε + E ρµα

σ Rσερµ + 2
3E

ρµν
ε Rαµνρ = 3

2R
α
ε − δαε (R− Λ) + (δρσg

µα − gρ(µδα)
σ )Rσερµ + 2

3 (δρε g
µν − gρ(µδν)

ε )Rαµνρ =

= 3
2R

α
ε − δαε (R− Λ) +Rε

α
· − 1

2g
ρµRαερµ + 1

2Rε
α
· + 2

3 (−Rαε − 1
2R

α
ε − 1

2g
ρνδµε R

α
µνρ ) =

= 3
2R

α
ε − δαε (R− Λ) + 1

2Rε
α
· = 2

(
Rαε − 1

2 (R− Λ)δαε
)

= Wα
ε

(3.6.5)

Finally, the first equation reads as

∇µE µ
ε + 1

3E
γαβ
σ ∇αRσεγβ = 3

2∇µR
µ
ε −∇εR+ 1

3∇αRε
α
· + 1

6∇αRε
α
· = 2

(
∇µRµε − 1

2∇εR
)

= 0 (3.6.6)

where we used the (contracted) second Bianchi identities.

In this theory, the generalised Bianchi identities specify to

rαWα
ε = 2

�rµRµε � 1
2rεR

�
= 0 (3.6.7)

which in fact coincide with (contracted) second Bianchi identities for the Riemann tensor.

The reduced current is

Ẽ =
√
g

2κ

��
E µ

ε + 1
3E

αβµ
σ Rσεαβ

�
ξε + E

(µαβ)
ε rαβξε

�
d�µ =

√
g

2κ

�
3
2R

µ
ε � δµε (R� Λ) + 1

3(δασg
βµ � 1

2g
αµδβσ )Rσεαβ

�
ξεd�µ =

=
√
g

2κ

�
3
2R

µ
ε � δµε (R� Λ) + 1

3(Rε
µ
· + 1

2Rε
µ
· )
�
ξεd�µ =

2
√
g

2κ

�
Rµε � 1

2δ
µ
ε (R� Λ)

�
ξεd�µ =

p
gW µ

ε ξ
εd�µ

(3.6.8)

which in fact vanishes on shell and one has

dẼ =
p
g
�
rµW µ

ε ξ
ε +W µ

ε rµξε
�

d� =W (3.6.9)

:Index: :AIndex: :Symbols: :Notation:



Examples 221

Finally, the superpotential is

U =
√
g
κ

4
3E

µαβ
ε rβξεd�µα = 1

3κ

p
g(δµε g

αβ � 1
2g

µαδβε � 1
2g

µβδαε )rβξεd�µα = 1
3κ

p
g(r[αξµ] � 1

2g
µαrεξε � 1

2r[µξα])d�µα =

= 1
3κ

p
g(r[αξµ] + 1

2r[αξµ])d�µα = �
√
g

2κr[µξα]d�µα
(3.6.10)

which agrees with what we found in (1.6.163) by suitable integration by parts, though here found by the standard procedure introduced in Section

3.2.3.

This superpotential for the Hilbert Lagrangian is well-known since a long time ago and it is called the Komar potential, even though Komar actually found it for a

time-like Killing vector ξ, while of course here it has been found for a general spacetime vector field.

The augmented Lagrangian for LH is defined on the extended bundle ∗Lor(M) = Lor(M)�M Lor(M) and it reads as

∗LH =
√
g

2κ (R� 2Λ)d��
√
ḡ

2κ (R̄� 2Λ)d�� 1
2κrλ

�p
ḡḡαβwλαβ

�
d� (3.6.11)

where we set wλαβ = uλαβ � ūλαβ which is a tensor.

In fact

wλαβ = uλαβ − ūλαβ =
(
Γλαβ − Γ̄λαβ

)
−
(
δλ(αΓεβ)ε − δ

λ
(αΓ̄εβ)ε

)
= Kλ

αβ − δλ(αK
ε
β)ε (3.6.12)

which is a tensor since Kλ
αβ := Γλαβ − Γ̄λαβ is.

That is the augmented Lagrangian since one has

d

ds

(√
ḡ

2κ ḡ
αβwλαβ

)
=

d

ds

(√
ḡ

2κ ḡ
αβ
(
(us)

λ
αβ − ūλαβ

))
=
√
ḡ

2κ ḡ
αβδuλαβ ⇒ d

ds
α(gs, ḡ) = j1X F(LH) (3.6.13)

The superpotential of the augmented Lagrangian ∗LH is

∗U := U(∗LH) = �
√
g

2κr[µξα]d�µα +
√
ḡ

2κ r̄[µξα]d�µα �
√
ḡ

2κ ḡ
αβξνwλαβd�νλ (3.6.14)

Thus the corrected superpotential receives a contribution from the real field, one from the reference field and a correction depending on both the real

and the reference field, i.e.

U = �
√
g

2κr[µξα]d�µα Ū = �
√
ḡ

2κ r̄[µξα]d�µα ∆ = �
√
ḡ

2κ ḡ
αβξνwλαβd�νλ (3.6.15)

respectively, and one has

∗U = U � Ū+ ∆ (3.6.16)

Let us now consider the Schwarzschild deSitter (dS) solution g considered above as a real field and a different Schwarzschild dS solution ḡ for a

different value of the parameter m̄ as a reference field in the region D at t = 0 and r = +1 in the case of Λ � 0 (when r = +1 is allowed).

We already computed the first two contributions, namely

Q =

Z
D
U = m

2 c2 � Λc
6κ r

3 Q̄ =

Z
D
Ū = m̄

2 c2 � Λc
6κ r

3 (3.6.17)
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For Λ � 0 one can compute the correction at r !1 to be

∆Q = lim
r→∞

Z
D

∆ = lim
r→∞

"
m� m̄

2
c2 +

3G(m� m̄)2

Λr3 � 18G(m� m̄)2

Λ2r5 + . . .

#
= 1

2(m� m̄)c2 (3.6.18)

Let us use Maple tensor Package to evaluate the correction ∆Q. See the worksheet.

If we had Λ > 0 one cannot take the limit to r →∞ since the radial coordinate r is valid to the upper limit rM .

Unfortunately, the value of rM does depend on the mass parameter and two different metrics has different values of rM (or if you prefer they induce two different

metrics on the maximal sphere and they do not match at the boundary). For this reason, we skip this case.

Both the first two contributions diverge, though the overall corrected conserved quantity

∗Q = Q� Q̄+ ∆ := (m� m̄)c2 (3.6.19)

and gives the expected result.

If one sets m̄ = 0, the reference metric is set to the dS metric, which is considered to be the vacuum solution in a theory with a cosmological constant,

and the corrected energy of g is computed to be ∗Q = mc2 as expected.

Of course, the Schwarzschild dS solution is too simple to draw a definite conclusion about augmented conserved quantities. In fact it is a 1-parameter

family and, of course, it may sound easy to set the one conserved quantity to a desired value.

Hence let us consider the Kerr metric in dimension 4 as a less trivial example.

g =�
�

1� 2Gmr

c2ρ2

�
(dx0)2 +

ρ2

D2dr
2 + ρ2dθ2 +

�
r2 + a2

�
1 +

2Gmr

c2ρ2 sin2(θ)

��
sin2(θ)dφ2 � 2a

2Gmr

c2ρ2 sin2(θ)dx0dφ =

=� (dx0)2 +
ρ2

D2dr
2 + ρ2dθ2 + (r2 + a2) sin2(θ)dφ2 +

2Gmrc2

ρ2

�
dx0 � a sin2(θ)dφ

�2
(3.6.20)

where we set mac := J , ρ2 := r2 + a2 cos2(θ), and D2 := r2(1� 2Gm
c2r

) + a2.

This metric becomes the Schwarzschild metric as a! 0 (if not globally at least in this coordinate patch). Hereafter we are interested and restricted

to the so-called non-extremal Kerr black hole which is obtained for c2a < Gm in the so-called external region, i.e. r 2 (rout,+1) with c2rout :=

Gm+
p
G2m2 + c4a2 cos2(θ).

They are a 2-parameter family of solutions of Einstein equations depending on (m, a) (or on (m,J)) representing the mass and the angular velocity

(or the mass and the angular momentum).

Let us choose a curve in the space of solutions represented by (m(s), a(s)) connecting the reference metric with (m̄, ā) to the real metric with (m, a).

All the metrics in the curve induce the same metric on the sphere at r = +1 so that Dirichlet conditions are satisfied.

We can consider spacetime vector fields ξ = ∂t and ζ = ∂φ generating time translations and rotations, respectively, and which should generate Noether

conserved quantities to be interpreted as the energy and a component of the angular momentum, respectively.
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For the vector field ξ = ∂t = c∂0, at infinity, we obtain

∗QD = (m� m̄)c2 (3.6.21)

Let us compute the three contributions and we get

Q = 1
2mc2 Q̄ = 1

2m̄c2 ∆Q = 1
2 (m− m̄)c2 − (m− m̄)

(
G2

c2
m(m− m̄)− 2

3 (a2 − ā2)c2

)
1

r2
+O

(
1
r3

)
(3.6.22)

As for the Schwarzschild solution, the single contributions are affected of anomalous factors, though the total corrected conserved quantity

∗Q = Q− Q̄+ ∆Q = (m− m̄)c2 + lim
r→+∞

O
(

1
r2

)
= (m− m̄)c2 (3.6.23)

at infinity gives the expected result.

For the vector field ζ = ∂φ, at infinity, we obtain

∗QD = �(ma� m̄ā)c (3.6.24)

Let us compute the three contributions and we get

Q = −mac Q̄ = −m̄āc ∆Q = 0 (3.6.25)

The total corrected conserved quantity

∗Q = Q− Q̄+ ∆Q = −(ma− m̄ā)c (3.6.26)

at infinity gives the expected result.

The result of Kerr black holes is less trivial than for Schwarzschild one. The correction, in fact, corrects the anomalous factor in the energy, while it

does not mess up with the angular momentum which is not affected by anomalous factor since the beginning.

More examples will be considered in the Chapter about exact solutions.

Yang–Mills

We already discussed the dynamics of Yang–Mills theories and found Euler–Lagrange and Poincaré–Cartan parts; see (2.7.42). We shall here write

down Noether theorem and superpotentials for the Yang–Mills Lagrangian (2.7.34)

LYM = �
√
g

4g F
A
µνF

µν
A d� (3.6.27)

Of course, this includes as a special case Maxwell electromagnetism which is obtained specifying the gauge group G = U(1).

Let us remark that Noether currents, work currents, superpotentials, and reduced currents are all linear with respect to the Lagrangian, i.e. if one considers a total

Lagrangian L = αL1 + βL2 then its Noether current E(L) is a linear combination of the Noether currents of the partial Lagrangians, namely one has

E(L) = αE(L1) + βE(L2) (3.6.28)
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and similarly for the other currents.

All off-shell identities (e.g. the conservation laws dE =W, the decomposition of the Noether current E = Ẽ+ dU, and so on) hold true for any value of the coefficients α

and β.

Accordingly, they hold true in particular for each single partial Lagrangian; for example one has dEi =Wi and Ei = Ẽi + dUi for both i = 1 and i = 2. In other words,

one has no mixing: for each term, one can trace which partial Lagrangian it comes from, and terms coming from one partial Lagrangian obey identities on their own.

There is no magic cancellation between terms coming from different partial Lagrangians.

On the contrary, when considering on shell identities (e.g. dE = 0, Ẽ = 0) that refer to the space of solutions of the total Lagrangian, usually, the property of the total

current does not come from analogous properties of the partial currents. For example, while it is true that the total reduced current splits as Ẽ = αẼ1 + βẼ2, one has

that Ẽ vanishes on shell (i.e. along solutions of the total field equations) though the partial currents Ẽ1 and Ẽ2 do not vanish on their own (along the same solutions of

the total field equations). In other words, one has cancellations between terms in the two partial currents.

Analogously, the Noether current splits E = αE1 + βE2, the partial currents are not conserved on shell separately but only the total current E is conserved on shell.

It is in view of this remark that one can study separately the contributions of Yang–Mills Lagrangian and then paste them together with the contributions from the

Hilbert Lagrangian to obtain currents and superpotentials of the Hilbert–Yang–Mills theory.

The Noether current for the Lagrangian LYM is

E =
√
g

g

h
�F λνA £Ξω

A
ν + 1

4ξ
λFAαβF

αβ
A

i
d�λ =

√
g

g

h
�
�
F λν
A FAεν � 1

4F
A
αβF

αβ
A δλε

�
ξε + F λνA rνξA(V )

i
d�λ (3.6.29)

and the work current is

W =
√
g

g

h
1
2Tµν£ξg

µν �rµF µν
A £Ξω

A
ν

i
d� =

√
g

g

h
�Tαεrαξε �rµF µνA (ξεFAεν �rνξA(V ))

i
d� (3.6.30)

Hence the canonical stress tensors and the canonical work tensors are8<
:Eλ

ε = � 1
g

�
F λνA FAεν � 1

4F
A
αβF

αβ
A δλε

�
=: �T λε

Eλν
A = 1

gF
λν
A

8><
>:
Wε = � 1

grµF µν
A FA

εν

Wα
ε = �Tαε

W ν
A = 1

grµF µνA
(3.6.31)

The conservation identities (3.3.7) split as �rµE µ
ε = Wε

E α
ε = Wα

ε

8>><
>>:

1
2c
B
CAE

βα
B FCβα = 0

rµE µα
A = Wα

A

E
(βα)
A = 0

(3.6.32)

which are in fact identically satisfied.

The only non-trivial one is the first one which is verified since

∇λE λ
ε = −∇λFλνA FAεν − FλνA ∇λFAεν + 1

2∇λF
A
αβF

αβ
A δλε = −∇αFαβA FAεβ + 1

2F
αβ
A

(
−∇αFAεβ +∇αFAβε +∇εFAαβ

)
=

= Wε − 1
2F

αβ
A

(
∇αFAεβ +∇βFAεα

)
= Wε + FαβA ∇(αF

A
β)ε = Wε

(3.6.33)
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If we consider Yang–Mills theory coupled with Einstein–Hilbert gravity, one has the Lagrangian

L =
�√

g
2κ (R� 2Λ)�

√
g

4g F
A
αβF

αβ
A

�
d� (3.6.34)

Field equations are �
Gµν = �Λgµν + κTµν

rµF µνA = 0
(3.6.35)

and in particular the energy-momentum tensor Tµν of the Yang–Mills field is not required to vanish. Accordingly, the work current (3.6.30) does not

vanish along solutions of field equations.

Of course, the total work current

W(L) =
p
g
h
� 1

2κ(Gµν + Λgµν)£ξg
µν + 1

2Tµν£ξg
µν � 1

grµF µν
A £Ξω

A
ν

i
d� (3.6.36)

does vanish along solutions of field equations precisely because one has

Gµν = �Λgµν + κTµν (3.6.37)

Analogously, if we couple Yang–Mills to a matter Lagrangian then Yang–Mills equations become

∇µFµνA = gJνA (3.6.38)

for some current J depending on the matter Lagrangian and the work current of the Yang–Mills Lagrangian alone, namely (3.6.30) does not vanish along solutions. Of

course, one has contributions from the matter Lagrangian as well which are just such that the total work current does vanish on solutions (of the total Lagrangian).

For the Yang–Mills Lagrangian the only contribution to superpotential is from Eλα
ε and one has

U(LYM ) =
√
g

2g F
µα
A ξA(V )d�µα (3.6.39)

By integration over a region D, one obtains conserved quantities

QA =
1

2g

Z
D

p
gF µαA d�µα (3.6.40)

These conserved quantities come as a map from the dual of Lie algebra g to conserved quantities. If we change basis in the Lie algebra, the basis of

right-invariant vectors ρA and the conserved quantities change accordingly, i.e. so that one has a well-defined element

Q = QAT
A 2 g∗ (3.6.41)

where TA is the dual basis in g∗.

Electroweak theory is something more involved (due to the group which is U(1)× SU(2)). However, one could say that the basis one chooses in su(2) selects flavours

(3 flavours, since dim(SU(2)) = 3) and the corresponding components of Q are the flavour charges.
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Let us consider the augmented Lagrangian for the Yang–Mills Lagrangian LYM . The Poincaré–Cartan morphism is

X F = �
√
g

g F
µν
A δωAν d�µ (3.6.42)

Hence, the correction term is

αµ =
√
ḡ

g F̄
µν
A (ωAν � ω̄Aν ) (3.6.43)

The augmented Lagrangian is hence

∗LYM =
h
� 1

4g

p
gFAµνF

µν
A + 1

4g

p
ḡF̄A

µνF̄
µν
A +rµ

�√
ḡ

g F̄
µν
A (ωAν � ω̄Aν )

�i
d� (3.6.44)

The augmented superpotential is

∗U =
h

1
2g

p
gF µαA ξA(V ) � 1

2g

p
ḡF̄ µα

A ξ̄A(V ) + ξα
√
ḡ

g F̄
µν
A (ωAν � ω̄Aν )

i
d�µα (3.6.45)

where we set ξA(V ) := ξA + ξµωAµ and ξ̄A(V ) := ξA + ξµω̄Aµ for the vertical parts with respect to the real and reference connection.

We stress that the correction introduced to the conserved quantities is proportional to F̄ µν
A which lives in a vector bundle and obeys linear field

equations. Accordingly, F̄ = 0 is a solution and selecting such a solution as a reference field the correction vanishes.

Accordingly, when the configuration bundle is a vector bundle one has a canonical choice of the reference field (the zero section also known as the

vacuum) for which the augmented variational principle reduces to the original one.

All theories used in fundamental physics, except gravity, are defined on affine or vector bundles. Thus augmented variational principle appears to be necessary only

when dealing with gravity.

Kerr–Newman solution

Let us consider a solution of Maxwell–Einstein equations called the Kerr–Newman solution representing a spinning charged black-hole, of course

together with its electromagnetic field.

We are considering a gauge-natural theory associated to a principal bundle P for the group U(1) in order to account for electromagnetic field. The

configuration bundle can be chosen to be

C = Lor(M)�M Con(P) (3.6.46)

with fibered coordinates (xµ, gµν , ωµ). Using standard notation one can hence introduce the Lagrangian

L =
p
g
h

1
2κR� 1

4gFµνF
µν
i

d� (3.6.47)

which defines a gauge-natural theory.

We already computed the augmented superpotential for a symmetry generator Ξ = ξµ∂µ + ζρ to be

∗U =
h
�pg

�
1

2κr[µξα] � 1
2gF

µαζ(V )

�
+
p
ḡ
�

1
2κr̄[µξα] � 1

2g F̄
µαζ̄(V )

�
+ ξα

p
ḡ
�

1
2κ ḡ

νβwµνβ + 1
g F̄

µν(ων � ω̄ν)
�i

d�µα (3.6.48)
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The Kerr-Newman solution is given by8>>>>>>>><
>>>>>>>>:

g = �
 

1� 2Gmr

c2ρ2 +
q2G

4πε0c4ρ2

!
dx0 
 dx0 +

ρ2

D2dr 
 dr + ρ2dθ 
 dθ+

+

 
r2 + a2 + a2

 
2Gmr

c2ρ2 �
q2Gg

4πc3ρ2

!
sin2(θ)

!
sin2(θ)dφ
 dφ� a

 
2Gmr

c2 � q2Gg

4πc3

!
sin2(θ)

ρ2

�
dx0 
 dφ+ dφ
 dx0

�
A = � qg

4πc2

r

ρ2

h
cdt� a sin2(θ)dφ

i
(3.6.49)

where we set mac := J , ρ2 := r2 + a2 cos2(θ), and D2 := r2 + a2 � 2Gm
c2 r + q2Gg

4πc3 .

One can check that the Kerr-Newman metric g is in fact solution of Maxwell–Einstein field equations. See Maple worksheet.

For q = 0, this metric reduces to Kerr solution (3.6.20) and for a = 0 it further reduces to Schwarzschild metric (3.5.17) (with no cosmological

constant). We select the solution (3.6.49) with parameters (m, a, q) as the real field and the same solution (3.6.49) with parameters (m̄, ā, q̄) as the

reference field.

Then we can set ξ = ∂t = c∂0 and compute the corrected conserved quantity to be interpreted as the energy and obtain

∗Q(∂t) = (m� m̄)c2 (3.6.50)

The corrected conserved quantity associated to the vector field ξ = ∂φ is

∗Q(∂φ) = (ma� m̄ā)c (3.6.51)

to be interpreted as the angular momentum.

Finally, the corrected conserved quantity associated to the vector field Ξ = ρ

∗Q(ρ) = q � q̄ (3.6.52)

is to be interpreted as the electric charge.

See the worksheet.

BTZ solution

For a further check, let us consider another solution of Einstein equations with cosmological constant in a spacetime M of dimension 3 and coordinates

(t, r, θ). The cosmological constant Λ defines a scale ` for distances and consequently for time and mass

` := jΛj−1/2 t` := `c−1 m` :=
`c2

G
(3.6.53)
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Dimensional analysis is further complicated by the fact that we are in dimension 3 instead of dimension 4. Accordingly the Lagrangian density needs to be of dimension

[L] = ML−1T−1 so that the action has the right dimension.

This can be achieved in two different ways: one is to maintain the dimension of 2κ and modify Newton laws so that F = GmM
r . The other one is to maintain Newton

laws unchanged and modify the dimension of the coupling constant to

2κ :=
πG

c3`
(3.6.54)

Let us hereafter follow the second strategy. However, we have to remark that there is a considerable freedom in fixing the constant in front of 2κ. Here we are only

giving a further example of computation of conservation laws in an exotic context.

Let us consider the metric

g = �N2c2dt2 +
dr2

N2 + r2 (Nθcdt� dθ)2 (3.6.55)

where we set

N2 := � m
m`

+ Λr2 +
J2

4r2

1

m2
`c

2
Nθ := � J

2r2

1

m`c
(3.6.56)

The metric g is called a BTZ solution.

We can compute the contributions to augmented conserved quantities for the generator ξ = ∂t

Q(ξ) =
2lΛc4

G
r2 Q̄(ξ) =

2lΛc4

G
r2 ∆Q(ξ) = l(m� m̄)c2 +O(r−2) (3.6.57)

and for the generator ζ = ∂θ
Q(ζ) = �J Q̄(ζ) = �J̄ ∆Q(ζ) = 0 (3.6.58)

The total conserved quantities at infinity are

∗Q(ξ) = Q(ξ)� Q̄(ξ) + ∆Q(ξ) = (m� m̄)c2
∗Q(ζ) = Q(ζ)� Q̄(ζ) + ∆Q(ζ) = �(J � J̄) (3.6.59)

as expected. Let us remark that the Komar contribution to the energy in this case actually diverges and it is only by suitable cancellations that the

augmented conserved quantities converges to the expected values.

To be honest, since we adjusted the constant in front of 2κ to obtain the expected results, all we proved here is that there exists one single factor in front of the coupling

constant which returns the correct values of both energy and angular-momentum. Until we learn how to fix factors in front of the coupling constants, that is the best

we can expect to do.

First order non-covariant Einstein Lagrangian

Let us consider the non-covariant first order Einstein (pseudo-)Lagrangian(s). It is obtained by subtracting out the second derivatives of the metrics

g and ḡ under a divergence. Of course, this procedure produces a local Lagrangian depending on the coordinate patch, since the discarded divergence

cannot be global if spacetime has non-trivial topology. The Lagrangian is

LE = 1
2κ

�p
g gαβRαβ � dλ(

p
g gαβuλαβ)

�
d� (3.6.60)
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This Lagrangian is known to produce the same equations as second order Hilbert Lagrangian (with no cosmological constant, in this case). It is not a

global form, though its variation is.

The Poincaré–Cartan morphism is given by

j1X F = 1
2κ

�p
g gαβδuλαβ � δ(

p
g gαβuλαβ)

�
d�λ = � 1

2κ

�
δ(
p
g gαβ)uλαβ

�
d�λ (3.6.61)

so that we set

αλ = (
p
g gαβ �pḡ ḡαβ)ūλαβ (3.6.62)

The augmented Lagrangian ∗L = ∗Ld� is hence given by

∗L = 1
2κ

�p
g gαβRαβ �

p
ḡ ḡαβR̄αβ + dλ(

p
ḡ ḡαβūλαβ �

p
g gαβuλαβ +

p
g gαβūλαβ �

p
ḡ ḡαβūλαβ)

�
=

= 1
2κ

�p
g gαβRαβ �

p
ḡ ḡαβR̄αβ � dλ(

p
g gαβ(uλαβ � ūλαβ))

�
=

= 1
2κ

�p
g gαβRαβ �

p
ḡḡαβR̄αβ �rλ(

p
g gαβwλαβ)

�
= 1

2κ

�p
g gαβRαβ �

p
ḡḡαβR̄αβ � r̄λ(

p
g gαβwλαβ)

� (3.6.63)

which, despite we started from a different representative in cohomology class (or better, a local one which has not even the right to be called a

Lagrangian), we still reproduce the same result already obtained for the classically equivalent Hilbert Lagrangian. This is reasonable, in view of the

cohomologic invariance we proved above.

Chern–Simons

Let us now consider Chern–Simons Lagrangian as in Subsection 1.6.9.

Chern–Simons Lagrangian is a local Lagrangian (which provides global field equations, as it happens also for the non-covariant first order Einstein

Lagrangian); on a 3-dimensional base M , and with obvious notation, it is given by

LCS = εαβλ
�
δijF

i
αβA

j
λ � 1

3εijkA
i
αA

j
βA

k
λ

�
d� (3.6.64)

We remark that Lie algebra indices are raised and lowered by δij .

The Poincaré–Cartan morphism is given by:

X F = 2εαβλδijδA
i
βA

j
λ d�α (3.6.65)

which defines the following correction term

αµ = �2εµβλδij(A
i
β � Āiβ)Ājλ (3.6.66)
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This correction is non-covariant, but we stress that the original Lagrangian was non-covariant either; what has to be covariant is the final augmented

Lagrangian while the single terms can be non-covariant. We also remark that the contribution of εµβλδijĀ
i
βĀ

j
λ vanishes due to symmetry properties.

The augmented Lagrangian ∗L = ∗Ld� is given by

∗L =εαβλ
�
δijF

i
αβA

j
λ � 1

3εijkA
i
αA

j
βA

k
λ

�
� εαβλ

�
δijF̄

i
αβĀ

j
λ � 1

3εijkĀ
i
αĀ

j
βĀ

k
λ

�
� dµ(2εµβλδijA

i
βĀ

j
λ) =

=εµνρ
�
δijF̄

i
µνB

j
ρ + δijr̄µBi

νB
j
ρ + 1

3εijkB
i
αB

j
βB

k
λ

� (3.6.67)

where we set Bi
µ := Aiµ � Āiµ and r̄µ denotes the covariant derivative induced by the vacuum connection Āiµ.

The second expression given for the Lagrangian ∗L shows that it is in fact gauge covariant. This Lagrangian is already known as the Chern–Simons

covariant Lagrangian.

Spinor theory

Spinors have been introduced together with spin frames in Subsection 2.7.6 where we computed the variation of the Lagrangian (2.7.107) and the

relevant forms for the first variation formula; see equations (2.7.114).

Symmetry generators are right-invariant vector fields on the structure bundle, namely Ξ = ξµ(x)∂µ + ξab(x)σab.

Using Lie derivatives (2.7.126), the Noether current for the gravitational part can be written as

E = |e|2κ

h
2
�
eaβg

αρ � ea(ρδ
α)
β

�
rρ£Ξe

β
a � ξα (R� 2Λ)

i
d�α =

= |e|2κ

h
2
�
eaβg

αρ � ea(ρδ
α)
β

��
eβcrρ(ξ(V ))

c ·
a �rρλξβeλa � 1

2 [rρ,rλ]ξβeλa

�
� ξα (R� 2Λ)

i
d�α =

= |e|2κ

h
� (eρae

α
c + eαae

ρ
c)rρ(ξ(V ))

ca �
�
δλβg

αρ � gρλδαβ
�
rρλξβ +

�
3
2Rε

α
· � δαε (R� 2Λ)

�
ξε
i

d�α

(3.6.68)

The (non-vanishing) canonical stress tensors are then 8<
:
Eα
ε = 1

2κ

�
3
2Rε

α
· � δαε R+ 2δαε Λ

�
Eαρλ
ε = � 1

2κ

�
δ

(λ
β g

ρ)α � gρλδαβ
� (3.6.69)

The work current for the gravitational part is

W = � |e|2κ

�
2Raµ �Reaµ � 2Λeaµ

�
£Ξe

µ
ad� = � |e|2κ

� �
2eαaRαµe

µ
b �Rηab � 2Ληab

�
(ξ(V ))

ba � �2Rαµ �Rδαµ � 2Λδαµ
�rαξµ�d� = (3.6.70)

The only (non-vanishing) work tensor is then

Wα
µ = 1

κ

�
Rαµ � 1

2Rδ
α
µ � Λδαµ

�
(3.6.71)
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Conservation of the Noether current reduces to the following identities which are in fact identically satisfied.8>>>><
>>>>:

rµE µ
ε + 1

3E
γαβ
σ rαRσεγβ = 0

E α
ε + E ρµα

σ Rσερµ + 2
3E

ρµν
ε Rαµνρ = Wα

ε

rµE µαβ
ε = 0

E
(γαβ)
ε = 0

(3.6.72)

The last two identities are trivially satisfied. The second one expands to

E α
ε + E ρµα

σ Rσερµ + 2
3E

ρµν
ε Rαµνρ = 1

2κ

(
3
2Rε

α
· − δαε R+ 2δαε Λ

)
− 3

4κg
ραδµσR

σ
ερµ − 1

2κg
µρδνεR

α
µνρ =

= 1
κ

(
3
4Rε

α
· − 1

2δ
α
ε R+ δαε Λ

)
+ 3

4κRε
α
· − 1

2κR
α
ε = 1

κ

(
Rαµ − 1

2Rδ
α
µ − Λδαµ

)
= Wα

ε

(3.6.73)

Finally, the first one is

∇µE µ
ε + 1

3E
γαβ
σ ∇αRσεγβ = 1

2κ

(
3
2∇µRε

µ
· −∇εR

)
+ 1

2κ
1
2∇αRε

α
· = 1

κ

(
∇µRεµ· − 1

2∇εR
)

= 0 (3.6.74)

Then, we can write down the superpotential

U = |e|
3

�
2E µαβ

ε rβξε � rβE µαβ
ε ξε

�
d�µα = � |e|2κr[µξα]d�µα (3.6.75)

and the reduced current

Ẽ =jej
��
E µ

ε + 1
3E

αβµ
σ Rσεαβ

�
ξε + E

(µαβ)
ε rαβξε

�
d�µ = |e|

2κ

�
3
2Rε

µ
· � δµε R+ 2δµε Λ + 1

2Rε
µ
·
�
ξεd�µ =

= |e|κ
�
Rε

µ
· � 1

2δ
µ
ε R+ δµε Λ

�
ξεd�µ

(3.6.76)

All these results perfectly reproduce what we found in purely metric formalism, though using spin frames.

The Noether current for the spinor part can be written as �h̄ davanti a DIrac

E =� h̄jej
h
i
2

�
ψ̄γα£Ξψ �£Ξψ̄γ

αψ
�� i

4

�
ψ̄γbcdψ

�
ηcaedαebµ£Ξe

µ
a � ξα

�
i
2 ψ̄γ

araψ � i
2raψ̄γaψ + µψ̄ψ

�i
d�α =

=� h̄jej
h
i
2ξ
a
�
ψ̄γαraψ �raψ̄γαψ

�
+ i

8ξ
cd
(V )ψ̄ (γaγcγd + γcγdγa � 2γcda)ψe

aα + i
4

�
ψ̄γbcaψ

�
eaαebµrβξµecβ+

� ξα � i2 ψ̄γaraψ � i
2raψ̄γaψ + µψ̄ψ

� i
d�α =

=� h̄jej
h
ξλ
�
i
2 ψ̄γerλψ � i

2rλψ̄γeψ �
�

1
2 ψ̄Dψ + 1

2Dψ̄ψ
�
eeλ
�

+ i
4

�
ψ̄γbceψ

�
ebµe

cβrβξµ
i
eeαd�α

(3.6.77)

We used the identity

ξcd(V ) (γaγcγd + γcγdγa) = 2ξcd(V )γcda (3.6.78)

which one can prove essentially as in (2.7.112).
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The non-vanishing stress tensors are (
Eα
ε = � h̄

2

��
iψ̄γerεψ � irεψ̄γeψ

�
eeα � δαε

�
ψ̄Dψ + Dψ̄ψ

��
Eαµ
ε = � ih̄

4

�
ψ̄γbceψ

�
ebεe

cµeeα
(3.6.79)

The work current for the spinor Lagrangian is

W =jej �T aµ£Ξe
µ
a + h̄£Ξψ̄ Dψ + h̄Dψ̄ £Ξψ

�
d� =

=jej
�
ηa[de

µ
c]T

a
µ (ξ(V ))

cd � T aµeαarαξµ + h̄ξα
�rαψ̄Dψ + Dψ̄rαψ

�� h̄
4 ξ

cd
(V )

�
ψ̄γcγdDψ � Dψ̄γcγdψ

��
d�

(3.6.80)

so that the non-vanishing work tensors are(
Wε = h̄

�rεψ̄Dψ + Dψ̄rεψ
�

= �ih̄raψ̄γarεψ + ih̄rεψ̄γaraψ + h̄µrε
�
ψ̄ψ
�

Wα
µ = �T aµeαa = h̄

2δ
α
µ

�
ψ̄Dψ + Dψ̄ψ

�� ih̄
2

�
ψ̄γarµψ �rµψ̄γaψ

�
eαa � ih̄

4 rd
�
ψ̄γbcdψ

�
ecαebµ

(3.6.81)

We used

γ[cγd]γa = 1
2 (cda− dca) = 1

6 (cda− dca− cad+ dac+ acd− adc− 4(ad)c+ 4(ca)d+ 2(ca)d− 2(ad)c) = γcda − 2ηa[dγc] (3.6.82)

together with the analogous

γaγ[cγd] = γacd + 2ηa[dγc] (3.6.83)

to show that

Wcd =− h̄
4

(
ψ̄γ[cγd]Dψ − Dψ̄γ[cγd]ψ

)
+ ηa[de

µ
c]T

a
µ = − ih̄4

(
ψ̄γ[cγd]γa∇aψ +∇aψ̄γaγ[cγd]ψ

)
− h̄

2 η[cd]

(
ψ̄Dψ + Dψ̄ψ

)
+ ih̄

2

(
ψ̄γ[d∇c]ψ −∇[cψ̄γd]ψ

)
+ ih̄

4 ∇
a
(
ψ̄γcdaψ

)
=

=− ih̄
4

(
ψ̄γcda∇aψ − 2ψ̄γ[c∇d]ψ +∇aψ̄γacdψ + 2∇[dψ̄γc]ψ

)
+ ih̄

2

(
ψ̄γ[d∇c]ψ −∇[cψ̄γd]ψ

)
+ ih̄

4 ∇
a
(
ψ̄γcdaψ

)
= 0

(3.6.84)

The conservation of Noether current is then equivalent to the following identities8><
>:
rµE µ

ε + 1
2E

βα
σ Rσεβα = Wε

E α
ε +rµE µα

ε = Wα
ε

E
(βα)
ε = 0

(3.6.85)

The last one is trivially satisfied. The second equation expands as

E α
ε +∇µE µα

ε = − ih̄2
(
ψ̄γe∇εψ −∇εψ̄γeψ

)
eeα + δαε

h̄
2

(
ψ̄Dψ + Dψ̄ψ

)
− ih̄

4 ∇
e
(
ψ̄γbceψ

)
ebεe

cα ≡Wα
ε (3.6.86)

The first identity holds true since

∇µE µ
ε + 1

2E
βα
σ Rσεβα = − ih̄2 ∇

e
(
ψ̄γe∇εψ −∇εψ̄γeψ

)
+ h̄

2∇ε
(
ψ̄Dψ + Dψ̄ψ

)
− ih̄

8

(
ψ̄γσαβψ

)
Rε

[σαβ] =

=− ih̄
2 ∇

e
(
ψ̄γe∇εψ −∇εψ̄γeψ

)
+ ih̄

2 ∇ε
(
ψ̄γa∇aψ −∇aψ̄γaψ

)
+ h̄µ∇ε

(
ψ̄ψ
)

=

=− ih̄
2

(
∇eψ̄γe∇εψ + ψ̄γe∇e∇εψ −∇e∇εψ̄γeψ −∇εψ̄γe∇eψ −∇εψ̄γa∇aψ − ψ̄γa∇ε∇aψ +∇ε∇aψ̄γaψ +∇aψ̄γa∇εψ

)
+ h̄µ∇ε

(
ψ̄ψ
)

=

=h̄
(
Dψ̄∇εψ +∇εψ̄Dψ

)
− ih̄

2

(
ψ̄γa[∇a,∇ε]ψ − [∇a,∇ε]ψ̄γaψ

)
=(2.7.103)= h̄

(
Dψ̄∇εψ +∇εψ̄Dψ

)
+ ih̄

8 ψ̄ (γaγcγd − γdγcγa)ψRcdαεe
aα =

=(2.7.112) = h̄
(
Dψ̄∇εψ +∇εψ̄Dψ

)
− ih̄

4

(
ψ̄γαβγψ

)
Rε

[αβγ] = h̄
(
∇εψ̄Dψ + Dψ̄∇εψ

)
≡Wε

(3.6.87)
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Generalised Bianchi identities reads as

Wε �rαWα
ε =h̄

�rεψ̄Dψ + Dψ̄rεψ
�

+raT aε =

=h̄
�rεψ̄Dψ + Dψ̄rεψ

�� h̄�rεψ̄Dψ + Dψ̄rεψ
�� ih̄

2 ψ̄γ
a[rε,ra]ψ � ih̄

2 [ra,rε]ψ̄γaψ + ih̄
8 [rc,rd] �ψ̄γbcdψ� ebε =

=� ih̄
8 ψ̄ (γaγcγd � γdγcγa)ψRcdabebε � ih̄

4

�
Recψ̄γ

ecdψ � 1
2
Rd[ecb]ψ̄γ

bceψ
�
ebε = � ih̄

4 ψ̄ (γacd)ψR
[cda]

b e
b
ε = 0

(3.6.88)

As a consequence of these generalised Bianchi identities, one has

raT aε = �h̄ �rεψ̄Dψ + Dψ̄rεψ
�

(3.6.89)

i.e. raT aε = 0 vanishes on shell, i.e. the energy-momentum stress tensor T aµ is conserved on shell.

Finally, the superpotential is

U = � ih̄
8 jej

�
ψ̄γbceψ

�
ebεe

cαeeµξεd�µα (3.6.90)

and the reduced current is

Ẽ = jej (E µ
ε +rαE αµ

ε ) ξεd�µ = jejW µ
ε ξ
εd�µ = �jejT aε eµaξεd�µ (3.6.91)

Let us notice that the total reduced current vanishes on shell.

For the Dirac Lagrangian we can compute the augmented Lagrangian.

Warning: notiational conflict!

When we extend the configuration bundle we need another notation for the reference spinor since ψ̄ already denote the conjugate spinor. Since this is the only conflict

and it will be solved in few lines (when we shall set φ = 0), for spinor only, the reference spinor will be denoted by φ. Accordingly, the extended configuration is

(eµa , ψ, ē
µ
a , φ)

The Poincaré–Cartan part is

X F = �h̄ |e|2
h
i
�
ψ̄γαδψ � δψ̄γαψ�� i

2

�
ψ̄γbcdψ

�
ηcaedαebµδe

µ
a

i
d�α (3.6.92)

thus we can define the correction

� =� h̄|ē|
2

h
i
�
φ̄γλ (ψ � φ)� �ψ̄ � φ̄� γλφ�� i

2

�
φ̄γbcdφ

�
ēdλ
�
ēbµe

cµ � ηbc
�i

d�λ =

=� h̄|ē|
2

h
i
�
φ̄γλ (ψ � φ)� �ψ̄ � φ̄� γλφ�� i

2

�
φ̄γbcdφ

�
ēdλēbµe

cµ
i

d�λ
(3.6.93)

Accordingly, the augmented Lagrangian is

∗LD =� ih̄
2 jej

h �
ψ̄γaraψ � i

2raψ̄γaψ + µψ̄ψ
�� �φ̄γar̄aφ� r̄aφ̄γaφ+ µφ̄φ

�
+rλ

�
φ̄γλ (ψ � φ)� �ψ̄ � φ̄� γλφ� 1

2

�
φ̄γbcdφ

�
ēdλēbµe

cµ
� i

d� (3.6.94)

where r̄a denotes the covariant derivative with respect to the spin connection induced by the reference frame ēµa .
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Let us stress that spinors are sections of a vector bundle and in vector bundles one has a canonical choice for the reference field, namely the zero

section, i.e. φ = 0. By this choice, the correction vanishes and the augmented Lagrangian coincide with the standard Lagrangian

∗LD = �h̄jej � i2 ψ̄γaraψ � i
2raψ̄γaψ + µψ̄ψ

�
d� (3.6.95)

This is true in any linear theory, i.e. a theory with a configuration bundle which is a vector bundle and linear field equations.

Usually, matter obeys these requirements. Gauge fields almost obey them. Their configuration bundle is affine, not linear, although the field strength is a section in

a vector bundle. Then, one can choose a configuration with a vanishing field strength. The choice is not unique due to gauge invariance. However, due precisely to

gauge invariance, the current is not affected by gauge transformations. Moreover, field equations are not linear with respect to the potential (unless the gauge group is

commutative), though they are in terms of the field strength, so that F̄ = 0 is a solution (actually, a family of solutions, when written in terms of Ā).

When considering gravity, either in purely metric formulation or in terms of spin frames, the configuration bundle is not a vector bundle and field equations are not

linear. The solution corresponding to vanishes field strength (i.e. vanishing Riemann tensor, i.e. Minkowski) is not generically a solution of field equations (for example,

when cosmological constant is present).

Under this viewpoint, gravity is really peculiar in the family of field theories of interest for fundamental physics. Also for this reason, one should not trust too much

physical intuition when it comes from field theories on Minkowski space and extend techniques uncritically to curved background.

References
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The KBL bi-metric Lagrangian, [KBL, Phys. Rev. D 55 5957 (1997)]:

Marco Mamone Capria PHYSICS BEFORE AND AFTER EINSTEIN Un po’ di storia su Einstein. Chap 5 critiche alle CQ in relativit e pseudotensore.

7. Exercises

Exercise 1: Expand rµνrρξa and rρrµνσξa in the base of symmetrised covariant derivatives.

Exercise 2: Use the decomposition of the top term (3.2.47) to define the superpotential for a general Noether current of order 3.
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Exercise 3: Chase the mistake. Why one cannot compute the correction (3.5.38) for the Schwarzschild metric as follows?

�ξ j1X F =
√
g

2κ g
αβξ[µδu

ν]
αβd�µν =

√
g

2κ g
αβξ0(δΓ1

αβ � δ1
αδΓ

ε
βε)d�01 =

√
gc

4κ (gαβg1ε(�rεδgαβ + 2rαδgβε)� g1βgεσ(�rσδgβε +rβδgεσ +rεδgσβ))dθ ^ dφ =

=
√
gc

4κ (�g11gαβr1δgαβ + 2g11g11r1δg11 � g11gεσr1δgεσ)dθ ^ dφ =
√
gc

2κ (�g11g00r1δg00 � g11g11r1δg11 + g11g11r1δg11)dθ ^ dφ =
√
gc

2κ r1δg00dθ ^ dφ =

=
√
gc

2κ (∂1δg00 � 2Γα01δgα0)dθ ^ dφ =
√
gc

4κ (�∂1δA+ g00(� ∂0g01 + ∂0g10 + ∂1g00)δA)dθ ^ dφ =

=� δm
8π (1 + A′

A r) sin(θ)dθ ^ dφ = � δm
8π

 
1� 2Gm

c2r
+ 1

3Λr2 + 2Gm
c2r

+ 2
3Λr2

A

!
sin(θ)dθ ^ dφ =

=� δm
8π

 
1 + Λr2

1� 2Gm
c2r

+ 1
3Λr2

!
sin(θ)dθ ^ dφ ) �

Z
D
ξ j1X F = δm

2

 
1 + Λr2

1� 2Gm
c2r

+ 1
3Λr2

!
6= δm

2

Exercise 4: Compute the superpotential for the Lagrangian L =
√
g

2κRαβR
αβd�.
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Chapter 4. Dynamical equivalence between �eld theories

.Next Chapter

So close no matter how far

Couldn’t be much more from the heart

Forever trusting who we are

And nothing else matters

(Metallica, Nothing else matters).

1. Introduction

.Next SectionDifferent field theories can be equivalent to each other, of course, in various different ways.

The most trivial example, after two identical theories, is when one simply changes fibered chart on configuration bundle, transforming original fields

into new fields. Since we restricted to use global variational principles, we have two local Lagrangians covering the original fields and the new ones.

Since general field redefinitions are not generally symmetries, the two local Lagrangians are not invariant in form, they induce field equations which

are not simply the “same local equations” written for different fields.

The same situation is well known in mechanics where fields are identified with Lagrangian coordinates. If one considers a harmonic oscillator in the usual elongation

coordinate x, the Lagrangian is

L = 1
2

(
ẋ2 − ω2x2

)
dt (4.1.1)

Then, if for some reason, one uses q = x3 as a Lagrangian coordinate, the Lagrangian can be expressed as

L′ = 1
2

(
1
9q q̇

2 − ω2q
)
q−

1
3dt (4.1.2)

By saying that these two Lagrangians are not invariant in form, we mean that L′ is not simply L written in the new coordinates, i.e. that

L′ 6= 1
2

(
q̇2 − ω2q2

)
dt (4.1.3)

as it would be is the transformation were a Lagrangian symmetry.

The Euler–Lagrange equation for L is the ordinary equation for the harmonic oscillator

ẍ = −ω2x (4.1.4)

while, away from q = 0, the Euler–Lagrange equation for L′ is

1
9
d
dt

(
q̇q−

4
3

)
= − 1

2
2
3ω

2q−
1
3 − 1

2
1
9

4
3 q̇

2q−
7
3 ⇒ q̈ = −3ω2q + 2

3q q̇
2 (4.1.5)
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which though it seems a different equation (and that is what we mean by not being invariant in form) is just pretty much the same equation written in an odd coordinate

system (and that is what we mean by being a global variational principle).

This situation is quite similar to what happens in covariant theories, in which one uses global variational principles, though not all fibered morphisms are Lagrangian

symmetries, just the natural lift of spacetime diffeomorphisms are.

Still, being a solution is an intrinsic property, i.e. the transformation maps solutions of the original local equation into solutions of the new local

equation. (Let us stress that if the transformation were a Lagrangian symmetry, it would send solutions of the original equation into solutions of the

same local equation.)

We know all solutions of the harmonic oscillator x(t) = A cos(ωt) +B sin(ωt) and we can map them using the transformation to q(t) = (A cos(ωt) +B sin(ωt))3 which

in fact are the solutions of equations (4.1.5).

In fact, one has
q̇(t) = 3ω (A cos(ωt) +B sin(ωt))

2
(B cos(ωt)−A sin(ωt))

q̈(t) = 6ω2 (A cos(ωt) +B sin(ωt)) (B cos(ωt)−A sin(ωt))
2 − 3ω2 (A cos(ωt) +B sin(ωt))

3

⇒ − 3ω2q + 2
3q q̇

2 = −3ω2(A cos(ωt) +B sin(ωt))3 + 6ω2 (A cos(ωt)+B sin(ωt))4

(A cos(ωt)+B sin(ωt))3 (B cos(ωt)−A sin(ωt))
2

= q̈

(4.1.6)

That situation is not peculiar of mechanics and it is completely general, indeed. Moreover, it can be revisited from an active viewpoint, in which the

issue has the different interest of finding out when two different theories are in fact “equivalent”.

Before doing that, we need a notation for field theories which is a little more precise than the one initially introduced in Chapter 1. Usually, in real models, one deals

with more than one field, so that the configuration bundle is the fibered product of partial bundles over the spacetime, each modelling one field as sections.

Moreover, usually, different fields may enter the Lagrangian at different orders, so that each field has its own order in a specific dynamics. Accordingly, the Lagrangian

still lives on a jet prolongation of the configuration bundle, though this bundle is itself the product of jet prolongations, each partial configuration bundle prolonged to

a different order.

Sometimes, this precise notation is not needed and one can pull back the Lagrangian up, prolonging all fields to the maximal order, since a second order Lagrangian is

also, trivially, a k-order Lagrangian for any k ≥ 2. Sometimes, however, one wishes to keep track of the exact order of each field.

When keeping track of the order of the each single field separately, the prolongation order is then represented by an integer for each partial bundle, namely something

like k = (k1, k2, . . . , kn), instead of being given by a single integer. Consequently, jet prolongations of a configuration bundle are not totally ordered, but only partially

ordered.

For a configuration bundle C which is the product of two partial configuration bundles, i.e. C = A ×M B, the (1, 2)-prolongation (J (1,2)C = J1A ×M J2B) and

the (2, 1)-prolongation (J (2,1)C = J2A ×M J1B) are not ordered, meaning that one has no canonical projection between them (neither π : J (1,2)C → J (2,1)C or

π : J (2,1)C → J (1,2)C), while of course one still has the projections

π
(2,2)
(2,1) : J (2,2)C → J (2,1)C and π

(2,2)
(1,2) : J (2,2)C → J (1,2)C (4.1.7)

Accordingly, we say that a prolongation is higher than another (and we write, e.g., J (2,2)C ≥ J (2,1)C) if one has a projection (e.g. π
(2,2)
(2,1)) connecting them. Two

prolongations such that neither J (1,2)C ≥ J (2,1) or J (2,1)C ≥ J (1,2)C are incommensurable and one has no canonical projection connecting them. It is easy to show

that Jk2C ≥ Jk1C iff there exists a list of positive (zero included) integers a = (a1, . . . , an) such that k2 = k1 + a.

Of course, given two incommensurable prolongations, one can always find a prolongation higher than both of them, which is why one can use the simplified formalism

introduced in Chapter 1.
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Let us then first give a precise definition of a field theory and then consider an invertible transformation between configuration bundles to investigate

under which circumstances it maps solutions into solutions.

A field theory is a triple T = (C,k,L), where C = C 1 �M . . .�M Cn is the configuration bundle, it is assumed to have global sections, not assumed to

be a vector or an affine bundle, and it is considered to be the product of n bundles, each of which is called a partial configuration bundle. The second

item k = (k1, . . . , kn) is a list of positive (zero included) integers, and it defines the prolongation JkC = Jk1C1 �M . . . �M JknCn, which is the bundle

on which the Lagrangian L is defined as a horizontal form.

The set Sec(C) of global sections of the configuration bundle is a functional space which is called the configuration space of the theory. Field equations

are defined as a submanifold E(L) � J2kC = J2k1C1 �M . . . �M J2knCn, even though, depending on the Lagrangian, this submanifold can possibly

project to some lower prolongation.

This submanifold is defined by the Euler–Lagrange form E(L) defined by (1.3.33). More precisely, a point j2k
x σ 2 J2kC belongs to the submanifold

E(L) � J2kC iff for any vertical vector field X̂ 2 V (J2kC) one has

(j2kσ)∗
�
iX̂E(L)

�
= 0 (4.1.8)

Notice that it is enough to check that (4.1.8) holds true for all vector fields in the form X̂ ≡ j2kX for some X = Xi∂i, namely a vertical vector field on C. Also with

this restriction one, in fact, has

(j2kσ)∗
(
iX̂E(L)

)
= 0 ⇐⇒ ∀Xi :

(
Ei(L)Xi

)
◦ j2kσ = 0 ⇐⇒ Ei(L) ◦ j2kσ = 0 (4.1.9)

A section σ 2 Sec(C) is a solution if, when prolonged to J2kC one has j2kσ(x) 2 E(L) for any x 2M or, equivalently, if (j2kσ)∗
�
iX̂E(L)

�
= 0 for any

vertical vector field X̂. Then any field theory defines a subset Sol(T) � Sec(C) of sections of the configuration bundle C which are solutions of field

equations.

Then let us consider a field theory T2 = (C2,k2,L2), a bundle C1 on the same spacetime M as the bundle C2, and a (vertical over the spacetime M)

bundle map Φ : C1 ! C2 between the configuration bundles.

First of all, let us remark that the transformation Φ : C1 ! C2 also defines a map between the configuration spaces, namely

Φ∗ : Sec(C1)! Sec(C2) : σ 7! Φ∗σ := Φ � σ (4.1.10)

which associates to any configuration σ of the first theory a configuration Φ∗σ of the second theory.

The transformation Φ can be prolonged to JΦ : Jmax(k)C1 ! JkC2; then, depending on the particular map Φ the prolonged map JΦ may project to

lower orders.

Let us consider C1 = A1×M B1 and C2 = A2×M B2 and consider k2 = (2, 1) for the prolongation Jk2C2 = J2A2×M J1B2. If the map Φ is generic one has coordinates

(x, y1, z1) on C1 and (x, y2, z2) on C2, the map Φ is locally given by {
y2 = y2(x, y1, z1)

z2 = z2(x, y1, z1)

and if we want to prolong the map so that the prolongation (Jφ)(2,1) takes values on J (2,1)C2, generically it should start from J (2,2)C1, since one needs the second

derivatives of both fields (y1, z1) to write the second derivatives of y2. Accordingly, one gets (2,2)(JΦ)(2,1) : J (2,2)C1 → J (2,1)C2
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However, for the special maps in the form {
y2 = y2(x, y1)

z2 = z2(x, y1, z1)

one can prolong to (2,1)(JΦ)(2,1) : J (2,1)C1 → J (2,1)C2.

Hence the details of the prolongations depend on the situation under consideration, and we denote by (JΦ)k2
the lower prolongation possible to take values on the

bundle Jk2C2. That is denoted by (JΦ)k2
: JC1 → Jk2C2 where the order k1 of JC1 = Jk1C1 depends on details.

Then one can further prolong to any Jk′1C1 higher than JC1 = Jk1C1, by setting k′1(JΦ)k2 := (JΦ)k2 ◦ π
k′1
k1

: Jk′1C1 → Jk2C2.

Then the situation with prolongations is described by the diagram here on the side.

M M

C1 C2

Jk2C2Jk1C1

Jk′1C1........................................................................................................................................................................................................................................... ........
....

k′1(JΦ)k2

.................................................................................................................................................................................. ............
(JΦ)k2

..................................................................................................................................................................................................................... ............
Φ

............................................................................................................
.....
.......
.....

............................................................................................................
.....
.......
.....

............................................................................................................
.....
.......
.....

............................................................................................................
.....
.......
.....

.....................................................................................................................................
.....
.......
.....

π
k′1
k1

.........................................................................................................................................................................................................

.........................................................................................................................................................................................................

Now, we can pull back along (JΦ)k2
on Jk1C1 the dynamics L2 defined on Jk2C2. We have a new Lagrangian

L1 := ((JΦ)k2
)∗ L2 (4.1.11)

(as well as we can prolong this up to any Jk′1C1 such that k′1 � k1, by setting L′1 =
�
π

k′1
k1

�∗
L1).

Then we have a new field theory T1 = (C1,k1,L1). When two field theory are related in this way, we say that the map Φ

preserves the Lagrangian dynamics and we want to investigate under which conditions a map which preserves the Lagrangian

dynamics does map solutions into solutions, in one direction or the other.

In order to deal with field equations, we can prolong to (JΦ)2k2
: J2k1C1 ! J2k2C2; then one also has E(L1) = (JΦ)∗2k2

E(L2).

Let us prove this for first order Lagrangians, the proof for second order Lagrangians being just longer. Let Φ : (x, y) 7→ (x, y′) be a map

between configuration bundles which preserves the Lagrangian dynamics, its local expression being{
x′ = x

y′i = Y i(x, y)
(4.1.12)

This can be prolonged to J1Φ : J1C1 → J1C2 by setting

y′iµ = dµY
i(x, y) = J iµ + J iAy

A
µ (4.1.13)

as well as it establishes a correspondence between deformations, i.e. vertical vectors, TΦ : V (C1) → V (C2), then prolonged to the first jet

prolongation, which is defined by

δy′i = J iAδy
A ⇒ δy′iµ = dµJ

i
Aδy

A + J iAδy
A
µ (4.1.14)

The Lagrangian L2 = L2(j1y′)dσ can be pulled back to a first order Lagrangian

L1 =
(
J1Φ

)∗
L2 ⇒ L1(xµ, yA, yAµ ) = L2(xµ, Y i(x, y), dµY

A(x, y)) (4.1.15)

The corresponding naive momenta read as

pA = p′iJ
i
A + p′µi dµJ

i
A pµA = p′µi J

i
A (4.1.16)
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and we directly find the relation between the corresponding Euler–Lagrange operators, i.e.

EA = pA − dµpµA = p′iJ
i
A + p′µi dµJ

i
A − dµ

(
p′µi J

i
A

)
=
(
p′i − dµp

′µ
i

)
J iA = E′iJ iA (4.1.17)

This already proves that E1 = EAωA ∧ dσ = (J2Φ)∗E(L2) as we claimed, since we know that ω′i = J iAω
A.

The same result can be obtained also by considering the variation of the Lagrangian

δL1 =pAδy
A + pµAdµδy

A =
(
p′iJ

i
A + p′µi dµJ

i
A

)
δyA + p′µi J

i
Adµδy

A = p′iJ
i
Aδy

A + p′µi
(
dµJ

i
Aδy

A + J iAδy
A
µ

)
= p′iδy

′i + p′µi dµδy
′i = δL2 ◦ J1Φ (4.1.18)

Then, by the first variation formula, one has

δL2 = (p′i − dµp
′µ
i )δy′i + dµ

(
p′µi δy

i
)

= E′iδy′i + dµ
(
F′µi δy

i
)

(4.1.19)

and pulling it back along the transformation Φ one has

δL1 = δL2 ◦ j1Φ = (p′i − dµp
′µ
i )δy′i + dµ

(
p′µi δy

i
)

= pAδy
A + pµAdµδy

A = (pA − dµpµA)δyA + dµ
(
pµAδy

A
)

= EAδy′A + dµ
(
FµAδy

A
)

(4.1.20)

where we set {
EA = pA − dµpµA = p′iJ

i
A + p′µi dµJ

i
A − dµ

(
p′µi J

i
A

)
=
(
p′i − dµp

′µ
i

)
J iA = E′iJ iA

FµA = pµA = p′µi J
i
A = F′µi J

i
A

(4.1.21)

Accordingly, we have for any vertical vector X = δyA∂A that

(j1X) dL1 = (j1X) d
(
(j1Φ)∗L2

)
= (j2Φ)∗

(
E′iδy′i + d

(
F′iδy′i

))
= E′iJ iAδyA + d

(
F′iJ iAδyA

)
= EAδyA + d

(
FAδyA

)
= X E1 + d (X F1) (4.1.22)

where we set δy′i = δyAJ iA.

Thus we have that, for the forms E1 and F1 the first variation formula holds true. Hence, essentially due to uniqueness and naturality of the decomposition introduced

in Chapter 1 (see Subsection 1.3.3), then the form E1 = EAωA ∧ dσ = (J2Φ)∗E(L2) is the Euler–Lagrange part of the Lagrangian L1.

Let us remark that the matrix J iA is the local expression of the map TΦ : V (C1) ! V (C2) : δyA 7! δy′i = J iA δy
A between variations, as well as the

local expression of the transpose map T ∗Φ : V ∗(C2) ! V ∗(C1) : e′i 7! eA = e′iJ
i
A. Of course, since the transpose map is obtained by duality form the

map between variations, we have that a surjective map between variations, i.e. we have the exact sequence

V (C1) V (C2) 0....................................................................................................... ............
TΦ

........................................................................................................................ ............ (4.1.23)

iff the corresponding transpose map is injective, since we have the exact sequence

0 V (C2) V (C1)........................................................................................................................ ............ ....................................................................................................... ............
T ∗Φ

(4.1.24)

If the reader does not feel confident enough to work with exact sequences, that can be also be proven directly. (Good luck.)

Let us now consider a solution σ 2 Sol(T1) of the first theory and consider its image σ∗ := Φ∗σ 2 Sec(C2) which, in general, is a configuration of the

second theory. The configuration σ∗ is a solution in the second theory since

0 = EA � j2k1σ =
�
E′iJ iA

�
� (JΦ)2k2

� j2k1σ =
�
E′iJ iA

�
� j2k2σ∗ (4.1.25)
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In general, that does not imply that E′i � j2k2σ∗ = 0, unless the transpose map T ∗Φ is injective, i.e. unless the tangent map TΦ is surjective (which

is equivalent, in turn, to require Φ to be of maximal rank). In fact, the tangent map TΦ is surjective, then the transpose map T ∗Φ is injective, and

hence (T ∗Φ)(E′) = 0 implies E′ = 0.

The same result can be obtained also in a different way, by considering Euler–Lagrange forms. In fact, σ∗ is a solution in T2 iff, for all vertical vector field X on C2,

one has j2k2 (Φ∗σ)
∗

(X E(L2)) = 0. However, for any vertical field Y on C1 and setting X = TΦ(Y ) for the corresponding vertical field on C2, one has

j2k2 (Φ∗σ)
∗

(X E(L2)) =
(
j2k2σ

)∗ ◦ (j2k2Φ
)∗ (

XiE′i(L2)
)

=
(
j2k1σ

)∗ (
Y AEA(L1)

)
=
(
j2k1σ

)∗
(Y E(L1)) = 0 (4.1.26)

If the map TΦ : Y 7→ X is surjective, and σ ∈ Sol(T1) then for all variation X on C1 one has j2k2 (Φ∗σ)
∗

(X E(L2)) = 0, i.e. Φ∗σ ∈ Sol(T2) is a solution as well.

Accordingly, we get that Φ∗ (Sol(T1)) ⊂ Sol(T2).

Thus, if the dynamics of T1 is defined as a pull back of the dynamics of T2 along a map with a surjective tangent map, one can associate a solution

of T2 to any solution of T1. However, the field theory T2 can have more solutions, i.e. the map Φ̂∗ : Sol(T1)! Sol(T2) is not necessarily surjective. In

that case, we say that T2 is a dynamical extension of the theory T1.

If the transformation Φ is invertible, then Φ̂∗ : Sol(T1)! Sol(T2) is one-to-one as well and the two theories have solutions which are in a one-to-one

correspondence. In that case we say that the map is a dynamical equivalence.

Dynamical equivalence is a more general and useful notion for field theories being equivalent, rather then simply having the same solutions, just because it applies also

to field theories defined with different fields, on different configuration bundles.

Having the same solutions essentially works on theories defined on the same bundle, for example if the two Lagrangians differ by a pure divergence. Being dynamical

equivalent is more general and just says that one can solve either theory, then building the solutions of the other.

Of course, dynamical equivalence is a classical equivalence which is not expected to extend to a quantum regime exactly, i.e. it expected to hold there only on average.

The correspondence between solutions of T1 into solutions of T2 happens only when assuming that the map TΦ : V (C1) ! V (C2) acting between

variations is surjective or, equivalently, that its dual map T ∗Φ : V ∗(C2)! V ∗(C1) acting between the field equations is injective.

However, that is not the only correspondence that can be established between solutions. In fact, for example, if we consider a configuration σ 2 Sec(C1)

such that σ∗ = Φ∗σ 2 Sol(T2) is a solution, then by considering again (4.1.25), this time we know that E′i � j2k2σ∗ = 0 and directly obtain that

EA � j2k1σ = 0, without further assumptions on the map Φ.

Though in general the preimages of solutions σ∗ 2 Sol(T2) are in fact solutions of T1, this is not enough by itself to establish that T2 is a dynamical

extension of T1, nor vice versa. In fact, T2 can have solutions which have no preimages (unless one further assumes that Φ∗ : Sec(C1) ! Sec(C2) is a

surjective map or, at least, that any solution of T2 has a preimage, i.e. that Sol(T2) � Im(Φ∗)). On the other hand, T1 can have solutions such that

their images are not solutions in T2.

Let us stress that we are not claiming that having a one-to-one map Φ : C1 ! C2 is necessary to have dynamical equivalence. On the contrary, we

shall show more general situations of dynamically equivalent theories. Before considering these more general cases, let us present an example of two

dynamical equivalent theories.

Later in this Chapter, we shall try to extend to maps which involve derivatives (and show how awkward the situation becomes in that case) just to

present a better setting based on Routh transformations, which provides us with a better setting in which the dynamics suggests both the map for

doing the field transformation and the new dynamics, so that one has dynamical equivalence.
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Dynamical equivalence for Brans–Dicke theories

We discussed Brans–Dicke theories in Subsection 1.6.12. Let us here consider vacuum Brans–Dicke theories which are defined on the configuration

bundle C = Lor(M)�M (M �R), which has coordinates (xµ, gµν , ϕ), by a dynamics associated to the Lagrangian LBD in (1.6.172), in the vacuum and

no potential special case, i.e.

LBD =
√
g

2κ

�
ϕαR� ω

ϕβ
rµϕrµϕ

�
d� (4.1.27)

Field equations for Brans–Dicke theories in this case and additionally setting β := 2� α, are(
ϕαRαβ � 1

2ϕ
αRgαβ = αϕα−1

�rαβϕ��ϕgαβ
�

+ (α(α� 1) + ω)ϕα−2rαϕrβϕ� (α(α� 1) + ω
2 )ϕα−2rλϕrλϕgαβ

αϕαR = �2ωϕα−2ϕ�ϕ� (α� 2)ωϕα−2rλϕrλϕ
(4.1.28)

Let us then consider a Weyl conformal map

Φ : Lor(M)�M (M � R)! Lor(M)�M (M � R) : (g̃, ϕ) 7! (g, ϕ) gµν = ϕ−1g̃µν (4.1.29)

which, in fact, is a one-to-one map.

We have already computed how the Levi Civita connection (see (2.7.148)), the Riemann tensor (see (2.7.150)), the Ricci tensor (see (2.7.151)) and

the Ricci scalar (see (2.7.152)) transform under Weyl conformal transformations.

Then field equations can be recast as8<
:
R̃βα � 1

2R̃g̃αβ = m−2−2α
2ϕ �ϕgαβ � m−2−2α

2ϕ rαβϕ+ 3m−6+4α(α−1)+4ω
4ϕ2 rαϕrβϕ+ (m−7)(m−2)−8α(α−1)−4ω

8ϕ2 rρϕrρϕgαβ
α
�
ϕR̃+ m−1

ϕ �ϕ+ (m−1)(m−6)
4ϕ2 rρϕrρϕ

�
= �2ω

ϕ �ϕ� (α−2)ω
ϕ2 rλϕrλϕ

(4.1.30)

so that we can further set 2α := m� 2 and 4ω := �(m� 2)(m� 1) to get8<
:
R̃βα � 1

2R̃g̃αβ = (m−2)(m−1)+4ω
4ϕ2 rαϕrβϕ� (m−2)(m−1)+4ω

8ϕ2 rρϕrρϕgαβ = 0

αϕR̃ = � (m−1)(m−2)+4ω
2ϕ �ϕ+

�
� (m−2)(m−1)(m−6)

8ϕ2 + (m−6)(m−2)(m−1)
8ϕ2

�
rρϕrρϕ = 0

(4.1.31)

Since the trace of the first equation implies R̃ = 0, the second equation is not independent and the conformal metric g̃ obeys vacuum Einstein equations.

In other words, we showed that there is a dynamical equivalence between vacuum Brans–Dicke theory (with α = m−2
2 , β = 2 � α = �m−4

2 ,

ω = � (m−2)(m−1)
4 , as well as no potential U = 0) for the fields (g, ϕ) and vacuum standard GR for the fields (g̃, ϕ).

This can be also seen at the level of actions. The Brans–Dicke Lagrangian, in this case, becomes

LBD =
√
g

2κ ϕ
m−2

2

�
R+ (m−2)(m−1)

4ϕ2 rµϕrµϕ
�

d� (4.1.32)
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which is a form on J (2,1)C = J2Lor(M)�M J1(M�R). The Weyl conformal transformation Φ can be lifted to JΦ : J (2,1)C ! J (2,1)C and the Lagrangian

LBD can be pulled back along the prolongation JΦ to define the form

(JΦ)∗LBD =
√
g̃

2κ

�
R̃+ m−1

ϕ2 �ϕ+
�

(m−1)(m−6)
4ϕ3 + (m−2)(m−1)

4ϕ3

�
rµϕrµϕ

�
d� =

=
√
g̃

2κ

�
R̃+

�
� (m−1)(m−4)

2ϕ3 + (m−1)(m−4)
2ϕ3

�
rµϕrµϕ

�
d�+rρ

�√
g̃

2κ
m−1
ϕ2 rρϕ

�
d� =

=
√
g̃

2κ R̃d�+ d
�√

g̃
2κ

m−1
ϕ2 rρϕd�ρ

�
= LH + d

�√
g̃

2κ
m−1
ϕ2 rρϕd�ρ

� (4.1.33)

Notice that this is still a theory for the fields (g̃, ϕ), i.e. the conformal factor ϕ scalar field turns out to be unconstrained by field equations. Accordingly,

(g̃, ϕ) is a solution of this theory, iff g̃ is a solution of vacuum Einstein equations, regardless the value of the scalar field ϕ.

Thus any solution of vacuum standard GR (g̃, ϕ) is associated to a solution (g = ϕ−1g̃, ϕ) of the corresponding Brans–Dicke theory. In other words,

we showed that the specific Brans–Dicke theory for (g, ϕ) under consideration is an extension of vacuum standard GR for (g̃, ϕ) by means of a Weyl

conformal transformation induced by the scalar field ϕ.

Notice that we are not claiming that a solution (g̃, ϕ) of vacuum Einstein equations is a solution of that Brans–Dicke theory, we are just saying that (g, ϕ) is.

On the other hand, we can consider the inverse Weyl conformal transformation

Φ̄ : Lor(M)�M (M � R)! Lor(M)�M (M � R) : (g, ϕ) 7! (g̃, ϕ) (4.1.34)

which can be easily prolonged to JΦ̄ : J (2,1)C ! J (2,1)C. Then we can pull back the Hilbert Lagrangian to obtain the form

(JΦ̄)∗LH =
√
g̃

2κ R̃d� =
√
g

2κ ϕ
m−2

2 ϕR̃d� =
√
g

2κ ϕ
m−2

2

�
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4ϕ2 rρϕrρϕ

�
d� =
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�
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d��rµ
�√
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=
√
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ϕ
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2 ϕ

m−6
2 rµϕrµϕ

�
d�� d

�√
g

2κ
(m−1)
ϕ2 ϕ

m
2 rµϕd�µ

� (4.1.35)

This Lagrangian, except for the total divergence, exactly coincides with the Lagrangian for the vacuum Brans–Dicke theory (with α = m−2
2 , β =

2 � α = �m−4
2 , ω = � (m−2)(m−1)

4 , and no potential U = 0). Thus also vacuum standard GR for (g̃, ϕ) is an extension of that specific Brans–Dicke

theory.

To summarise, the two theories are dynamically equivalent and there is a one-to-one correspondence between solutions of one theory and solutions of

the other.

Sorry for repeating it once again: one thing is claiming that the two theories are dynamical equivalent (i.e. that (g̃, ϕ) is a solution of vacuum standard GR iff (g, ϕ)

is a solution of (that specific) Brans–Dicke theory), another thing is claiming that they have the same solutions, i.e. that (g, ϕ) is a solution of vacuum standard GR,

which is generically false.
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Also, as we shall argue in the next Subsection, one thing is claiming that two theories are dynamically equivalent, a completely different thing is

claiming that the two theories are completely physically equivalent.

In this specific case, we will use these theories as possible theories to describe gravity. In both cases, the metric field induces a connection and a

geodesic equation. time-like geodesic trajectories in spacetime will be eventually identified with the physical motions of material points and massive

objects. The point is here that we need to specify which metric is used to define physical motions, since two conformal metrics define different time-like

geodesics, that being an independent assumption which has not much to do with field equations and the variational principle.

In the Brans–Dicke theory, one usually assumes the geodesics of g, while in the standard GR one usually assumes the geodesics of g̃. In view of these

assumptions, even if the two theories are dynamically equivalent, the two theories are physically different, since they describe objects falling differently.

This is particularly relevant, since Brans–Dicke theories are ruled out by solar system tests. In these tests, one exactly assumes that planets fall along g-geodesics and

finds that they this does not match observations, e.g. about precessions of perihelia, while standard GR, in which planets orbit along g̃-geodesics, does fit observations.

Finding out dynamics in mechanics

My Lord—Tyekanik said—there could be trickery within trickery here.

(Frank Herbert, Children of Dune).

Before going to more general cases of dynamically equivalent theories, let us argue that dynamical equivalence is not necessarily to be understood as

a physical complete equivalence between theories. Let us present and discuss a simple example in mechanics.

Imagine we are assigned the duty to determine a description of the dynamics of a specific mechanical system. For our safety (as we will eventually

discover) we are provided with a remote access to a laboratory. In our laboratory, we can prepare a material point in an initial condition we set, release

it, and track its position as time passes by. The material point is constrained to move along a line, so, as a result of an experiment, we have a list

of events (ti, xi) in a two dimensional spacetime, where ti is the reading of some clock we do not know in detail and xi is the position along the line

measured by a protocol we do not know in detail either.

Since we are pretty conservative students, we interpret the task to be solved as finding a Hamiltonian H(t, x, p) which describes the time series that

our laboratory produces. Of course, we are aware that one cannot produce in the laboratory all possible time series, as well as that in principle one

could find time series that cannot be described as Hamiltonian flows, though it seems to us a good start.

Before starting, notice the analogy with astrophysics and cosmology.

There would be a lot of physical variables we could control, if we had direct access to the laboratory. For example, we could screen for temperature to check whether

the rail is deformed in time, we could check if our test mass is rolling or sliding along the rail (which does effect conservation laws), we could test for friction directly.

However, we are given a remote access to a laboratory, where we cannot control all the variables that we wish to check, and a task to be carried out with what we are

given. Of course, we can assume that ordinary physics holds in the laboratory, do our job, and eventually check that there is no hint for an effect due to temperature,

or friction. Or that, on the contrary, they appear as terms in the Hamiltonian we find.

Of course, let us stress the obvious: that is not as checking the effects directly, as we wish, to the best of our capacities. That is why one could distinguish between

experiments (when one has complete control on experimental setting) and observations (when we see the results and infer the setting); no doubt that astrophysics and

cosmology are observational oriented disciplines.
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Anyway, those are the conditions we are given and there is no reason to complain. We have a task to do.

Well, let us start by a first observation, just to have an idea of which direction to go for. We set up the system and get a time series. Say, we get

data as shown below in Fig. 4.1.a, that we try to fit with some oscillatory function. We can repeat the experiment as many times as we want, estimate

statistical errors on measurements, and consequently use some χ2 argument to evaluate how good our fits are.

(a) The first time series produced

(b) A further time series

Fig 4.1: Examples of time series

produced by the lab.

By looking at the first series (see Fig. 4.1.a), we could guess for some kind of harmonic oscillator. Say, that we find good

statistical evidence for an oscillatory behaviour, well described by the motion

x = A cos(ω(t� t0)) + λ (4.1.36)

with best fit values A = 10, ω = 3, λ = 1, t0 = 0 for the parameters.

By the way, the data shown in the graph are fake and they have been produced exactly by adding a Gaussian noise to the exact law

(4.1.36) which is shown in the Figure as a solid line. That is a reason not to bother the reader with the statistical analysis to show that

the fit is in fact good.

Then we have a good experimental support to the law (4.1.36) as a description for the motion of our material point.

That makes our task pretty clear: we can repeat the experiment for many initial conditions and find, with some approxima-

tion, of course, the general solution of the system (for example, showing that ω and λ are always constant with respect to the

change of initial conditions, while A and t0 do parameterise initial conditions). Then we just have to look for a Hamiltonian

which has these exact solutions, (which may be technically difficult to do but at least it is clear).

In this case, it is in fact easy to check that the Hamiltonian

H̄ = 1
2p

2 + ω2

2 x
2 � λω2x (4.1.37)

does have the correct exact solutions.

The reason why it is easy in this case is that we started from this Hamiltonian to find the motion (4.1.36) in the first place. That is not

the only trick behind the curtain as one should expect and as the bar on the Hamiltonian suggests. Be patient, I shall be eventually

honest about all the tricks I played.

That is a pretty neat result, considering the limited control we have on the data origin. We can figure out pretty much in

detail how the system we are considering is structured: we have a harmonic force acting (associated to the parameter ω) and

a constant force (associated to the parameter λ, parameterised in units of the elastic force). Probably, a good model to be

proposed is a vertical spring and a weight force pulling down, x being the upward oriented vertical position and measured

from the rest position of the spring (which is not an equilibrium position for the system because of the weight force action).

If we assume that the clock of the laboratory is calibrated in seconds, we fit the frequency ω, then we know the force Fs = �ω2x ~k due to the spring

and hence we know the weight force Fw = �λω2~k acting. So, by repeating the experiment over and over, with increasing precision, we can also argue

whether the laboratory we are using is somewhere on Earth or on some alien planet. Since the weight acceleration is not even exactly constant on

Earth, being precise enough we can find where the laboratory is located on Earth.
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Of course, this last part is not much more than a speculation, because we know that the laboratory setting can fundamentally falsify data by mimiking a weight force

by accelerating the whole laboratory at will. However, being very precise we would eventually check whether the force is really constant or it does change with x, as a

real gravitational field should do.

It is amazing that we can get so much information about the laboratory without ever being there! However, we should ask how accurate this

information is. So, now that we are quite confident on the laboratory setting, we get new data (see Figure 4.1.b) which do not match our previous

ideas. The new observations do not match our model at early times while they agree with the model from t ' 10 on. In this situation, we would

probably start over the fit analysis and discover that new and old data are well described by

x = α(t)(A cos(ω(t� t0)) + λ) (4.1.38)

for a parameter function α(t) = 1� e−(t+2) and again with A = 10, ω = 3, λ = 1, t0 = 0, which is a solution of the Hamiltonian

H = α2

2 p
2 + ω2

2α2x
2 � λω2

α x+ α̇
αpx (4.1.39)

which, in fact, reduces to the Hamiltonian H̄ above when t � �2 (which of course, strictly speaking, does not mean anything since the argument of

the exponential is dimensional and it should be intended as to be νt+ 2� 0) with ν = 1s−1, instead).

The mechanic interpretation though becomes trickier. This Hamiltonian H is time dependent and the last term is some sort of generalised potential,

so it may describe some transient force depending on velocity that eventually, at t� �2, dies out leading to the system described by H̄. Of course, it

does leave open a (we can imagine long and inconclusive) discussion about the details of how this behaviour is produced from a fundamental mechanical

point of view. I also imagine that after a long discussion of the many models proposed, the transient force could be called the dark force, since it is

responsible of a measurable acceleration of our material point, though it is quite unclear what produces it.

Of course, I am pushing a bit too far the analogy with cosmology, as it is manifest. This comes without the suggestion that cosmology of dark sources can be explained

simply as we shall go on explaining our mechanical analog. And even if it did, that is something which should be proven by experiments, not something to be concluded

on a theoretical level.

Thus we have a new, more accurate, though also more complex, view on the system we are studying, which is based on observations and fit them

better than our first view (which, in fact, does not fit observations at all). Then, one can try to look for a canonical transformation to simplify the

model. In particular, one can define new (time-dependent family of) canonical coordinates�
Q = x

α(t) � λ (() x = α(t)(Q+ λ))

P = α(t)p
(4.1.40)

and check that the “new” Hamiltonian is simply

K = 1
2P

2 + ω2

2 Q
2 (4.1.41)

Once again, I know it because I produced H by applying the inverse canonical transformation to K, in the first place.

Obviously, the canonical transformation establishes a very well founded mathematical equivalence between the two Hamiltonian systems described by

H and K (which is, in fact, one Hamiltonian system with two different local representations).
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So, at this point, what can we say about the mechanical system we are studying? Is it a harmonic oscillator (as suggested by the Hamiltonian K) or

a rather complex system (as suggested by the Hamiltonian H)? Is the weight force appearing in H̄ a real force? And, all in all, does it matter (since

K and H are canonically equivalent)?

That’s the first lesson we learn from this example: it does matter.

The Hamiltonian systems described by K and H are canonically equivalent. The canonical transformation maps solutions into solutions in a one-to-one

way. Solving one system is equivalent to solving the other, observables are in one-to-one correspondence as well. And those are mathematical theorems.

At the same time, we have to remember that physically we are talking about a time series of positions read in a laboratory. Now, whatever the protocol

to measure the position is, the result is described by x, not by Q.

And accordingly we have two possibilities:

(i) either we argue that Q is the real position, the system is a harmonic oscillator, and, accordingly, we have to explain how the laboratory

protocol happens to measure a different observable x, instead;

(ii) or we keep stick to x being the real position, then potentials described by H are real forces, and the system is not, physically speaking, a

harmonic oscillator.

In the second case, we have to explain the origin of the dark forces since they are real forces. In the first case, we do not need to do that, though we

have to show that the laboratory is measuring x, instead of what we should call the real position (if that had a precise meaning). In both cases, the

two systems are not physically equivalent, precisely because they drive us to investigate different things.

At this point, suppose that we learn that the position in the laboratory is measured by an ultrasound device. We can hypothesise that the air pressure

in the lab has been changing at early times (in relation to the exponential function appearing as a parameter, and that is why we thank to be remotely

connected to the lab) so that the speed of sound changes and real distances are misrepresented so that x is measured for the actual position Q. If we

manage to arrange the details, then the system is likely to be a simple harmonic oscillator and no dark force is there.

And here is the second lesson we learn from the example: while we can reasonably argue about it, to be honest, one may not ever be able to know

without discovering a manometer in the laboratory or finding out elsewhere evidences of dark forces.

Let me be clear once again: I am not arguing that dark sources in astrophysics and cosmology can be totally or in part described by aberrations introduced by poor

observational protocols. What I am arguing, in fact, is that they may, and, just because they may, one needs to develop a framework in which these effects may be

real, and eventually test for them.

If they are found to be real, that is a good thing we learn about the physical world (and it is pretty amazing that we do, considering the scales we are probing). If they

are not, we shall better establish that they are not, this time based on experiments rather than by an (uneducated) assumption.

Finally, we have a third point to make from this example. If we ideally had to scrutinise all possible dynamics to check which one agrees with

observations, we have to consider any possible function H(t, x, p) on R�T ∗R, solve the corresponding Hamilton equations and compare solutions with

experimental curves obtained from the laboratory.

However, there is no need to check all functions in all possible coordinate systems other than (t, x, p). The Hamiltonian systems one obtains from

(R � T ∗R, H) by changing coordinates (as well as changing accordingly the local expression of the Hamiltonian) are the same Hamiltonian systems.
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The two Hamiltonians H in coordinates (t, x, p) and K in coordinates (t,Q, P ) are, in fact, two local expressions, in two different charts, of the same,

single Hamiltonian.

To see that one needs to work in a pre-symplectic framework, in which the Hamiltonian is not a function, but it defines a Poincaré–Cartan form, which is in fact

preserved by flows of canonical transformations.

By considering all local expressions in all possible (canonical) coordinate systems on phase space, one would consider infinite times each Hamiltonian

system. By fixing the coordinates, and in that fixed chart, considering all possible functions, one does already consider all possible Hamiltonian

dynamics, with the additional advantage that one can fix coordinates giving, by construction, a physical meaning to x, which can be fixed to be directly

related to what the laboratory measures (or to some other precise definition of position).

We shall below introduce extended theories of gravitation, and fix fields (g, Γ̃) chosen to represent precisely distances and free fall, respectively. We

then let to dynamics the duty to specify their mutual relation, not excluding the case in which the dynamics could set Γ̃ = fgg, as it is assumed in

standard GR.

The representative g chosen from the conformal structure [g] will be for us, by construction, the metric which realises physical distances in spacetime

as geometric distances. In other words, the geometric length measured with g, called g-length, by definition agrees with the physical distance.

Of course, there are a number of a priori different definitions of physical distances. One can use rulers (ok, not rulers which are not very well defined in relativity),

parallax, radar echoes, GPS positioning, red-shift and Hubble laws, and a plethora of standard candles, each associated to its own luminosity distance. Each of these

distances is a priori different from the others, they apply to different scales, and are usually (approximately) calibrated to (pairwise) agree on the overlap of their

domains.

The general tendency is to derive distances from time lapses, thus we decide to choose g to describe the time lapses measured by our best atomic clock, often ignoring

that our best atomic clock is conventionally determined and it does depend on time as technologies improve.

We do not need to remark here that there is no a priori reason to assume that this time has anything specifically to do with free falling (probably, except a posteriori

at the scale of solar system), while we can at least expect it to have something to do with quantum theory, since atomic clocks are based on atomic systems.

2. Dynamical equivalence

.Next SectionNow that we have a couple of examples in mind, let us try to set up a general enough framework for dynamical extensions and equivalences. We shall

give good and precise definitions of dynamical equivalence and dynamical extensions. Then we shall try to extend the example about maps between

the configuration bundles to maps which depend on derivatives of fields, i.e. maps between prolongations. We shall see that, although we get some

result in these more general cases, it becomes to be so awkward that it is clear that simply pulling back the dynamics is not what one needs in general.

We shall go in a different direction in next Section. By now, we can say that a similar example is well known in mechanics. When one has a first integral and wants to

write a Lagrangian for configurations at a certain value of the first integral, it is well known that in general simply replacing the first integral (which, in fact, usually

depends on the velocities) into the Lagrangian gives inconsistent results.
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Given two field theories, T1 and T2 defined on the same spacetime M , and an injective map Φ̂∗ : Sol(T1)! Sol(T2) between solutions we say that Φ̂∗
is a dynamical extension map between the two theories T1 and T2. If a dynamical extension map is one-to-one then it is called a dynamical equivalence

map.

If one removes the request for an extension map to be injective, then one could always map all solutions of T1 into any one solution of T2 and, consequently, any theory

would be a dynamical extension of any other theory. On the contrary, for a map to be a dynamical extension it needs to send any solution of T1 into a different solution

of T2.

An extension map Φ̂∗ can come as a restriction of a map Φ∗ : Sec(C1)! Sec(C2) to solutions of Sol(T1) � Sec(T1); in general such a restriction takes

values on Sec(T2), so, by requiring it to take values in Sol(T2) � Sec(T2), we are in fact saying that it sends solutions of T1 into solutions of T2. Let us

remark that in this case the restriction Φ̂∗ can be one-to-one, i.e. it can be a dynamical equivalence, even if the map Φ∗ defined on configurations is not.

In particular, it sometimes happens that one has two maps Φ∗ : Sec(C1) ! Sec(C2) and Ψ∗ : Sec(C2) ! Sec(C1) defined at the level of configurations

and which are not invertible, which, however, when restricted to solutions, become two dynamical equivalences which are one the inverse of the other,

and they are consequently dynamical equivalences between the two theories.

The extension map Φ̂∗ : Sol(T1) ! Sol(T2) can be produced by restricting to solutions a map between configurations Φ∗ : Sec(C1) ! Sec(C2) which,

in turn, can be obtained as the push-forward of a bundle map Φ : C1 ! C2 or, as we shall see more generally, by a map Φ̄ : Jh1C1 ! C2, which, in fac,t

also produces by push-forward a configuration map Φ̄∗ : Sec(C1) ! Sec(C2) : σ 7! σ∗ = Φ̄ � jh1σ. Although what matters for dynamical extensions

and equivalences is the map Φ̂∗ between solutions, often, by an abuse of language, the configuration map Φ∗ as well as the bundle map Φ are called

dynamical extensions or equivalences as well.

We say that the theory T2 is a dynamical extension of T1 if there exists an extension map Φ̂∗ : Sol(T1) ! Sol(T2) between them. In that case one

can cook a solution of T2 out of any solution of T1, while T2 can have other solutions which are not produced this way. We say that the two theories

T1 and T2 are dynamically equivalent if there exists a dynamical equivalence map Φ̂∗ : Sol(T1)! Sol(T2) between their solutions, i.e. one can build a

solution of one theory from any solution of the other.

Of course, while it is relatively easy to show that two theories are dynamically equivalent (by exhibiting an equivalence map between them), it is, in general, quite hard

to prove that two theories are not. For that, one should show that there is no map which is a dynamical equivalence, which is difficult because, in general, we know

really not much about the solution sets.

We already showed that one can change the fundamental fields by a map Φ : C1 ! C2; if the map preserves the Lagrangian dynamics (and

TΦ : V (C1)! C2 is surjective) then it is an extension map, if the map is one-to-one, it is an equivalence. We first attempt to generalise the result to a

map which defines new fields in terms of the old ones and their derivatives.

Let us consider a field theory T2 = (C2,k2,L2) defined on a configuration bundle C2 by a Lagrangian L2 of order k2 and a map Φ̄ : Jh1C1 ! C2, which

can be prolonged to a map JΦ̄ : Jk2+h1C1 ! Jk2C2. Then we can define a dynamics on C1 by pulling back the form L2 on Jk2+h1C1 as

L1 =
�
JΦ̄
�∗

L2 (4.2.1)

Hence we have a field theory T1 = (C1,k2 + h1,L1) and we want to generalise the results that we already obtained for h1 = 0.
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Let us denote by (JΦ̄)2k2
: J2(k2+h1)C1 ! J2k2C2 the prolongation to J2k2C2 and let us denote by E1 = EAδyAd� and E2 = E′iδy′id� the corresponding

Euler–Lagrange operators as horizontal forms on J2(k2+h1)C1 and J2k2C2, respectively. Then we have that (JΦ̄2k2
)∗ E2 � E1 =

�
E′iδy′i � EAδyA

�
d� is

an exact horizontal m-form on J2(k2+h1)C1.

For simplicity, let us consider a first order Lagrangian L2 and a map Φ̄ : J1C1 → C2. Then the Lagrangian L1 is generically on J2C1.

Locally, the Lagrangian L2 is expressed as L2(y′i, y′iµ) and the map Φ̄ has a local expression as

y′i = Y i(xµ, yA, yAµ ) (4.2.2)

which is prolonged to

JΦ̄ : J2C1 → J1C2 y′iµ = dµY
i(xµ, yA, yAµ ) = J iµ + J iAy

A
µ + J iαA yAαµ (4.2.3)

The map Φ̄ also induces a map T Φ̄ : V J1C1 → V C2 between vertical vectors, i.e. field deformations, locally given by

δy′i := J iAδy
A + J iµA dµδy

A = T Φ̄(δyA, dµδy
A) (4.2.4)

Then the Lagrangian L1 is given as

L1 = L1(xµ, yA, yAµ , y
A
µν)dσ = L2(Y i(xν , yB , yBν ), dµY

i(xν , yB , yBν ))dσ = (JΦ̄)∗L2 (4.2.5)

and the corresponding naive momenta are 
pA = p′iJ

i
A + p′µi dµJ

i
A

pµA = p′iJ
iµ
A + p′αi dαJ

iµ
A + p′µi J

i
A

pµνA = p
′(µ
i J

iν)
A

(4.2.6)

where the momenta on the right hand side are evaluated along the prolongation of the map (4.2.2).

Then the Euler–Lagrange equations for L1 are

EA =pA − dµpµA + dµνp
µν
A = p′iJ

i
A + p′µi dµJ

i
A − dµ

(
p′iJ

iµ
A + p′αi dαJ

iµ
A + p′µi J

i
A

)
+ dµdν

(
p′µi J

iν
A

)
=

=
(
p′i − dµp

′µ
i

)
J iA − p

′µ
i dµJ

i
A + p′µi dµJ

i
A − dµ

(
p′iJ

iµ
A + p′αi dαJ

iµ
A

)
+ dµ

(
dνp
′ν
i J

iµ
A + p′νi dνJ

iµ
A

)
=

=
(
p′i − dµp

′µ
i

)
J iA + dµ

(
−p′iJ

iµ
A − p

′ν
i dνJ

iµ
A + dνp

′ν
i J

iµ
A + p′νi dνJ

iµ
A

)
= E′iJ iA − dµ

(
E′iJ

iµ
A

) (4.2.7)

Then we have

(JΦ̄2)∗ E2 − E1 =
(
E′iδy′i − EAδyA

)
dσ =

(
E′iδy

′i − E′iJ iAδyA + dµ

(
E′iJ

iµ
A

)
δyA

)
dσ =

(
E′iδy

′i − E′i
(
J iAδy

A + J iµA dµδy
A
)

+ dµ

(
E′iJ

iµ
A δy

A
))

dσ =

=
(
E′iδy

′i − E′iδy′i + dµ

(
E′iJ

iµ
A δy

A
))

dσ = dµ

(
E′iJ

iµ
A δy

A
)
dσ = d

(
E′iJ

iµ
A δy

Adσµ

) (4.2.8)

which is precisely an exact horizontal m-form.

One can specify the map Φ̄ to be zero order, then J iµA = 0 and one obtains (JΦ̄2)∗ E2 = E1.

If here we assume that σ 2 Sol(T1) and we consider σ∗ = Φ̂ � jh1σ we can evaluate directly the Euler–Lagrange equations by using (4.2.7)

0 = EA = E′iJ iA � dµ
�
E′iJ

iµ
A

�
) E′iJ iA = dµ

�
E′iJ

iµ
A

�
(4.2.9)
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This time, unlike what happens for h1 = 0, i.e. when J iµA = 0, there is no clear condition to ask to T Φ̄ which does the job of implying that E′i = 0,

even asking it to be surjective.

Let us now consider a configuration σ in T1 and its image σ∗ = Φ̄ � jh1σ, which is a configuration in T2; we can directly show that if σ∗ is a solution

in Sol(T2), then σ is a solution in Sol(T1).

We can see it directly by using the relation (4.2.7). If σ∗ ∈ Sol(T2), then E′i ◦ (j2σ∗) = 0, then EA ◦ (j4σ) = 0 so that σ ∈ Sol(T1).

Of course, σ can be a solution in T1 even though σ∗ is not, as well as there can be solutions of T2 other than the ones which are images of configurations (hence

solutions) in T1.

We can also prove the same thing more intrinsically.

If we consider a deformation δyA in T1, by (4.2.4), it induces a deformation δy′i in T2. By (4.2.8), we have

(j2σ∗)
∗E2 = (j4σ)∗ ◦ (JΦ̄)∗2 E2 = (j4σ)∗E1 + d

(
(j4σ)∗E′iJ

iµ
A δy

Adσµ

)
(4.2.10)

Since σ∗ is a solution, then (j2σ∗)
∗E2 = 0 for any variation on C2. The exact form on the right hand side also vanishes in view of boundary conditions, so for any

variation on C1 one has (j4σ)∗E1 = 0 and σ is a solution.

Let us remark that, of course, in this proof, we did not really used any variation on C2. While we know that, since σ∗ is a solution of T2, then (j2σ∗)
∗E2 = 0 vanishes

along any variation on C2, eventually, we just used variations on C2 which are images of variation on C1 along the map T Φ̄. It is precisely because of this that one can

then have extra solutions: by considering less variations, one introduces extra spurious solutions, since one has less conditions to obey.

Although this result is remarkable, it alone does not allow us to establish that T1 is an extension of T2, nor vice versa.

In fact, the correspondence Φ̄∗ : Sol(T2) ! Sol(T1) may not be defined on the whole Sol(T2) (i.e. there may be solutions σ2 in T2 which are not in

the form σ2 = Φ̄ � jh1σ for some configuration σ 2 Sec(C1)), so that T1 is not necessarily an extension of T2.

On the other hand, if T2 were an extension of T1 then any solution of T1, should correspond to a solution in T2, while we already noticed that T1 can

have more solutions than the ones associated to a solution in T2.

Thus we need some extra property to enforce that one theory is an extension of the other. For example, if we assume that all solutions of T2 are in

the image of Φ̄∗, i.e. any solution σ∗ 2 Sol(T2) is in the form σ∗ = Φ̄ � jh1σ for some configuration (hence solution) σ 2 Sol(T1) � Sec(C1), then any

solutions of T2 correspond to a section of T1, which is then, in fact, an extension of T2; (if the correspondence Φ̄ : Sec(C1) ! Sec(C2) is not injective

just choose one preimage for any solution in T2).

Or, if a general deformation δyA defines, through the map T Φ̄, a general deformation δy′i, then any solution σ 2 Sol(T1) induces a solution

σ∗ = Φ̄ � jh1σ 2 Sol(T2), i.e. now T2 is an extension of T1.

We cannot avoid to remark that the situation, which was already a bit unfit for h1 = 0, when prolongations are allowed becomes really awkward. We

shall see in the next Section that, in fact, we need to go in a different direction.

Of course, if we somehow have two maps Φ̄ : Jh1C1 ! C2 and Ψ̄ : Jh2C2 ! C1, such that L1 =
�
JΦ̄
�∗

L2 and L2 =
�
JΨ̄
�∗

L1, which are the inverse

one of each other on solutions, then T1 and T2 are dynamically equivalent theories.

Moreover, whenever T2 is an extension of a theory T1 (by the injective correspondence Φ̄∗ : Sol(T1) ! Sol(T2)) and we find a map Ψ̄∗ : Sol(T2) !
Sol(T1) such that Φ̄∗ � Ψ̄∗ = idSol(T2), then T1 and T2 are dynamically equivalent.
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Vacuum purely metric and standard Palatini GR

Let us consider a configuration bundle C2 = Lor(M)�M Con(M), which is the fibered product of the bundle of Lorentzian metrics Lor(M) and that

of torsionless connections Con(M) on the spacetime M . This bundle has fibered “coordinates” in the form (xµ, gµν , Γ̃αβµ).

We can define a Lagrangian LPal of order (0, 1) as

LPal =

p
g

2κ
gµνR̃µν (4.2.11)

where R̃µν denotes the Ricci tensor of the connection Γ̃.

This Lagrangian is called the standard Palatini Lagrangian, even if the original contribution of Palatini is quite marginal in that and, as a formulation of a field theory,

it is due essentially to Einstein.

More generally, we shall say that a field theory is in its Palatini (or metric-affine) formulation when it is a field theory for a metric g and an independent connection Γ̃.

More precisely, when other matter fields ψ are considered, we shall reserve Palatini field theories for theories in which matter fields do not couple to the connection

but couple only to the metric, i.e. for dynamics as

L(g, Γ̃, ψ) = L(g, Γ̃) + Lm(g, ψ) (4.2.12)

while we reserve metric-affine field theories for theories in which matter fields can couple to the connection as well, i.e. for dynamics as

L(g, Γ̃, ψ) = L(g, Γ̃) + Lm(g, Γ̃, ψ) (4.2.13)

In vacuum, Palatini and metric-affine are considered synonyms.

When matter fields do not require a connection to define their dynamics, as it happens for Klein–Gordon field and Maxwell electromagnetism, then they are in their

Palatini formulation straight away. For more general matter fields, as for example a Klein–Gordon-like vector field, one can define two covariant derivatives

∇µXα = dµX
α + {g}αεµXε ∇̃µXα = dµX

α + Γ̃αεµX
ε (4.2.14)

using either the Levi Civita connection of g or the independent connection Γ̃.

Then, in this case, we have two different dynamics, namely the Palatini formulation, e.g.

Lm = −
√
g

2

(
gµν∇µXα∇νXβ + µ2XαXβ

)
gαβ (4.2.15)

or its metric-affine formulation

L̃m = −
√
g

2

(
gµν∇̃µXα∇̃νXβ + µ2XαXβ

)
gαβ (4.2.16)

which, in principle, are two different field theories.

One can easily compute field equations for the Lagrangian LPal to be8<
:
R̃(µν) � 1

2Rgµν = 0

r̃α
�p

ggβµ
�

= 0
(4.2.17)

where we set R := gαβR̃αβ.
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By variation of the Lagrangian, one has

δLPal =
√
g

2κ

(
R̃µν − 1

2Rgµν
)
δgµν +

√
g

2κ g
βµ∇̃αδũαβµ =

√
g

2κ

(
R̃µν − 1

2Rgµν
)
δgµν − ∇̃α

(√
g

2κ g
βµ
)
δũαβµ + ∇̃α

(√
g

2κ g
βµδũαβµ

)
(4.2.18)

where we set ũαβµ := Γ̃αβµ − δα(βΓ̃µ) so to express the variation of the Ricci tensor as δR̃(βµ) = ∇̃αδũαβµ. The relation between ũαβµ and Γ̃αβµ can be recast as

ũαβµ = Γ̃αβµ − 1
2δ
α
β Γ̃µ − 1

2δ
α
µ Γ̃β =

(
δαρ δ

σ
βδ

ν
µ − 1

2δ
α
β δ

σ
ρ δ

ν
µ − 1

2δ
α
µδ

σ
ρ δ

ν
β

)
Γ̃ρσν (4.2.19)

so one can see it is a linear transformation, though the m2(m+1)
2 × m2(m+1)

2 matrix representing it is quite complicated.

To show that ũαβµ is just another set of “coordinates” on Con(M), let us show that this can be solved for Γ̃. Let us first consider the trace

ũµ = ũααµ =
(
1− m

2 −
1
2

)
δνµ Γ̃ρρν = −m−1

2 Γ̃µ ⇐⇒ Γ̃µ = − 2
m−1 ũµ (4.2.20)

and substitute it above in (4.2.19) to solve for Γ̃αβµ
Γ̃αβµ = ũαβµ − 2

m−1δ
α
(β ũµ) (4.2.21)

which shows that the correspondence between Γ̃αβµ and ũαβµ (as well as the quite complicated matrix) is invertible.

Then variations of ũαβµ are independent, as the variation of Γ̃αβµ are, and the variation of the Lagrangian implies field equations in the form (4.2.17.)

Let us stress that the Ricci tensor R̃βµ of a generic (non-metric) torsionless connection is not symmetric, and that the Hamilton principle only constrains its symmetric

part, so that in the field equations one needs to introduce the symmetrisation R̃(µν).

The Levi Civita connection is associated with a bundle map ΦLC : J1Lor(M)! Lor(M)�M Con(M) : j1gµν 7! (gµν , fggαβµ) given by

Γ̃αβµ = fggαβµ = 1
2g

αλ
��dλgβµ + dβgµλ + dµgλβ

�
(4.2.22)

Let us notice that ΦLC is an injective map. It is not surjective since there are connections Γ̃ which are not metric (so, in particular, some (g, Γ̃) cannot

be in the image of the map since Γ̃ cannot be the Levi Civita connection fgg).
This morphism is associated to the tangent map defined on field variations

TΦLC(δgµν , dµδg
µν) = (δgµν , δΓ̃αβµ) δΓ̃αβµ = 1

2g
αε
��rεδgβµ +rβδgµε +rµδgεβ

�
= 1

2

�
gαλgβρgµσ � gµρδασ δλβ � gβσδαρ δλµ

�
rλδgρσ (4.2.23)

which, by the way, is the contribution due to Palatini. This correspondence between variations is invertible (hence surjective).

We can permute indices and sum
2gαγδΓ̃

γ
βµ =

(
gβρgµσδ

λ
α − gµρgασδλβ − gβσgαρδλµ

)
∇λδgρσ

2gβγδΓ̃
γ
µα =

(
gµρgασδ

λ
β − gαρgβσδλµ − gµσgβρδλα

)
∇λδgρσ

⇒ gαγδΓ̃
γ
βµ + gβγδΓ̃

γ
µα = −gβσgαρδλµ∇λδgρσ (4.2.24)

that can be eventually solved as

∇µδgρσ = −
(
gβσδΓ̃ρβµ + gαρδΓ̃σµα

)
(4.2.25)
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For later convenience, we can also transform the variation δΓ̃αβµ of the connection into variation δũαβµ as well, obtaining

δũαβµ = δΓ̃αβµ � δα(βδΓ̃µ) () δΓ̃αβµ = δũαβµ � 2
m−1δ

α
(βδũµ) (4.2.26)

and the correspondence between δΓ̃αβµ and δũαβµ is invertible as well. Then we have a one-to-one correspondence between δũαβµ and rµδgρσ.

We just have to take the composition of the correspondences above

δũαβµ =δΓ̃αβµ − δα(βδΓ̃µ) = 1
2

(
gαλgβρgµσ − gµρδασ δλβ − gβρδασ δλµ − 1

2gµρδ
λ
σδ
α
β − 1

2gβρδ
λ
σδ
α
µ + 1

2gµρδ
α
β δ

λ
σ + 1

2gβρδ
α
µδ

λ
σ + 1

2gρσδ
α
β δ

λ
µ + 1

2gρσδ
α
µδ

λ
β

)
∇λδgρσ =

= 1
2

(
gαλgβρgµσ − 2gρ(µδ

λ
β)δ

α
σ + gρσδ

α
(βδ

λ
µ)

)
∇λδgρσ

(4.2.27)

The inverse correspondence is

∇νδgρσ =−
(
gβσδΓ̃ρβν + gαρδΓ̃σνα

)
=
(
− 1

2g
β(σδρ)α δ

µ
ν + 2

m−1g
ρσδµν δ

β
α + 2

m−1g
µ(σδρ)ν δ

β
α

)
δũαβµ (4.2.28)

If we pull back the standard Palatini Lagrangian along the prolongation JΦLC : J2Lor(M)! Lor(M)�M J1Con(M) we obtain the Hilbert–Einstein

Lagrangian

LH = (JΦ)∗LPal =
√
g

2κRd� (4.2.29)

Then we know that any solution of the Palatini theory in the image of the map ΦLC (i.e. in the form (g, fgg)) comes from a solution of the metric

theory.

Of course, in this case this is a pretty trivial remark. In fact, a solution (g, Γ̃ = {g}) of the Palatini theory (in the image) obeys field equations (4.2.17), in particular,

g is a solution of the first equation which is Einstein equation, since Γ̃ = {g}.
Here it is relevant that the result follows from a construction at the level of action, that we obtain without even computing field equations.

We can also prove that there is no solution to the Palatini theory, out of the image of the map ΦLC . In particular, a connection Γ̃ is a solution if it

obeys the second field equation and one can show that, then, it is necessarily Γ̃ = fgg.
Any connection Γ̃αβµ can be expressed as Γ̃αβµ = {g}αβµ +Kα

βµ (with a tensor Kα
βµ which is symmetric in the lower indices (βµ)).

If Γ̃ satisfies the second field equation, then one has

∇̃α
(√
ggβµ

)
= ∇α

(√
ggβµ

)
+Kβ

εα

√
ggεµ +Kµ

εα

√
ggβε −Kε

εα

√
ggβµ = 0 (4.2.30)

which is an algebraic, linear equation for the tensor K, which can be recast as

Kρσα +Kσρα − gρσKα = 0 ⇒ (2−m)Kα = 0 ⇒ Kα = 0 ⇒ Kρσα = −Kσρα (4.2.31)

where we set Kρεα := gβρK
β
εα and Kα = Kε

εα. Then the tensor Kαρσ is symmetric in the indices (ρσ) and antisymmetric in the indices [αρ] and we have

αρσ = −ρασ = −ρσα = σρα = σαρ = −ασρ = −αρσ ⇒ Kαρσ = 0 ⇒ Kα
ρσ = 0 ⇒ Γ̃αρσ = {g}αρσ (4.2.32)

where, of course, αρσ stands for Kαρσ.
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Then the metric theory is an extension of Palatini theory. The map which associates a solution in the standard metric theory to a solution of the

Palatini theory is simply π∗ : Sol(T2)! Sol(T1) : (gµν , Γ̃αβµ) 7! gµν .

Once restricted to solutions, which are in fact in the form (gµν , fggαβµ), this map has, in fact, the property Φ∗ � π∗ = idC2 , so π∗ is injective.

Let now consider a solution σ 2 Sol(T1), namely a metric gµν obeying Einstein equation

Rµν � 1
2Rgµν = 0 (4.2.33)

Then (g, fgg) is a solution of Palatini theory and, of course, π∗(g, fgg) = g. Accordingly, the map π∗ is surjective, then it is a one-to-one correspondence

and thus standard metric GR and standard Palatini GR are dynamically equivalent.

Purely metric and standard Palatini GR with matter

If we allow matter à la Palatini, since we do not allow matter-connection couplings, the Lagrangian is

LPal =
√
g

2κR+ Lm(g, ψ) (4.2.34)

where ψ denotes matter fields.

The field equations are 8>><
>>:
R̃(µν) � 1

2Rgµν = κTµν

r̃α
�p

ggβµ
�

= 0

E = 0

(4.2.35)

We still have Γ̃ = {g} from the second field equation of the standard Palatini theory and, known that, the first equation corresponds to the equation of the metric

theory. Then, as in vaccum, the Levi Civita map ΦLC restricts to solutions and it is one-to-one.

If we consider the purely metric version

L =
√
g

2κR+ Lm(g, ψ) (4.2.36)

then it has field equations (
Rµν � 1

2Rgµν = κTµν

E = 0
(4.2.37)

The Levi Civita map is a dynamical equivalence as in the vacuum case. Thus the dynamical equivalence between standard Palatini and purely metric

GR is established in full generality.

We can check that directly at the level of field equations. A metric configuration (g, ψ) is a solution of field equations (4.2.37) iff (g, {g}, ψ) is a solution in Palatini

formalism (4.2.35).

One direction is trivial, the other relies on the fact that any solution in Palatini formulation has a connection Γ̃ = {g}.

This same result will be obtained again as a special case of a more general result obtained in the next Section.
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Vacuum metric and Palatini f(R)-theories

The dynamical equivalence between a purely metric theory and its Palatini formulation given by the Levi Civita map, true for standard GR, is not

true in general.

To see that, let us consider the vacuum Palatini formulation of an f(R)-theory, i.e. the Lagrangian

L′ =
√
g

2κ f(R)d� (R := gµνR̃µν) (4.2.38)

from which we get field equations 8<
:
f ′(R)R̃(µν) � 1

2f(R)gµν = 0

r̃α
�p

ggβµf ′(R)
�

= 0
(4.2.39)

By variation of the Lagrangian we get

δL′ =
√
g
(
f ′(R)R̃µν − 1

2f(R)gµν

)
δgµν +

√
gf ′(R)gβµ∇̃αδũαβµ =

√
g
(
f ′(R)R̃µν − 1

2f(R)gµν

)
δgµν − ∇̃α

(√
gf ′(R)gβµ

)
δũαβµ + ∇̃α

(√
gf ′(R)gβµδũαβµ

)
(4.2.40)

Then being the variations δgµν and δũαβµ independent, the field equations follow.

For the purely metric f(R)-theories, you can refer to Subsection 1.6.11. In that case, vacuum field equations are

f ′(R)Rµν � 1
2f(R)gµν = rµνf ′(R)� gµν�f ′(R) (4.2.41)

Also in this case, we can consider the Levi Civita map ΦLC : J1Lor(M) ! Lor(M) �M Con(M) : j1gµν 7! (gµν , fggαβµ), also in this case, it is an

injective map, and also in this case one has the metric Lagrangian defined as

L = (JΦ)∗L′ =
√
g

2κ f(R)d� (4.2.42)

on J2Lor(M).

If σ∗ 2 Sol(T2) is a solution of the Palatini f(R)-theory, then, in particular, by the trace of the first field equation one has

F (R) := f ′(R)R� m
2 f(R) = 0 (4.2.43)

If the function F (R) has isolated zeroes (as, for example, if it is analytic), then one has a discrete set S = fR0,R1, . . .g � R of possible values which

are dictated by the choice of the function f(R). Then we can solve this equation for R 2 S which is hence constant on M (any continuous function in

a discrete set is locally continuous).

If the scalar curvature R is constant, then f ′(R) is constant and the the second field equation is again

r̃α
�p

ggβµ
�

= 0 () Γ̃ = fgg (4.2.44)

as in the standard case.
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Then, again in this case, the Palatini theories have no solution out of the image of the Levi Civita map and the metric f(R)-theory is an extension

of the Palatini f(R)-theory.

In fact, a solution of Palatini f(R)-theory is in the form (gµν , {g}αβµ) with a metric which obeys the equation

f ′(R)Rµν − 1
2f(R)gµν = 0 (4.2.45)

so that the metric gµν is also a solution of the metric f(R)-theory since the scalar curvature is constant, then ∇µνf ′(R)− gµν�f ′(R) = 0 as well, and, accordingly, it

satisfies metric field equation (4.2.41).

Of course, the metric f(R)-theory, generically can have solutions in which neither f ′(R)Rµν� 1
2f(R)gµν or rµνf ′(R)�gµν�f ′(R) are zero (though they

are both equal). Then metric f(R)-theory has more solutions than the ones which come from the corresponding Palatini f(R)-theory and dynamical

equivalence, which holds for the standard case, is lost in general.

Hidden relations

While the Levi Civita map is a dynamical equivalence between standard Palatini and standard purely metric GR, as well as a dynamical extension

of vacuum Palatini f(R)-theory into vacuum purely metric f(R)-theory, it fails to extend to more general cases.

If we consider standard metric-affine GR we have the Lagrangian

LMG =
√
g

2κR+ Lm(g, ψ, r̃ψ) (4.2.46)

The variation is

δLMG =
√
g

2κ

�
R̃(µν) � 1

2Rgµν � κTµν
�
δgµν +

√
g

2κ g
µνδR̃µν +

√
g

2 T̃
µν
α δΓ̃αµν + piδψ

i + pµi r̃µδψi =

=
√
g

2κ

�
R̃(µν) � 1

2Rgµν � κTµν
�
δgµν �

�
r̃α
�√

g
2κ g

µν
�
�
√
g

2 T
µν
α

�
δũαµν +

�
pi � r̃µpµi

�
δψi + r̃α

�√
g

2κ g
µνδũαµν + pαi δψ

i
� (4.2.47)

where we set

�
p
g

2
Tµν =

∂Lm
∂gµν

p
g

2
T̃ µνα =

∂Lm

∂Γ̃αµν
(4.2.48)

while
√
g

2 T
βµ
α is defined as the derivative of the matter Lagrangian with respect to ũαβµ, i.e., by using (4.2.21), one has

T µνα = T̃ ρσβ
∂Γ̃βρσ
∂ũαµν

= T̃ µνα � 2
m−1 T̃

(µδ
ν)
α (4.2.49)

Then field equations are

R̃(µν) � 1
2Rgµν = κTµν r̃α

�p
ggβµ

�
= κ
p
g T βµα r̃µpµi = pi (4.2.50)
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Based on the equivalence between purely metric and Palatini formulation of the standard GR, it is usually considered relevant to freeze the connection

Γ̃ = fgg in the metric-affine Lagrangian to obtain a purely metric theory, in this case based on the Lagrangian

L =
√
g

2κR+ Lm(g, ψ,rψ) (4.2.51)

While there is no general variational expectation for the two theories to be dynamically equivalent, this purely metric theory is called the metric

formulation of its metric-affine theory.

Sometimes the discussion goes also the other way. One starts from the purely metric theory (4.2.51) and somehow promotes the Levi Civita in it to be and independent

connection Γ̃, thence obtaining a metric-affine theory based on the Lagrangian (4.2.46). Also in this case, the metric-affine theory is called the metric-affine formulation

of the original purely metric theory. Again with no theoretical support, this time with the additional issue that, in general, the two operations of promoting and freezing

are not even the inverse of one another!

In fact, if the metric-affine theory contains terms factorising Γ̃− {g}, then when one freezes the connection such terms vanish and they are cancelled form the purely

metric formulation. When one then promotes the Levi Civita back to be independent and one defines the metric-affine formulation, a different metric-affine theory is

obtained where the terms factorising Γ̃− {g} have been removed.

Thus, not only there is no reason for those corresponding theories to be equivalent, but that correspondence between purely metric and metric-affine theories is not

even well-defined.

For some reason, however, it is generally believed that sometimes dynamical equivalence between purely metric and metric-affine fails to hold true. We shall show that

this is generally false: standard purely metric and metric-affine theories are dynamically equivalent, though along a map different with respect to the Levi Civita map.

However, here let us point out that because of this supposed lack of equivalence some prefer the purely metric formulations, some prefer metric-affine formulations,

some restrict to the cases in which equivalence holds considering it as a constraint on possible coupling between gravity and matter.

In my opinion, all this discussion is ill-posed, based on unmotivated expectations and false claims, and usually considered entirely reasonable, though in the wrong

direction. One should instead discuss the issue, assuming all formulations to be a priori inequivalent, investigating when dynamical equivalence holds true. Then one

should choose among dynamically inequivalent theories, mainly based on physical motivations, and discuss how and to what extend dynamical equivalences among

equivalent theories extend to full physical equivalence. Of course, it takes some time to do it and we shall spend most of the rest of this Chapter to provide results to

perform this project.

For the purely metric theory (4.2.51) the field equation is

Rµν � 1
2Rgµν = κT̂µν := κ

�
Tµν + 1

2rλT βεα
�
gαλgβµgεν � 2gµεδ

λ
βδ

α
ν + gµνδ

α
β δ

λ
ε

��
(4.2.52)

To pass form metric-affine to purely metric formulation we have to expand δũαβµ in the variation of the Lagrangian in terms of δgµν using equation (4.2.27). So we have

√
g

2 T
βµ
α δũαβµ =

√
g

4 T
βµ
α

(
gαλgβρgµσ − 2gρ(µδ

λ
β)δ

α
σ + gρσδ

α
(βδ

λ
µ)

)
∇λδgρσ =

=−
√
g

4 ∇λT
βε
α

(
gαλgβµgεν − 2gµεδ

λ
βδ
α
ν + gµνδ

α
β δ

λ
ε

)
δgµν +∇λ

(√
g

4 T
βµ
α

(
gαλgβρgµσ − 2gρ(µδ

λ
β)δ

α
σ + gρσδ

α
(βδ

λ
µ)

)
δgρσ

) (4.2.53)

In the metric-affine theory, the second field equation does not imply Γ̃ = fgg any longer, as instead it happened in Palatini formulation. It defines

more general connections, which depending on details, can even be non-metric.
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Thus, simply, the Levi Civita map does not contain all solutions of the metric-affine theory in its image. Accordingly, it cannot be used to establish

that the metric theory is an extension of the metric-affine theory. That is reasonable, since the connection is not defined out of the metric anymore, it

contains extra information which would be lost by the projection π∗ : Sec(C2)! Sec(C1).

We still do not have enough tools to show that the two theories are in fact dynamically equivalent, though along a different map. We shall be back to this issue in due

time.

This is not the only example of supposed lack of equivalence between purely metric, Palatini, and metric-affine theories. If we consider f(R)-theories

the supposed lack of equivalence appears even before considering metric-affine formulations.

In fact, when metric ψ is allowed, Palatini f(R)-theories are based on the following Lagrangian

L =
√
g

2κ f(R) + Lm(g, ψ,rψ) (4.2.54)

The variation fo the Lagrangian reads as

δL =
√
g

2κ

(
f ′(R)R̃(µν) − 1

2f(R)gµν − κTµν
)
δgµν − ∇̃α (

√
gf ′(R)gµν) δũαµν + (pi −∇µpµi ) δψi + Div (4.2.55)

where we denoted by −
√
g

2 Tµν the derivative of the matter Lagrangian with respect to gµν (and possibly, if the matter Lagrangian depends on {g}, one can expand

δ{g} in terms of ∇αδgµν and integrate it by parts, obtaining a contribution to Tµν , pi, and pµi are the momenta of the matter Lagrangian with respect to the matter

fields, and a pure divergence) and Div denotes pure divergence terms which come from integration by parts.

Field equations are

f ′(R)R̃(µν) � 1
2f(R)gµν = κTµν r̃α

�p
gf ′(R)gµν

�
= 0 rµpµi = pi (4.2.56)

Now, by tracing the first equation by gµν , one obtains the master equation in the form

f ′(R)R� m
2 f(R) = κT (4.2.57)

This time, unlike in the vacuum case, this allows generically to solve it for R = R(T ) so that the curvature does not need to be constant on the

spacetime M . It is instead expressed as a function of the matter distribution which is contained in the trace T := gµνTµν .

Then, using this information, the second equation does not imply Γ̃ = fgg any longer. On the contrary, one can show that it implies Γ̃ = fg̃g for a

conformal metric g̃ = ϕg for a conformal factor ϕ =
�
f ′(R)

� 2
m−2 ; see Subsection 6.2.2. Accordingly, the freezing of the connection induced by the Lavi

Civita map Γ̃ = fgg does not preserve solutions. The purely metric theory has more solutions and the Palatini theory has solutions which are not in

the image of the Levi Civita map. Accordingly, neither the Levi Civita map is an extension of the metric formulation from the Palatini formulation,

nor vice versa.

If we consider metric-affine f(R)-theories the situation just gets worse as we already saw, in the special case of standard GR.

Of course, that does not exclude that there are other maps (e.g. the Levi Civita map for the conformal metric, i.e. Γ̃ = fg̃g) which can be extensions.

Here the point is exactly to show that we do not have yet enough tools to deal with this issue in general.
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About different formalisms

Let us summarise the results we have up to this point.

We have a couple of results about solutions transported along maps which preserve the Lagrangian dynamics. The first result establishes a dynamical

equivalence when the correspondence between solutions is induced by a map between the configuration bundles. That is simple and it works properly

(under a further regularity assumption on the rank of the map to be maximal), showing that one can choose fundamental fields at will aiming to

simplify field equations, solve them and finally go back to the original fields. This is similar to what usually happens in mechanics.

The same result can be recast in active form, just by checking globality of the maps.

The second result is about maps which depend on field derivatives, so that they involve some jet prolongations of the configuration bundles. We

still have some result about solution mapping, however, the general result is not enough to generally show equivalence unless some further property is

required on the map. This is sufficient to prove equivalence in some specific cases (for example, in standard GR between purely metric and metric-affine

formalism). However, it is clear that this is not the way. We rather need a way to build maps (instead choosing them suitably) and induce dynamics

so that they are automatically equivalent.

When we consider the standard GR theory, we have a way of freezing the connection by using the Levi Civita map and define a purely metric theory

for any Palatini or metric-affine theory. While in vacuum and in the Palatini cases, the Levi Civita map is a dynamical equivalence, in a metric-affine

theory one can just show that the metric formalism is a dynamical extension of the metric-affine formulation.

When we generalise to f(R)-theories, the situation just does get worse; in vacuum, the purely metric formulation is an extension of the Palatini

formulation, not a dynamical equivalence. When matter is allowed the Levi Civita map is not even a dynamical extension of the purely metric

formulation with respect to the Palatini formulation, even more so for the metric-affine formulation.

The pattern here is clearly that dynamical equivalence is a coincidence in particularly simple cases, which is not preserved in more general theories.

Though, as a second thought, we realise that we still do not even know when metric and metric-affine theories are, in fact, dynamically equivalent.

What we know by now is that a particular map is not a dynamical equivalence, or a dynamical extension, depending on the case. We need a more

general procedure to better produce dynamical equivalences.

Before going into it, let us remark that, historically, GR was developed (1916) before (or at the same time) one had a general definition of connection

(1919, even if general gauge connections kept being developed until 1950s and beyond). At Einstein times, geometries were described in terms of

metrics. It is hence natural that, traditionally, one introduced the Palatini formalism in a theory by starting from its purely metric formulation and

promoting the Levi Civita connection to be an arbitrary, usually torsionless, connection. The whole standard GR is, historically, a firmly purely metric

theory, until 1970 when the Palatini (and metric-affine) formulations have eventually being considered on a physical ground. (Before it, of course,

Einstein and other people struggled to deal with Palatini, metric-affine and even purely affine—i.e. theories based on a connection and no metric at

all—though these were honestly considered more mathematical rather than physical theories for gravitation.) Whether the torsion of the connection

plays a physical role has to be discussed on a physical stance as well.
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3. Routh transform and dual Lagrangians

.Next SectionThe Routh transform (or partial Legendre transformation) is used in mechanics to select different Lagrangian coordinates and it is related to Legendre

transform which connects Lagrangian and Hamiltonian formalism.

For example, let us consider a planar motion in a central potential, described by the Lagrangian

L = 1
2

�
ṙ2 + r2θ̇2

�
+ V (r) (4.3.1)

The variation of the Lagrangian reads as

δL = ṙ δṙ +
�
rθ̇2 + V ′(r)

�
δr + r2θ̇ δθ̇ + 0 δθ (4.3.2)

where one recognises the momenta p = ṙ and J = r2θ̇.

By a standard integration by parts with respect to the time derivative, it can be written as

δL = d
dt

�
ṙδr + r2θ̇ δθ

�
+
�
�r̈ + rθ̇2 + V ′(r)

�
δr � d

dt

�
r2θ̇
�
δθ (4.3.3)

from which one sees that Lagrangian formalism corresponds to select (r, θ) as control variables.

Then the Euler–Lagrange equations are equivalently obtained directly from the Lagrangian variation as8><
>:
p =

∂L

∂ṙ
= ṙ

ṗ =
∂L

∂r
= rθ̇2 + V ′(r)

8>><
>>:
J =

∂L

∂θ̇
= r2θ̇

J̇ =
∂L

∂θ
= 0

(4.3.4)

Now, we know how to solve the angular equation parametrically. The map

r2θ̇ = J () θ̇ =
J

r2 (4.3.5)

expresses the angular variable in terms of the radial one so that the angular equation is automatically satisfied.

Then it would be convenient to use (r, J) as fundamental variables instead and recast the variation as

δ
�
L� Jθ̇

�
= ṙ δṙ +

�
rθ̇2 + V ′(r)

�
δr � θ̇ δJ (4.3.6)

Let us then define the function

W (r, ṙ, θ, J) = L� Jθ̇ = 1
2 ṙ

2 + 1
2r

2 J2

r4 + V (r)� J2

r2 = 1
2 ṙ

2 + V (r)� J2

2r2 (4.3.7)

The function W (r, ṙ, θ, J) (which, of course, as it happens to the Lagrangian, is not function but rather the coefficient of a 1-form) is called the Routh

function. The equations describing the system in terms of the Routh function are, in part (for the (r, ṙ) degree of freedom), Euler–Lagrange equations,

in part (for the (θ, J) degree of freedom) are Hamilton equations.
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The variation of this function is

δW = ṙδṙ +
�
V ′(r) + J2

r3

�
δr � J

r2 δJ + 0 δθ (4.3.8)

which induces the equations in the form 8><
>:
p =

∂W

∂ṙ
= ṙ

ṗ =
∂W

∂r
= V ′(r) + J2

r3

8><
>:
� θ̇ =

∂W

∂J
= � J

r2

J̇ =
∂W

∂θ
= 0

(4.3.9)

Accordingly, one can obtain both the definition of J and the radial equation from the Routh function W .

Let us remark that equation (4.3.4) and (4.3.9) are in fact equivalent, by construction. Notice that the radial equation is obtained as an Euler–Lagrange

equation, while the angular equation is obtained as a Hamilton equation. This can be avoided by using a procedure similar to the definition of the

Helmholtz Lagrangian on the Routh function.

We can introduce coordinates (r, ṙ, θ, J, uθ, uJ) and define the Lagrangian

LH(r, ṙ, θ, J, uθ, uJ) = Juθ +W (r, ṙ, θ, J) = J
(
uθ − θ̇

)
+ L(r, ṙ, θ, θ̇) = Juθ + 1

2 ṙ
2 + V (r)− J2

2r2 (4.3.10)

where θ̇ is expressed as a function of (r, ṙ, θ, J), namely in this case θ̇ = J
r2 .

This is an ordinary Lagrangian for the 3 pairs (r, ṙ), (θ, uθ), and (J, uJ), being, of course, degenerate with respect to J since it does not depend on uJ at all. The

corresponding Euler–Lagrange equations are

r̈ = V ′ +
J2

r3
J̇ = 0

{
uθ = dθ

dt

0 = uθ − J
r2

(4.3.11)

respectively. These equations, in fact, account for the radial equation, the conservation of J and the definition of J . They are trivially equivalent to (4.3.9), and,

consequently, to the original equations (4.3.4), though this time they are Euler-Lagrangian equation of a Lagrangian, namely LH .

Let us remark that passing from the Lagrangian L to the Lagrangian LH can, in fact, be described as promoting the angular momentum J to be and independent

variable, though this time by a precise procedure. Notice also that, in this case, the precise procedure to promote J to be an independent degrees of freedom does not

amount to simply replacing θ̇ = J
r2 in the original Lagrangian. That would produce the Lagrangian

LJ = 1
2 ṙ

2 +
J2

2r2
+ V (r) (4.3.12)

which is not equivalent to the original Lagrangian, since, for example, it produces an incorrect radial equation.

One can also prove in mechanics that this procedure generally leads to an equivalent Helmholtz Lagrangian.

Let us consider a Lagrangian

L = L(q0, u0, qi, ui) (4.3.13)

The variation is

δL =
∂L

∂u0
δu0 +

∂L

∂q0
δq0 +

∂L

∂ui
δui +

∂L

∂qi
δqi (4.3.14)

which induces Euler–Lagrange equations in the form
d

dt

(
∂L

∂u0

)
=
∂L

∂q0

d

dt

(
∂L

∂ui

)
=
∂L

∂qi
(4.3.15)
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Then one can define J = ∂L
∂u0 and integrate by parts with respect to the variation δ to recast the variation of the Lagrangian as

δ
(
L− Ju0

)
= −u0δJ +

∂L

∂q0
δq0 +

∂L

∂ui
δui +

∂L

∂qi
δqi (4.3.16)

and define the Routh function as

W (q0, J, qi, ui) = L(q0, U0, qi, ui)− JU0 (4.3.17)

where the function U0(q0, J, qi, ui) is obtained by solving the definition of J for the velocity u0. The equations associated to this Routh function are
q̇0 = −∂W

∂J

J̇ =
∂W

∂q0


pi =

∂W

∂ui
=
∂L

∂ui
+

(
∂L

∂u0
− J

)
∂U0

∂ui

ṗi =
∂W

∂qi
=
∂L

∂qi
+

(
∂L

∂u0
− J

)
∂U0

∂qi

(4.3.18)

The first block of equations accounts for the Routh transform and for the equation for q0, in fact

q̇0 = −∂W
∂J

= −
(
∂L

∂u0
− J

)
∂U0

∂J
+ U0 = U0 ⇐⇒ ∂L

∂u0
= J (4.3.19)

and

J̇ =
∂W

∂q0
=
∂L

∂q0
+

(
∂L

∂u0
− J

)
∂U0

∂q0
=
∂L

∂q0
(4.3.20)

Finally, let us add q̇0 and J̇ as Lagrangian velocities for q0 and J and define the Helmholtz Lagrangian as

LH(q0, q̇0, J,J̇ , qi, ui) = Jq̇0 +W (q0, J, qi, ui) = J
(
q̇0 − U0(q0, J, qi, ui)

)
+ L(q0, U0(q0, J, qi, ui), qi, ui) (4.3.21)

hence obtaining the three sets of Euler–Lagrange equations
p0 =

∂LH
∂q̇0

= J

dp0

dt
=
∂LH
∂q0

=
∂L

∂q0


pJ =

∂LH

∂J̇
= 0

dpJ
dt

=
∂LH
∂J

= q̇0 − U0 = 0


pi =

∂LH
∂q̇i

=
∂L

∂ui
+

(
∂L

∂u0
− J

)
∂U0

∂ui

dpi
dt

=
∂LH
∂qi

=
∂L

∂qi
+

(
∂L

∂u0
− J

)
∂U0

∂qi

(4.3.22)

which are equivalent to the original equations, as well as the Routh transform q̇0 = U0(q0, J, qi, ui) ⇐⇒ J = ∂L
∂u0 .

Planar non-central motions

Let us here consider the more general case of a planar motion which is not central (so that the angular momentum J is not conserved) described by

the Lagrangian

L = 1
2

�
ṙ2 + r2θ̇2 + cr2 + 2brθ + aθ2

�
(4.3.23)

with a, b, c 2 R constants and, for future convenience, we consider a 6= 0. The variation of the Lagrangian reads as

δL = ṙ δṙ +
�
rθ̇2 + cr + bθ

�
δr + r2θ̇ δθ̇ + (br + aθ) δθ (4.3.24)
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so that, by defining J = r2θ̇ for the angular momentum which, however now, is not conserved. The equations of motion are

r̈ = J2

r3 + cr + bθ J̇ = br + aθ (4.3.25)

Then we integrate by parts (with respect to the variation δ) to obtain

δ(L� Jθ̇) = ṙδṙ +
�
rθ̇2 + cr + bθ

�
δr � θ̇δJ + (br + aθ) δθ (4.3.26)

and define the Routh function

W (r, ṙ, θ, J) = 1
2

�
ṙ2 + cr2 + 2brθ + aθ2

�
� J2

2r2 (4.3.27)

The variation of the Routh function is

δW = ṙ δṙ +
�
J2

r3 + cr + bθ
�
δr � J

r2 δJ + (br + aθ) δθ (4.3.28)

and equations of motion are

r̈ = J2

r3 + cr + bθ

(
θ̇ = J

r2

J̇ = br + aθ
(4.3.29)

which are obviously equivalent to the original Euler–Lagrange equations and the definition of the angular momentum J . This time these are coupled

equations and we cannot write a purely radial equation since J is not constant, as it happens in central motions.

In this case the Helmholtz Lagrangian corresponds to introduce extra velocities (uθ, uJ) and define

LH(r, ṙ, θ, uθ, J, uJ) = Juθ +W (r, ṙ, θ, J) = J
(
uθ − J

r2

)
+ 1

2

(
ṙ2 + cr2 + 2brθ + aθ2

)
+ J2

2r2 (4.3.30)

Then we can define

J̇ = br + aθ () θ = J̇−br
a (a 6= 0) (4.3.31)

and go to coordinates (r, ṙ, J,J̇). We can go back to the variation (4.3.28) and integrate by parts J̇δθ = δ(J̇θ)� θδJ̇ and recast it is

δL∗ = δ
�
W � J̇θ

�
= ṙ δṙ +

�
J2

r3 + cr + bθ
�
δr � J

r2 δJ � θ δJ̇ (4.3.32)

Then we have the Lagrangian

L∗ =1
2

�
ṙ2 + cr2 + 2br J̇−bra + a (J̇−br)2

a2

�
� J2

2r2 � J̇ J̇−bra = 1
2 ṙ

2 + c
2r

2 � J2

2r2 + 2brJ̇−2b2r2+J̇2+b2r2−2brJ̇−2J̇
2
+2brJ̇

2a =

=1
2 ṙ

2 � (J̇−br)2

2a + c
2r

2 � J2

2r2

(4.3.33)

The variation of the Lagrangian L∗ is in fact

δL∗ = ṙ δṙ +
�
J2

r3 + cr + b (J̇−br)
a

�
δr � J

r2 δJ � (J̇−br)
a δJ̇ (4.3.34)
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and the corresponding equations of motions are

r̈ = J2

r3 + cr + b (J̇−br)
a J̈ � bṙ = a J

r2 (() J̈ = bṙ + aθ̇ = bṙ + a J
r2 ( J̇ = br + aθ) (4.3.35)

Then the Lagrangians L and L∗ are dynamically equivalent by construction. However, let us notice that the Lagrangian L∗ has many features which

are considered strange (e.g. it has a generalised potential dependent on velocities) if not severe inconsistencies (negative kinetic energy for the J degree

of freedom, if a > 0). For sure, it does not seem to describe the same system as the Lagrangian L which is pretty standard, though it does.

Let us remark that the Routh function is not a Lagrangian. In this example, it is clear that one has an Euler-Lagrangian equation for (r, ṙ) while

(θ, J) obey Hamilton equations and they are a pair of canonically conjugated coordinates. However, when one composes two Routh transformations

with respect to a pair of variables, then a real Lagrangian L∗ is obtained again, in which the momentum J is now treated as a position while the angle

θ is replaced by the velocity J̇ of J . The systems is again described in terms of Euler–Lagrange equations, this time of a different Lagrangian L∗, which

is called the dual Lagrangian.

Geodesics in spherically symmetric geometries

Let us consider a Lorentzian manifold (M, g) of dimension 3 and consider the Lagrangian

L =
p�gµν ẋµẋνds (4.3.36)

A curve xµ(s) is g-time-like if its tangent vector ẋ obeys g(ẋ, ẋ) < 0. The curve is called a g-time-like g-geodesics trajectory if it is a solution of its

Euler–Lagrange equations.

The Riemannian manifold (M, g) is called static and spherically symmetric if there exists a coordinate system (t, r, φ) in which the metric has the

local expression

g = �A(r)dt2 +B(r)dr2 + r2d�2 (4.3.37)

Then the Lagrangian takes the form

L =

r
A(r)

�
dt
ds

�2 �B(r)
�
dr
ds

�2 � r2
�
dφ
ds

�2
ds =

q
A(r)�B(r)ṙ2 � r2φ̇2dt (4.3.38)

where the last step corresponds to choosing s = t as a parameter along a g-time-like curve and the dot denotes derivative with respect to t.

This Lagrangian L(r, ṙ, φ, φ̇) is covariant with respect to diffeomorphisms and reparameterisations. It has two first integrals (which are associated to

the fact that t and φ do not appear explicitly in the Lagrangian)8>>>>>><
>>>>>>:

K =
�r2φ̇q

A(r)�B(r)ṙ2 � r2φ̇2
() φ̇ = �K

r2

q
A(r)�B(r)ṙ2 � r2φ̇2

E =
�B(r)ṙ2 � r2φ̇2q

A(r)�B(r)ṙ2 � r2φ̇2
�
q
A(r)�B(r)ṙ2 � r2φ̇2 =

�B(r)ṙ2 � r2φ̇2 �A(r) +B(r)ṙ2 + r2φ̇2q
A(r)�B(r)ṙ2 � r2φ̇2

(4.3.39)
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The intersections of the level sets of these two first integrals determine trajectories which are solutions of Euler–Lagrange equations (which in fact are

all the solutions since the Lagrangian is invariant with respect to parameterisations so that a parameterisation along the solution cannot be determined).

The equations are then equivalent to8>><
>>:
r2φ̇ = �K

q
A�Bṙ2 � r2φ̇2 ) r2φ̇2 = K2A�Bṙ2

r2 +K2

E

q
A�Bṙ2 � r2φ̇2 = �A ) (r2 +K2)Bṙ2 +K2A�K2Bṙ2

r2 +K2 = A

�
1� A

E2

� (4.3.40)

Then we have

ṙ2 =
A

B

�
1� A

E2

� 
1 +

K2

r2

!
� K2

r2

A

B
=
A

B

 
1� A

E2 �
K2

r2

A

E2

!
=
A

B

 
1� A

E2

r2 +K2

r2

!
(4.3.41)

which depends only on r. Then

φ̇2 =
K2

r2(r2 +K2)

A2

E2

r2 +K2

r2 ) φ̇ =
KA

Er2 ) ṙ2 =
A

B

E2r2 �A(r2 +K2)

E2r2 (4.3.42)

Accordingly, one solves the radial equation (4.3.41) to find r(t) and then uses the angular equation (4.3.42) to determine φ(t). Solutions are

parameterised by the value of first integrals (K,E).

The angular equation can be identically solved parametrically by

φ̇2 =
K2

r2

A�Bṙ2

r2 +K2 ) φ̇ = �K
r

s
A�Bṙ2

r2 +K2 (4.3.43)

One can then define the Routh function, using this parameterisation of the angular solution, as

W (r, ṙ, φ,K) = L�Kφ̇ =

s
(r2 +K2 �K2)

A�Bṙ2

r2 +K2 +
K2

r

s
A�Bṙ2

r2 +K2 =
r2 +K2

r

s
A�Bṙ2

r2 +K2 =
1

r

q
(A�Bṙ2)(r2 +K2) (4.3.44)

Since it is independent of t, one has a first integral

E∗ = �
 
Bṙ2

r
+
A�Bṙ2

r

!s
r2 +K2

A�Bṙ2 =
�Ap

A�Bṙ2

r
r2 +K2

r2 (4.3.45)

The first integral E∗ is equivalent to E along the angular map, in fact

E =
�Aq

A�Bṙ2 � r2φ̇2
=

�Aq
A�Bṙ2 �K2A−Bṙ2

r2+K2

=
�Aq

(r2 +K2 �K2) A−Bṙ
2

r2+K2

=
�A
r

s
r2 +K2

A�Bṙ2 = E∗ (4.3.46)
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Then we have a new way of writing equivalent equations as

8><
>:
p∗r =

∂W

∂ṙ

ṗ∗r =
∂W

∂r

8>>><
>>>:
� φ̇ =

∂W

∂K
=
K

r

s
A�Bṙ2

r2 +K2

K̇ =
∂W

∂φ
= 0

(4.3.47)

The second set of these equations accounts for the definition and conservation of K.

The radial equation ṗ∗r = ∂W
∂r is equivalent to the conservation of E∗, i.e. to the conservation of E. In particular, the radial equation is equivalent to

conservation of E∗, which is equivalent to conservation of E, proving equivalence of the two systems.

Quite interestingly, checking equivalence, which is quite trivial in view of the theory, is quite complicated directly.

For the radial equation from W , we first need to compute the momenta:
p∗r =

∂W

∂ṙ
=

−Bṙ√
A−Bṙ2

√
r2 +K2

r2

∂W

∂r
=

A′ −B′ṙ2

2
√
A−Bṙ2

√
r2 +K2

r2
+
√
A−Bṙ2

∂

∂r

√
r2 +K2

r2
=

(A′ −B′ṙ2)r(r2 +K2)− 2K2(A−Bṙ2)

2r2
√
r2 +K2

√
A−Bṙ2

(4.3.48)

where we used
∂

∂r

√
r2 +K2

r2
=

1

2

r√
r2 +K2

2r3 − 2r(r2 +K2)

r4
=

−K2

r2
√
r2 +K2

(4.3.49)

Then, we can compute ṗ∗r and ∂W
∂r as

ṗ∗r =
−Bṙ2

√
A−Bṙ2

∂

∂r

√
r2 +K2

r2
+
−2(B′ṙ2 +Br̈)(A−Bṙ2) +Bṙ(A′ṙ −B′ṙ3 − 2Bṙr̈)

2(A−Bṙ2)3/2

√
r2 +K2

r2
=

=
2K2Bṙ2(A−Bṙ2) +

(
−2(B′ṙ2 +Br̈)(A−Bṙ2) +Bṙ(A′ṙ −B′ṙ3 − 2Bṙr̈)

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

=

=
2K2ABṙ2 − 2K2B2ṙ4 +

(
−2AB′ṙ2 − 2ABr̈ + 2BB′ṙ4 + 2B2ṙ2r̈ +A′Bṙ2 −BB′ ṙ4 − 2B2ṙ2r̈

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

=

=
2K2ABṙ2 − 2K2B2ṙ4 +

(
−2AB′ṙ2 − 2ABr̈ +BB′ṙ4 +A′Bṙ2

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

∂W

∂r
=
−2K2(A2 − 2ABṙ2 +B2ṙ4) + (A′ −B′ṙ2)(A−Bṙ2)r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

=

=
−2K2A2 + 4K2ABṙ2 − 2K2B2ṙ4 + (AA′ −AB′ṙ2 −A′Bṙ2 +BB′ṙ4)r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

(4.3.50)

Thus the radial equation for W is

ṗ∗r −
∂W

∂r
=

2K2ABṙ2 − 2K2B2ṙ4 + 2K2A2 − 4K2ABṙ2 + 2K2B2ṙ4 +
(
−2AB′ṙ2 − 2ABr̈ +BB′ṙ4 +A′Bṙ2 −AA′ +AB′ṙ2 +A′Bṙ2 −BB′ṙ4

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

=

=
2K2A2 − 2K2ABṙ2 +

(
−AA′ −AB′ṙ2 − 2ABr̈ + 2A′Bṙ2

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

(4.3.51)
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If one wants to compare directly with the radial equation for L, one can use the conservation of K in the momenta of W

pr =
∂L

∂ṙ
=

−2Bṙ

2

√
A−Bṙ2 − r2φ̇2

=
−2Bṙ

2
√

(r2 +K2 −K2) A−Bṙ
2

r2+K2

=
−Bṙ√
A−Bṙ2

√
r2 +K2

r2
= p∗r

∂L

∂r
=

A′ −B′ṙ − 2rφ̇2

2

√
A−Bṙ2 − r2φ̇2

=
A′ −B′ṙ − 2K2 A−Bṙ2

r(r2+K2)

2
√

(r2 +K2 −K2) A−Bṙ
2

r2+K2

=
(A′ −B′ṙ)r(r2 +K2)− 2K2(A−Bṙ2)

2r2
√
r2 +K2

√
A−Bṙ2

=
∂W

∂r

(4.3.52)

so that the radial equations are equivalent.

The equivalence of the radial equation with the conservation of E∗ is also quite involved. The conservation can be expanded as

Ė∗ =
∂

∂r

√
r2 +K2

r2

−Aṙ(A−Bṙ2)

(A−Bṙ2)3/2
+
√
r2 +K2

−2A′ṙ(A−Bṙ2) +A(A′ṙ −B′ṙ3 − 2Bṙr̈)

2r(A−Bṙ2)3/2
=

=
2K2A(A−Bṙ2) +

(
−2A′ṙ(A−Bṙ2) +A(A′ −B′ṙ2 − 2Br̈)

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

ṙ =

=
2K2A2 − 2K2ABṙ2 +

(
−AA′ −AB′ṙ2 − 2ABr̈ + 2A′Bṙ2

)
r(r2 +K2)

2r2
√
r2 +K2(A−Bṙ2)3/2

ṙ =

(
ṗ∗r −

∂W

∂r

)
ṙ = 0

(4.3.53)

Of course, non-triviality of the direct computation is in recognising that radial equation (4.3.51) is, in fact, equivalent to a total time derivative, as shown by (4.3.53).

Klein–Gordon equation

Let us here discuss equivalent formulations of Klein–Gordon equation. We shall consider the metric to be eventually fixed as in special relativity. The

Klein–Gordon Lagrangian for a real scalar field is

L = �
p
g

2

�
gµν

∗
rµψ

∗
rνψ + µ2ψ2

�
(4.3.54)

Its variation reads as

δL = �
√
g

2 Tµνδg
µν � �pggµνrµψ� δrνψ � �µ2pgψ

�
δψ (4.3.55)

Set pν := �pggµνrµψ for the momenta and integrate by parts

δ
�
L� pµrµψ

�
= �

√
g

2 Tµν δg
µν �rµψ δpµ �

�
µ2pgψ

�
δψ (4.3.56)

Then the Routh function for the coordinates (g, ψ, pµ) is defined as

W = L� pµrµψ = 1
2
√
gp
µpνgµν �

√
g

2 µ
2ψ2 (4.3.57)

and one can check directly that its variation reproduces the variation as obtained after the integration by parts (4.3.56), namely we have

δW = �
√
g

2 T
∗
µν δg

µν + 1√
gp
µgµνδp

ν � µ2pgψδψ (4.3.58)
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Its field equations are 8>><
>>:
�rµψ =

∂W

∂pµ
= 1√

gp
νgµν

rµpµ =
∂W

∂ψ
= �µ2pgψ

) �ψ � µ2ψ = 0 (4.3.59)

which account for the original Klein–Gordon equation as well as for the definition of the momentum pµ.

Of course, the Routh function is not a Lagrangian, though we can introduce the Helmholtz Lagrangian

LH = 1
2
√
gp
µpνgµν �

√
g

2 µ
2ψ2 + pµψµ (4.3.60)

for the fundamental fields (ψ,ψµ; pµ, pµν ), which in fact is zero order in pµ. Its Euler–Lagrange equations are

dµ

�
∂LH
∂pνµ

�
� 0 = ψν + 1√

gp
µgµν dµ

�
∂LH
∂ψµ

�
� rµpµ = �µ2pgψ (4.3.61)

which are in fact equivalent to (4.3.59), though this time in a Lagrangian formalism.

For µ 6= 0, we can now define p = �µ2pgψ and integrate by parts again

δ (W � pψ) = �
√
g

2 T
∗
µν δg

µν �rµψ δpµ � ψδp (4.3.62)

to define a new Lagrangian L∗ = W � pψ which is a function of (g, pµ, p = rµpµ), i.e. it depends only on the trace rµpµ. We have

L∗ = 1
2
√
gp
µpνgµν + 1

2pψ � pψ = 1
2
√
g

�
pµpνgµν + 1

µ2

�rµpµ�2� (4.3.63)

That is a Lagrangian for a vector density of weight 1, namely pµ, which depends on the derivatives of fields only through the combination
∗
rµpµ. Of

course, its variation matches with the variation (4.3.62), namely

δL∗ = �
√
g

2 T
∗
µν δg

µν + 1√
gp
µgµν δp

ν + 1
µ2√grεpεδµν δrµpν (4.3.64)

The matter field equations are √
g

µ2rν
�

1√
grεpε

�
= pµgµν ) gµνrνrεpε = µ2pµ (4.3.65)

which everything seems but a Klein–Gordon equation. However, one can easily show that pµ is a solution of this equation iff ψ = � 1
µ2√grµpµ is a

solution of the original Klein–Gordon equation.

If pµ is a solution and we define ψ = − 1
µ2√g∇µp

µ then we have

�ψ − µ2ψ = − 1
µ2√g

(
∇α
(
gαβ∇β∇µpµ

)
− µ2∇µpµ

)
= − 1

µ2√g
(
∇α
(
µ2pα

)
− µ2∇µpµ

)
= − 1√

g (∇αpα −∇µpµ) = 0 (4.3.66)
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i.e. ψ is a solution of the original Klein–Gordon equation. On the other hand, if ψ is a solution of the Klein–Gordon equation and we define pµ = −√ggµν∇µψ then

we have

gµν∇ν∇εpε − µ2pµ =
(
gµνδεσ∇ν∇εpσ − µ2δµσp

σ
)

= −√ggµν∇ν
(
�ψ − µ2ψ

)
= 0 (4.3.67)

i.e. pµ is a solution of the equation (4.3.65).

M M
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..............................................................................................................................

Let us now consider these maps from a bundle perspective.

Let S = M � R be the bundle for the Klein–Gordon field ψ and Am−1(M) the bundle for pµ.

The original Klein–Gordon theory is defined on C1 = Lor(M) �M S and it is of order (0, 1), so that the Lagrangian is a horizontal

form over JC1 = Lor(M)�M J1S. The dual theory is defined on C2 = Lor(M)�Am−1(M), it is of order (0, 1), i.e. the Lagrangian is

a horizontal form over JC2 = Lor(M)�M J1Am−1(M). The map pν = �pggµνrµψ can be regarded as a map

p̄ : Lor(M)�M J1S ! Lor(M)�M Am−1(M) (4.3.68)

while ψ = � 1
µ2√grµpµ defines a map

ψ̄ : Lor(M)�M J1Am−1(M)! Lor(M)�M S (4.3.69)

Neither of these maps are one-to-one on configurations. Of course, they are not injective (all constants are sent to zero) nor surjective (for example, a

pµd�µ in the image of the map p̄ is an (m� 1)-form which, by Hodge duality, corresponds to a 1-form and this 1-form rµψdxµ happens to be exact).

We directly proved above how these two maps can be restricted to solutions and are there the inverse one of the other, thus defining a dynamical

equivalence. As far as the dynamics are concerned the maps can be prolonged to the jet where the Lagrangians live

Jp̄ : J2C1 ! JC2 Jψ̄ : J2C2 ! JC1 (4.3.70)

where we set J2C1 = Lor(M)�M J2S and J2C2 = Lor(M)�M J2Am−1(M).

The dual Lagrangian (4.3.63) lives on JC2 and hence can be pulled back along the map Jp̄ on J2C1. Hence one obtains

(Jp̄)∗L∗ =�
√
g

2

�
gαβrαψrβψ + µ2ψ2 � 2gαβrαψrβψ � 1

µ2

�
�ψ�ψ + µ4ψ2

��
=

=�
√
g

2

�
gαβrαψrβψ + µ2ψ2

�
+
√
g

2µ2

�
�ψ � µ2ψ

�2
+rβ

�p
ggαβrαψψ

� (4.3.71)

Now, the last term is a pure divergence, thus it does not affect solutions. The other term vanishes on solutions which, in general, is not clear whether

it affects solutions. Solutions of the theory depends on the Lagrangian, not on its value on shell. Overall, we can say that the map does not even

preserves the Lagrangian dynamics, still it induces a map which sends solutions into solutions, as we showed directly.

For the term l =
√
g

2µ2

(
�ψ − µ2ψ

)2
we have the variation

δl =
√
g

µ2

(
�ψ − µ2ψ

) (
�δψ − µ2δψ

)
−
√
g

2 tµνδg
µν + Div =

√
g

µ2

(
�
(
�ψ − µ2ψ

)
− µ2

(
�ψ − µ2ψ

))
δψ −

√
g

2 tµνδg
µν + Div (4.3.72)
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That shows two things: first, that the field equation does change, so that the modification to Lagrangian cannot be a pure divergence.

Second, that the modification of the field equation still vanishes along solutions (since �ψ− µ2ψ = 0). Thus any solution of the original Klein–Gordon theory is still a

solution for the theory based on (Jp̄)∗L∗.

The other way around one has

(Jψ̄)∗L =
1

2µ4pg
�
�gµνrµrαpαrνrβpβ � (2� 1)µ2(rµpµ)(rνpν)

�
=

=� 1

2µ4pg
�
gµνrµrαpαrνrβpβ + µ4gµνp

µpν + 2µ2rµpµrνpν
�

+
1

2
p
g

�
gµνp

µpν + 1
µ2 (rµpµ)(rνpν)

�
=

=� 1

2µ4pg
�
gµνrµrαpαrνrβpβ + µ4gµνp

µpν � 2µ2rνrµpµpν
�

+
1

2
p
g

�
gµνp

µpν + 1
µ2 (rµpµ)(rνpν)

�
�rν

�
1

µ2pgrµp
µpν
�

=

=� 1

2µ4pg
�
gµνrµrαpα � µ2pµ

�
gνσ

�
gσρrρrβpβ � µ2pσ

�
+

1

2
p
g

�
gµνp

µpν + 1
µ2 (rµpµ)(rνpν)

�
�rν

�
1

µ2pgrµp
µpν
�

(4.3.73)

Thus, again in this case, the map which establishes the equivalence does not even preserve the Lagrangian dynamics. The pure divergence does not

affect solutions while the difference l∗ = � 1
2µ4√g

�
gµνrµrαpα � µ2pµ

�
gνσ
�
gσρrρrβpβ � µ2pσ

�
does contribute to field equation (so it is not a pure

divergence) though it does not affect solutions, anyway.

The variation of the difference l∗ is

δl∗ = − 1

µ4√g
(
gσρ∇ρ∇β − µ2I

) (
gµν∇µ∇αpα − µ2pµ

)
gνσδp

σ −
√
g

2 t
∗
µνδg

µν + Div (4.3.74)

Of course, the contribution to field equation does vanish along solutions of the theory based on L∗, since, in that case, one has gµν∇µ∇αpα = µ2pµ.

What we want to point out here is that dynamical equivalence can connect quite different theories, with a different number of degrees of freedom,

different fundamental fields, and a different order, still being a quite precise mathematical equivalence.

Should I go into on shell sym-

metries?

When dealing with maps which depends on derivatives, one is forced to enlarge the definition of preserving the dynamics from preserving the Lagrangian

(possibly modulo pure divergence) to preserving the solutions.

This example shows that two dynamics can have the “same solutions” but rather different field equations (hence their action differ by more than a

constant due to a pure divergence). Such a transformation will be called a symmetry which is more general that a (generalised) Lagrangian symmetry.

Let us also notice that most of the interpretation of physics of fields (e.g. what is the kinetic energy, the minimal coupling, which interactions are

described by a potential) are often not invariant by these Routh transformations. Accordingly, if we are lucky, we have to adjust the interpretation every

time we perform Routh transform (or when we compose two of them, i.e. we make a duality transformation). If we are not, they are inessential guidelines

for interpretation, since they cannot be essential for describing the physical world if they cannot be formulated independently of the mathematical

formulation we choose for describing a physical system.
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General equivalences among first order theories

We are now able to state and prove some general theorems out of these examples.

Let us first consider fields (yi, z) (where z, collectively, represents a family of fields) and a first order dynamics for them, namely a covariant Lagrangian

L = L(j1y, j1z)d� (4.3.75)

which variation is expressed as

δL = piδy
i + pµi δy

i
µ + pδz + pµδz (4.3.76)

where we defined the momenta as usual, in particular

pi =
∂L

∂yi
(j1y, j1z) pµi =

∂L

∂yiµ
(j1y, j1z) (4.3.77)

Now, suppose we are able to solve the definition of pµi with respect to yiµ, i.e.

yiµ = Y i
µ(y, p, j1z) (4.3.78)

and we integrate by parts the variation as

δL = piδy
i + δ

�
pµi y

i
µ

�
� yiµδpµi + pδz + pµδz ) δ

�
L� pµi yiµ

�
= piδy

i � yiµδpµi + pδz + pµδz (4.3.79)

Thus we can define the Routh function

W (y, p, j1z) = L(y, Y (y, p, j1z), j1z)� pµi Y i
µ(y, p, j1z) (4.3.80)

as well as the Helmholtz Lagrangian

LH(j1y, j0p, j1z) = pµi y
i
µ +W (y, p, j1z) = pµi

�
yiµ � Y i

µ(y, p, j1z)
�

+ L(y, Y (y, p, j1z), j1z) (4.3.81)

The original field equations for L are

dµp
µ
i = pi dµp

µ = p (4.3.82)

In terms of the Routh function W (y, p, j1z), we have Hamilton equations for y and Euler–Lagrange equation for z, i.e.8>><
>>:
dµy

i = �∂W
∂pµi

dµp
µ
i =

∂W

∂yi

dµ

�
∂W

∂zµ

�
=
∂W

∂z
(4.3.83)

which are in fact equivalent to the original field equations.
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By the definition (4.3.80) of the Routh function, we have a relation among momenta, namely

∂W

∂pµi
=

∂L

∂yjν

∂Y jν
∂pµi

− Y iµ − pνj
∂Y jν
∂pµi

∂W

∂yi
=
∂L

∂yi
+
∂L

∂yjν

∂Y jν
∂yi
− pνj

∂Y jν
∂yi

∂W

∂zµ
=

∂L

∂yjν

∂Y jν
∂zµ

+
∂L

∂zµ
− pνj

∂Y jν
∂zµ

∂W

∂z
=

∂L

∂yjν

∂Y jν
∂z

+
∂L

∂z
− pνj

∂Y jν
∂z

(4.3.84)

By substituiting these into the equations (4.3.83), we obtain directly the original field equations (4.3.82).

Thus for any solution (yi(x), z(x)) of the original equations (4.3.82), we can define pµi (x) = ∂L
∂yiµ

(j1y(x), j1z(x)) so that (yi(x), pµi (x), z(x)) is a solution of the equation

(4.3.83). Vice versa, for any solution (yi(x), pµi (x), z(x)) of the equation (4.3.83), one has a solution (yi(x), z(x)) of the original equations (4.3.82) and, moreover, one

has pµi (x) = ∂L
∂yiµ

(j1y(x), j1z(x)). Accordingly, the descriptions by L and W are equivalent.

Let us stress that in the equations (4.3.80) for yi and pµi , the first equation reproduces the Routh transformation (precisely, its inverse) while the

second reproduces the original dynamics.

The Euler–Lagrange equations for the Helmholtz Lagrangian are

dµ

�
∂LH
∂yiµ

�
=
∂LH
∂yi

dµ

 
∂LH
∂pαiµ

!
= 0 =

∂LH
∂pαi

dµ

�
∂LH
∂zµ

�
=
∂LH
∂z

(4.3.85)

which are again equivalent to the original dynamics together with the Routh transformation.

From the definition (4.3.81) of the Helmholtz Lagrangian, we have naive momenta

∂LH
∂yiµ

= pµi
∂LH
∂yi

=
∂W

∂yi
=
∂L

∂yi

∂LH
∂pαiµ

= 0
∂LH
∂pαi

= yiα +
∂W

∂pαi
= yiα − Y iµ

∂LH
∂zµ

=
∂W

∂zµ
=

∂L

∂zµ

∂LH
∂z

=
∂W

∂z
=
∂L

∂z

(4.3.86)

so that the first equation in (4.3.85) for LH reproduces the dynamics for y, the second equation reproduces the Routh transformation, and the third equation reproduces

the dynamics for z.

Thus using Routh transform, when possible, is an actual improvement since the transformation to be done on fields is suggested by the integration by

parts we made on the variation of the Lagrangian and we have a prescription to define a new Lagrangian so that dynamics is automatically equivalent

to the original Lagrangian. That allows us to connect quite different formulations of Lagrangian dynamics, in a much wider context than simple

redefinition of fields induced by maps between configuration bundles. In this case, contrarily to maps between configuration bundles, the corresponding

field theories may be defined on configuration bundles with different dimensions, i.e. with a different number of fundamental fields. Accordingly, the

number of fundamental fields looses its physical meaning and it becomes a mathematical choice.

Routh transforms, of course, need that we are able to invert part of the momenta in terms of part of the field derivatives. Lagrangians in field theories

are often, almost always, degenerate but often that is possible on a subset of fields. In other words, even when the Lagrangian degeneracy prevents

Legendre transformations, it often allows partial Legendre transformations, i.e. Routh transformations.
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Although Routh transformations allow a more systematic comparison among seemingly different theories, let us stress that the general problem of

excluding that two specific field theories are in fact dynamically equivalent with respect to some higher order map is still well out of reach. Even though

Routh transforms provide maps along which dynamical equivalence holds true, there is no clue that any dynamical equivalence can be generated this

way.

Finally, let us point out that one can also differently integrate by parts the original Lagrangian variation (4.3.76), e.g.

δ
�
L� piyi

�
= �yiδpi + pµi δy

i
µ + pδz + pµδz (4.3.87)

this time solving the definition of pi with respect to yi = Y i(yjν , pj , j
1z) to obtain a different Routh function

W ′(y, p, j1z) = L(Y (y, p, j1z), y, j1z)� piY i(y, p, j1z) (4.3.88)

We can check directly that equations form this other Routh function W ′, namely8>>><
>>>:
pi = dµ

∂W ′

∂yiµ

yi = �∂W
′

∂pi

dµ

�
∂W ′

∂zµ

�
=
∂W ′

∂z
(4.3.89)

are equivalent to the original equations (and the Routh transform) though they are not in the form of Hamilton equations.

Momenta are

∂W ′

∂yiµ
= pj

∂Y j

∂yiµ
+ pµi − pj

∂Y j

∂yiµ

∂W ′

∂pi
= pj

∂Y j

∂pi
− Y i − pj

∂Y j

∂pi

∂W ′

∂z
= pj

∂Y j

∂z
+
∂L

∂z
− pj

∂Y j

∂z

∂W ′

∂zµ
= pj

∂Y j

∂zµ
+
∂L

∂zµ
− pj

∂Y j

∂zµ
(4.3.90)

from which equivalence easily follows.

All this discussion about equivalence is essentially local. However, if we control transformation rules of fields pµi and we define a bundle on which they

are global sections, then the Routh transform can be easily set up as a global bundle map (as we did for Klein–Gordon field allowing prolongations of

the configuration bundle to be involved) and the equivalence can be established at a global level.

Also, we did not used here covariant derivatives. By using total derivatives instead, terms fail to be geometrically meaningful. Of can however, take

these guidelines and repeat the computation using covariant derivatives when possible. One only needs to devote extra care to the fact that covariant

derivatives and variations do not commute.

Standard purely metric and metric-affine formalism

The situation with Routh transform is greatly improved. Now we are able to consider a theory and, integrating by parts with respect to δ its variation,

to define both the map and the new dynamics so that the two field theories are automatically dynamically equivalent. It may not cover the most

general situation though, we shall see, that it covers a lot of cases.

:Index: :AIndex: :Symbols: :Notation:



Routh transform and dual Lagrangians 275

We are ready to start and prove that, in standard GR, the purely metric and metric-affine formulations are in fact dynamically equivalent, provided

one defines the map correctly. That is contrary to what is generally believed (i.e. that equivalence does not hold in general).

Before considering the most general equivalence, let us, however, prove from scratch the equivalence in the vacuum case (just for practicing and

comparing with what we said above). Let us start from the standard purely metric formulation. We can choose ĝµν =
p
ggµν as a fundamental field

(since one can easily check that its expression in terms of gµν is one-to-one and hence can be inverted). Thus we consider the Lagrangian

L = 1
2κ ĝ

µνRµν (4.3.91)

where Rµν = dαu
α
µν � uµν is the Ricci tensor of g and we set uαµν := fggαµν � δα(µfggν) and uµν := fggαβµfggβαν � fggαfggαµν . As usual, the object uαµν is

in a one-to-one correspondence with the Levi Civita connection.

From the standard formula of Ricci tensor we have

Rµν = R(µν) = dα{g}αµν − d(ν{g}αµ)α + {g}αβα{g}βµν − {g}αβν{g}βµα = dα

(
{g}αµν − δα(ν{g}µ)

)
− uµν = dαu

α
µν − uµν (4.3.92)

The variation of the Lagrangian is

δL = 1
2κRµνδĝ

µν + 1
2κ ĝ

µνδRµν = 1
2κ

�
dαu

α
µν � uµν

�
δĝµν + 1

2κ ĝ
µνrαδuαµν = 1

2κ

�
dαu

α
µν � uµν

�
δĝµν +

∗
rα
�

1
2κ ĝ

µνδuαµν
�� 1

2κrαĝµνδuαµν =

= 1
2κ

�
dαu

α
µν � uµν

�
δĝµν � 1

2κ

�
dαu

α
µνδĝ

µν + uαµνδĝ
µν
α

�
+ δdα

�
1

2κ ĝ
µνuαµν

�
= � 1

2κ

�
uµνδĝ

µν + uαµνδĝ
µν
α

�
+ δdα

�
1

2κ ĝ
µνuαµν

� (4.3.93)

where the covariant derivative rµ is associated to the Levi Civita connection of the metric g. Let us remark that uµν and uαµν , essentially (i.e. modulo

a constant), are the momenta of the Lagrangian with respect to ĝµν and ĝµνα .

Let us now prove some lemmas.

Lemma: The following identity holds true

ĝµνα = fggαĝµν � 2 ĝλ(νfggµ)
λα (4.3.94)

Proof: Since ĝµν is a function of g, its covariant derivative with respect to the Levi Civita connection is vanishing.

On the other hand, it is a tensor density of weight 1, so one has

0 = ∇αĝµν = ĝµνα + {g}µλαĝ
λν + ĝµλ{g}νλα − {g}αĝµν ⇒ ĝµνα = {g}αĝµν − 2ĝλ(ν{g}µ)

λα (4.3.95)

Lemma: The following identity holds true

uαµν ĝ
µν
α = �2 ĝµνuµν (4.3.96)

Proof: We have

uαµν ĝ
µν
α =

(
{g}αµν − δαµ{g}ν

) (
{g}αĝµν − {g}µλαĝ

λν − ĝµλ{g}νλα
)

= {g}α{g}αµν ĝµν − {g}αµν{g}
µ
λαĝ

λν − {g}αβµ{g}βαν ĝµν − {g}ν
(
{g}αĝαν − {g}αĝαν − ĝαλ{g}νλα

)
=

=− 2
(
{g}αβν{g}βαµ − {g}α{g}αµν

)
ĝµν = −2ĝµνuµν

(4.3.97)
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By using these lemmas, we can easily show that the variation of the standard purely metric Lagrangian reads as

δU = � 1
2κ

�
uµνδĝ

µν + uαµνδĝ
µν
α

�
(4.3.98)

where we set U := 1
2κ

�
ĝµνRµν � dα

�
ĝµνuαµν

��
which is, in fact, the first order non-covariant Einstein “Lagrangian”.

We have

U = 1
2κ

(
ĝµν

(
dαu

α
µν − uµν

)
− dαĝµνuαµν − ĝµνdαuαµν

)
= − 1

2κ

(
ĝµνuµν + ĝµνα uαµν

)
= − 1

2κ (ĝµνuµν − 2ĝµνuµν) = 1
2κ ĝ

µνuµν (4.3.99)

which in fact does not depend on the second derivatives of the metric.

From the variation of the Lagrangian U (or, equivalently, L), we recover field equations easily as

dαu
α
µν � uµν = Rµν = 0 (4.3.100)

which, in fact, agree with vacuum Einstein equations.

At this point, we can select ĝµν and ũαµν as new fundamental fields and apply the Routh transform accordingly. This prescribes the transformations

ũαµν = uαµν () Γ̃αµν = fggαµν (4.3.101)

which can be inverted as

ĝµνα = Γ̃αĝ
µν � 2ĝλ(νΓ̃

µ)
λα (4.3.102)

After the integration by parts, we have

δW = 1
2κδ
�
ĝµνuµν + uαµν ĝ

µν
α

�
= � 1

2κuµνδĝ
µν + 1

2κ ĝ
µν
α δuαµν (4.3.103)

and define the Routh function as

W (ĝ, ũ) = U + 1
2κu

α
µν ĝ

µν
α = 1

2κuµν ĝ
µν � 2 1

2κuµν ĝ
µν = � 1

2κ ĝ
µν ũµν (4.3.104)

where we set ũµν := Γ̃αβµΓ̃βαν � Γ̃αΓ̃αµν for uµν computed along the Routh map.

The variation of W reads as

δW = � 1
2κ

�
ũµνδĝ

µν + ĝµνδũµν
�

(4.3.105)

and it induces Hamilton-like equations

ĝµνα = � ∂W

∂ũαµν
� 1

2κdαũ
α
µν =

∂W

∂ĝµν
= � 1

2κ
ũµν (4.3.106)

The first equation reproduces the Routh map, the second equation the correct vacuum standard Einstein equation R̃(µν) = 0.
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To check that, we need to expand the first equation (just watch out and expand symmetrisations to do it properly)

ĝµνα =− ∂W

∂Γ̃βρσ

∂Γ̃βρσ
∂ũαµν

=
(
−ĝλσΓ̃ρβλ − ĝ

λρΓ̃σβλ + ĝρσΓ̃β + 1
2 ĝ
λεΓ̃σλεδ

ρ
β + 1

2 ĝ
λεΓ̃ρλεδ

σ
β

)(
δβαδ

µ
ρ δ
ν
σ − 1

m−1δ
β
ρ δ

µ
αδ
ν
σ − 1

m−1δ
β
ρ δ

ν
αδ
µ
σ

)
=

=− 2ĝλ(µΓ̃
ν)
αλ + ĝµν Γ̃α + ĝλεΓ̃

(µ
λεδ

ν)
α − 1

m−1

(
−ĝλ(µδν)

α Γ̃λ − ĝλεΓ̃(ν
ελδ

µ)
α + ĝλ(µδν)

α Γ̃λ + m+1
2 ĝλεΓ̃

(ν
ελδ

µ)
α − ĝλ(µδν)

α Γ̃λ − Γ̃
(ν
ελδ

µ)
α + ĝλ(µδν)

α Γ̃λ + m+1
2 ĝλεΓ̃

(ν
ελδ

µ)
α

)
=

=− 2ĝλ(µΓ̃
ν)
αλ + ĝµν Γ̃α + ĝλεΓ̃

(µ
λεδ

ν)
α − m+1−2

m−1 ĝλεΓ̃
(ν
ελδ

µ)
α = −2ĝλ(µΓ̃

ν)
αλ + ĝµν Γ̃α + ĝλεΓ̃

(µ
λεδ

ν)
α − ĝλεΓ̃

(ν
ελδ

µ)
α = −2ĝλ(µΓ̃

ν)
αλ + ĝµν Γ̃α

(4.3.107)

which in fact agrees with (4.3.102).

Now, even if the Routh function singles out a dynamic which is dynamically equivalent to the original standard purely metric GR dynamics, still it

does not define a Lagrangian field theory. To do that we need to go to the Helmholtz Lagrangian for it, namely:

LH = 1
2κ ĝ

µνdαũ
α
µν +W = 1

2κ ĝ
µν
�
dαũ

α
µν � ũµν

�
= 1

2κ ĝ
µνR̃µν (4.3.108)

which is precisely the vacuum standard Palatini Lagrangian. That proves dynamical equivalence which has already been checked also directly.

Now we can consider a more general metric-affine theory to compare with. Let us consider a quite general standard purely metric dynamics for a

metric g and a collection of (first order) matter fields ψ

L = 1
2κ ĝ

µνRµν + Lm(j1g, j1ψ) (4.3.109)

We will not specify much about how matter couples to the metric, except that the relevant Lagrangians are covariant. The variation of this Lagrangian

density is thence

δL = 1
2κδĝ

µνRµν + 1
2κ ĝ

µνrαδuαµν � 1
2Tµνδĝ

µν � 1
2T

α
µνδĝ

µν
α + pδψ + pαδψα =

= 1
2κδĝ

µνRµν +
∗
rα
�

1
2κ ĝ

µνδuαµν
�

+ 1
2κrαĝµνδuαµν � 1

2Tµνδĝ
µν � 1

2T
α
µνδĝ

µν
α + pδψ + pαδψα =

= 1
2κδĝ

µν(dαu
α
µν � uµν) + δ

�
dα
�

1
2κ ĝ

µνuαµν
��� 1

2κdαu
α
µνδĝ

µν � 1
2κu

α
µνδĝ

µν
α � 1

2Tµν � 1
2T

α
µνδĝ

µν
α + pδψ + pαδψα =

=� 1
2κ

�
uµν + κTµν

�
δĝµν � 1

2κ

�
uαµν + κTαµν

�
δĝµνα + pδψ + pαδψα + δ

�
dα
�

1
2κ ĝ

µνuαµν
��

(4.3.110)

where we set

�1
2Tµν :=

∂Lm
∂ĝµν

� 1
2T

α
µν :=

∂Lm
∂ĝµνα

(4.3.111)

Since δĝµνα is not a tensor neither the coefficients Tµν and Tαµν a priori are. In particular, we can show that Tαµν is in fact a tensor as well as the

combination Tµν � dαTαµν is, while Tµν alone is not.

If we consider two coordinate systems and we use the fact that the Lagrangian density is, in fact, a scalar density of weight 1, we have transformation rules

δĝ′µν = J̄Jµρ J
ν
σδĝ

ρσ δĝ′µνα = J̄Jµρ J
ν
σδĝ

ρσ
β J̄

β
α + J̄d′α

(
Jµρ J

ν
σ

)
δĝρσ + J̄Jθε J̄

ε
θαJ

µ
ρ J

ν
σδĝ

ρσ (4.3.112)
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so that, for transformation rules of a linear combination, we have

− 1
2

(
T ′µνδĝ

′µν + T ′αµνδĝ
′µν
α

)
=− 1

2 J̄
(
T ′µνJ

µ
ρ J

ν
σδĝ

ρσ + T ′αµν

(
Jµρ J

ν
σδĝ

ρσ
β J̄

β
α + d′α

(
Jµρ J

ν
σ

)
δĝρσ + Jθε J̄

ε
θαJ

µ
ρ J

ν
σδĝ

ρσ
))

=

=− 1
2 J̄
((
T ′µνJ

µ
ρ J

ν
σ + T ′αµνd

′
α

(
Jµρ J

ν
σ

)
+ T ′αµνJ

θ
ε J̄

ε
θαJ

µ
ρ J

ν
σ

)
δĝρσ + T ′αµνJ

µ
ρ J

ν
σ J̄

β
αδĝ

ρσ
β

) (4.3.113)

The transformation rules for the coefficients hence are

Tρσ = T ′µνJ
µ
ρ J

ν
σ + T ′αµνd

′
α

(
Jµρ J

ν
σ

)
+ T ′αµνJ

θ
ε J̄

ε
θαJ

µ
ρ J

ν
σ T βρσ = T ′αµνJ

µ
ρ J

ν
σ J̄

β
α (4.3.114)

Thus we see that T βρσ is in fact a tensor, while Tρσ is not. We also can take the derivative of the second one obtaining

dβT
β
ρσ = Jθβd

′
θT
′α
µνJ

µ
ρ J

ν
σ J̄

β
α + T ′αµνdβ

(
Jµρ J

ν
σ J̄

β
α

)
= d′αT

′α
µνJ

µ
ρ J

ν
σ + T ′αµνd

′
α

(
Jµρ J

ν
σ

)
+ T ′αµνJ

µ
ρ J

ν
σ J̄

β
εαJ

ε
β (4.3.115)

Thus we can consider the combination and its transformation rules

Tρσ − dαTαρσ =T ′µνJ
µ
ρ J

ν
σ + T ′αµνd

′
α

(
Jµρ J

ν
σ

)
+ T ′αµνJ

θ
ε J̄

ε
θαJ

µ
ρ J

ν
σ − d′αT ′αµνJµρ Jνσ − T ′αµνd′α

(
Jµρ J

ν
σ

)
− T ′αµνJµρ Jνσ J̄

β
εαJ

ε
β =

(
T ′µν − d′αT ′αµν

)
Jµρ J

ν
σ (4.3.116)

Thus it is a tensor, as well.

The variation suggests to set ũαµν := uαµν + κTαµν , which implies ũν := uν + κTν (where we set Tν := Tααν) and, accordingly, it defines a connection

Γ̃αµν = ũαµν � 2
m−1δ

α
(µũν) = fggαµν + κ

�
Tαµν � 2

m−1δ
α
(µTν)

�
(4.3.117)

and, for future convenience, let us set Kα
µν := κ

�
Tαµν � 2

m−1δ
α
(µTν)

�
(so that then Kν := κ

�
1� m

m−1 � 1
m−1

�
Tν = � 2κ

m−1Tν) as the difference Γ̃� fgg.
Then we have

uµν + κTµν =fggαβµfggβαν � fggαfggαµν + κTµν =
�

Γ̃αβµ �Kα
βµ

��
Γ̃βαν �Kβ

αν

�
�
�

Γ̃α �Kα

��
Γ̃αµν �Kα

µν

�
+ κTµν =

=ũµν � Γ̃βανK
α
βµ � Γ̃αβµK

β
αν +Kα

βµK
β
αν +Kα

µνΓ̃α +KαΓ̃αµν �KαK
α
µν + κTµν = ũµν +Hµν

(4.3.118)

where we set ũµν := Γ̃αβµΓ̃βαν � Γ̃αΓ̃αµν and

Hµν :=κTµν � κdαT
α
µν � 2fggβα(νK

α
µ)β � 2Kβ

α(νK
α
µ)β +Kα

µνfggα +Kα
µνKα +Kαfggαµν +KαK̃

α
µν +Kα

βµK
β
αν �KαK

α
µν =

=κ
�
Tµν � dαTαµν

�
+
�
κdαT

α
µν � fggβανKα

µβ � fggβαµKα
νβ +Kα

µνfggα +Kαfggαµν
�
� 2Kβ

ανK
α
βµ +KαK̃

α
µν +Kα

µνKα +Kα
βµK

β
αν �KαK

α
µν =

=κ
�
Tµν � dαTαµν

�
+ κ

�
dαT

α
µν � fggβανTαµβ � fggβαµTανβ + Tαµνfggα

�
� 2κ

m−1Tαfggαµν+
� κ

m−1

��2Tαfggαµν � fggνTµ � fggµTν + fggµTν + fggνTµ
��Kβ

ανK
α
βµ +KαK

α
µν =

=κ
�
Tµν � dαTαµν

�
+ κrαTαµν �Kβ

ανK
α
βµ +KαK

α
µν

(4.3.119)
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Since we have

�Kβ
ανK

α
βµ +KαK

α
µν =κ

�
�Kβ

ανT
α
βµ +KαT

α
µν

�
� κ

m−1

�
�KνTµ +KµTν �Kβ

µνTβ +KνTµ

�
=

=κ2
�
�T βανTαβµ + 1

m−1TνTµ + 1
m−1TαT

α
µν � 2

m−1TαT
α
µν � 1

m−1

�� 2
m−1TµTν � TαTαµν + 1

m−1TνTµ + 1
m−1TµTν

��
=

=κ2
�
�TαβµT βαν + 1

m−1TµTν

� (4.3.120)

it can be recast as

Hµν :=κ
��
Tµν � dαTαµν

�
+rαTαµν � κTαβµT βαν + κ

m−1TµTν

�
(4.3.121)

Thus Hµν is in fact a symmetric tensor and it can be rewritten in term of (ĝµν , Γ̃αµν), namely

Hµν =κ
�
Tµν � dαTαµν

�
+ κr̃αTαµν + κ2

�
T βαν � 1

m−1δ
β
αTν � 1

m−1δ
β
ν Tα

�
Tαµβ + κ2

�
T βαµ � 1

m−1δ
β
αTµ � 1

m−1δ
β
µTα

�
Tανβ+

+ 2κ2

m−1TαT
α
µν � κ2TαβµT

β
αν + κ2

m−1TµTν =

=κ
�
Tµν � dαTαµν

�
+ κr̃αTαµν + κ2

�
T βανT

α
µβ � 1

m−1TνTµ � 1
m−1TαT

α
µν + T βαµT

α
νβ � 1

m−1TµTν � 1
m−1TαT

α
µν

�
+

+ 2κ2

m−1TαT
α
µν � κ2TαβµT

β
αν + κ2

m−1TµTν = κ
��
Tµν � dαTαµν

�
+ r̃αTαµν + κT βαµT

α
βν � κ

m−1TµTν

�
(4.3.122)

The variation of the Lagrangian can then be recast as

δ
�
L+ 1

2κ ũ
α
µν ĝ

µν
α

�
=� 1

2κ

�
ũµν +Hµν

�
δĝµν � 1

2κ ĝ
µν
α δũαµν + pδψ + pαδψα + δ

�
dα
�

1
2κ ĝ

µνuαµν
��

(4.3.123)

and we define the Routh function

W (ĝ, Γ̃, j1ψ) = 1
2κ

�
ĝµνuµν + ĝµνα ũαµν

�
+ Lm = 1

2κ

�
ĝµνuµν + ĝµνα uαµν + κĝµνα Tαµν

�
+ Lm =

=� 1
2κ ĝ

µν ũµν � 1
2κ ĝ

µνHµν + 1
2 ĝ

µν
�
Tµν � dαTαµν

�
+ 1

2 ĝ
µν
�
dαT

α
µν + fggαTαµν � fggεµαTαεν � fggεναTαµε

�
+ Lm =

=� 1
2κ ĝ

µν ũµν � 1
2κ ĝ

µνHµν + 1
2 ĝ

µν
�
Tµν � dαTαµν

�
+ 1

2 ĝ
µνrαTαµν + Lm =

=� 1
2κ ĝ

µν ũµν � 1
2κ ĝ

µνHµν + 1
2κ ĝ

µνHµν � κ
2 ĝ

µν
�
T βαµT

α
βν � 1

m−1TµTν

�
+ Lm =

=� 1
2κ ĝ

µν ũµν � κ
2 ĝ

µν
�
T βαµT

α
βν � 1

m−1TµTν

�
+ Lm

(4.3.124)

and the Helmholtz Lagrangian

LH(ĝ, Γ̃, j1ψ) = 1
2κ ĝ

µνdαũ
α
µν +W = 1

2κ ĝ
µνR̃µν � κ

2 ĝ
µν
�
T βαµT

α
βν � 1

m−1TµTν

�
+ Lm = 1

2κ ĝ
µνR̃µν + L̃m (4.3.125)
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where we set L̃m := Lm � κ
2 ĝ

µν
�
T βαµT

α
βν � 1

m−1TµTν

�
for the new matter Lagrangian in the metric-affine formulation. Of course, in Palatini theories

one has Tαµν = 0 and hence the matter Lagrangian is the same in the purely metric and Palatini formulation. This is not true in general for metric-affine

theories, though we still have dynamical equivalence given by the one-to-one correspondence between solutions

(ĝµν , ψ)  !
�
ĝµν , Γ̃αβµ = fggαβµ + κ

�
Tαµβ � 2

m−1δ
α
(µTβ)

�
, ψ
�

(4.3.126)

4. More formulations of geometric theories

.Next SectionLet us present some more geometric theories which somehow describe a dynamical geometry on spacetime, which are, at least in some cases, equivalent

to gravitational theories. These will be here used as further examples of discussing equivalence among theories and later used as building blocks for

defining gravitational theories.

Vielbein-affine formalism

We introduced Vielbein in Subsection 2.7.5 and spin fames in Subsection 2.7.6. We already know that, in both cases, they are described by fields eµa ,

the difference being in gauge transformations depending on the group SO(η) or Spin(η), respectively.

Let us denote by F (P) the bundle of Vielbein (or spin fames) on the structure bundle P (which a G-principal bundle with G being the gauge group,

namely G = SO(η) for Vielbein or G = Spin(η) for spin frames).

We also have a bundle Con(P) = J1P/G which parameterises principal connections as sections. Let us consider the product bundle C = F (P) �M
Con(P) as a configuration bundle, which has fibered coordinates (xµ, eµa , ω̃

ab
µ ).

As usual, we can define the curvature of the connection ω̃abµ and denote it by R̃
ab
µν (which can be recovered as a piece of “coordinates” in the first

prolongation, analogously to what it is done in Utiyama-like arguments).

For later convenience let us set

R̃
a

µ = eνbR̃
ab
µν R̃ = eµae

ν
bR̃

ab
µν (4.4.1)

Let us consider the Lagrangian

L = |e|
2κR̃d� (4.4.2)

The endowed theory is called standard Vielbein-affine (or frame-affine) theory. The variation of this Lagrangian is

δL = |e|2κe
a
µδe

µ
aR̃+ 2 |e|2κδe

µ
aR̃

a
µ + 2 |e|2κe

µ
[ae

ν
b]δR̃

ab
µν = 2 |e|2κ

�
R̃
a
µ � 1

2R̃e
a
µ

�
δeµa + 2 |e|2κe

µ
[ae

ν
b]r̃µδω̃abν =

=2 |e|2κ

�
R̃
a
µ � 1

2R̃e
a
µ

�
δeµa � 2r̃µ

�
|e|
2κe

µ
[ae

ν
b]

�
δωabν + 2

∗
rµ
�
|e|
2κe

µ
[ae

ν
b]δω̃

ab
ν

� (4.4.3)
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Thus field equations are (
R̃
a
µ � 1

2R̃e
a
µ = 0

r̃µ
�
eeµ[ae

ν
b]

�
= 0

(4.4.4)

The second field equation reads as

r̃µ (eeµae
ν
b) ε

abcdεghcd = 0 () r̃µ
�
eecγe

d
δe
γ
ee
δ
fe
µ
ae
ν
bε
abef

�
εghcd = r̃µ

�
ecγe

d
δ

�
εµνγδεghcd = 0

()
�
r̃µecγ

�
edδε

µνγδεghcd = 0 () r̃[µe
c
γ] = 0

(4.4.5)

Let Γabµ the the spin connection induced by the frame and Ka
bµ be the difference between the connections ω̃ and Γ, i.e.

ω̃abµ = Γabµ +Kab
µ (4.4.6)

Thus one has

r̃[µe
c
γ] = 0 () Kc

b[µe
b
γ] = 0 (4.4.7)

By setting Kabc = ηadK
d
bλe

λ
c , one has

Kabc = �Kbac Kabc = Kacb (4.4.8)

Hence one has that

Kabc = �Kbac = �Kbca = Kcba = Kcab = �Kacb = �Kabc () Kabc = 0 () ω̃abµ = Γabµ (4.4.9)

Once the connection ω̃ is known to be induced by the frame, the first field equations is expressed in terms of the frame only

Raµ � 1
2Re

a
µ = 0 () Rαµ � 1

2Rδ
a
µ = 0 () Rαµ � 1

2Rgαµ = 0 (4.4.10)

where gµν is the metric induced by the frame. Accordingly, frame-affine field equations impose that the induced metric satisfies vacuum Einstein

equations. Thus frame-affine theories are, in vacuum, equivalent to standard GR.

Ashtekar (anti)self dual formulation

We discussed spin frames in Subsection 2.7.6 and we just provided a metric-affine dynamics for them in Subsection 4.4.1. Here we present a different

equivalent dynamics due to Ashtekar (and then developed by Barbero, Immirzi, and Holst). As usual, we begin here to expand computations in order

to later be ready to discuss it.
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Let us fix Euclidean signature in dimension m = 4. The framework (in its simpler and original formulation) is based on the classical group splitting

Spin(4) ' SU(2)� SU(2). The two copies of SU(2) are called the (anti)self dual group components. We shall denote by p± : Spin(4)! SU(2) the two

projectors onto each factor.

Let us define the even Clifford algebra C+(4) which is generated by the elements

(I, E01, E02, E03, E12, E13, E23, E0123) = (I, Eab, E) (4.4.11)

where we set E = E0123. An element in C+(4) is of the form

aI+ bE01 + cE02 + dE03 + eE12 + fE13 + gE23 + hE0123 = AI+BabEab + CE (4.4.12)

Let us set i = E23, j = −E13, k = E12, iE = Ei = −E01, jE = Ej = −E02, kE = Ek = −E03. Hence an element in C+(4) can be recasted in the form u+ Ev where

we set u = a+ gi− fj + ek and v = h− bi− cj − dk. By the way, notice that E2 = I.
Let us set Spin(4) = {u+ Ev : u, v ∈ H, |u|2 + |v|2 = 1, uv̄ + vū = 0}.
Let us define a group isomorphism

ϕ : Spin(4)→ SU(2)× SU(2) : u+ Ev 7→ (q+, q−) = (u− v, u+ v) (4.4.13)

We have that both q+ and q− ∈ SU(2). In fact,

|q±|2 = (u∓ v)(ū∓ v̄) = |u|2 + |v|2 ∓ (vū+ uv̄) = 1 (4.4.14)

where the isomorphism SU(2) ' S3 is understood.

The map ϕ is a group homomorphism In fact, ϕ(I+ E0) = (I, I) and

ϕ[(u+ Ev)(r + Es)] =ϕ[(ur + vs) + E(vr + us)] = (ur + vs− vr − us, ur + vs+ vr + us) = (u− v, u+ v)(r − s, r + s) = ϕ(u+ Ev) · ϕ(r + Es) (4.4.15)

Finally, the map ϕ is a group isomorphism. In fact, let us pick (q+, q−) ∈ SU(2)× SU(2) and define S = 1
2 [(q+ + q−)−E(q+− q−)]. To prove that S ∈ Spin(4) we have

to check that constraints are satisfied:

1
4 (|q+ + q−|2 + |q+ − q−|2) = 1

4 (|q+|2 + |q−|2 + 2(q+q̄− + q−q̄+)) + 1
4 (|q+|2 + |q−|2 − 2(q+q̄− + q−q̄+)) = 1

− 1
4 ((q+ + q−)(q̄+ − q̄−) + (q+ − q−)(q̄+ + q̄−)) = 1

4 (2|q+|2 − 2|q−|2) = 0
(4.4.16)

Of course, one can prove that the maps u+ Ev 7→ (q+, q−) 7→ S are inverse one to each other.

We can define the group homomorphisms p± : Spin(4)→ SU(2) : u+ Ev 7→ q± = u∓ v so that the group isomorphism reads as ϕ = p+ × p−.

Let us denote by spin(4) the Lie algebra of the group Spin(4); one has

spin(4) = fu̇+ Ev̇ : u̇+ ˙̄u = 0, v̇ + ˙̄v = 0g (4.4.17)

An element ζ 2 spin(4) in the Lie algebra is in the form

ζ =ġi� ḟ j + ėk + E(�ḃi� ċj � ḋk) = ḃE01 + ċE02 + ėE12 + ġE23 + ḟE13 + ḋE03 = 1
2ζ

abEab (4.4.18)
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Let us define the duality on spin(4) by � : spin(4)! spin(4) : u̇+ Ev̇ 7! �(v̇ + Eu̇). The duality is involutive; in fact � � (u̇+ Ev̇) = � � (v̇ + Eu̇) =

(u̇+ Ev̇). Hence possible eigenvalues are �1, only. The duality, as defined above, is the same as �(Eab) = 1
2εab

c
·
d
·Ecd. In fact, we have

�
�

1
2ζ

abEab

�
= � (ḃE01 + ċE02 + ḋE03 + ėE12 + ḟE13 + ġE23) = �(ġi� ḟ j + ėk + E(�ḃi� ċj � ḋk)) =

�
ḃi+ ċj + ḋk � E(ġi� ḟ j + ėk)

�
=

=
�
ḃE23 � ċE13 + ḋE12 + ġE01 � ḟE02 + ėE03

�
= 1

4ζ
abεab

c
·
d
· Ecd

(4.4.19)

The eigenvectors of the duality are elements in the form u̇ � Eu̇ (for which in fact one has �(u̇ � Eu̇) = �(u̇ � Eu̇)) Notice that the elements in

the form u̇+ Eu̇ correspond to pair (q+ = 0, q−) and are antiself dual (i.e. they correspond to the eigenvalue �1), while elements in the form u̇� Eu̇
correspond to pair (q+, q− = 0) and are self dual (i.e. they correspond to the eigenvalue 1).

Given the projectors p± on the group, the tangent map at the identity Tep± : spin(4)! su(2) is the standard duality on the Lie algebra which splits

the algebra spin(4) in the two (anti)self dual eigenspaces.

Since we have q± = u∓ v, we have on the algebras

Tep± :spin(4)→ su(2) : u̇+ Ev̇ 7→ q± = u̇∓ v̇ :

{
Eij 7→ εij

kEk

E0k 7→ ± Ek
(4.4.20)

where we set Ek = 1
2εk

ijEij as a basis for the algebra su(2). For a generic element ζ = 1
2ζ
abEab in the algebra we have

Tp±(ζ) =ζ0kTp±(E0k) + 1
2ζ
ijTp±(Eij) =

(
± ζ0k + 1

2ζ
ijεij

k
)
Ek =: ±ζk Ek

±ζk := ± ζ0k + 1
2ζ
ijεij

k =: ±pkabζ
ab (4.4.21)

where we have set
±pk0i := −±pki0 = ± 1

2δ
k
i

±pkij := 1
2ε
k
ij (4.4.22)

We define pabk (by index raising and lowering) as
±p0i

k = −±pi0k = ± 1
2δ
k
i

±pijk = 1
2εk

ij (4.4.23)

so that the following identities hold true

±piab
±pabk = 2±pi0h

±p0h
k + ±pijh

±pjhk = 1
2δ
i
hδ
h
k + 1

4ε
i
jhε

jh
k = ( 1

2δ
i
k + 1

2δ
i
k) = δik

±piab
±pcdi = 1

2δ
c
[aδ

d
b] ± 1

4εab
c
·
d
· (4.4.24)

In view of the second one, let us also set

±Eab := 1
2

(
Eab ± 1

2εab
c
·
d
· Ecd

)
⇐⇒

{±E0k = 1
2

(
E0k ± 1

2εk
ij Eij

)
±Eij = ± 1

2εij
k
(
E0k ± 1

2εk
lmElm

) (4.4.25)

Of course, ±E0k and ±Eij so defined are dependent, in fact, one has

±Eij = ±εijk ±E0k
±E0k = ± 1

2ε
ij
k
±Eij (4.4.26)

and
1
2
±pabk Eab =±p0i

k E0i + 1
2
±pijk Eij = ± 1

2 E0k + 1
4εk

ij Eij = ± 1
2

(
E0k ± 1

2εk
ij Eij

)
= ± ±E0k (4.4.27)
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An element ζ = 1
2ζ
abEab of the algebra can be recast as

ζ = 1
2ζ
abEab = 1

2 ζ
ab
(

+Eab + −Eab
)

=
(
ζ0k + 1

2ζ
ijεij

k
)

+E0k +
(
ζ0k − 1

2ζ
ijεij

k
)−E0k =

(
+ζk +E0k − −ζk −E0k

)
(4.4.28)

Moreover, we have
±ζ := 1

2ζ
ab ±Eab = 1

4ζ
ab
(
Eab ± 1

2εab
c
·
d
· Ecd

)
= 1

4

(
ζcd ± 1

2εab
c
·
d
· ζ
ab
)
Ecd =: 1

2
±ζab Eab (4.4.29)

where we set

±ζcd := 1
2

(
ζcd ± 1

2εab
c
·
d
· ζ
ab
)

⇐⇒

{±ζ0k := 1
2

(
ζ0k ± 1

2εij
k ζij

)
= ± 1

2
±ζk

±ζij := ± εkij
(

1
2

(
ζ0k ± 1

2εlm
k ζlm

)) (4.4.30)

Again, ±ζ0k and ±ζij are not independent and one has

±ζij = ± εkij ±ζ0k ±ζ0k = ± 1
2 ε

k
ij
±ζij (4.4.31)

We also have
1
2
±pkabζ

ab = ± 1
2ζ

0k + 1
4εij

k ζij = 1
2
±ζk = ± ±ζ0k (4.4.32)

Hence the tangent map of the group duality is:

Tp±(+E0k) = 1
2 (±1 + 1) Ek =

{
Ek

0
Tp±(−E0k) = 1

2 (±1− 1) Ek =

{
0

− Ek
(4.4.33)

and

Tp±(+Eij) = εij
kTp±(+E0k) =

{
εij

k Ek

0
Tp±(−Eij) = −εijkTp±(−E0k) =

{
0

εij
k Ek

(4.4.34)

Thus the elements ±E0k are a basis adapted to the duality Tp±.

Let us remark that the traditional view based on the algebra is not in general sufficient; in field theories one needs, in fact, to be precise on what

happens also at the group level. This further information is needed, for example, to define the principal bundles on which the (anti)self dual connections

are defined.

When we define spin frames one has a principal structure bundle P for the group Spin(4), on which one has “coordinates” (xµ, S), which is determined

in terms of a cocycle γ(αβ) : Uαβ ! Spin(4). In view of the group isomorphism ϕ : Spin(4)! SU(2)� SU(2) one can define two cocycles

±γ(αβ) : Uαβ ! SU(2) : x 7! p±(γ(αβ)(x)) (4.4.35)

Both the cocycles ±γ(αβ) are cocycles, since they are images of a cocycle through a group homomorphism.

±γαβ ·± γβα =p±(γαβ · γβα) = p±(I) = I ±γαβ ·± γβγ ·± γγα = p±(γαβ · γβγ · γγα) = p±(I) = I (4.4.36)
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Hence, they define (modulo isomorphisms) two principal bundles ±P for the group SU(2) and one can prove a global isomorphism

P ' +P �M −P (4.4.37)

The two projections are then denoted by π± : P ! ±P .

In view of how transition functions are defined, there is not much to be checked. One has local maps

ι(x, S) = (x,+S,−S) ∈ +P ×M −P (4.4.38)

and they glue together automatically, since ±γ(αβ) = p± ◦ γ(αβ).

The local expressions of the projections π± are

π± : P → ±P : (x, S) 7→ (x, p±(S)) (4.4.39)

Let Hp � TpP be a principal connection on P , ±p = π±(p) 2 ±P , and let us define the subspaces ±H±p = Tπ±(Hp) � T±p±P .

The map π± (each of them, say π+) is surjective though not injective. Hence one has infinitely many subspaces H+p ⊂ T+p
+P , one for any preimage (+p,−p), i.e. one

for any −p ∈ −P .

However, let us consider two points −p1,
−p2 ∈ −P (so that there exist a group element −S ∈ SU(2) such that −p2 =− p1 ·−S). Then we have

Tπ+

(
H(+p,−p2)

)
= Tπ+

(
H(+p,−p1)·(e,·−S)

)
= Tπ+

(
T(+p,−p1)R(e,−S)

(
H(+p,−p1)

))
= T

(
π+ ◦R(e,−S)

) (
H(+p,−p1)

)
= Tπ+

(
H(+p,−p1)

)
(4.4.40)

where we used the fact that

π+ ◦R(e,−S)(
+p,−p1) = π+(+p,−p1 · −S) =+ p = π+(+p,−p1) ⇒ π+ ◦R(e,−S) = π+ (4.4.41)

Accordinlgly, all points p = (+p,−p ·−S) ∈ P in the preimage of +p ∈ +P induce the same subspace +H+p ⊂ T+p
+P at +p ∈ +P and the family +H+p defines a connection

on +P .

Moreover, if we consider +p′ =+ p · +S, then, for any −p ∈ −P , one has

+H+p′ = T+p′π+

(
H(+p·+S,−p)

)
=T+p′π+

(
H(+p,−p)·(+S,e)

)
= T+p′π+

(
TR(+S,e)

(
H(+p,−p)

))
= T+p

(
π+ ◦R(+S,e)

) (
H(+p,−p)

)
=

=T+p (R+S ◦ π+)
(
H(+p,−p)

)
= T+pR

+
+SH+p ⇒+ H+p·+S = T+pR+S

(
+H+p

) (4.4.42)

where we used equivariance of the map π+, i.e. π+ ◦R(+S,e) = R+S ◦ π+. Thus the connection +H+p is principal.

An analogous argument goes with −H−p.

Let us finally remark how beautifully intrinsic this argument is; it relies completely con functorial properties of maps and connections, and as a result the connections

are global. Let us also stress that, even once we know these connections are globally defined, we still need the local expressions to do computations (for example,

we define covariant derivatives, the Lagrangian, and, eventually, the variation of the Lagrangian, which, in fact, depends on the details of how covariant derivatives

depends on fundamental field). However, we do not need to check transformation rules for the connections (nor for any derived structure), since we already know they

are global connections. The golden rule (“everything is in transformation rules”) works both ways.

Thus any connection ω on P induces two connections ±ω on ±P . Let us then look for the local expression of these principal connections ±ω.

Let σab be a right invariant pointwise basis of vertical vectors of P , so that the connection ω has a local expression ω = dxµ 
 (∂µ � ωabµ σab). We can

get inspiration from what we did in the algebra and define ±σab := 1
2

�
σab � 1

2εab
c
·
d
· σcd

�
. As usual, ±σk := � Tp±(±σ0k) =: 1

2σk are a right invariant

pointwise basis of vertical vectors of ±P .
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We have (with some abuses of notation and by defining ±ωkµ = �ω0k
µ + 1

2εij
kωijµ = ±pkab ω

ab
µ )

ω(ξ) =ξµ(∂µ � ωabµ σab) = ξµ(∂µ � +ωkµ
+σ0k + −ωkµ

−σ0k))
Tp±�! ±ω(ξ) = ξµ(∂µ � 2±ωkµ

±σk) = ξµ(∂µ � ±ωkµ σk) (4.4.43)

Let us set ±ωijµ := εijk
±ωkµ, which corresponds to define �ij := εij

k ±σk = 1
2εij

k σk as a new basis for vertical vector fields on ±P . This defines the

(anti)self dual connection on ±P :

±ω = dxµ 

�
∂µ � ±ωijµ �ij

�
= dxµ 


�
∂µ � 1

2
±ωijµ εij

kσk

�
= dxµ 


�
∂µ � ±ωkµ σk

�
(4.4.44)

where we defined ±ωijµ = εijk
±ωkµ = εijk

±pkabω
ab
µ .That expresses the coefficients of the induced (anti)self dual connections as a function of the coefficients

of the original spin connection.

Then given the spin connection ωabµ one can define the (anti)self dual connections ±ωkµ.

Vice versa, if the fix (+ωkµ,
−ωkµ) two connections on +P and −P , respectively, then we can solve for the original spin connection. In fact,{

+ωkµ = +pkabω
ab
µ = ω0k

µ + 1
2ε
k
ijω

ij
µ

−ωkµ = −pkabω
ab
µ = −ω0k

µ + 1
2ε
k
ijω

ij
µ

⇐⇒

{
ω0k
µ = 1

2

(
+ωkµ − −ωkµ

)
ωijµ = εijk

(
+ωkµ + −ωkµ

) (4.4.45)

Accordingly, the information in the spin connection (24 = 4 × 4
2 (4 − 1) functions) is equivalently described by the information contained in both the (anti)self dual

connections (2× (3× 4) = 2× 12 functions).

Let us denote by Rabµν the curvature of the spin connection, namely

Rabµν = dµω
ab
ν � dνωabµ + ωacµω

cb
ν � ωacνωcbµ = dµω

ab
ν � dνωabµ +

�
ηcdδ

a
eδ
b
f � ηcdδafδbe

�
ωecµ ω

df
ν (4.4.46)

and by ±F k
µν the curvature of the (anti)self dual connections, namely

±F k
µν = dµ

±ωkν � dν±ωkµ � εkij±ωiµ±ωjν (4.4.47)

We nicely have that the (anti)self dual part of the spin curvature of ωabµ is the curvature of the (anti)self dual part of the connection.

The (anti)self dual part of the curvature is
±Rkµν = ±R0k

µν + 1
2ε
k
ij R

ij
µν (4.4.48)

Hence we have
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(4.4.49)

Let us compute on the side

− 1
2ε
k
ij
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k
ijω
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iµω
ik
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i
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ν (4.4.50)
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Hence we have:
±Rkµν =dµ

±ωkν − 1
2ε
k
ij
±ωiµ

±ωjν − [µν] = dµ
±ωkν − dν±ωkµ − εkij ±ωiµ ±ωjν =: ±F kµν (4.4.51)

which proves the proposition.

Ashtekar formulation relies on the observation that the self dual Lagrangian

+L = 1
2κ ε

µνρσ +Rabµνe
c
ρe
d
σεabcdd� = 1

2κ ε
µνρσF k

µνe
c
ρe
d
σpkcdd� (4.4.52)

where we set F k
µν := +pkabR

ab
µν = +F kµν for the curvature of the self dual connection Akµ := +ωkµ. We show that this still leads to field equations equivalent

to Einstein equations in vacuum. The self dual Lagrangian (4.4.52) is first order in the self dual connection and zero order in the tetrad.

Field equations are easily shown to be equivalent to

r[µe
a
νe
b
ρ]piab = 0 F i

[µνe
a
ρ]piab = 0 (4.4.53)

As usual let us consider the variation of the Lagrangian
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) (4.4.54)

In the filed equation endowed with the connection is εµνρσ∇µ
(
ecρe

d
σpkcd

)
= 0 in which the covariant derivative is with respect to the self dual connection, indeed the

thing to be derives, namely ec[ρe
d
σ]pkcd, is in fact a SU(2) object living on +P . It has a pair of antisymmetric frame indices, i.e. it transforms as something in the Lie

algebra spin(4), and when we multiply it by pkcd it is like applying Tp+ and going to the Lie algebra su(2).

While the combination of frame fields as ec[ρe
d
σ]pkcd lives in the Lie algebra su(2) and, accordingly can be take its covariant derivative with respect to Akµ, not so for a

frame along as ecρ. This is an object in the Lie algebra spin(4) and when is taking its covariant derivatives with respect to ωabµ or, equivalently, one needs both the self

and antiself dual connections.

When applying the Leibniz rule one has
A

∇µ
(
ec[ρe

d
σ]pkcd

)
=

ω

∇µec[ρe
d
σ]pkcd = 0 (4.4.55)

as one can check by expanding both side and using the projection from the spin connection to the (anti)self dual connections.

The equation, anyway, just depends on the self dual connection A.

In principle, the first field equation determines the connection to be the self dual part of the spin connection induced by the spin frame; then the

second field equation reduces to Einstein field equation, showing the equivalence.

The first field equation constrains the connection Akµ to be the self dual part of the connection induced by the frame. The antiself dual part −ωkµ of ωabµ is free to

be fixed arbitrarily. The second field equation depends on Aiµ only. Hence, after the solution +ωabµ = +Γabµ of the second field equation has been used, the first field

equation depends just on j2e.

As shown below, the second equation amounts to ask that the induced metric obeys Einstein equation. Hence, self-dual formulation is, in vaccum, dynamically

equivalent to GR. We shall here prove the equivalence of self dual formulation with standard GR.

The first field equation is εµνρσ∇µeaρebσ pkab = 0 which is equivalent to

∇[µe
a
ρe
b
σ] p

k
ab = 0 (4.4.56)
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By multipling by pcdk —using (4.4.24)—and introducing kabµ = ωabµ −Γabµ as the difference between the connection ωabµ and the connection induced by the spin frame, we

obtain (
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(4.4.57)

Let us now multiply this by eρc so that the following is obtained

2eµdk
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σ =εabc
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· e
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µ e

a
σ ⇒ eµd

(
kdaµ + 1
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·a k

bc
µ

)
eaσ = 0 ⇒ eµd

+kdaµ = 0 (4.4.58)

Thus this condition partially determines the self dual part leaving the antiself dual part completely unconstrained. Now the strategy is clear; just split (4.4.57) into

self dual and antiself dual part and use the condition just found.

Before doing that let us prove a couple of properties. First, let us show that

±kdcρ εd
e
·
f
·
g
· = ±

(±kefρ ηgc + ±kfgρ ηec + ±kgeρ η
fc
)

(4.4.59)

In fact, we have ±kabρ εab
d
·
c
· = ±2 ±kdcρ :

±2 ±kdcρ εd
e
·
f
·
g
· = 2±kabρ εab

d
·
c
· εd

e
·
f
·
g
· = 2(±kefρ η

gc + ±kfgρ ηec + ±kgeρ η
fc) (4.4.60)

Second, the same result (that we obtained few times already), i.e. that kaσρ = kaρσ and kabρ = −kbaρ imples kabρ = 0.

Proof: let us low indices and transform all of them to algebra indices by using the suitable frame quantities. The hypothesis reads then as kabc = kacb and kabc = −kbac.
Hence we have:

kabc =kacb = −kcab = −kcba = kbca = kbac = −kabc (4.4.61)

Hence kabc = 0.

For the self dual part of (4.4.57) we obtain

(2 + 1)+kca[ρe
a
σ] =− εab·c·d· e

µ
d

+kaeµe
e
[ρebσ] ⇒ +kca[ρe

a
σ] = 0 ⇒ +kcaρ = 0 (4.4.62)

For the antiself dual part of (4.4.57) we obtain

−kca[ρe
a
σ] + eµd

−kdaµe
a
[σecρ] =eµd

−kdaµe
a
[σecρ] + (2− 1)−kca[ρe

a
σ] ⇒ 0 = 0 (4.4.63)

To summarise the first field equation determines the self dual part of the connection (to be the self dual part of the connection induced by the spin frame) leaving the

antiself dual part completely unconstrained.

The second field equation reads as
+pkab F

k
[µν e

a
ρ] = 0 (4.4.64)
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By remembering that F kµν = +pkab R
ab
µν , we get
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2Rηbc)e
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(4.4.65)

where Rαρµν is the Riemann tensor of the metric induced by the frame (so that, by the first Bianchi identities, one has Rα[ρµν] = 0).

The Einstein equation for the induced metric is recovered. By multiplication by ebα we obtain

√
g(Rα

σ − 1
2Rδ

σ
α) = 0 ⇐⇒ Rασ − 1

2Rgασ = 0 (4.4.66)

Both the Ashtekar and standard GR determine as solutions, frames which induce metrics which solve (vacuum) Einstein equations.
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Part I debrief

.Next SectionIn Part I, we focused on the general structure of covariant theories and we introduced some standard tools (Lagrangian formalism, Noether theorem)

which are essential for discussing classical field theories, in general.

We also introduced some not-so-standard tools (at least in a quite general introduction to GR), from augmented variational principles to Routh

transforms, from Utiyama-like arguments to the hole argument(s). Their applications should still be fully uncovered but we gave some examples which

should be enough motivation for introducing them.

The framework which emerges from it is a fundamental perspective on what it means to describe the physical world around us in a way which is

independent of the observer, i.e. in an absolute way. While local expressions are observer dependent, i.e. relative, their geometric origin is absolute and

one should learn to consider local expressions as relative representations of the geometric absolute situation. In some part of the literature, to do that

in the best way, they decide to avoid completely local representations, using only intrinsic descriptions, with the result of often rendering simple things

in a quite twisted formalism. For example, think about the Riemann tensor: it has four indices so one has a priori 6 different contractions, and 22

different (anti)symmetrisations. If one needed to use them all, a systematic intrinsic notation for them should be introduced. I just believe that using

indices is a simple, effective, practice way of denoting the different operations. Accordingly, we tried to boot up a formalism in which local expressions

are used to represent global objects, which is closer to the use they made in physics.

We also obtained some non-trivial result. We proved that any (gauge-)natural theory admit superpotentials, so that all Noether currents are, not only

conserved, but on-shell exact. Computing superpotentials involves pretty much the whole geometric structure of field theory, from Lie derivatives to

structure bundles.

We also showed that, contrary to what is usually believed, there is a dynamical equivalence between any metric-affine theory and a suitably defined

purely metric theory. This is obtained at the price of getting modifications to the matter Lagrangian and to the relevant connection structure,

modifications which in both cases do depend on the matter coupling, i.e. they depend on what is the matter content of the theory, and vanish,

recovering the standard equivalences, for Palatini theories in which matter does not couple to the connection. As a consequence of these modifications,

the metric theory to which a general metric-affine is dynamically equivalent is not the one obtained simply by setting the connection equal to the Levi

Civita connection of the metric in the Lagrangian, as it happens in Palatini and vacuum theories. It is important we do not start by getting bad habits

so that we do not have to quit them later.

Some of the topics are not fully developed. We should need a better understanding of what is a background structure (i.e. also what is a background-

free theory). We discussed some non-trivial examples of canonical structures which are not backgrounds, though, these very same examples show that

we are quite far away from a satisfactorily precise theory for them.

We should also need a better understanding of the structure of gauge groups and of the definition of physical states. We sketched a framework for it,

possibly indicating that the general covariant theory could be richer than that of gauge theories, allowing some freedom to define gauge transformations

and, consequently, the physical states and what are gauge invariant observables in a field theory. But we still need a concrete example of it.

We also start sketching initial value problems. More will follow. They are going to be equivalent to Hamiltonian formalism, and they will lead us

to extend some mathematical object (e.g. the principal symbol of a PDE) in the non-linear case, taking advantage of the the geometric structures on

which Lagrangian framework is built on. In principle, initial value problems (as Hamiltonian formalism) are about determining solutions out of initial

conditions given at sometime by determining their evolution in time. As such they are not very much in general covariance spirit. On the same time,
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they are important for numerical gravity and quantum gravity. Disentangling the relation between them and the hole argument is a way to obtain a

covariant view on the issue, but it is a way which is only partially available.

Overall, natural theories are quite peculiar with respect to other fundamental physical theories. They do not have a linear or affine structure as the

other fundamental theories have, they do not come from a simpler theory in which one has no geometric structure by allowing a dynamical evolution

for it. On the contrary, they specialise to trivial geometry in some situations. This can be said also by noticing that one cannot switch off a dynamical

geometry in an absolute way, as one can switch off electromagnetic interactions (by simply describing a world with no charge). If one did the same

thing with gravity, one did not obtained Minkowski, one would obtain a quite unphysical vacuum theory in which there is nothing to describe.

Also physically speaking, Minkowski spacetime is much different from a vacuum state for gravitational field. It is a theory for vacuum and it fails as

a model as soon as one allows any other field to exist. Any other field (or particle) should carry some energy, hence bending the spacetime geometry

with its back-reaction, and spoiling the approximation which is at the basis of Minkowski framework. This is particularly evident as particles are

considered. No matter how small the mass of a test particle is, if it is allowed to exist in Minkowski spacetime it will dramatically bend the spacetime

geometry to a Schwarzschild geometry, in which somewhere the curvature is actually singular. One can maintain flatness approximation out of that

region, away from the test particle, though there is always a region in which the curvature grows at will.

For this reason, SR is in principle an inconsistent framework or a theory of empty spacetime. Any description of matter (and physics) in SR is

fundamentally inconsistent. Of course, one could argue that the approximation is good enough if we stay away from the particles, i.e. in something like

the limit r � 2µG/c2, which is of course true. When the mass µ of the particle is small, the region in which the approximation fails is small, though,

since it is a limit of a dimensional quantity, from a fundamental viewpoint, there small does not mean anything. A number is big or small. A mass or

a length is not big and small in any reasonable sense, since the number which represents it depends on the units we choose.

One can further argue that homogeneous units can be used so that mass, lengths, time lapses, charges, are adimensional. That is true, however, to

define the adimensional mass one needs to use the Newton constant G, i.e. still allowing gravity at a fundamental level.

All hints are leaning toward a simple fact: while one can describe a world with the gravitational field with no further fields, one cannot describe other

fields with no gravitational (or inertial) field. This is why usually one says that the gravitational field is what left of physical once one take away from

spacetime what is only mathematical. Also LQG got to a beautiful view on this issue: there are “no more fields on spacetime, just fields on fields”.

Yeah, I know it does seem to say the opposite thing. However, as a matter of fact, they show that the gravitational field is described by a spin network—or a spin

foam—which does not leave in a manifold, though it represents it (no more fields on spacetime). Any additional field is described as more numbers leaving on this

structure (just fields on fields). That is, as a metter of fact, at least to some extent, the other fields on the gravitational one. I do not think one could set up a coherent

setting for electromagnetic field without the gravitational field (technically speaking, the formulation of electromagnetism by WIlson loop, does not deliver due to the

fact that one has no general covariance, and cannot solve the constraints to the end).

The good news is that, this not too dramatic. We can (and should) learn to live in a gravitational (i.e. non-linear, curved) spacetime and still give a

fundamental bootstrap for a physical, absolute, description of what is around us. We just need to introduce structures in the proper way, instead of

borrowing them from a framework (e.g. a Minkowskian SR framework) which we are already familiar with, though it is pretty clear should be obtained

as a limit of GR, instead of being used as a foundation for GR.

I know it sounds a bit extreme as a viewpoint, but that is what we want to do. After all, at the end of the day, it is not that different from what they

argue in loop quantum gravity, when they discuss background independence and non-perturbative approaches. Of course, they start off the need for a
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quantum perspective in gravity, we are here go back to foundations of classical general relativity. No surprise most of the structures we introduce are

very similar to what they start from.

As a stating point, we discussed many frameworks for dynamics geometries: we started from (purely-metric, Palatini, metric-affine) standard GR, but

the also introduced purely metric f(R)-theories, as well as Palatini f(R)-theories, (purely metric) Brans–Dicke theories, purely frame and frame-affine

standard frameworks, Ashtekar selfdual formulation, as well as conformal gravity.

We showed that purely metric standard GR is dynamically equivalent to metric-affine standard GR, that we can transform back and forth between

some Brans–Dicke theories and standard GR (at price of considering different metrics in the two theories). We also discuss equivalence between

standard GR and Palatini f(R)-theories in vacuum.

As matter fields, we considered electromagnetism, Yang–Mills, Klein–Gordon scalar field, Dirac spinors.

In the next Part, we shall start and discuss the dynamical geometries of spacetime, finally connecting them to the gravitational field.
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Part II

Gravitational theories
.Next Part

.Next Chapter

The curvature of space has to be determined on the bases of astronomical observations.

(On the Hypotheses that lie at the Foundations of Geometry, B. Riemann; Göttingen 1854)
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.Next ChapterWhat we did until now is essentially mathematics. We introduced quite a deal of framework for field theories though, in a sense, the physical meaning

of the theories we have been describing has been considered inessential, the tools being important on their own.

Now we have to show what those tools are made for and apply them to discuss dynamical spacetime geometries, and gravitational field in particular.

On one hand, we have to characterise the relation between spacetime geometries and the gravitational field, and that is where physics begins. There

are many possible things that one can mean by spacetime geometry: from a Lorentzian metric structure (g, as in standard purely metric GR) to

metric-affine (g, Γ̃), to even purely affine (Γ̃, only), from purely frame (eµa) to frame-affine (eµa , ω
ab
µ ), or conformal structures ([g]) to replace the metric.

On the other hand, we saw that potentially different approaches may be dynamically equivalent and one should discuss whether they are physically

equivalent as well. On one hand, dynamical equivalence often depends on matter couplings, on the other hand, physical equivalence also relies on the

observational content of the theory, which is still to be developed.

All our discussion about gravitational field is based on Ehlers–Pirani–Schild (EPS) framework, in which they derive spacetime geometry from the

motion of light rays and particles which are potentially observable. They find out that the geometry of spacetime is allowed to be more general that

usually assumed in standard, purely metric GR (i.e. a Lorentzian metric structure), though that choice is allowed in this family as well. It turns out

that is dynamics that selects which is the EPS geometric structure actually realised in spacetime. While standard GR dynamics privileges a Lorentzian,

purely metric structure, other dynamics single out more complex structures. Thus, at least, it is clear that one is not free to select geometries and

dynamics independently, they come in pairs.

Then we need to extract the observational content of each of these theories, compare with observations which will eventually single out one dynamics

(which comes together with a definition of geometry on spacetime) which better suits experiments. Hopefully, in such dynamics, we should be able to

discuss weak field limit and recover Minkowskian SR (actually, a generally covariant version of SR, as it happens every time that a theory is recovered

as a limit of a theoretically incommensurable, more fundamental, theory) and derive Newtonian limit from scratch.

Of course, we are not able to go that far yet, though that is the direction to be explored. It is a bit extreme position, not very pragmatic, though it

is the path which we chose to have ahead.

We shall not discuss (by now) quantum gravity. Our analysis in entirely classical, it is concerned with the classical regime which itself is not

fundamental. However, even if eventually some sort of more fundamental quantum framework is in order, from an observational viewpoint, the classical

regime makes a damn good sense!

So good that, our current problem in quantum gravity is that, apparently, there not a single observation we are currently able to make in which

both relativistic effects of the gravitational field and quantum effects of it are relevant. For that reason, quantum gravity is, currently, overpopulated

of models and deserted of data. Honestly, we are barely able to observe the effect of a (Newtonian) gravitational field on quantum fields. However,

time goes by fast. When I was student, we did not even ever saw a particle falling in a gravitational field, today we are on the verge of observing

entanglement induced by a (Newtonian) gravitational field produced by a quantum system on another. Moreover, we (well they did it for us) just

detected gravitational waves generated by merging of black holes, which, in principle, carry a lot of information about the strong field regime (as well

as should be very clean signals of that regime since they do not depend on matter content, on astrophysical details, on stellar models, . . . ). That opens

a new observational domain which is still all to be uncovered.
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However, most of the current approaches to quantum gravity rely on standard GR and try to give a quantum version of it. If classical models other

than standard GR are better suited to describe gravity, that is something one would like to know before starting to even attempt to quantise the

gravitational field. We already have a hint that even classically the gravitational field is somehow more fundamental than other fields, surely it has

peculiar properties which can make its quantisation go along guidelines different from what happens for other fields.

Another example, is dynamical equivalence and other classical equivalences: they are classical equivalences which hold on shell. If we have learnt

anything about the quantum world in this last century and we take it seriously, quantum world is effected by off shell behaviour and classical world,

which is on shell and it emerges only on average. Consequently, two classical theories, even if they are classically equivalent, they are not necessarily

still equivalent when quantisation is concerned. There is not even any guarantee that they both emerge from a quantum theory! In other words,

carefully consider the foundations of classical gravitational theories can provide us with new information about quantum regimes, even in complete

absence of classical effects to distinguish between them. However, we repeat it, there are classical models for gravity which are not even classically

equivalent. In this case, even more, it may be important to develop quantum gravity strategies.

On the other hand, classical theories of gravitations needs to fit astrophysical and cosmological observations. These observations have grown constantly

in number and accuracy. They are very well understood within standard GR, though, often, they are not as well understood within more general

models. I suppose one could say that often it is hard to trace what, in an observation, depends on the model and what does not. Thus that is the issue

in which we decided it to work. At least, to understand observation in the wider family of extended theories of gravitation, which contains standard

GR, as well as other, less degenerate theories.

About the metric structures, one could in principle have many options to choose the signature. The signature is discrete, so it cannot change

(continuously) from one point to another in spacetime (a continuous function valued in a discrete set is necessarily locally constant). Thus one should

ask why Lorenztian is better than Euclidean, or any other signature? One usually has in mind that SR should eventually hold true in the weak field

approximation, and so one assumes the Lorentzian signature in view of it.

It is quite interesting to see that it is not necessary. We shall see that EPS framework has an answer for it and the signature is necessarily Lorentzian

as a consequence of the assumptions about light rays and light cones. So the signature is implicitly determined by the (topological) shape of the light

cones we observe, and Minkowski framework should then follow in the weak field approximation. That is an example of what we mean by building

gravitational theories on a fundamental level, not relying on simple, (fundamentally wrong), partial theories such as SR or Newtonian physics.

At the very least, we would like to keep track of these choices, develop a framework which is general enough, and use what we know to make our choices

among possible (and well-defined, self-consistent) models, which one is physically realised (that is usually something to be decided on observations).

It is quite important that we have (at least) a theoretical grasp on more general models among which we have to choose on an observational stance; if

we have to design experiments to see differences among different models, it is utterly important that our experiments are not biased and we are aware

of how different models affect the data analysis, which, we shall see, is quite difficult.

Another issue is about the use of approximations. Gravitational theories are difficult to be dealt with. Let us stress that there are issues still open in

Newtonian gravity (for example a good framework for n-bodies interactions), imagine how bad the situation can be in a relativistic regime! Most of

the times, approximations are very well justified by our physical intuition about when classical limits or Newtonian limits should approximately apply.

If one is modelling something in solar system, our physical intuition has been at least well tested. When it is extrapolated to a globular cluster 10

billion light years away, it is an extrapolation, which is probably all right, though certainly an extrapolation to be checked.
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The material of this part is organised as follows: In Chapter 5 we introduce EPS axiomatic approach to spacetime geometry. The main idea of it

is to derive the geometry of spacetime as a byproduct of potentially observable structures, as the motion of light rays and particles. We follow quite

closely the original work, with few exceptions: first we work in arbitrary dimension and, second, we introduce the geodesic equations for particles based

essentially on covariance rather than on equivalence principle.

What EPS obtained as a candidate geometry of spacetime to represent the gravitational field is something more general than the classical Lorentzian

geometry originally used for standard GR.

In Chapter 6 we introduce extended theories of gravitations as the relativistic theories which implement (in a specific form, as a consequence of

field equations) the most general structure identified by EPS. As a prototype of extended theories of gravitation we investigate in particular Palatini

f(R)-theories. We briefly review their general properties and investigate different conformal frames and their equivalence.

In Chapter 7 we consider the application of extended theories of gravitation to cosmology. This establishes a more general setting for cosmology, more

general than the standard approach, in which we can discuss a model in which the evolution of the universe is (restricted to some specific aspects)

reproduced without introducing dark sources at a fundamental level. We shall also discuss that this model also has various issues, though we believe

it is worth studying.

In the further Part III we shall specialise to standard GR as a specific extended theory of gravitation.
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Chapter 5. Spacetime geometry

.Next Chapter

The geometry of Tlön comprises two somewhat different disciplines: the visual and the

tactile. The latter corresponds to our own geometry and is subordinated to the first.

The basis of visual geometry is the surface, not the point. This geometry disregards

parallel lines and declares that man in his movement modifies the forms which surround

him.

(Jorge Luis Borges, Tlön, Uqbar, Orbis Tertius).

1. Introduction

.Next SectionIn Part I we introduced spacetime and its geometric structures as primitive concepts. We postulated some sort of dynamics and discuss their

observability in view of general covariance principle. Unfortunately, we discovered that even in the simplest case of a purely metric theory general

covariance principle does not allow to observe all degrees of freedom encoded by the metric tensor.

Of course, field theories and Hamiltonian formalism developed tools to analyse the situation. There are difficulties in applying these tools directly,

but we shall do it later on; see here.

Still, one of the problems of relativistic theories is that it is difficult to relate them in general to what astrophysicists routinely observe. Often they

use special coordinates, adapted to our Newtonian habits, though corrected in view of GR effects. Whatever coordinates are fixed, this breaks explicit

general covariance and most of the structure of the relativistic theory is lost.

More generally, in relativistic theories, it is not easy to trace the relation between observable quantities and field theoretical objects. For these reasons,

we shall here try a different approach. Instead of defining observable objects in terms of field theoretical quantities, let us try to list observable objects

and their observable properties, finding enough axioms to build geometric structures on spacetime. This axiomatic approach has various advantages.

First of all, it clarifies the origin of geometric structures instead of assuming them. Moreover, in this axiomatic approach, it is easier to discuss the

observability of the objects defined along the way.

We are not too interested here in a complete axiomatic analysis of gravitational theories. In particular, we are not interested in showing independence

of axioms. On the contrary, we privilege discussion about physical motivations of the axioms. The axioms are very closed to the one proposed by

Ehlers, Pirani and Schild (EPS; see[17]). We just adapted the axiom about coordinates in order to generalise the discussion to a generic dimension, we

sometimes group them differently, and we added some details. We strongly recommend to read the original paper, which is definitely worth the time.

Before starting off, we spend some time to define some very basic structures (spacetime, worldlines, light rays, particles, clocks). In the rest of the

Chapter, terms are used strictly as defined. In particular, clocks are simply parameterised curves, with any parameterisation. Since we aim to provide

a fundamental framework, there is no possibility of defining something like uniform clocks, or proper time. The first is, in principle, untenable (if it
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were one should declare uniform with respect to what, since, of course, there is no absolute definition of what uniform means). The second depends

on a metric structure, which we still have to define.

2. Events and spacetime

.Next SectionEvents are primitive objects. Physically, they represent something which can happen and can be observed, not having any spatial extension or time

duration. A lamp switching on at some time, a supernova explosion, a train leaving from a station can be all modelled by events.

Of course, none of them is really an event (e.g. a supernova has a spatial extension and duration) but one can, in some situation, think about them as events. No

difference between geometric points, lines, and triangles and their physical counterparts; they are different but I never meet anyone arguing that geometric points are

irrelevant since they have no physical actual realisation. They are just a model for many interesting situations and they make easy to describe physics in mathematical

terms.

The collection of all possible events is called spacetime. One usually assumes to have a notion of continuity on spacetime. Mathematically, this directly

corresponds to have a topological structure on spacetime. Geometrically speaking, one can define spacetime to be a topological space, and then events

to be points of spacetime.

An event usually needs 4 numbers to be specified, usually one for time and 3 for the spatial position (though, as we shall see, one could equivalently

use 4 times or any other combination); for this reason, one usually assumes that spacetime has dimension 4. Mathematically, this corresponds to a

notion of charts, i.e. to assume spacetime to be a topological manifold. On topological manifolds, one can define a notion of dimension which can

thence be set to 4.

Then, we well know that we can measure velocities of moving points, which are tangent vectors (or tangent directions, as we shall see more precisely)

to spacetime. This requires spacetime to be a smooth manifold (well, at least a C 1 manifold).

Hence, one should say that spacetime is a smooth manifold of dimension 4; however, there are different models in which a spacetime of different

dimension is introduced. Moreover, when nothing changes in some spacetime directions, one often understands the trivial directions using lower

dimensional descriptions of spacetime.

Finally, not much of what follows will actually depend on the specific dimension of spacetime and when it does it will be interesting to know it. For

these reasons, we shall drop specific requests on the spacetime dimension, simply assuming that spacetime is a smooth manifold M of dimension m.

Hereafter, some low dimension (e.g. m = 2) will often behave peculiarly and will often be discussed on its own (or excluded). However, in most

situations dimension will not be relevant provided it is high enough.

We shall see below that the differential structure of the spacetime manifold will be suitably required to be compatible with particles and light rays.

Let us point out that initially we claim that spacetime is a manifold, any manifold. However, at some point (here) we shall required that it allows an atlas made of

some special charts. And fixing an atlas on a manifold, is just as fixing its differential structure. Accordingly, the differential structure on spacetime, will be fixed by

the axioms, spacetime will not be a manifold, it will be that manifold.
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Topology of spacetime

At this point it is important to understand that the assumptions about topology of spacetime are mathematical and (but) are not without physical

consequences. On the contrary, it is likely that such assumptions will turn out to be questionable on the physical ground. There are in fact hints that

a quantum description of spacetime leads, somehow essentially, to a discontinuous structure on spacetime, similarly to when a quantum description of

particles leads to the loss of the notion of a continuous trajectory.

There are models in quantum gravity in which spacetime is described by more general structures (e.g. CW-complexes) in which the dimension, as well

as the topological and geometric structure, just emerge at a classical level.

Although these criticisms are reasonable and well motivated, we are not currently able to develop a quantum gravity approach from scratch (and we

have a lot of problems with it also not starting from scratch!). On the other hand, there are certainly regimes for which continuity (and differential

structure) in spacetime is very well established. To be true, there is currently no observable situation in which direct evidences of quantum framework

appear. Classical general relativity is a very good model, which today seems to be able to explain everything we see in the physics of gravitation and

model it with a precision which goes far bejond the experimental accuracy we can obtain. It may be that when we will be able to resolve events at the

Planck scale we shall be forced to give up continuity. However, the continuous framework is very good at the scales we are able to observe today. This

is exactly why we have problems in developping a quantum gravity paradigm! We have no observation to lead us into this new, more fundamental,

scale of description of the physical world and we grope in the dark with not much more than just mathematics and logic leading us.

Anyway, let us forget about all these problems in quantum gravity for now and let us face the problem of formulating a classical model for gravity.

3. Worldlines

.Next SectionWhen we observe something (e.g. the planet P ) moving around, we can regard it as a continuous family of events, each event recording that P passed

by space location x at time t. The motion of P is described by a trajectory in M .

A trajectory of spacetime, i.e. a 1-dimensional submanifold of M , namely the subset w(P ) = f(t, x)g. Such a trajectory is assumed to be continuous

(the planet P will not jump from one place to another) and smooth (we want to be able to define tangent vectors).

The first thing to be clarified is the difference between trajectory and curve. A trajectory is a subset of M , while a curve is a (continuous—or smooth

depending on the regularity required) map γ : I !M , where I �M is an interval in R. There is no loss of generality in assuming that 0 2 I.

A motion in spacetime is a (continuous) sequence of events, as such it is a trajectory. As we shall see, not all trajectories can be considered as physical

motions. For example, if we had a 2-dimensional spacetime with coordinates (t, x), t being the time of an event and x the position both measured by

a given observer, then the trajectory f(t = t0, x = s) : s 2 Rg is not a motion since the moving point would be at infinitely many different positions at

the same time t = t0. We shall see later on other examples of trajectories which cannot represent physical motions. Trajectories which can be regarded

as the motion of a physical particle (or photons) will be called worldlines.

If one has an extended object moving in space, its motion can be represented by a submanifold in spacetime of one dimension higher than the object. For example, the

motion of a 1 dimensional object, namely a line, can be represented by a 2 dimensional surface in spacetime, called a worldsheet.
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A curve is simple when it is injective. Of course, given a (simple) curve γ its image γ(R) is a trajectory, though a curve contains more information

than its trajectory: a curve is a trajectory covered in a specific way.

On the contrary, any (piece of a) trajectory can be considered as the image of a curve, e.g. one can fix a metric on M and then use the arc-length

along the trajectory as a parameter.

For example, let us consider an Euclidean plane (R2, δ), where δ denotes the standard inner product of R2. Let us fix Cartesian coordinates (x, y), with respect to a

δ-orthonormal frame.

A straight line S = {(x, y) : ax + by = c} is simply the subset of all points (x, y) satisfying the equation ax + by = c. Notice that one cannot have at the same time

a = b = 0 otherwise the solution space is not a line (it is empty for c 6= 0 or the whole R2 for c = 0). Except that, there is one straight line for each triple (a, b, c)

(while, of course, the triple (λa, λb, λc) defines the same straight line for any non-zero λ ∈ R).

One can provide a global parameterisation of the straight line S by choosing a parameter s long the trajectory, e.g. assuming a 6= 0 one can choose:

γ : R→ R2 : s 7→
(
x =

c− bs
a

, y = s

)
(5.3.1)

The straight line with a = 0 cannot be parameterised in the same way; however one has in this case b 6= 0 and can define another global parameterisation

σ : R→ R2 : s 7→
(
x = s, y =

c− as
b

)
(5.3.2)

In the generic case in which both a 6= 0 and b 6= 0, one can use both parameterisations of the same straight line. Both these parameterisations happen to be global

parameterisations, since the parameter s is free to range over the whole R corresponding to covering the whole straight line.

Of course, then one can choose a different parameter s′, with s = φ(s′), and define infinitely many parameterisations of the same straight line in R2, namely

ρ : R→ R2 : s′ 7→
(
x =

c− bφ(s′)

a
, y = φ(s′)

)
(5.3.3)

In this case, the parameterisation can be local when the map φ is not globally invertible.

For example, one can set φ(s′) = s′2 + 1 so that s′ ∈ (0,+∞) is mapped into s ∈ (1,+∞). The reparameterisation corresponding to (5.3.3) reads as

ρ : R→ R2 : s′ 7→
(
x =

c− bs′2 − b
a

, y = s′2 + 1

)
(5.3.4)

By specializing the parameters of the straight line to be (a = 1, b = 0, c = 0), we obtain the straight line coinciding with the y-axis and two parameterisations of that

trajectory, namely:

γ : R→ R2 : s 7→ (x = 0, y = s) ρ : R→ R2 : s′ 7→
(
x = 0, y = s′2 + 1

)
(5.3.5)

If we think to R2 as being the space, and the curves γ, ρ being the description of a motion of a point in space (not the trajectory to be the worldline of a motion in

R), then the first is representing a uniform motion along the y-axis, while the second is representing an accelerated motion along the y-axis. (When interpreted as

worldlines, they both represent a uniform motion in R.)

These two motions represent locally the same trajectory. Hence a curve is a trajectory with a specific parameterisation set on it.

As we can regard a curve as a trajectory with some extra information on it, we can also do the other way around. Two (simple) curves γ1 : I1 !M

and γ2 : I2 !M such that there exists a (global) reparameterisation (i.e. a global diffeomorphism φ : I1 ! I2) of γ1, leading to γ2, i.e. γ2 = γ1 � φ, can

be said to share the same trajectory and we write γ1 � γ2.
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Check that this defines an equivalence relation.

Since we defined an equivalence relation on the set of all (simple) curves γ(M) on spacetime, we can define the quotient set �(M) = γ(M)/�. An

element [γ] 2 �(M) is an equivalence class of curves which can be all obtained one from another by reparameterisations. These curves represent all

possible parameterisation along the same trajectory. All these curves share exactly the trajectory which is a (the) characteristic of the whole class. In

this way, we can define a trajectory to be an equivalence class (modulo reparameterisations) of curves.

In what follows, trajectories on a spacetime M will be denoted by bold Greek letters, while curves by the corresponding Greek letter. In other words,

we might write:

 = [γ] 2 �(M) (5.3.6)

To be precise, in the previous example, we made some abuses of language. In fact, the two curves γ and ρ given in (5.3.5) do not define the same trajectory. In fact, γ

defines the y-axis, while ρ defines half line of the y-axis, namely {(0, y) : y ≥ 1}, which is a proper subset of the y-axis.

One should say that a trajectory is a line which is locally parameterised by a curve.

Notice that a (local) parameterisation along a curve is (the inverse map of) a chart of the trajectory thought as a 1-dimensional manifold. The fact that we defined

reparameterisations by diffeomorphisms, means that we are defining a differentiable structure on trajectories.

Oriented worldlines

Reparameterisations are defined to be diffeomorphisms φ : I1 ! I2; global diffeomorphisms. As a consequence, their derivative at a point cannot

be φ̇(s) = 0. Consequently, if φ has a positive derivative at a point s 2 I1 it has positive derivative everywhere in I1. Or, analogously, for negative

derivatives. We have hence two classes of reparameterisations: the ones with (everywhere) positive derivative (which will be called orientation

preserving) and the ones with (everywhere) negative derivative, which will be called orientation reversing.

One can define an equivalence relation among curves weaker than the one to define trajectories. Two curves γ1 and γ2 such that there exists

an orientation preserving reparameterisation (i.e. a global diffeomorphism φ+ : I1 ! I2 with everywhere positive derivative) of γ1 leading to γ2,

i.e. γ2 = γ1 � φ+, can be said to be weakly equivalent and we write γ1 �+ γ2.

Check that this defines an equivalence relation.

γ(M)

�+(M)

�(M)

...................................................................................
.....
.......
.....

p+

...................................................................................
.....
.......
.....

p±

Since we defined an equivalence relation on the set of all curves γ(M), we can define the quotient set �+(M) = γ(M)/ �+. A class in �+(M) will be

called an oriented trajectory.

One can define an orientation reversing reparameterisation φ− : s 7! �s; two oriented trajectories 1 = [γ1] and 2 = [γ2] are said to be equivalent

if for any representative γ1 of 1 then γ1 � φ− is a representative of 2. This defines an equivalence relation (denoted by �±) on �+(M) and by the

quotient set �(M) = �+(M)/ �± we recover trajectories.

To summarise, one has curves γ : I !M on spacetime, oriented trajectories + which are equivalence classes of curves, and trajectories  which are

equivalence classes of oriented trajectories. Each trajectory, as a class of oriented trajectories, contains two oriented trajectories which are the two

possible orientations of the same trajectory.
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Clocks

It is important to notice that a trajectory contains all physical information about the motion in a space Q. The trick is that we are in spacetime.

The trajectory in spacetime projects onto space and the information along the time direction encodes the way such a spatial trajectory is covered.

The procedure is quite simple and well known: imagine one wants to describe a motion in 1 spatial dimension (say along a straight line with coordinate q). One obvious

choice is to use a map q : R→ R : t 7→ q(t), as one does usually in mechanics. That is a curve in R.

However, one can also consider the graph of such a curve L := {(t, q(t)) : t ∈ R} ⊂ R× R which is, in fact, a trajectory in the “spacetime” R2 = R× R. The graph L

is a trajectory in R2.

Of course, such a trajectory in spacetime contains all information about the motion. For example, the velocity of the motion q : R! Q : t 7! qi(t) is

encoded by the vectors tangent to the space

v = q̇i(t)
∂

∂qi
(5.3.7)

but also by the direction of the tangent line to the trajectory in spacetime, given by the linear subspace in the tangent of spacetime which is generated

by the vector

u =
∂

∂t
+ q̇i(t)

∂

∂qi
(5.3.8)

Let us call v the spatial velocity, or the Newtonian velocity.

If σ : I !M : s 7! xµ(s) is a curve in a spacetime M of dimension m = dim(M) representing a worldline, then the tangent vector

u = ẋµ(s)∂µ (5.3.9)

is called the spacetime velocity or covariant velocity.

We have to stress that the covariant velocity has no physical meaning: if one selects a different representative σ′ for the worldline σ = [σ], its covariant velocity u′

differs from u. To be precise, the direction of u and u′ is the same (i.e. they generate the same linear subspace in TxM), i.e. u′ is parallel to u, i.e. u′ = λu with λ ∈ R.

Hence, the direction of u has a physical meaning (it is a characteristic of the worldline, not only of a representative curve), while the “length” of u does not, since it

depends on the representative.

Given the curve σ on spacetime, it defines a covariant velocity u = uµ∂µ; one can define the quantities

wi =
ui

u0 (5.3.10)

which in fact is independent of the representative and depends only on the worldline. If coordinates on spacetime are referred to an observer and x0

has to do with the time measured by that observer, while xi have to do with the positions, then one can define a spatial vector

w = wi∂i (5.3.11)

which is the Newtonian velocity measured by that observer.
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time (min)

depth (meters)

Fig 5.1: A square profile dive

All these remarks are, in fact, quite trivial. At any basic diving course, graphs like these are shown.

They are called square profile dive. They, in fact, represent a worldline in a 2 dimensional spacetime. Here, the only relevant spatial

coordinate is depth h.

Once the conventions of the observer are specified (depth is measured in meters, starting from sea surface, pointing downward, time

measured in minutes, starting when dive starts), then one can figure out everything about the diving which is represented. The diver goes

down to 12 meters with a constant velocity in 3 minutes, then he stays at 12 meters for 6 minutes (looking at oysters), then he starts

going up again at a constant velocity until he reaches depth 5 meters in 2.5 minutes and stays there for 2 minutes, and so on.

Notice how the slope of curves informs us about velocity and horizontal information informs us about times.

Despite worldlines are endowed with a covariant meaning, also curves has a physical interpretation, though not a covariant

one. Consider a curve σ : R ! M in spacetime: as we said above, it represents a trajectory (and we require it to be a

worldline) with some extra information on it, namely a parameterisation. A parameterisation is assigning a name s 2 R to

each event along the worldline. Well, this is essentially what a clock does!

A clock is a moving object which is described by a worldline that tics. Although ticking is a discrete process, one can idealise the situation by assuming

that a clock stores a continuous register which monotonically increases along the worldline. Such a register defines a parameter along the worldline,

i.e. it selects a representative curve for it.

For these reasons, we define a clock to be a curve representative of a worldline. Of course, general covariance principle, in particular, claims that there

is no a priori preferred parameterisation to be selected. Choosing a clock is part of the specification of an observer. As such, clocks have a physical

meaning, though not an absolute physical meaning.

4. Light rays and particles

.Next SectionIn spacetime, we can trace the worldlines of photons or short laser pulses moving under the influence of the gravitational field only, subject to no

other force. The worldlines representing their motion in spacetime will be called light rays. They have not to be confused with the lines dual to the

motions of wavefronts used in optic approximation, which are trajectories in space (not in spacetime) and contain no information about the way the

light moves along its path. For us, a light ray is a trajectory in spacetime which represents a particle moving at the speed of light.

Let us denote by L the set of all possible light rays in M .

Let us stress that we here want to define a light ray to be an element in L. This is in contrast with what it is usually done in the standard approach to GR, where one

usually defines light rays as light-like geodesics, but we cannot do it since for us the spacetime comes without a metric on it. Instead, we want to provide the sets L
and P as primitive notions, ask some properties for them by axioms, and then discuss how one can build a metric (or, precisely, a conformal structure) on spacetime

out of them.

And this is purely mathematics and it does not claim anything about the physical spacetime, except that if one had two sets L and P which obey the properties

expressed by the axioms, then a metric or a conformal structure would be defined out of them.
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Since we do have set up experimental protocols, we measure physical light rays and then we build with them the set L (as well as the set P measuring particles), since

the sets L and P so-defined in terms of observations happen to obey the properties required by axioms, then the metric (or the conformal structure) on spacetime does

follow and it is linked to potential observations.

Notice that L should eventually contain quite a lot of worldlines; physical experience shows us that, at any event, one has a different light ray for any

spatial direction set as initial condition. We shall guarantee that one has enough light rays in L by an axiom we shall require in a while.

In the meanwhile, let us consider what happens at an event x 2M : first of all, we can define Lx � L the set of all light rays passing through x. For

each light ray  2 Lx, let us consider a parameterisation γ 2  such that γ(0) = x. Being the light ray a smooth manifold, one can define its tangent

vector γ̇.

A spacetime vector γ̇ 2 TxM tangent to a representative γ of a light ray  = [γ] 2 Lx is called a light-like vector. Once a vector γ̇ is shown to be

light-like, by changing the representative for the light ray  (e.g. just by rescaling the parameter), it is easy to show that any multiple γ̇′ := λγ̇ is again

light-like. Hence, the set of all light-like vectors is a cone in the topological sense. We shall see below that it is also a cone in the sense of primary

schools and ice creams (though in higher dimension). Such a cone Cx � TxM is called the light cone at x. Of course, the light cones are made of

straight lines (in the tangent space TM) each determining a tangent direction to the spacetime which is tangent to a light ray’s worldline. As such,

the light cone is defined just in terms of worldlines and is thence endowed with an absolute physical meaning.

Similarly, let us denote by P the set of all possible worldlines of freely falling (i.e. subjected to gravitational field , only) particles in M .

As for light rays, we define a free falling particle to be an element in P and P is a given set of trajectories in spacetime obeying the axioms we shall require below.

Axioms come with consequences, i.e. all theorems we are able to prove from them.

Then, in view of the observational protocols, we can trace in M the worldlines of all freely falling physical particles and then check that they define a physical realisation

of the set P obeying the axioms. Accordingly, we will be able to deduce for them the properties proven in the theorems.

Also particles are expected to be quite a number; one for any initial condition, i.e. an event x and a spatial velocity not exceeding the speed of light.

Again, this expectation is about physical particles, while the forthcoming axioms are needed to guarantee that there are as many theoretic counterparts

of them in P. Also, as above, Px � P contains all particles through an event x 2M ; each such particle can be parameterised as a representative curve

σµ(s) such that σµ(0) = xµ.

The tangent vector σ̇ to a curve σ representing a free falling particle is called a particle-like vector. A tangent vector which is not light-like or

particle-like will be said to be ghost-like.

‘Ghost-like’ has to be understood as a name only. We just temporarily need a name for what will eventually be called space-like vectors. Similarly, ‘particle-like’ vectors

will eventually be identified with time-like vectors.

Here the issue is originated again by the fact that, in the beginning, we do not have a metric on spacetime. Once we shall eventually define a Lorentzian metric g on

spacetime, then we will define time-like vectors, space-like vectors or 0vectors, depending on the sign of g(v, v) being negative, positive or null, respectively. It is only

at that point that we can argue that, in fact, time-like vectors agree with particle-like vectors, 0vectors agree with light-like vectors, and space-like vectors agree with

ghost-like vectors.

Only at that point the standard naming of standard GR will be recovered.

As usual, let us denote by TxM the tangent space to spacetime at an event x 2 M . That is a vector space and we can define a projective space out

of it, let it be Px(M) = P(TxM).
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Two non-zero vectors u, v ∈ V in a vector space V are equivalent and we write u ∼ v iff there exists a λ ∈ R (of course, λ 6= 0) such that u = λv. This defines an

equivalence relation and the projective space Px(V ) = (V −{0})/ ∼ is defined to be the quotient space. Each point in Px(V ) represents a direction in V . In the special

case V ≡ TxM , we write Px(M) := Px(TxM); by an abuse of language, a point in Px(M) is also called a direction in M at x.

Let us also denote by (TL)x � TxM the set of all light-like vectors at x 2 M , which are tangent to some light rays. The subset (TL)x =: Cx � TxM

of light-like vectors at x is also called the light cone. Analogously, let us denote by (TP )x � TxM the set of all particle-like vectors, tangent to some

particle.

Notice that neither (TL)x nor (TP )x are vector spaces on their own; however, if u 2 (TL)x then λu 2 (TL)x for all λ 2 R. Analogously, if v 2 (TP )x
then λv 2 (TP )x for all λ 2 R. In other words, both (TL)x and (TP )x are compatible with the quotient to the projective space Px(M) and define two

subsets Lx � Px(M) and Px � Px(M) which are called the light-like and particle-like directions, respectively.

Experience shows that there are (freely falling or not) particles with any (spatial) velocity slower than the speed of light. Since spatial velocity is

encoded into spacetime directions, particle-like vectors (TP )x induce particle-like directions Px which fills in an (m � 1) dimensional region in the

projective space Px(M). Also, the light-like directions Lx define a region (though of dimension (m� 2)) in Px(M). Thanks to one of the axioms below

(Axiom P ), we shall see that light-like directions form the boundary of particle-like directions which together form a compact set in Px(M) and they

are called causal directions in spacetime.

5. Axioms: part I

.Next SectionWe shall here list and discuss the axioms required in EPS (see[17]). The list will be split in two parts, since, with the axioms presented here in the

first part, the conformal structure of spacetime can be defined.

After we shall have discussed such a structure, we shall present the other axioms (see here) for the projective structure and compatibility. Here for

reference, we shall mention as a side note to which axiom in EPS we refer since often we split or group EPS axioms for the sake of discussing their

physical meaning.

The differential structure will be constrained to be compatible with particles and light rays later on (see Axiom DPR). The fist axiom has already

been discussed above when introducing spacetime and events. We repeat it here to be complete.

EPS: D3Axiom STC (Spacetime continuity):

Spacetime is a smooth manifold M of dimension m.

Events are points of spacetime.

Then, EPS (see Axiom D1) required a smooth structure on particles and light rays. Here, this has been obtained by requiring the changes of

parameterisations to be diffeomorphisms. Each local parameterisations is in fact a chart (actually, the inverse of a chart) on the worldline as a

1-dimensional submanifold of M . Changes of parameters are transition functions of the atlas of such charts; requiring changes of parameterisations to

be smooth does in fact define a smooth structure on the abstract manifold representing the worldline.
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Fig 5.2: Axioms AE and ECHO.
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Fig 5.3: Message and echo maps.

EPS: L1Axiom AE (Almost emptyness):

For any event e 2M and for any particle P 2 P
there exists a neighbourhood Ve �M of e such that

for each x 2 Ve there are at most two light rays R1, R2 2 Lx which hits P in V .

This axiom claims that there is no lensing (see Link) at small scales.

In fact, we shall see below that, in normal situations, a massive body in between x and P can bend light

rays so that, e.g. there are two distinct light rays travelling from x to P (the observer placed in x would

see two distinct images of P at the same time). The axiom AE just required that this does not occur

when e and x are sufficiently closed to each other, i.e. in a sense that going to small scales there are no

bodies massive enough to produce lensing.

Then, we need to be sure that locally we can always send a light ray from one particle to a

nearby one. This will be also the basis for constructing parallax charts and state the compatibility

condition between the differential structure of spacetime, particles and light rays.

EPS: L1Axiom ECHO (Echo signals):

For any event e 2M and for any particle P 2 Pe
there exists a neighbourhood Ue � Ve �M of e such that

for each p 2 Ue there are exactly two light rays R1, R2 2 Lp which hits P at two events

e1, e2 2 Ve (the neighbourhood Ve being defined above in axiom AE). If p 62 P then

e1 6= e2.

Of course, one has Ue � Ve. This axiom claims that, if the event p is closed enough to a particle

P , then one can send a light ray from P to p and then back to P . This is called an echo of the

event p on the particle P .

A trivial consequence of Axiom ECHO is that, given an event x closed enough to a particle P ,

one can always find a light ray starting from P (say at e1) and hitting x and a light ray from x

hitting P (say at e2). In other words, there are enough light rays to hit any nearby target.

Given two particles P and Q, we say we have message from P to Q if there exists an open set I � P , an open set J � Q, and a smooth map m : I ! J

such that, for any p 2 I, there exists a light ray from p to q = φ(p) 2 J . In other words, messages from P to Q are local maps, which, by an abuse of

language, will be denoted by m : P ! Q.

We say to have an echo of Q on P if we have a message m : I ! J from P to Q followed by a message m′ : J ! I ′ from Q to P . Again echoes

e : I ! I ′ are local maps from an open set I � P into a different open set I ′ � P ; an echo, by an abuse of language, is denoted by e : P ! P .

Axiom ECHO just claims that, if the particles are closed enough, then messages (and thence echoes) do in fact exist.
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Let us consider two particles P and Q with a parameterisation fixed on them, i.e. two clocks. A message assigns an event q 2 Q to an event p 2 P ,

i.e. it is a map between the two abstract 1-manifolds.

EPS: D2, D1, D4Axiom DPR (Differential structure on light rays and particles):

a) a message between two particles P and Q is a smooth map.

b) the echo on P of Q is a map from P to itself; it is ovbiously smooth (being the

composition of two messages); it is smoothly invertible.

c) any light ray and particle is a smooth submanifold on M .

d) for a message from P ! Q : p 7! q then the direction of the light ray depends

smoothly on the initial event p 2 P .

At an event p1 2 M , one can find a neighbourhood U1 � V1 such that any x 2 U1 can exchange and echo with a particle P1 though p1. Now fix a

point p2 2 U1 (not on P1) and a particle P2 through p2; one can find a neighbourhood U2 such that any point of it can exchange an echo with P2. Any

point in U12 = U1 \ U2 6= ∅ can exchange an echo both with P1 and P2. The procedure can be repeated m times so that one can find an open set

U and m particles Pi such that for any x 2 U there is an echo of x on all particles Pi. In particular, one has m messages from x to Pi. Let us fix a

parameterisation on Pi choosing a parameter si. Then the message from x to Pi hits an event pi 2 Pi corresponding to the parameter si.

P1

e2

e1

p

P2

Fig 5.4: Axiom DST.

This is similar to GPS. The particles Pi are satellites (which, of course, are free falling in the Earth’s gravitational field) which host an atomic

clock. The satellites broadcast their time. When one receives a signal from a satellite, it means that is on a hypersurface (the wavefront)

determined by the satellite’s position, which is supposed to be known. When one has received signals from m satellites, it means it stands at

the intersection of m hypersurfaces which identify a point in the spacetime.

Actually, the current GPS works in space (not in spacetime), i.e. it assumes a canonical local time and a Newtonian approximation is assumed

in view of the weak gravitational field. Moreover, in order to keep the receiving apparatuses at x ∈ U simple, instead of receiving the time

broadcasted by the satellites the point x is able to measure the difference of times received by pairs of satellites. In this way, instead of staying

at the intersection of wavefornts, the receiver knows to stay at the intersection of hyperboloids depending on the positions of the satellites; in

fact, the difference of time signals received is correlated directly to the difference of distances of the satellites from x and the locus of points in

which such a difference of distances is constant is in fact an hyperboloid with foci in the satellites considered. But these technical details do not

alter the fact that the coordinates introduced are quite similar to a more general and simpler GPS.

Alternatively, one can consider that Pi are looking at the event x from different perspectives and reconstruct its position as astronomers do

measuring the parallax of an object, being it a planet or a star. For this reason, the coordinates defined in this way will be called parallax

coordinates.

Then, at any event p there exist a neighbourhood U and m clocks Pi such that we can associate to any x 2 U a point (si) 2 Rm, i.e. a map

Φ(U,Pi) : U ! Rm.
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EPS: D3Axiom DST (Differential structure on spacetime):

There is a set of charts Φ(U,Pi) chosen as above that form an atlas of M ;

a) Such an atlas is a smooth atlas.

b) Any other similar chart Φ(U ′,P ′i )
is smooth compatible with such an atlas.

Hence the differential structure of spacetime given at the beginning must be compatible with particles and light rays so that the parallax coordinates

are part of the atlas. Of course, one is allowed to use any chart which is smoothly compatible with the atlas defined by parallax charts.

Then we have to be sure there are enough particles and light rays. Within experimental accuracy, we know a number of pretty well established facts

about particles and light rays. For example, we know that all known particles (being them freely falling or not) travel slower than light and there is

nothing we can do to accelerate them faster than light. We know that, locally in spacetime, we should have two kinds of light-like vectors: the ones

pointing to the future and the ones pointing to the past. The same for particle-like vectors. There should be two kinds: the ones pointing to the future

and the ones pointing to the past.

EPS: L2

Part c) is added.
Axiom CS (Causal structure on spacetime):

a) the set Px(M)� Lx disconnects into two connected components,

named inner-cone and outer-cone directions.

b) The set (TL)x�f~0g of all non-zero light-like vectors disconnects into two connected

components

(one representing the past and one representing the future, though we do not fix

which is which).

c) The set of non-zero inner-cone vectors disconnects into two connected components

(one representing the past and one representing the future, though we do not fix

which is which).

This is not the case for non-zero outer-cone vectors which instead are connected

(and this is how the inner and outer vectors are named).

In view of this axiom, while future and past components are symmetrical and can be exchanged, not the same happens for inner-cone and outer-cone

vectors. In fact, inner-cone vectors are the one with a direction which lies in the component of Px(M)�Lx which disconnects when the zero vector is

removed. That is a topological property which singles out which component is inner and which is outer.

Moreover, we know that the velocities of particles can be any velocity up to the speed of light.

EPS: P1

Part b) added.
Axiom P (Particles):

a) At any given event x 2 M there is one and only one (free falling) particle for any

inner-cone vector.

b) The direction tangent to particles (freely falling or not) are inner-cone.
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Let us remark that the Axiom P claims that particle-like vectors fill in one of the connected components (the inner-cone) in the tangent space TxM

determined by the light-like vectors (TL)x.

Further axioms about particles and their compatibility with light rays will be added later on. Before of that let us draw some consequences from what

we already know.

6. Conformal structure of spacetime

.Next SectionWe have already been able to build a family of cones Cx = (TL)x � TxM out of light rays.

Here, ‘cone’ refers simply to the fact that, when v 2 Cx, then λv 2 Cx as well. The cone Cx is called the light cone at x 2M . We can thence say that

we showed how light rays define the sheaf of light cones, i.e. a light cone at each point.

We shall see later how light cones are an important structure in gravitational theories; gravitational field will be shown to deform the light cones. A

sheaf of light cones are also called a conformal structure on spacetime.

Let us stress that the light cones Cx are cones in the tangent spaces of the spacetime M . We can also define wavefronts in the spacetime as

νp = fx 2M : there exists a light ray passing through x and pg

Since light-like vectors split into two connected components (past and future), also light rays through p can be split into future and past demi-rays.

Accordingly, also the wavefront νp splits into two parts, denoted by ν+
p and ν−p . These two (possibly singular) hypersurfaces of M are the worldsheets

of a light wavefront emitted from (respectively, focusing to) the event p.

The set of spacetime vectors tangent to νp at p is by definition (TL)p; since (TL)p is not a vector subspace, then ν±p is not a regular hypersurface, at

least at the point p, meaning that regularity is lost at focusing (emission).

Keep that in mind. It is the

first thing we learn about wave-

fronts and it will be used in few

pages.

In a while, we shall characterise the wavefronts ν±p in M in terms of observations of times of messages exchanged by clocks. We shall also prove that the cones ν±p are

in fact locally regular hypersurfaces except at p ∈M , i.e. they are regular in a neighbourhood of p except at p itself.

We shall show hereafter that the conformal structure is described by a conformal class of Lorentzian metrics on spacetime. Actually, deriving a metric

structure (together with its signature) out of observations about particles and light rays is a reason (for us the main reason) to prefer EPS axiomatic

approach to the usual geometric approach which postulates directly a Lorentzian metric on spacetime.

An interesting side effect is that, in the traditional approach, nothing guarantees that we shall be eventually able to observe the metric field, precisely

to determine a unique metric out of observations to represent a physical situation. On the contrary, by the axiomatic approach we shall build structures

out of observations and will be easier to discuss physical interpretations of structures along the way; of course, one can always discuss new axioms to

force new/less observables in the model, but that will need new axioms.

There are a number of equivalent descriptions of conformal structures on spacetimes, all of them important and useful to disclose some aspects of the

theory.
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The spacetime metric

Let us consider a particle P through an event p 2 P �M ; we know there is a neighbourhood U of p such that any event x 2 U can reflect an echo to

P ; in other words, one has two light rays L1, L2 passing through x and hitting the particle P at two events p1, p2 2 P both in a suitable neighbourhood

V which contains U .

Let us fix a parameterisation along the particle P ; this corresponds to fix a function s : P ! R (actually, the inverse of the parameterisation, i.e. a

coordinate chart on P ) so that s(p) = 0. The (smooth) map s : P ! R associates to any point x 2 P the value of its parameter s(x) 2 R. In particular,

let us denote by s1 = s(p1) and s2 = s(p2) the values of the parameter in the events p1, p2 2 P .

We can hence define a (smooth) function G : U ! R : x 7! �s1s2 in the neighbourhood U ; this function of course depends on the choice of the particle

P through the event p and from the parameterisation fixed along it. We shall be back soon on these conventions.

Let us now fix a coordinate chart xµ around the point p; as usual, let us assume, without loss of generality, that the point p corresponds to the origin

of coordinates, i.e. xµ(p) = 0. The local expression of the scalar function G has the following 2nd order Taylor polynomial around the point p

T2
p(G) = G(0) + ∂µG(0)xµ + 1

2∂µνG(0)xµxν (5.6.1)

One obviously has limx→pG(x) = 0, since, for x = p, it is p = p1 = p2 as well; hence s1 = s2 = 0.

Then let us suppose that one has ∂µG(0) 6= 0; then the level set G0 = fx 2 U : G(x) = 0g would be a regular hypersurface in M . However, we can

prove that G0 � νp, i.e. the wavefront in the spacetime.

First of all, let us consider a light ray L passing through p and let x ∈ L be an event on it. If x ∈ U then it can echo on P ; however, at least one of p1 or p2 coincide

with p and hence G(x) = 0. In other words, G vanishes on all light rays passing through p. Hence we showed that νp ⊂ G0.

Vice versa, if G(x) = 0 that means that either s1 = 0 or s2 = 0, i.e. either p1 = p or p2 = p. Let us suppose, for simplicity and with no loss of generality, that p = p1;

that means there is light ray passing through p and x, hence G0 ⊂ νp.
Being both νp ⊂ G0 and G0 ⊂ νp, one obviously has G0 ≡ νp.

.We learnt it hereBut we already know that the surface νp, thus G0, is not-regular at p, which contradicts the hypothesis. Then one necessarily has ∂µG(0) = 0.

The second Taylor polynomial hence degenerates to

T2
p(G) = 1

2∂µνG(0)xµxν (5.6.2)

Let us then define local functions gµν : U ! R
gµν(p) := 1

2∂µνG(p) (5.6.3)

In general the 2nd partial derivatives of a scalar does not define a tensor.

By changing coordinates as x′µ = x′µ(x), one has 
G(x′) = G(x)

∂′µG(x′) = J̄
α
µ∂αG(x)

∂′µνG(x′) = J̄
α
µ J̄

β
ν∂αβG(x) + J̄

α
µν∂αG(x)

(5.6.4)
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This would lead directly to the non-tensorial transformation rules

g′µν = J̄
α
µ J̄

β
νgαβ + 1

2 J̄
α
µνgα (5.6.5)

which involves the 2nd order partial derivatives, as well as the 1st order partial derivative gα.

However, in this case, the value of the differential gα = ∂αG(0) (as well as the value of function G(0)) is zero; as a consequence, the 2nd order partial

derivatives define a (symmetric) 2-tensor g = gµνdx
µ 
 dxν .

Here we have a problem with notation. We shall soon show that light-like vectors v obey g(v, v) = 0. Eventually, we shall show that all vectors v such that g(v, v) = 0

are in fact light-like, so that, finally, we shall know that a vector is light-like iff g(v, v) = 0. However, in the meanwhile, we cannot know whether there can be vectors

with g(v, v) = 0 which are not light-like. Thus we need a temporary name for vectors with g(v, v) = 0.

We could use the standard name of null vectors. However, I think this name is misleading. When one says: consider a non-null vector, does that mean a vector for

which g(v, v) 6= 0 or a non-zero vector v 6= 0?

For this reason, we prefer to avoid any reference to null vectors.

Let us call a 0vector any v such that g(v, v) = 0. Let us also say that a vector v is time-like iff g(v, v) < 0 and space-like iff g(v, v) > 0.

A similar ambiguity is between particle-like vectors and time-like vectors. Soon we shall show that a vector is particle-like iff it is time-like. Thus eventually we shall

only have time-like (=particle-like), light-like (=0vector), and space-like (=ghost-like) vectors.

We know a couple of extra facts about the tensor g. Let us consider a light ray parameterised as L : s 7! γµ(s) based at p (i.e. γµ(0) = 0). The

composition G � γ : R! R vanishes identically since L is a light ray through p.

Hence by taking the second derivative at s = 0 one has

0 = gµν(p)γ̇
µ(0)γ̇ν(0) (5.6.6)

where L̇ = γ̇µ(0)∂µ is the tangent vector to the light ray L at p, which is hence a 0vector. Hence we know that g(L̇, L̇) = 0 along any light-like vector.

Thus any light-like vector is a 0vector.

Analogously, we can consider the parameterisation σ : R ! P : s 7! xµ(s) of the particle P used in the construction of G. If one fixes x = σ(s) 2 P
then by construction p1 = p2 = x and s1 = s2 = s; accordingly, one has G(σ(s)) = �s2. Again, by taking the second derivative at s = 0 of both hand

sides, one has

�2 = gµν(p)ẋ
µẋν (5.6.7)

Let us denote by ẋ = ẋµ(0)∂µ the vector tangent to P at p, then we know that g(ẋ, ẋ) = �2.

By summarising, we know a lot about vectors at p; all light-like vectors L̇ 2 (TL)p are 0vectors, i.e. g(L̇, L̇) = 0 and at least one particle-like vector,

the vector ẋ tangent to P , is time-like, i.e. g(ẋ, ẋ) < 0. On the other hand, g is a symmetric tensor and can be put in canonical form, as any other

quadratic form. The procedure to find a canonical form depends on a metric on M , but that is irrelevant. The relevant fact is that one can find a

coordinate system in which the tensor g is in canonical form, i.e. diagonal with all entries on the diagonal which are either zero or �1.

All we have to do is analysing, one by one, all possible canonical forms and check which ones of them agree with what we know about g. Before

proceeding, let us denote by Qp = fv 2 TpM : g(v, v) = 0g the set of 0vectors with respect to g. We obviously know that (TL)p � Qp.
Let us start by considering low dimensions, case by case, before sketching a discussion for the general case.
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Dimension 1

In dimension 1 there are three possible signatures, namely (+), (�), and (0).

In cases (+) and (�) the tensor g is non-degenerate and has no 0vectors other than the zero vector. Thus there will be no light ray in those cases.

In case (0) the tensor g is identically zero and there is no time-like vector (as the tangent vector to P should be).

Accordingly, dimension m = 1 cannot meet the requirements and it is incompatible with our axioms.

Dimension 2

In dimension 2, there are three possible signatures, namely (++), (+�), (��) for the non-degenerate cases and three, namely (+0), (�0), (00), for

the degenerate cases.

The signatures (++), (��) cannot account for 0vectors; the signatures (+0), (00) cannot account for the time-like vector.

In the signature (�0), the 0vectors are the ones along the y-axis. Notice that, in that case, light-like vectors must be the ones along the y-axis as

well; if there is a non-zero light-like vector then all its multiples are light-like as well. Unfortunately, the y-axis singles out one point in the projective

space Px(M) of spacetime directions which hence fails to split into two connected components; in other words, one cannot define inner and outer-cone

vectors.

Thus one is left with the signature (+�) only. In this case, 0vectors are the two bisector lines y = �x, they are again necessarily light-like, and they

single out two points in the projective space which split the directions into two connected components, namely inner and outer-cone vectors.

Hence in dimension m = 2 there is only one possible signature (+�) and Qp � (TL)p.

However, both the inner and outer-cone vectors disconnect into two connected components when the zero vector v = 0 is removed. Accordingly,

dimension 2 is a sort of borderline case: strictly speaking there is no signature compatible with all the axioms, if the second part of Axiom CS is

included.

Dimension 3

In dimension 3 there are four possible non-degenerate signatures, namely (+ + +), (+ +�), (+��), (���) and six for the degenerate cases, namely

(+ + 0), (+� 0), (�� 0), (+00), (�00), (000).

The signatures (+ + +), (���) cannot account for 0vectors; the signatures (+ + 0), (+00), (000) cannot account for the time-like vector.

In the signature (�00), the 0vectors are the ones in the form v = (0, y, z), namely the yz-plane. If one has Qp = (TL)p then the light-like vectors do

not split into two connected components when the zero vector is removed. If (TL)p � Qp properly, then some line in the yz-plane has been removed

and particle-like directions form one connected component and not two as required.

In the signature (�� 0), the 0vectors are the ones in the form v = (0, 0, z); they split correctly in two connected components when the zero vector is

removed, but the complement is connected.
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In the signature (+�0), the equation for 0vectors is x2�y2 = 0 the solutions of which form two planes intersecting along the z-axis. One cannot leave

out any line on those plane (otherwise Lx would not split the projective space into two connected components); hence Qp = (TL)p. Then, dropping

the zero vector, the two planes do not disconnect into two connected components. Thence also this signature cannot be accepted.

In the signature (+ � �), the equation for 0vectors is x2 � y2 � z2 = 0 being a cone (a cone in the usual sense with a circle as a directrix) with the

axis along the x-axis. The vectors “inside the cone” are space-like, while the ones “outside the cone” are the time-like. Unfortunately, the particle-like

vectors are in the wrong connected components, i.e. the one which does not disconnect into two connected components when the zero vector is removed.

Thence also this signature cannot be accepted.

We are left again with the Lorentzian signature (+ + �). The situation in this case is pretty much the same as for the signature (+ � �), though

with the vectors “inside the cone” which are time-like, while the ones “outside the cone” are space-like. Now, of course, the particle-like vectors are

inner-cone vectors which do disconnect into two connected components when the zero vector is removed. The signature can be accepted. Again we are

forced to accept Lorentzian signature, g is non-degenerate, and Qp � (TL)p.

Dimension m

should be reviewedThe situation is getting more and more involved as the dimension grows and we need to devise a more general method. Let us suppose we have proved

that in dimension m� 1 the only allowed signature is Lorentzian (�+ + + . . .) and that Qp � (TL)p. A signature in dimension m is obtained adding

a 0, + or � to a signature in dimension m� 1. In dimension m, we already can discard signatures (+ + + . . .), (��� . . .); the degenerate signatures

have entire planes of 0vectors and they do not disconnect into two connected components when the zero vector is removed.

We are left with all mixed signatures of the type (+ + . . . � � . . .) with at least one + and one �. The equation for 0vectors is (x1)2 + . . . +

(xr)2 � (xr+1)2 � . . . � (xm)2 = 0. If r > 2 then let us define ρ2 = (xr−1)2 + (xr)2 and we get the equivalent equation for cones in the form

(x1)2 + . . . + (xr−2)2 + ρ2 � (xr+1)2 � . . .� (xm)2 = 0. It is easy to check that one has a continuous path connected two points in Rm iff one has the

continuous path in Rm−1 (the essential point is that ρ = 0 iff xr−1 = xr = 0). Accordingly the only case which can accomodate a suitable (LM)p in

dimension m� 1 is the Lorentzian case (+ + + . . .+�) which is Lorentzian again when a + is added. If r � 2 then define ρ2 = (xr+1)2 + (xr+2)2 and

we get the equivalent equation in the form (x1)2 + . . .+ (xr)2 � ρ2 � (xr+3)2 � . . .� (xm)2 = 0. This has at least two � in dimension m� 1 and was

discarded; accordingly it is discarded in dimension m.

To summarise, in dimension m > 2, the only signature allowed is Lorentzian (+ + . . .+�). In particular, it is non-degenerate and g is a Lorentzian

metric over the spacetime. Moreover, Qp � (TL)p; hence there is no difference between 0vectors and light-like vectors. Accordingly, we shall forget

about 0vectors which will be called light-like and are the same things as light-like vectors. Similarly, we shall forget about particle-like vectors which,

from now on, will be called time-like and ghost-like vectors which will be called space-like vectors.

Conformal metrics

We just saw that one can build a Lorentzian metric g on the spacetime M only relying on a clock and light rays. However, we noticed that the

construction depends on the choice of a particle P as a clock, i.e. with a parameterisation over it.
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Let us suppose we want now to change the parameterisation we fixed along P by defining a new parameter s′ = φ(s). Instead of defining the function

G, we would define a different function G′ which is defined to be

G′(x) = �φ(s1)φ(s2) (5.6.8)

By taking the second Taylor expansion we have

g′µν(p) = 1
2∂µνG

′(p) = (φ′(0))2gµν(p) (5.6.9)

i.e. we define a metric g′ conformal to g.

We say that two metrics g and g′ are conformal, if there exists a positive function Φ such that g′ = Φ(x)g.

Notice that Weyl conformal transformation is defined to be a field transformation, no coordinate transformation is associated to it. Weyl conformal transformations

have not to be confused with coordinate dilatations x′µ = αxµ, which in fact induce a transformation on the metric g′ = α2g, though with α constant. Of course, a

coordinate dilatation is a coordinate transformation, i.e. a local diffeomorphism, and, as such, it leaves automatically invariant any generally covariant theory.

Here we are claiming that Weyl conformal transformations leave the physical situation invariant and they correspond only to changing observer conventions. They are

however, an extra gauge freedom of observers, beside diffeomorphisms.

Let us stress also that two conformal metrics define the same sheaf of light cones, i.e. the same conformal structure on spacetime. Thence we can

equivalently define the conformal structure on spacetime to be an equivalence class of conformal metrics [g].

Notice also that a time-like vector for a metric g is time-like for any conformal metric g′. The same for light-like and space-like vectors.

Analogously, if we change particle P to a nearby P ′ passing through the same point p, let us denote by φ : P ! P ′ a message map from P to P ′.

Again, one can prove that the effect of changing particle is a change in the representative g in the conformal structure [g].

Accordingly, light rays select a conformal structure on spacetime and, by choosing a clock, one can define a specific representative for it.

The conformal structure on spacetime can also be described by an invariant object.

Originally, EPS used this representation. I think the discussion is clearer without using it, though we mention it to be complete.

Let us consider a conformal structure [g] and g be one of its representatives. Let us define the tensorial density

gµν = g−1/mgµν (5.6.10)

where g denotes the absolute value of the determinant of the metric gµν .

.Standard JacobiansThe quantities gµν are a tensorial density of weight 2/m; in fact, by changing coordinates x′ = x′(x), with the usual notation about Jacobians, one

has g′ = J̄
2
g and one has g′µν = J−2/mgρσJ̄

ρ
µJ̄

σ
ν , where J is the determinant of the Jacobian matrix.

The tensorial density gµν is also invariant with respect to Weyl conformal transformations; in fact, if g′ = Φ � g is another conformal metric, then

g′ = Φmg and

g′µν = g′−1/mg′µν = g−1/mgµν = gµν (5.6.11)

Hence the tensorial density gµν is a characteristic of the conformal class [g], more than of a specific metric g.
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7. Geodesics

.Next SectionWe shall need to specify an equation for freely falling particles. We know a number of things about this equation. First, there is a particle for

each initial event and any (time-like) direction; so, we expect a second order, ordinary differential equation. Second, we expect that initial conditions

uniquely determine the particle worldline; thus we expect the equation to be in normal form so that Cauchy theorem holds for it. Third, the equations

should determine a worldline, not a motion; thus the equation must be invariant with respect to reparameterisations. Fourth, the equation should be

covariant with respect to coordinate changes (or spacetime diffeomorphisms).

In view of first and second observations, we can postulate an equation in the form

ẍµ = fµ(s, x, ẋ) (5.7.1)

and we can expand the right hand side in powers of velocities

ẍµ = Aµ(s, x) +Aµα(s, x)ẋα +Aµαβ(s, x)ẋαẋβ + . . . (5.7.2)

Let us consider reparameterisations; suppose we have a solution xµ(s) and consider a reparameterisation γµ(s′) = xµ(φ(s′)) of it. We wish to impose

that such a curve is again a solution of the equation with the new parameter and possibly new coefficients so that the equation (or the family of

equations) identifies a whole class of curves and induces an equation on trajectories. Of course, we have

γ̇µ(s′) = φ̇(s′)ẋµ(φ(s′)) γ̈µ(s′) = φ̇2(s′)ẍµ(φ(s′)) + φ̈(s′)ẋµ(φ(s′)) (5.7.3)

and the new equation is

γ̈µ = A′µ(s′, x) +A′µα (s′, x)γ̇α +A′µαβ(s′, x)γ̇αγ̇β + . . . (5.7.4)

Thus γ is a solution iff

φ̇2ẍµ = A′µ(s′, x) +
�
φ̇A′µα (s′, x)� φ̈δµα

�
ẋα + φ̇2A′µαβ(s′, x)ẋαẋβ + . . . (5.7.5)

Notice that, in this equation, ẍµ and ẋα denote the derivatives of the function xµ(·) with respect to its argument, then evaluated at φ(s′).

Equation (5.7.5) can be expanded using (5.7.2) (just evaluated at φ(s′)) to obtain�
φ̇2Aµ(s′, x)�A′µ(s′, x)

�
+
�
φ̇2Aµα(s′, x)� φ̇A′µα (s′, x) + φ̈δµα

�
ẋα + φ̇2

�
Aµαβ(s′, x)�A′µαβ(s′, x)

�
ẋαẋβ+

+ φ̇2
�
Aµαβγ(s′, x)� φ̇A′µαβγ(s′, x)

�
ẋαẋβẋγ + . . . = 0

(5.7.6)

which gives the transformation rules with respect to reparameterisations for the coefficients8>>>>>>>><
>>>>>>>>:

A′µ = φ̇2Aµ

A′µα = φ̇Aµα + φ̈

φ̇
δµα

A′µαβ = Aµαβ

A′µαβγ = 1
φ̇
Aµαβγ

. . .

(5.7.7)
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Item 3 is easy to be interpreted: second order coefficients must be invariant with respect to reparameterisations. Then the coefficient Aµαβ does not

depend on s and it is a field on spacetime.

If we had a reason to require that all coefficients vanish in one parameterisation then one would obtain easily (A′µ = 0, A′µαβγ = 0, . . .) in any parame-

terisation; however, the first order coefficient cannot be dismissed so easily since, if it is set to zero in one parameterisation, a generic reparameterisation

brings it back into the game (since the second equation is not homogeneous). It is in view of this consideration that one is forced to work with a family

of equations, one for each parameterisation, instead simply with spacetime fields.

Once we resign ourself to work with a family of equations, we have a list of coefficient fields (Aµ, Aµα, A
µ
αβ, . . .) in a fixed parameterisation. This

identifies an equation (5.7.2) which, in turn, identifies a class of motions xµ as solutions. When one considers a reparameterisation φ one has to define

a new family of fields (A′µ, A′µα , A
′µ
αβ, . . .) according to (5.7.7) which, in turn, defines a new equation (5.7.5) such that the motion x′µ = xµ � φ is

automatically solution iff xµ was originally a solution of (5.7.2).

.Standard JacobiansWe still have to implement general covariance, i.e. consider spacetime diffeomorphisms. Let is consider a spacetime diffeomorphism Φ : M ! M :

xµ 7! x′µ(x) (with usual notation about Jacobians). The diffeomorphism Φ defines a dragging of any curve xµ(s) into x′µ(s) := x′µ(x(s)). Velocities

and (Lagrangian) accelerations are given by

ẋ′µ = Jµν ẋ
ν ẍ′µ = Jµν ẍ

ν + Jµνλẋ
ν ẋλ (5.7.8)

If the original motion xµ was a solution of equation (5.7.2), the dragged curve is again a solution of the same equation with new coefficients, namely

ẍ′µ = A′µ +A′µα ẋ
′α +A′µαβẋ

′αẋ′β + . . . (5.7.9)

i.e.

ẍν = J̄
ν
µA
′µ + J̄

ν
µA
′µ
α J

α
ρ ẋ

ρ � J̄νµ
�
�A′µαβJαρ Jβσ + Jµρσ

�
ẋρẋσ + . . . (5.7.10)

Since equation (5.7.2) holds, then one has

�
A′µ � JµνAν

�
+ Jαρ

�
A′µα � JµνAνλJ̄λα

�
ẋρ + Jαε J

β
τ

�
A′µαβ � JµνAνρσJ̄ραJ̄σβ � JµρσJ̄ραJ̄σβ

�
ẋεẋτ + . . . = 0 (5.7.11)

which leads to transformation rules for the coefficients with respect to spacetime diffeomorphisms8>>>>>>><
>>>>>>>:

A′µ = JµνA
ν

A′µα = JµνA
ν
λJ̄

λ
α

A′µαβ = Jµν
�
AνρσJ̄

ρ
αJ̄

σ
β � J̄ναβ

�
A′µαβγ = JµνA

ν
ρσλJ̄

ρ
αJ̄

σ
β J̄

λ
γ

. . .

(5.7.12)

where we did an integration by part on the second order term.

The integration by part is

−JµρσJ̄
ρ
αJ̄

σ
β = −∂′βJµρ J̄

ρ
α = ∂′β

(
Jµρ J̄

ρ
α

)
+ Jµρ ∂

′
β J̄

ρ
α = ∂′β (δµα) + Jµρ J̄

ρ
αβ = Jµρ J̄

ρ
αβ (5.7.13)
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Hence the coefficients are all tensor fields except the second order one which is minus a torsionless connection Aνρσ := �Γνρσ. In equation (5.7.2), only

the symmetric part (with respect to lower indices) of coefficients is relevant so one can assume the connection Γνρσ to be torsionless.

Alternatively, one could assume the connection with torsion, though only the torsionless part enters in the equation (5.7.2). However, at this stage particles are the

only primitive objects we are supposed to observe; accordingly, the torsion would not be observable.

Nevertheless, when we shall couple gravity with matter fields, there could be some matter field which couples to torsion. In those models, torsion could be back on

stage.

This is the most that can be done by requiring the generic characteristics listed above. One has to list a (torsionless) connection Γνρσ, a vector field

Aµ, a (1, 1) tensor Aµα, a tensor field Aµαβγ of rank (1, 3) symmetric in the lower indices, and so on. These fields define an equation

ẍµ + Γµρσẋ
ρẋσ = Aµ +Aµαẋ

α +Aµαβγẋ
αẋβẋγ + . . . (5.7.14)

which, by Cauchy theorem, defines a family of motions xµ as solutions. This equation is not invariant with respect to reparameterisations and thence

it does not define trajectories as it should. However, given a list of coefficients (Aµ, Aµα,Γ
µ
ρσ, A

µ
αβγ , . . .), one can use (5.7.7) to define an equivalent list

of coefficients (A′µ, A′µα ,Γ
µ
ρσ, A

′µ
αβγ , . . .). This defines equivalence classes of lists of coefficients and then equivalence classes of equations.

We say that a trajectory  = [γ] is a solution of a class of equations iff, for any representative motion γ, there exists a representative of the class of

equations for which γ is a solution.

We have a lot of freedom in selecting a class of equations which can be used for describing (possibly affected by all sort of forces) particles. This

reflects the fact that we want particles to be coupled to gravity only, while, of course, we have all kind of equations which correspond to all sort of

force fields that can be applied to the particle. We need an extra axiom to select which equation corresponds to pure gravity coupling.

Here one could do many things, from requiring SR to hold at a point to postulate free motion along a curved spacetime. The essential point is that an extra axiom is

required and none of them is much simplier than the others, all being essentially fixing a class of equations of the kind described above.

Notice however, that one could define gravity as the force which cannot be shielded and which is felt by all particles in the same way. This is a kind of weak form of

equivalence principle. In this case, let us notice that the coefficients (Aµ, Aµαβγ , . . .) can be coherently set to zero; they are tensor fields (thus zero has a meaning which

is independent of observer, i.e. it is covariant) and, if they are set to zero in a representative of the equation class, they are zero in all representatives. Consequently,

we can assume that they represent forces that can be switched off.

The same cannot be said for the coefficients (Aµα,Γ
µ
ρσ); Aµα is a tensor (so one could set it to zero in a covariant way) but, once set to zero in one parameterisation, it

is not zero in the other parametersations. For the connection Γµρσ, it has no covariant meaning in putting it to zero since it is not tensorial.

The situation for Aµα can be improved a bit. Any (1, 1) tensor can be uniquely split as

Aµα = λδµα + aµα (5.7.15)

where aµα is a traceless tensor field. By tracing one obtains A = mλ which determines λ.

The transformation laws with respect to reparameterisations is thence

λ′δµα + a′µα = φ̇λδµα + φ̇aµα + φ̈

φ̇
δµα (5.7.16)
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This can be split, by tracing, into the conditions 8<
:λ′ = φ̇λ+ φ̈

φ̇

a′µα = φ̇aµα

(5.7.17)

Now we can set aµα to zero coherently as above for the fields (Aµ, Aµαβγ , . . .), while the same cannot be done for λ.

Moreover, let us notice that, on a curve x(s), for any λ(s) := λ(s, x(s)) one can fix a reparameterisation φ so that λ′ = 0. In fact, one can fix φ so

that φ̈ = �λφ̇2, which is obtained by integration from

1

φ̇
=

Z
λ(s)ds φ̇ =

1R
λ(s)ds

(5.7.18)

The equation φ̈ = −λφ̇2 can be seen as the equation for integral curves for the vector field on TR (with coordinates (s, v))

Ξ = v
∂

∂s
− λ(s)v2 ∂

∂v
(5.7.19)

If the function λ is sufficiently regular, than the flow exists at least locally.

A further consequence of this fact is that the function λ can be set to any function by fixing the parameterisation.

Geodesics trajectories

We are now ready to define geodesic trajectories which will be used to formulate the (weak) equivalence principle in precise mathematical terms. A

trajectory  = [γ] is a geodesic trajectory for the connection Γµαβ if there exists a function λ(s) such that a representative γ is a solution of the equation

γ̈µ + Γµαβ γ̇
αγ̇β = λγ̇µ (5.7.20)

This equation (which is, in fact, a family of equations) will be called the equation for geodesic trajectories of the (torsionless) connection Γµαβ.

This equation is not really associated to a single connection Γµαβ. Let us, in fact, consider the new pair (Γ′µαβ, λ
′) given by

Γ′µαβ = Γµαβ + δµ(αVβ) λ′ = λ+ (Vµγ̇
µ) (5.7.21)

for any 1-form V . It is easy to show that a curve γ is a solution for the geodesic equation of the pair (Γµαβ, λ) iff it is a solution of the geodesic equation

for the new pair (Γ′µαβ, λ
′).

In fact,

γ̈µ + Γ′µαβ γ̇
αγ̇β = λ′γ̇µ ⇐⇒ γ̈µ + Γµαβ γ̇

αγ̇β + γ̇µVβ γ̇
β = λγ̇µ + Vβ γ̇

β γ̇µ ⇐⇒ γ̈µ + Γµαβ γ̇
αγ̇β = λγ̇µ (5.7.22)

Let us say that two connections Γ and Γ′ are projectively equivalent iff there exists a 1-form V such that Γ′µαβ = Γµαβ + δµ(αVβ); in this case, we have

Γ � Γ′. The equivalence class [Γ] is called a projective structure on the spacetime M , while a connection Γ is called an affine structure on spacetime.
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Now, obviously, an affine structure induces a projective structure, while vice versa is not true in general, though we shall see that a particular

compatibility requirement between the projective structure and the conformal structure will enable us to determine a canonical affine structure out of

a projective structure.

In the meantime, the equation for the geodesic structure is related to a projective structure on spacetime; changing the representative for the projective

structure can in fact be reabsorbed by a suitable reparameterisation.

Let us finally stress that we never required the affine structure Γ or the projective structure [Γ] to be somehow related to the conformal structure. In

other words, we never required the connection Γ to be the Levi Civita connection of any metric on spacetime, in particular of a representative of the

conformal structure. We shall see below that a specific compatibility axiom between the conformal and projective structure will be required. This will

allow to partially determine a connection out of the metric structure. The extra freedom of the connection will be parameterised by a 1-form � and

standard GR corresponds to the choice � = 0, for which the connection is completely determined in terms of the metric structure.

Let us now proceed leaving the discussion about compatibility axioms for due times. Until then, we shall not assume any a priori relation between

conformal and projective structure.

Geodesic motions

Given a connection Γµαβ (i.e. an affine structure on spacetime) a curve γµ(s) is a geodesic motion for Γ iff it satisfies the following equation

γ̈µ + Γµαβ γ̇
αγ̇β = 0 (5.7.23)

This equation is already known in mechanics (even if for a specific metric connection Γµαβ = {g}µαβ) and it describes free motion along configuration space of a system

of material points subjected to a number of holonomic constraints. The metric structure g on configuration space is endowed by the kinetic energy of the system. The

system motion is free in the sense that there are no forces other than constraint forces. The motion of the system is completely determined in terms of the geometry

of configuration space, in turn determined by the metric structure coming from kinetic energy bilinear form.

The equation is also known in differential geometry and it determines a special class of curves on manifolds, namely the geodesics. If the connection is metric, the

geodesics turns out to be the curves of shortest length (or at least they have stationary length).

Of course, here the situation is different since the equation in mechanics is expected to provide a motion as a solution while here in spacetime it is expected to provide a

trajectory. Moreover, there is no preferred metric structure on spacetime, just a conformal structure i.e. an equivalence class of metrics, and the geometry of spacetime

can be expressed also in terms of a connection (or a projective class of connections).

Let us stress that the equation for geodesic motions is variational if the connection is metric, while it is not for a generic non-metric connection.

Consider the Lagrangian

L = 1
2gµνu

µuνds (5.7.24)

Its Euler–Lagrange equation are in fact
d

ds
(gµαq̇

µ)− 1
2∂αgµν q̇

µq̇ν = 0 (5.7.25)

By expanding the total derivative, one gets

gµαq̈
µ + ∂νgµαq̇

µq̇ν − 1
2∂αgµν q̇

µq̇ν = 0 (5.7.26)
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which, after few index manipulations and collecting, becomes

gµαq̈
µ + 1

2 (∂νgµα + ∂µgνα − ∂αgµν) q̇µq̇ν = 0 (5.7.27)

Then let us multiply the equation by gλα to get

q̈λ + {g}λµν q̇µq̇ν = 0 (5.7.28)

Of course, the Lagrangian (5.7.24) is not invariant with respect to reparameterisations. In fact, when a reparameterisation is performed then one has

L′ = 1
2gµνu

′µu′νds′ = 1
2gµν φ̇

2uµuνds′ = 1
2gµν φ̇u

µuνds = φ̇L (5.7.29)

If the Lagrangian were invariant, then reparameterisation would be symmetries and the equations would be invariant as well, while we know that the equations for

geodesic motions are not.

When the connection is metric, also the equation for the geodesic trajectories is variational

Consider the Lagrangian

L =
√
|gµνuµuν |ds (5.7.30)

This is in fact invariant under (orientation preserving) reparameterisations since one has

L′ =
√
|gµνu′µu′ν |ds′ =

√
|gµν φ̇2uµuν |ds′ = φ̇

√
|gµνuµuν |ds′ =

√
|gµνuµuν |dσ = L (5.7.31)

The Euler–Lagrange equations are then

d

ds

(
gµαq̇

µ√
|gρσuρuσ|

)
− ∂αgµν q̇

µq̇ν

2
√
|gρσuρuσ|

= 0 ⇒ gµαq̇
µ d

ds

(
1

|u|

)
+

d

ds
(gµαq̇

µ)
1

|u|
− 1

2∂αgµν q̇
µq̇ν

1

|u|
= 0 ⇒

⇒ q̇λ
d

ds

(
1

|u|

)
|u|+ q̇λ + {g}λµν q̇µq̇ν = 0 ⇒ q̇λ + {g}λµν q̇µq̇ν = q̇λ

d

ds
(ln |u|)

(5.7.32)

where we set |u| =
√
|gρσuρuσ|. That is the equation for geodesic trajectories with λ = d

ds (ln |u|). When one changes parameterisation the coefficient λ changes as

λ′ =
d

ds′
(ln |u|′) =

d

ds′

(
ln(φ̇|u|)

)
=

d

ds′

(
ln φ̇+ ln |u|)

)
=
φ̈

φ̇
+

d

ds′
(ln |u|)) =

φ̈

φ̇
+ φ̇

d

ds
(ln |u|)) =

φ̈

φ̇
+ φ̇λ (5.7.33)

which agrees with the required transformation rules with respect to reparameterisations; compare to (5.7.17).

The equations for a generic connection are not variational. However, let us notice that particles and light rays which are here considered as primitive

objects, in fact are not fundamental but they arise from fields, matter fields which obey their field equations (i.e. PDE) from which geodesic equations

are obtained as an approximation. The relation between matter field equations and geodesics will be discussed elsewhere (Link). For now, it is sufficient

and necessary to notice that matter field equations are more fundamental and they should be required to be variational.

Let us notice that given a geodesic motion γ for the connection Γ, then any reparameterisation γ′ = γ � φ is another representative of the same

trajectory  = [γ] = [γ′] which is a geodesic trajectory for the projective structure [Γ].
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On the other hand, given a geodesic trajectory  for the projective structure [Γ] then any representative γ of the trajectory is a geodesic motion for

some representative Π 2 [Γ] and for any representative connection Π 2 [Γ] there exists a reparameterisation γ′ = γ � φ which is a geodesic motion for

Π. In fact, one could define geodesic trajectories aa those trajectories which have a representative which is a geodesic motion. Although this approach

is often useful for computation, we prefer to regard geodesic trajectories as more fundamental than geodesic motions.

Geodesic vector fields

There is a third way to consider the issue of geodesics that is often used in differential geometry and it will have a certain relevance for GR where it

can be used to represent acts of motion of dust (i.e. a family of particles which moves in spacetime, each along its geodesic worldline—hence without

collisions or mutual interactions in view of Cauchy uniqueness theorem).

Let us consider a spacetime vector field X. This is called a geodesic field with respect of a connection Γ iff its integral curves are geodesic motions of

Γ. A curve γµ(s) is an integral curve of the vector field X = Xµ(x)∂µ iff γ̇µ = Xµ � γ. By differentiation, one has γ̈µ = ∂αX
µγ̇α; moreover, if γ is a

geodesic motion for Γ, we also have γ̈µ = �Γµαβ γ̇
αγ̇β. Thence the vector field X is geodesics iff

∂αX
µγ̇α + Γµαβ γ̇

αγ̇β = 0 Xα
�
∂αX

µ + ΓµλαX
λ
�

= 0 XαrαXµ = 0 (5.7.34)

where rα denotes the covariant derivative with respect to the connection Γ.

Hence, we can define a geodesic field to be a vector field such that XαrαXµ = 0. If one finds a hypersurface S which is transverse to the vector field

X, one can consider a point p 2 S, the field provides a spacetime vector X(p) and there is a unique geodesics which is also an integral curve of X.

The field X describes a smooth family of geodesics which fills in a region of spacetime. These geodesics cannot intersect each other in view of Cauchy

uniqueness theorem and they form a line foliation of the region of spacetime where they are defined.

8. Axioms: part II

.Next SectionIt is now time to finish providing axioms for our spacetime geometry.

Particles move under the influence of the gravitational field, only. In its weakest form, the equivalence principle claims that all (pointlike) bodies fall

along a particle worldline; in particular, their motion is determined uniquely by their initial position and spatial velocity (i.e. spacetime direction).

This makes a new description of gravitational field possible: if any body falls the same way, the cause of their motion (to be precise, of their spatial

acceleration or spacetime curvature) can be interpreted as a property of spacetime, not as a relation with particles. The gravitational field is a

deformation of geometry of spacetime and then any body reacts to the geometry of spacetime.

The trick is not new to physics. Free holonomic systems in mechanics move along geodesic motions which are precisely a manifestation of the geometry of configuration

space which is encoded into the kinetic energy form of the system. In that case, the geometry of configuration space completely determines the free motions.
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Here we are proposing about the same thing at the level of spacetime with the only difference that, in principle, one has a different holonomic system for any possible

geometry on configuration space. A gravitational field determines (or better it is represented by) one geometry of spacetime instead and then any body moves along,

feeling the same geometry. Another difference is dictated by the fact that we are now on spacetime and, for example, only trajectories are endowed with a physical

meaning and we are thence forced to resort to geodesic trajectories. We are instead more liberal on what has to be understood as the geometry of spacetime. We

not allow only metric information, but we are forced to describe geometry in terms of conformal (i.e. less than a metric) and projective structure (i.e. less than a

connection).

EPS: P2Axiom EP (Equivalence principle):

Particles move along geodesic trajectories of a projective structure [Π].

This is enough to define a projective structure of spacetime: free falling particles identify it. Until now, conformal and projective structures are

completely unrelated. For example, there is nothing preventing a geodesics from starting as a time-like curve and ending to be space-like along its

worldline. This would correspond to a particle which under the interaction with gravity ends up to travel faster than light, something against which

we have quite strong evidences. In fact, we had never been able to see a particle, free falling or not, travelling faster than light.

EPS: CAxiom CC (Compatibility condition):

For any event x 2 M there exists a neghbourhood U such that p 2 U (p 6= x) is on a

particle P through x iff p is inside the wavefront νx in the spacetime.

Particles determine a projective structure Π on spacetime. On the other hand, at an event x for any [g]-time-like direction v there exists one and only

one particle through x with direction v. Such a particle is a [Π]-geodesic trajectory. And by Cauchy theorem, there is one and only one [Π]-geodesic

trajectory through x with direction v. Accordingly, particles coincide with [Π]-geodesic trajectories which are [g]-time-like at some point.

Moreover, for the compatibility Axiom, a particle cannot become [g]-space-like at any point. If it did, at some point e it would be light-like. At that

point it would contradict Axiom CC since the points along the particles would not be inside the light cone νe.

Wavefronts in M

.Compare with hereWe are now ready to discuss more in detail the structure of wavefronts νp � M in spacetime. Let us start by proving that the hypersurface νp is

regular everywhere in a neighbourhood of p, except at p itself. Let us consider a light ray L through p and a point q 2 L in a suitable neighbourhood

of p. One can choose a parameterisation xµ(s) of the light ray (such that xµ(0) = p). The gradient gα(q) can be expressed as a line integral along L

depending on the metric:

gα(q) = gα(q)� gα(p) =

Z q

p

d

ds
(∂αG(x(s))) ds =

Z q

p
gαβ(x(s))ẋβ(s)ds (5.8.1)
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.See herewhere we used the fact that gα(p) = 0, which was proven above.

The covariant velocity ẋ = ẋµ(s)∂µ along the light ray is a non-zero vector, and since the metric is non-degenerate then the integrand covector

gαβ(x(s))ẋβ(s) is non-zero. The integral is thence non-zero, if q is near enough to p. Letting the initial direction and different components vary, since

there parameters run in a compact set, the radius guaranteed before the integral vanishes has a minimum; in other words, one can find a neighbourhood

U in which the integral never vanishes when q 6= p. Hence the gradient gα(q) never vanishes for q 2 U � fpg; then, by the implicit function theorem,

the hypersurface νp is regular at any q 2 U except p itself.

Next, we wish to show that the hypersurface νp is light-like and that, at any x 2 νp with x 6= p, one has only one light-like direction in Txνp. Let us

fix x 2 νp with x 6= p. Since x 2 νp, then there exists a light ray L connecting p and x and any point on L is also on νp. Hence we have a light ray L

which lies on νp and passes through x. Let v be tangent to L. Since L lies on νp then v 2 Txνp. Since v is tangent to a light ray, it is light-like. Then

we have a light-like vector in Txνp. Hence νp cannot be space-like at x.

Let us notice that any point x on the light ray L is also on the light cone νx of x. In other words, L is in the intersection of νp and νx.

If νp were time-like at x then there would exist a time-like vector ξ 2 Txνp. In this case, the wavefront νx cuts into the wavefront νp and one can find

a point q 2 νx which is inside νp. Then there is a particle P passing through q and p. If q is closed enough to x (i.e. into a U -type neighbourhood Ux)

then there are two light rays echoing x on P (one, say L1, through q, the other, say L2, hits P at r 2 P ). In other words the point x is connected to

the particle P by three light rays L, L1, L2 hitting P at p, q, r, respectively. Since we begun by choosing x in an arbitrarily small neighbourhood of p

this contradicts Axiom AE. Hence νp cannot be time-like at x. Since it is not space-like or time-like, νp must be light-like at x.

The wavefront νx is tangent to the cone νp and the intersection is L. Accordingly, the direction of L, which is spanned by v 2 Txνp, is the only

light-like direction in Txνp. Then one can define a light-like vector field X on ν+
p � fpg in a neighbourhood of p.

Of course, the light ray L is everywhere tangent to X. We could say L is an integral trajectory of X: if you wish there exists a parameterisation of

L which is an integral curve of X. On the other hand, take a point x and the light-like vector X(x): for Cauchy theorem (applied to geodesic motion

equations) there is a unique g-geodesics σ from those initial conditions. Since X is light-like, then σ is light-like, it lies on ν+
p � fpg. However, we

showed that at any point on ν+
p �fpg there is only one light-like direction. Then the trajectory [σ] necessarily coincides with L. Hence, finally we have

that L is a [g]-geodesic trajectory (since it can be reparameterised to be a g-geodesic motion). On the other hand, if one has a light-like [g]-geodesic

trajectory, there should be a light ray with the same initial conditions, which, by the argument above, actually coincides with the geodesic. In other

words, a trajectory is a light ray iff it is light-like [g]-geodesics. Notice that, unlike for particles, we did not need a specific axiom to impose the equation

for light rays. Such an equation is basically forced by the way a family of compact sets (namely the wavefronts) intersect.
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.Next Section
9. Affine structure of spacetime

On a spacetime with a conformal structure [g] and a projective structure [Π], let us consider a [Π]-geodesic trajectory  = [γ], with γ obeying

γ̈µ + Πµ
ρσγ̇

ργ̇σ = λγ̇µ (5.9.1)

for some function λ(s).

Let us then consider the quantity

n(s) :=
d

ds

�
gµν γ̇

µγ̇ν
�

= ∂λgµν γ̇
µγ̇ν γ̇λ + 2gµν γ̈

µγ̇ν = 2gνµ
�fggµσρ �Πµ

ρσ

�
γ̇ργ̇σγ̇ν + 2λgµν γ̇

µγ̇ν (5.9.2)

If  is [g]-light-like then it must be n(s) := 0. In fact, if it were n(0) 6= 0 then gµν γ̇
µγ̇ν (which we know is zero at s = 0) would change sign around

s = 0. Hence we would have a [Π]-geodesic which is somewhere time-like and somewhere space-like, which we argued would contradict the Axiom CC.

The argument can be repeated at any point at which the geodesic is light-like.

We sooner or later will have to exclude the case of a Π-geodesics which is time-like (or space-like) almost everywhere but a discrete set of points where it is light-like.

This would correspond, e.g., to a particle which at some point for a moment tops the speed of light just to slow down to a time-like covariant velocity.

In the end, when we will have proven that for the compatible connections light-like [Π]-geodesics are the same as the light-like [g]-geodesics the matter will be over.

In the meanwhile we have to be careful about circular reasoning. Or excluding the case before. Or add an axiom to exclude the case (though it would be difficult to

regard such an axiom as observationally obvious —let us stress the particle becomes light-like for a moment!).

Then, along light-like vectors γ̇µ, we have �fggµσρ �Πµ
ρσ

�
γ̇ργ̇σγ̇ν =

�fggµσρ �Πµ
ρσ + 1

2α
µ
·gρσ

�
γ̇ργ̇σγ̇ν = 0 (5.9.3)

for any 1-form � = αµdxµ. The factor 1
2 is chosen for later convenience and, of course, it could be absorbed in the definition of �. Then we fix the

projective structure to be

Πµ
ρσ = fggµσρ + 1

2g
µεgρσαε (5.9.4)

This is not exactly what EPS did. They did not use the connection Πµ
ρσ to represent the projective structure, but its traceceless version

Π̂µ
ρσ := Πµ

ρσ − 2
m+1δ

µ
(ρΠ

ε
σ)ε (5.9.5)

This is in fact traceless, i.e.

Π̂µ
ρµ := Πµ

ρµ − 1
m+1Πε

ρε − 1
m+1mΠε

ρε = Πµ
ρµ −Πε

ρε = 0 (5.9.6)

If we compute Π̂ for our connection Πµ
ρσ in dimension m = 4 we obtain

Π̂µ
ρσ := {g}µσρ + 1

2

(
gµεgρσ − 2

5δ
µ
(ρδ

ε
σ)

)
αε − 1

5δ
µ
(ρ∂σ) ln g (5.9.7)

which agrees (modulo the choice of a representative for the projective structure) with EPS (see[17] eq. (25)).
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Now it is important to notice that we identified a projective structure [Π] compatible to the conformal structure, not an affine structure, i.e. a

connection. And there is not much we can do to single out a connection in the class [Π] which is better than the others, i.e. canonical, on the physical

stance. We already showed that all connections in the class [Π] produce the same geodesic trajectories and until geodesics is all we can observe there

is no way to select a representative which has better observational properties than the others. However, this does not mean that one cannot single out

a canonical representative on the mathematical ground. This choice, even if not based on physics, can make our life a lot easier; the only restriction is

that the selection of the canonical representative should always be possible.

A connection Γ is said to be a Weyl connection for the conformal structure [g] iff there exists a 1-form � = αµdxµ such that, for any representative

g 2 [g], one has
Γ
rµgαβ = αµgαβ (5.9.8)

If one considers a different representative g′ = Φ2g, then one has

Γ

∇µg′αβ =
Γ

∇µ
(
Φ2gαβ

)
=

Γ

∇µΦ2gαβ + Φ2
Γ

∇µgαβ =
(
∂µΦ2 + Φ2αµ

)
gαβ =

(
∂µ
(
ln Φ2

)
+ αµ

)
g′αβ (5.9.9)

Hence if Γ is a Weyl connection for g (with respect to the 1-form α), then it is also a Weyl connection for g′; all one should do is choosing the 1-form α′ = α+d
(
ln Φ2

)
.

Accordingly, one can say that the connection Γ is a Weyl connection for a conformal structure [g].

Let us consider a manifold M equipped with a conformal structure [g] and a Weyl connection Γ for [g]; the triple (M, [g],Γ) is called a Weyl geometry.

Let us consider a conformal structure [g] and its compatible projective structure [Πµ
ρσ = fggµσρ + 1

2g
µεgρσαε]. Any connection Γ 2 [Π] is in the form

Γµρσ = fggµσρ + 1
2g

µεgρσαε � δµ(ρδεσ)Vε (5.9.10)

for some 1-form V = Vµdxµ.

Then we can choose the 1-form V so that the connection Γ is a Weyl connection for the conformal structure [g]. In fact

Γ
rλgµν =

g

rλgµν � 1
2g

ρεgµλgρναε + 1
2δ
ρ
λgρνVµ + 1

2δ
ρ
µgρνVλ � 1

2g
ρεgνλgρµαε + 1

2δ
ρ
λgρµVν + 1

2δ
ρ
νgρµVλ =

= 1
2gµλ (Vν � αν) + 1

2gλν
�
Vµ � αµ

�
+ Vλgµν

(5.9.11)

There is always a canonical choice for the representative, Vµ = αµ for which

Γ
rλgµν = αλgµν (5.9.12)

Then for any conformal structure [g] and projective structure [Π] which obey the Axioms above (in particular, they are compatible) then there is

always a Weyl connection

Γµρσ = fggµσρ + 1
2

�
gµεgρσ � 2δµ(ρδ

ε
σ)

�
αε (5.9.13)

In other words, the connections compatible with [g] are parameterised by the extra freedom in choosing a 1-form �. A compatible connection Γ

depends on the conformal structure only, not on the representative.
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If we select a different parameterisation g′ = Φ2g, first of all we have

{g′}αβµ = 1
2g
′αλ (−∂λg′βµ + ∂βg

′
µλ + ∂µg

′
λβ

)
= {g}αβµ + 1

2ϕg
αλ
(
−∂λΦ2gβµ + ∂βΦ2gµλ + ∂µΦ2gλβ

)
= {g}αβµ + 1

2

(
−∂λ ln Φ2gαλgβµ + ∂β ln Φ2δαµ + ∂µ ln Φ2δαβ

)
=

={g}αβµ − 1
2

(
gαλgβµ − 2δλ(βδ

α
µ)

)
∂λ ln Φ2

(5.9.14)

Then, if a connection Γ is compatible with g, then we have

Γµρσ ={g}µσρ + 1
2

(
gµεgρσ − 2δµ(ρδ

ε
σ)

)
αε = {g′}µσρ + 1

2

(
gαλgβµ − 2δλ(βδ

α
µ)

)
∂λ ln Φ2 + 1

2

(
gµεgρσ − 2δµ(ρδ

ε
σ)

)
αε = {g′}µσρ + 1

2

(
gµεgρσ − 2δµ(ρδ

ε
σ)

) (
αε + ∂λ ln Φ2

)
(5.9.15)

and it is compatible, just with respect to the 1-form α′ = α+ d
(
ln Φ2

)
.

The [g]-time-like Γ-geodesics motions identify particle worldlines. The [g]-light-like Γ-geodesics motions coincide with g-light-like g-geodesics and with

light rays.

A Γ-geodesics motion reads as

γ̈µ + Γµρσγ̇
ργ̇σ = γ̈µ + {g}µσργ̇ργ̇σ + 1

2

(
gµεgρσ − 2δµρ δ

ε
σ

)
αεγ̇

ργ̇σ = γ̈µ + {g}µσργ̇ργ̇σ + 1
2α

µ
·(γ̇σγ̇

σ)− (αεγ̇
ε)γ̇µ = 0 (5.9.16)

which, along light-like vectors (γ̇σγ̇
σ = 0), corresponds to a g-geodesics (modulo a suitable reparameterisation to cancel the term λγ̇µ with λ = (αεγ̇

ε)).

Let us consider a manifold M with a conformal structure [g] and a compatible projective structure [Π]; the triple (M, [g], [Π]) is called an EPS

geometry. We just proved that an EPS geometry defines a unique Weyl geometry.

There is also a relation between Γ and α. In fact if we trace the compatibility relation

Γµρµ = {g}µσµ + 1
2 (δεσ − (m+ 1)δεσ)αε = 1

2∂σ ln g − m
2 ασ αρ = 1

m∂ρ ln g − 2
mΓρ (5.9.17)

which is useful to compare with the original EPS. That is also why we decided not to use invariant representation of a projective structure. That leads eventually to

this form for α, i.e. as the sum of two non-tensorial quantities.

Let us finally show that two different Weyl structures can be observed to be different. Let us consider two Weyl structures (M, [g],Γ) and (M, [g],Γ′)

with the same [g]-time-like geodesic trajectories. A curve γµ(s) is a Γ-geodesics iff γ̈µ + Γµρσγ̇
ργ̇σ = 0. Let us now suppose that any [g]-time-like

Γ-geodesic is also a Γ′-geodesic, i.e. γ̈µ + Γ′µρσγ̇
ργ̇σ = 0.

Let us define Kµ
ρσ = Γ′µρσ �Γµρσ which is tensor since it is the difference between two connections. By subtracting the two geodesic equations we obtain

Kµ
ρσγ̇

ργ̇σ = 0 (5.9.18)

which hold for any time-like vector γ̇. Since one could find a basis of TxM made only of time-like vector, then necessarily Kµ
ρσ = 0.

Time-like vectors fill in the light cone, i.e. an m-dimensional set. One can start considering a time-like vector v1 which generate a 1 dimensional line. Since m > 1 there

are time-like vectors which are not generated by v1. Hence one can choose a time-like vector v2 which is independent of v1. The two vectors (v1, v2) span a dimension

2 plane. And one can go on to choose m time-like independent vectors.

Consequently, necessarily the two connections coincide Γ′µρσ = Γµρσ.
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Hence, for two different Weyl structures, the sheaf of time-like geodesics is different. They can share the same light cones, so that light rays are

in common, though free falling particles are necessarily different. Thus, in principle, one can single out the Weyl structure by observing free falling

particles.

10. Riemannian geometries

.Next SectionGiven an EPS geometry (M, [g], [Π]), this defines a canonical Weyl geometry (M, [g], Γ̃).

We say that a Weyl geometry is a Riemannian geometry if there exists a representative g 2 [g] such that Γ̃ = fgg. In the special case of a Riemannian

geometry, everything is generated by a Lorentzian metric g; thus we denote a Riemannian geometry simply by (M, g).

Originally, EPS tried to add an extra axiom to force the Weyl geometry to be Riemannian. EPS discussed such an axiom and they raised doubts about this axiom which

is certainly less clearly based on observations than the others. Also in the later literature, this extra axiom is considered less convincing than the rest of the theory.

The extra axiom is anyway mathematically relevant so we present it here. However, when below will refer to EPS framework we mean EPS without the Riemannian

axiom. Accordingly, an EPS geometry endows a Weyl geometry which, in general, can be non-Riemannian.

For a generic Weyl geometry (M, [g], Γ̃), let us consider the curvature R̃µναβ(Γ̃) of the connection Γ̃ and lower the index with a representative of the

conformal class gµν , i.e. consider

R̃µναβ(Γ̃) := gµεR̃
ε
ναβ(Γ̃) = gε(µR̃

ε
ν)αβ + gε[µR̃

ε
ν]αβ (5.10.1)

Let us set Sµναβ := gε(µR̃
ε
ν)αβ and Aµναβ := gε[µR̃

ε
ν]αβ.

Since we have two connections, we can define their tensor difference

Kαβµ := gαε

(
Γ̃εβµ − {g}εβµ

)
= 1

2 (gβµαα − gαβαµ − gαµαβ) (5.10.2)

where we used the compatibility relation (5.9.13). The symmetric part is

Sµναβ =gε(µR̃
ε
ν)αβ = gε(µ

(
Rεν)αβ(g) +

g

∇αKε
ν)β −

g

∇βKε
ν)α +Kε

λαK
λ
ν)β −K

ε
λβK

λ
ν)α

)
=

g

∇αK(µν)β −
g

∇βK(µν)α +K(µλαK
λ
ν)β −K(µλβK

λ
ν)α =

= 1
2

(
gβ(ν

g

∇ααµ) − gµν
g

∇ααβ − gβ(µ

g

∇ααν)

)
− 1

2

(
gα(ν

g

∇βαµ) − gµν
g

∇βαα − gα(µ

g

∇βαν)

)
+K(µλαK

λ
ν)β −K(µλβK

λ
ν)α =

=− gµν
∗
∇[ααβ] + 1

4

(
− gα(µgν)βαλα

λ + gµναααβ − gβαα(µαν) + gβ(µαν)αα + gα(µαν)αβ + gβ(µgν)ααλα
λ − gµναβαα + gβαα(µαν) − gα(µαν)αβ − gβ(µαν)αα

)
=

=− 1
2gµνFαβ

(5.10.3)

where we set Fαβ := 2
∗
∇[ααβ] and we expanded

K(µλαK
λ
ν)β = 1

4

(
gβ(ναµ)αα − gβ(ναµ)αα − gα(µgν)βαλα

λ − gα(ναµ)αβ + gµναααβ + gα(µαν)αβ − gβαα(µαν) + gβ(µαν)αα + gα(µαν)αβ
)

=

= 1
4

(
−gα(µgν)βαλα

λ + gµναααβ − gβαα(µαν) + gβ(µαν)αα + gα(µαν)αβ
) (5.10.4)
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Thus any Riemann tensor can be uniquely expanded as

R̃µναβ = Aµναβ � 1
2δ
µ
νFαβ (5.10.5)

Let us stress that the tensor Aµναβ, in general, is not a Riemann tensor (except, of course, if F = 0).

One can show that parallel transport along any curve preserves the length of a vector iff F = 0. In that case Aµναβ is a Riemann tensor and it

coincides with R̃µναβ.

Since F = dα = 0, then (at least locally) α = dω for some potential 0-form ω. Accordingly, one has

Kα
βµ = 1

2

(
gβµg

αε − δαβ δεµ − δαµδεβ
)
αε = 1

2

(
gβµg

αε − 2δα(βδ
ε
µ)

) ∗
∇εω (5.10.6)

and consequently

Γαβµ = {g}αβµ − 1
2

(
gβµg

αε − 2δα(βδ
ε
µ)

) ∗
∇ε ln e−ω = {g̃}αβµ (5.10.7)

where we used equation (5.9.14) and we set g̃µν = e−ωgµν .

Hence the connection is the Levi Civita connection of a conformal metric g̃.

In this case only, one can define a metric g̃ 2 [g] such that R̃µναβ and the connection Γ̃ is the Levi Civita connection of the metric g̃. As it happens

in standard GR, there is one metric g̃ which does everything: it describes free fall and distances in spacetime.

We say that a Weyl structure (M, [g], Γ̃) is a Riemannian structure, if F = 0 and we denote it by (M, g̃).

As a matter of fact, the EPS analysis shows that spacetime geometry is naturally described by a Weyl geometry and if one wants to recover standard

GR one should add a further axiom:

Axiom R (Riemannian Condition):

The curvature R̃µναβ is such that R̃(µν)αβ = 0.

The Axiom is less strongly based on observations than the others, in fact, also in EPS the authors questioned if it is really well established.

That is pretty much one can do with a Weyl geometry (M, [g], Γ̃). However, we shall find useful to fix a representative of the conformal structure as

well to obtain (M, g, Γ̃), which is called a Weyl frame, sometimes, by an (ugly) abuse of language, simply a frame.

Let us stress that Weyl frames are obtained by Weyl geometry and one still has the EPS compatibility condition, partially fixing the relation between the connection

and the metric. Still one has that there exists a 1-form α = αεdx
ε such that

Γ̃αβµ = {g}αβµ − 1
2

(
gβµg

αε − 2δα(βδ
ε
µ)

)
αε (5.10.8)

Let us also remark that, in the case of a metric-affine theory, one selects a preferred representative g for the conformal structure, namely the one

used to formulate dynamics, unless the Lagrangian is corformally invariant. In other words, in a metric-affine theory, one uses a Weyl frame (M, g, Γ̃)

as a fundamental geometric structure. The connection Γ̃ determines the free fall, the metric g compares in the specification of the dynamics and it is

associated to an operative definition of distances.
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Weyl frames are a bit more elastic than Weyl geometries with respect to fixing a metric structure. In a Weyl geometry, if the connection is metric it

is necessarily metric with respect to a representative of the conformal structure. Thus it is the connection which fixes the metric structure (up to at

least a constant factor) and the geometry is Riemannian.

On the contrary, when dealing with a Weyl frame, one has already fixed a representative g for the conformal structure, so, if the connection is metric

there are two possibilities:

i) the connection selects a different metric g̃ which is necessarily conformal to the metric g which has been fixed as a conformal representative;

ii) or it selects g̃ = g.

In the first case, the Weyl frame is called an integrable Weyl frame, while in the second case it is called a purely metric Weyl frame.

Also, assuming the extra Axiom R holds true for a Weyl geometry (M, [g], Γ̃), that implies that both the conformal and the projective structure can

be expressed in terms of a Lorentzian metric g̃, in the case of a Weyl frame (M, g, Γ̃) there is no reason to assume that such a Lorentzian metric is in

fact g. Of course, one can decide to formulate the dynamics in term of the conformal representative g̃. Doing that, everything is formulated in terms of

a single Riemannian geometry given by g̃ as in purely metric formalism. However, since the Lagrangian is not covariant with respect to Weyl conformal

transformations, by doing so the form of the Lagrangian written with respect to g̃ is different from what it was in terms of g. Quite typically, if matter

was minimally coupled in terms of g, it is not in terms of g̃. We shall consider detailed examples in the next Chapter.

In other words, also in these Riemannian dynamics, one does select a preferred representative of the conformal class to be used. Accordingly, we could

also say that dynamics selects a preferred Weyl frame.

This situation is typical of extended theories of gravitation. However, in general one could argue that, since dynamics is potentially able to select a

conformal frame, why one should worry about an Axiom to fix it at a kinematical level?

For this reason, our attitude will be not to require any extra Axiom and leave the dynamics free to determine the projective structure in terms of the

metric structure dynamically.

11. Special relativity

.Next SectionAs an example, let us consider the whole EPS construction for Minkowski spacetime. This also proves that the axioms we gave are coherent providing

an explicit model for them. Moreover, they define an important spacetime solution of standard GR, that is also needed for the limit of the theory

known as Special Relativity (SR).

Let us consider the manifold M = Rm. To identify points in M , let us use canonical Cartesian coordinates xµ = (x0, xi) in Rm.

To be precise we are not allowed to call them coordinates, yet. We are here considering Rm as a smooth manifold and coordinates are only given by charts in the smooth

atlas defined on the manifold. The axioms given above do in fact define such an atlas as all charts smoothly compatible with parallax coordinates. At this stage, we

do not know if Cartesian coordinates will turn out to be compatible with parallax coordinates in Minkowski space. In fact, we should treat xµ as labels to identify

points in Rm. However, in the end we shall show that Cartesian coordinates do in fact belong to the atlas defined on Minkowski space so we call them coordinates, by

an abuse of language. Let us also fix n := m− 1.
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Before considering the general case, let us specify to dimension 2 which is probably easier to follow.

Minkowski spacetime in dimension 2

In dimension 2, we have M = R2 with coordinates (t, x). At any event p = (tp, xp), we have exactly two light rays R±p parameterised as�
t = tp + s

x = xp � cs
(5.11.1)

and (freely falling) particles are parameterised as �
t = tp + s

x = xp + ws
(�c < w < c) (5.11.2)

At any event e = (te, xe), we select a clock �
t = te + s

x = xe + ws
(�c < w < c) (5.11.3)

and consider an event p = (tp, xp) 6= e.

The two light rays R±p intersect the clock at

{
x− xp = ±c(t− tp)
x− xe = w(t− te)

⇒


ct± = ± (xe − xp)− (wte ∓ ctp)

1∓ β

x± =
±wxe ∓ wxp + wctp ∓ w2te − wcte ± w2te + cxe ∓ wxe

c∓ w
=

(xe ∓ βxp)− βc (te − tp)
1∓ β

(5.11.4)

where we set β := w
c . Thus we have two intersection points

p+ =

(
(xe − xp)− (βcte − ctp)

c (1− β)
,

(xe − βxp)− βc (te − tp)
1− β

)
p− =

(
− (xe − xp)− (βcte + ctp)

c (1 + β)
,

(xe + βxp)− βc (te − tp)
1 + β

)
(5.11.5)

which correspond to the parameters

s+ =
(xe − xp)− c(te − tp)

c (1− β)
s− = − (xe − xp) + c(te − tp)

c (1 + β)
(5.11.6)

respectively.

Hence we have the clock readings s± as a function of the unknown event (tp, xp) and of the clock parameters (te, xe, β).

If we consider two clocks with parameters (te, xe, βe) and (tf , xf , βf ), and an event (tp, xp) in the stripe between the clocks, then one has that the two

clocks readings in the future of p are

s1 =

�
xe � xp

�� c(te � tp)
c (1� βe) s2 = �

�
xf � xp

�
+ c(tf � tp)

c
�
1 + βf

� (5.11.7)
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which define a map r : R2 ! R2 : (tp, xp) 7! (s1, s2), which can be inverted as a map r−1 : R2 ! R2 : (s1, s2) 7! (tp, xp) as(
ctp = 1

2

�
c
�
1 + βf

�
s2 + c (1� βe) s1 + (xf � xe) + c(tf + te)

�
xp = 1

2

�
c
�
1 + βf

�
s2 � c (1� βe) s1 + (xe + xf )� c(te + tf )

� (5.11.8)

Since the map r is a local diffeomorphism and (s1, s2) are coordinates due to Axiom DST, then (tp, xp) are coordinates as well.

The function G(p) is defined as

G(p) =

�
xe � xp

�2 � c2(te � tp)2

c2 (1� β2)
(5.11.9)

The second derivatives of this function define the metric tensor

gµν(e)dxµ 
 dxν = 1
2∂µνG(e)dxµ 
 dxν =

dx2 � c2dt2

c2 (1� β2)
=

1

c2 (1� β2)
η (5.11.10)

where we set η := �c2dt2 + dx2 for the Minkowski metric.

As we showed, an observer equipped with clocks can define a Cartesian coordinate system and a metric in these coordinates (which is conformal to

the Minkowski metric η). One can instruct observers to use (uniform) clocks at rest (i.e. β) so that they define Minkowski metric.

If now one considers two observers freely falling at different speed, one will define Cartesian coordinates (t, x) and define Minkowski metric η =

�c2dt2 + dx2 and the other will define different coordinates (t′, x′) and Minkowski metric η = �c2dt′2 + dx′2. Since they see the same metric, the

transformation between the two observers is an isometry, i.e. a Lorentz (or, more generally, Poincaré) transformation.

Of course, uniform clock does not mean much in absolute terms. Here we just mean the parameterisations such that the covariant velocity is (eventually) a vector of

constant length.

Minkowski spacetime in general dimension m

Let us fix an origin point xµ0 2 Rm and a direction (aµ). Of course, the direction is defined up to an overall non-zero factor and aµ cannot be all zero

at the same time. Let also φ : R! R be a global orientation preserving diffeomorphism such that φ(0) = 0.

A light ray is thence the image of the following curve:

σ : R!M : s 7! (xµ = aµφ(s) + xµ0 ) with �(a0)2 + (a1)2 + . . .+ (an)2 = 0 (5.11.11)

Notice that different values of the parameters (aµ, xµ0 ) may, in fact, represent the same light ray.

Particles are defined as the image of the following curves

γ : R!M : s 7! (xµ = aµφ(s) + xµ0 ) with �(a0)2 + (a1)2 + . . .+ (an)2 < 0 (5.11.12)
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In both cases, one cannot have a0 = 0; in fact, if a0 = 0 in light rays, then necessarily ai = 0 and, as noticed above, aµ = 0 is not allowed. For

particles, if a0 = 0 there is no choice of ai to meet the condition on the direction parameters. Let us first prove that for any e 2M , for any particle P

through e and for any event x 2M , then there exists exactly 2 light rays through x hitting P .

The generic particle through e = eµ is given by the curve γ : R→M : s 7→ (xµ = aµs+eµ) with the condition on direction −|a|2 := −(a0)2 +(a1)2 + . . .+(an)2 < 0. We

anticipate the notation of norm (and inner product by the Minkowski metric even though the Minkowski metric is yet to come; we set |v|2 = −(v0)2 +(v1)2 + . . .+(vn)2

(which, of course, can be negative) and v ·w = −v0w0 + v1w1 + . . .+ vnwn. Let us also introduce |~v|2 = (v1)2 + . . .+ (vn)2 for the standard Euclidean spatial norm so

that one can write |v|2 = −(v0)2 + |~v|2. The direction through x ∈M and a point p ∈ P is cµ = (aµs+ eµ − xµ) which is light-like iff

− (a0s+ e0 − x0)2 + (a1s+ e1 − x1)2 + . . .+ (ans+ en − xn)2 = 0 ⇐⇒ |a|2s2 + 2a · (e− x)s+ |e− x|2 = 0 (5.11.13)

This is enough for Axiom AE with Ve ≡M ; equation (5.11.13) has at most two solutions for all x ∈M .

To discuss Axiom ECHO, we have to check the discriminant of the equation (5.11.13) in order to ensure exactly two solutions. The discriminant is

∆ = 4
[
(a · (e− x))2 − |a|2|e− x|2

]
(5.11.14)

and it can be shown to be strictly positive by the usual SR techniques (as well as by direct computation). In fact one can always do a Lorentz transformation so that

a = (1, 0, 0, 0). In this Lorentz frame, the discriminant reads as

∆ = 4
[
(e0 − x0)2 − (e0 − x0)2 + (e1 − x1)2 + . . .+ (en − xn)2

]
= 4

[
(e1 − x1)2 + . . .+ (en − xn)2

]
> 0 (5.11.15)

except when ei = xi, i.e. x ∈ P . Since the discriminant is a (Lorentz) scalar, one has ∆ > 0 also in the original frame.

Since the discriminant is positive, one can find two values of the parameter s = s1 and s = s2 such that the point p1 = aµs1 + eµ (and p2 = aµs2 + eµ) along

P is connected to x by a light ray, namely the light ray defined by the curve σ1 : R → M : τ 7→ (xµ = cµ1 τ + xµ) where we set cµ1 = (aµs1 + eµ − xµ) (and

σ2 : R→M : τ 7→ (xµ = cµ2 τ + xµ) where we set cµ2 = (aµs2 + eµ − xµ)). Both the directions cµ1 and cµ2 are light-like, by construction.

This guarantees Axiom ECHO, again with Ue ≡M .

Notice that, from equation (5.11.13), we are able to compute the value of the parameter (s = s1 and s = s2) at the intersections (p1 and p2). One

does only need to check that in general

si =
a � (e� x)�

p
(a � (e� x))2 � jaj2je� xj2
jaj2 (5.11.16)

are solutions of equation (5.11.13).

Accordingly, we are ready to define the function

G(x) = �(a � (e� x))2 � (a � (e� x))2 � jaj2je� xj2)

jaj4 = � 1

jaj2 je� xj
2 (5.11.17)

Notice how a is related to the parameterisation along P ; the factor Φ = �jaj−2 is positive and related to the conformal factor originated by different

parameterisations along P . The second derivatives (at x = e) defines the spacetime metric

gµν(e) := 1
2∂µνG(e) = � 1

jaj2ηµν (5.11.18)
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which coincides with the Minkowski metric (modulo a conformal factor �jaj−2). The conformal structure on Minkowski spacetime is thence [η].

Let us now consider Axiom DPR. Given two particles P and Q defined by the curves γP : R!M : s 7! aµs+ xµ0 and γQ : R!M : s 7! bµs+ yµ0 we

have to define the message map. When the point x0 2 P sends a message to Q, it hits a point Q. There is no loss of generality assuming that such a

point is y0. In this way the spacetime vector x0 � y0 is light-like.

Given a generic point p = x0 + δx0 = aδs+ x0 2 P and a generic point q = y0 + δy0 = bδs′+ y0 2 Q, then the points (p, q) are linked by a light ray iff

the separation jp� qj2 is light-like, i.e. iff jas� bs′ + x0 � y0j2 = 0. This leads, at first order, to

2(aδs� bδs′) � (x0 � y0) = 0 (5.11.19)

This equation is fantastic! Imagine you have two identical clocks.

Two identical clocks are, e.g., two particles as P and Q above, parameterised as above with |a|2 = |b|2. In this way, the parameter flows at the same rate along P and

Q; if their worldlines are parallel, one obtains δs′ = δs. In general, equation (5.11.19) reads as

δs′ =
a · (x0 − y0)

b · (x0 − y0)
δs (5.11.20)

Now let us simplify the situation, assuming that a = (1, 0, . . . , 0) lies along the x0-axis and b =

(√
1 + |~b|2,~b

)
any other time-like unit vector. Since x0−y0 is light-like,

it is in the form x0 − y0 =
(
|~d|, ~d

)
. In this situation, one gets

δs′ =
−|~d|

−
√

1 + |~b|2|~d|+~b · ~d
δs =

1√
1 + |~b|2 − ~b·~d

|~d|

δs (5.11.21)

The relative velocity between P and Q is given by vi = bi√
1+|~b|2

so that

|~v|2 =
|~b|2

1 + |~b|2
⇒ |~b|2 =

|~v|2

1− |~v|2
⇒ |~b| = |~v| 1√

1− |~v|2
=: γ|~v| (5.11.22)

By substitution above, we have (1 + |~b|2 = 1
1−|~v|2 = γ2 and bi = γvi)

ds′ =
1

γ

1

1− vi di
|~d|

ds (5.11.23)

The quantity ~v · ~d
|~d|

is the relative radial velocity of P and Q. Suppose, for example, that ~v is parallel to the direction
~d

|~d|
, namely that ~v = v

~d

|~d|
(and v is now the scalar

velocity) then we have

δs′ =
1

γ

1

1− v
δs (5.11.24)

This formula tells that, if P and Q are two identical clocks, moving at constant velocity, one of them judges the rate of the other clock modified of a quantity depending

on the relative radial velocity. One could use such a relation to give an operational definition of relative radial velocity.
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One also has to stress that this is not the relativistic time dilatation; In fact, the factor can be greater or smaller that 1 depending on the orientation of ~v with respect

to ~d. This is related to the relativistic Doppler effect. This is the apparent time rate modification of a moving clock and it has also a Newtonian counterpart. The rate

modification is in part due to time dilatation, but it is also due to the longer/shorter path a wavefront has to go as time passes by, due to the fact the the points are

moving apart/closer. In other words, the Doppler effect refers to the time rate an observer sees, while time dilatation refers to the residual effect an observer infers

once the light flying time is considered and purged.

From equation (5.11.19), one easily obtain
δs′

δs
=
a � (x0 � y0)

b � (x0 � y0)
(5.11.25)

For this to be zero, one should have a � (x0 � y0) = 0 which is impossible since a is time-like and x0 � y0 6= 0 is light-like. Hence when the point P

moves along P its message along Q do in fact move and the message map m : P ! Q is, in fact, a smooth map (Axiom DPR:a).

We can define also an echo of Q on P as the composition of two messages. Let us start from x0 2 P send a message to y0 2 Q and send it back to x1 2 P .

The particle P is parameterised based at x0, i.e. γP : R!M : s 7! aµs+ xµ0 while Q is parameterised based at y0, i.e. γQ : R!M : s 7! bµs+ yµ0 . A

point on P is connected to y0 by a light ray iff

jas+ x0 � y0j2 = 0 ) jaj2s2 + 2a � (x0 � y0)s = 0 (5.11.26)

which has two solutions, one is s = 0 (i.e. x0), the other is s∗ = �2a·(x0−y0)
|a|2 . The corresponding point x1 = �2aa·(x0−y0)

|a|2 + x0 2 P is the echo of x0 2 P
against Q on P .

If one starts from a point a δs+ x0 2 P , the message of it on Q is b δs′ + y0 2 Q, and the message back on P is x1 + a δs 2 P . Accordingly, the echo

map is εQ : P ! P : s 7! s+ s∗(a, x0 � y0) which is, of course, smooth and invertible. This proves that Axiom DPR:b holds true.

Axiom DPR:c is trivial since straight lines are smooth lines. For Axiom DPR:d a message from P to Q is with usual notation

m : P ! Q : x0 + a δs 7! y0 + b
a � (x0 � y0)

b � (x0 � y0)
δs (5.11.27)

The direction of the light ray is

y0 � x0 +

�
b
a � (x0 � y0)

b � (x0 � y0)
� a
�
δs (5.11.28)

which is, of course, smooth in the initial point (which is parameterised by δs).
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P Q

Fig 5.5: The parallax coordinate grid.

Fig 5.6: The light cone in Minkowski spacetime.

The Axiom DST is related to parallax coordinates. In dimension m = 2, given two parallel particles P and Q, both at

rest, one has P = (s, x0) and Q = (s, y0); any event x = (t, x) 2M sends a message to P , which hits at

j(t� s, x� x0)j2 = 0 ) s2 � 2ts+ t2 � (x� x0)2 = 0 ) s± = t� jx� x0j ) sP := s+ = t+ jx� x0j (5.11.29)

Analogously, for Q, it hits at sQ := t + jx � y0j. In other words, the point (t, x) corresponds, in parallax coordinates, to

(sP , sQ) = (t+ jx� x0j, t+ jx� y0j).
Since we are in dimension 2, we can draw the coordinate grid, looking for the points which correspond to sP = s∗ or

sQ = s∗. If x0 < x1, the coordinates are good coordinates in the strip x0 < x < x1; in such an interval, they are smoothly

compatible with Cartesian coordinates (and vice versa). Of course, one can form an atlas of parallax coordinates, each

defined in a strip and covering the whole M .

If the two particles are not parallel, one can anyway fix a point on each particle and draw the light cone (which, in this case,

is only the union of two lines) at each point. Then, moving the points fixed on the particles, the grid is recovered. Again

they define good coordinates in the region between the two particles; again coordinates are compatible with Cartesian

coordinates and then they are compatibile with the parallax atlas defined above.

In higher dimension, one draws light cones at a point which are hypersurfaces. The grid is hence formed by m hypersurfaces

which generically intersect at points and, generically, define good coordinates in a region.

For Axiom CS, it is enough to notice that, in Lorentzian signature, the light cones are really cones, which thence disconnect

inner (i.e. time-like) directions and outer (i.e. space-like) directions (Axiom CS:a); that the light cone itself disconnects

into two nappes once the zero vector is removed (Axiom CS:b); and that each nappe contains a connected component of

time-like vectors (Axiom CS:c).

Axiom P is trivial: at any point, there is a particle for any time-like direction.
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Chapter 6. Extended theories of gravitation

.Next Chapter

So Gandalf, you try to lead them over Caradhras. And if that fails. Where then will

you go? If the mountain defeats you, will you risk the more dangerous road?

(The Lord of the Rings, Saruman)

1. Introduction

.Next SectionIn Part I, we discussed the inputs from (general or gauge) covariance. That has little or nothing to do with gravity, in particular; it defines how to

have a field theory in which we can provide an absolute (i.e. independent of the observers) description of the physical reality.

In Chapter 5, we described EPS framework, which provides a definition and axiomatic approach to gravitational physics, which describes the geometric

properties of spacetime so that they are the mathematical counterpart of the physics of gravity. The very bottom content of any gravitational theory

based on a relativistic framework is exactly to describe gravity as a manifestation of a non-trivial geometry of spacetime which is determined by the

matter content which lives on the spacetime. Wheeler’s quotation (see[18]) is still perfectly updated:

Spacetime tells matter how to move; matter tells spacetime how to curve.

Just one has to be somehow more flexible about what it is meant by to curve, i.e. by what it is referred as being the geometry of spacetime. To

some surprise of the Ehlers, Pirani and Schild themselves, their framework ended up to indicate that geometry of spacetime is a Weyl frame, which is

somehow more general than the usual metric Lorentzian structure, usually assumed in standard purely metric GR.

Although Weyl frames have been originally introduced as the attempt to unify gravity and electromagnetism (see[19][20]), the same structure appears

in EPS framework with a completely different context.

In unified theories, the connection

Γ̃µρσ = fggµσρ + 1
2

�
gµεgρσ � 2δµ(ρδ

ε
σ)

�
αε (6.1.1)

contains the information about gravity, which is encoded on g only, as in standard GR, together with the information about electromagnetic field,

which is encoded into the 1-form A = αεdx ε. This 1-form A defines the electromagnetic field F = dA on spacetime (M, g).

This original unified theory was criticised (and eventually rejected) because of different reasons, one of which was that, if rulers are parallelly

transported around a closed loop with respect to the connection Γ̃, their length with respect to g is not conserved, as it happens instead for parallel

transport with respect to fgg.
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In a Weyl frame (M, g, Γ̃), the parallel transport with respect to Γ̃ of a vector v does not preserve its g-length.

A vector v(s), defined along a curve γ, is parallelly transported, if it satisfies the equation

v̇λ + Γ̃λαβ γ̇
αvβ = 0 (6.1.2)

while its g-length is g(v, v) = gµνv
µvν . Then one has

d

ds
g(v, v) =∂αgµν γ̇

αvµvν + 2gµν v̇
µvν = (−∂µgνα + ∂αgµν + ∂νgαµ) γ̇αvµvν − 2gµν Γ̃µαβ γ̇

αvβvν =

=− 2gµλ

(
Γ̃λαν − {g}λνα

)
γ̇αvµvν = −gµλ

(
gλεgαν − 2δλ(αδ

ε
ν)

)
αεγ̇

αvµvν =

=
(
−δεµgαν + gµαδ

ε
ν + gµνδ

ε
α

)
αεγ̇

αvµvν = ααγ̇
αg(v, v)

(6.1.3)

The g-length of the vector v is conserved by parallel transport along a curve, if the vector is g-light-like (i.e. g(v, v) = 0), while in general it is not. The 1-form A

measures exactly to which extent this violation occurs and, if one has A = 0 (as in Riemannian geometries), then the g-length of vectors is preserved by parallel

transport along the Levi Civita connection Γ̃ = {g}. In particular, the g-length of vectors is not generally conserved in Weyl frames nor if one restricts to integrable

Weyl frames.

Accordingly, let us consider two vectors, v and w, at a point x ∈ M with the same g-length (i.e. g(v, v) = g(w,w)), which are then parallelly transported along two

different curves γ1 and γ2, both going from x to another event x̃ ∈M (so that γ1 · γ−1
2 is a closed loop); let us denote by ṽ and w̃ the vectors, when they get to x̃. Of

course, in a general Weyl frame, one has g(ṽ, ṽ) 6= g(w̃, w̃), since one has to integrate (6.1.3) along two different curves.

Equivalently, if one parallely transports back to x along a loop a vector v, the parallely transported vector v̂ (which is tangent at x), in general, has a different g-length,

i.e. g(v̂, v̂) 6= g(v, v).

If A is exact, i.e. if the Weyl frame is integrable and one has A = d lnϕ, then, by integration along an open path from x to x̃, one gets

ln(g(ṽ, ṽ))− ln(g(v, v)) = ln(ϕ(x̃))− ln(ϕ(x)) ⇒ g(ṽ, ṽ) =
ϕ(x̃)

ϕ(x)
g(v, v) (6.1.4)

Thus, considering two vectors of the same g-length at x, parallelly transported along two different open paths to x̃, we have

g(ṽ, ṽ) =
ϕ(x̃)

ϕ(x)
g(v, v) =

ϕ(x̃)

ϕ(x)
g(w,w) = g(w̃, w̃) ⇒ g(ṽ, ṽ) = g(w̃, w̃) (6.1.5)

even though in general g(ṽ, ṽ) 6= g(v, v). Equivalently, by parallelly transporting along a closed loop we have

g(v̂, v̂) =
ϕ(x)

ϕ(x)
g(v, v) = g(v, v) (6.1.6)

and the g-length at x does not depend on the loop.

And in a unified theory, that was checkmate, since one cannot restrict to the case of exact potentials A = d ln(ϕ), because this would imply F = 0,

which would be a really poor theory of electromagnetic field!

If one could somehow restrict to A = d ln(ϕ), the g-length of vectors would still change when parallelly transported around but, at least, their length would uniquely

depend on the position, not on the path to get there.

In fact, in an integrable Weyl frame, one can define a new metric g̃ = ϕ · g and show that Γ̃ = {g̃}. Thus the g-length of a vector v would not be preserved by Γ̃-parallel

transport, while the g̃-length would, as it happens in a Riemannian geometry (M, g̃).
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In other words, integrable Weyl frames correspond to relax the comparison between length of vectors at different points, though keeping a notion of equal length at

the same point.

Now, this is often sometimes expressed in terms of length of rulers, though, to be precise, here most of the content is in the details: rulers (if they can be defined at all

in a relativistic theory) are not tangent vectors. Does the physical length of rulers coincide their geometric length? And the length computed by g or g̃?

As it often happens, shifting a mathematical claim into a physical one does rely on a number of assumptions about the physical meaning of the mathematical objects

involved, which, if clear within a well defined model, becomes at least questionable in an undefined context.

In EPS, however, there is no physics directly associated to F = dA, so that one could also consider restricting to an exact 1-form A. The corresponding

Weyl frames are called integrable. In integrable Weyl frames, one still has the possibility of comparing lengths at a point, though loosing something

about comparing them at a distance.

Of course, in this very same setting, one could also argue that the physical length could be described by g̃ rather than by g. If this were the case, one

would define length and parallel transport with one single metric, namely g̃, and the situation would not be very different from standard GR (at least

at a kinematical level, while the dynamics will be discussed below). In this case, the integrable Weyl frame is called a Lorentzian geometry (M, g̃),

since the original metric g has no role any longer.

To summarise, EPS framework gives a precise context to describe geometry of spacetime, more general than standard Lorentzian geometries. Some

freedom is left though it contains the standard Lorentzian case as a special case. This description of geometry on spacetimes comes with a definite

relation to potentially observable phenomena; the connection Γ̃ is, by construction, the connection which describes the free fall of particles.

The metric g is a representative of the conformal structure, which describes light cones and wavefronts (as any other representative of the conformal

structure does). However, also the choice of g can be related to some physical quantity; of course, we can decide we want to pursue a description of

the physical reality in which distances and clocks play no fundamental role (them being rather conventions of the observer), choosing accordingly a

dynamics which is compatible with conformal structures in which Weyl conformal transformations are symmetries.

In this setting distances would not be gauge invariant and, accordingly, they, together with time lapses, would not play a fundamental role. I still do not know if this

option would be compatible with what we know about the physical world around us.

On one hand, we often appear to be fond in measuring the length of tables or the distance of the Moon from the Earth and we strongly believe that the first is shorter

than the second. On the other hand, what we call length is often (if not always) the ratio of two distances, which as such is conformally invariant.

If, instead, we decide that distances mean something, we can find an observable meaning for distances and clocks (from beyond EPS framework,

for example, from quantum mechanics). In this case, one can argue that there is a one-to-one correspondence between the choices of conformal

representatives g 2 [g] and the protocols for distances and time lapses. If the physical length of a table has to be given a meaning, whatever meaning

and protocol is used as an operational definition, the physical length cannot agree with the geometric distance defined by g for more than one choice

of the conformal representative g 2 [g].

Accordingly, we can say that either we describe a world without distances, or we can use distances (however defined) to single out a conformal

representative g 2 [g], which, by definition, renders physical distances as geometric g-lengths. In the second case, let us stress it once again since we

shall use it below, the geometry of spacetime is described by a pair (g, Γ̃) in which, by definition, g describes some physical protocol to define distances,

and Γ̃ describes free fall of particles.
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If the Weyl frame (M, g, Γ̃) is integrable, it can be described in terms of two (conformal) metrics (M, g, g̃) such that distances are still defined by g

and free fall is described by g̃-geodesics which happen to be g-time-like (and, since the two metrics are conformal, also g̃-time-like).

Let us consider a metric g and a connection Γ̃ which is EPS compatible with g and metric for another metric ĝ, hence

Γ̃µσρ = {ĝ}µσρ = {g}µσρ + 1
2

(
gµεgρσ − 2δµ(ρδ

ε
σ)

)
αε = {g}µσρ +Kµ

σρ (6.1.7)

The Riemann tensors are

R̂µσνρ = Rµσνρ +∇νKµ
σρ −∇ρKµ

σν +Kµ
λνK

λ
σρ −K

µ
λρK

λ
σν (6.1.8)

and their first trace must vanish since they are Riemann tensors of a metric, i.e.

R̂µµνρ = Rµµνρ +∇νKµ
µρ −∇ρKµ

µν +Kµ
λνK

λ
µρ −K

µ
λρK

λ
µν ⇒ ∇νKρ −∇ρKν = 0 (6.1.9)

where we set Kρ := Kµ
µρ = 1

2

(
gµεgρµ − 2δµ(ρδ

ε
µ)

)
αε = −m2 αρ. The condition above is hence

∇ναρ −∇ραν = dναρ − dραν = 0 ⇐⇒ dA = 0 (6.1.10)

Then the 1-form A is closed, hence locally exact. Let us denote by ω a local potential so that one has αε = dεω and

Γ̃µρσ = {ĝ}µσρ = {g}µσρ + 1
2

(
gµεgρσ − 2δµ(ρδ

ε
σ)

)
dεω = {e−ωg}µσρ (6.1.11)

Hence there exists a metric g̃ = e−ωg, conformal to g and such that Γ̃ = {g̃}.

Let us remark that one cannot prove that ĝ is conformal to g. For a counterexample, just consider M = Rm and two constant metrics gµν and ĝµν which are not

conformal to each other. Then one has {g} = {ĝ} = 0 and Γ̃ = {ĝ} is manifestly metric and EPS compatible with g (just set αε = 0), while ĝ is not conformal to g.

Thus the claim:

if Γ̃ = {g̃} is EPS compatible to g then g̃ ∈ [g]

is false, while the claim:

if Γ̃ is metric and EPS compatible to g then there exists a metric g̃ ∈ [g] such that Γ̃ = {g̃}
is true.

Being g and g̃ conformal, it means that one has g̃ = ϕg for some (positive) scalar field ϕ, called the conformal factor, which, in fact, describes the

mismatch between distances and free fall.

In standard GR, one assumes that such a mismatch is not physically there, i.e. ϕ � 1 everywhere, which is a legitimate assumption, still an assumption

that we check at human scales (up to, say, the solar system scale) and then we extrapolate it to any scale from Planck scales to cosmological scales

(i.e. from 10−35 m to 1026 m, i.e. along about 60 orders of magnitude). (That means to believe!)

Finally, if these two metrics g and g̃ coincide, i.e. the conformal factor is trivial, we have a Lorentzian geometry, which is the assumption in standard

GR.

To be explicit, let us stress that there is no logical argument which can show that the standard assumption is physically wrong. I am not trying to imply that since

the assumption is unmotivated, then it is illegitimate or physically wrong; only observations can decide on that. What I will rather argue is that, by building up a

framework in which the assumption is not taken, makes it possible to better test the issue and decide it based on observations.
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That is particularly true in gravitational theories in which there is a considerably tight link between the mathematical model and the observational data which is not

always easy to disentangle. This is related to the fact that a gravitational theory is also a relativistic theory in which (and only in which) one can discuss and introduce

physical observables which are independent of the observers. As a consequence, it is particularly tricky to design experiments to measure physical quantities and, at

the same time, to keep track of how they depend on the assumptions done in the model.

To be honest, we try to be as conservative as we can and we appreciate EPS approach because it constrains modifications to standard GR more than because it

allows them. By the way, it is precisely for this reason that we chose to call our theories of gravitation, extended, instead of what it is more common in the literature,

i.e. modified. To be precise we are not modifying standard GR. We are instead providing a wider framework which contains standard GR as a specific (degenerate)

particular case.

The reason to do that is that standard GR comes from many successes and, at least, it deserves to be treated in a conservative way.

Of course, the different possibilities left open by EPS approach are equivalent on a kinematical level and, in order to discuss them, one needs to

introduce dynamics. However, we want to preserve the kinematical meaning of the objects which describe the geometry of spacetime, being them

(g, Γ̃), (g, g̃), (g, ϕ), or whatever representation one chooses, instead of simply considering a generic dynamics for a metric and a connection. Let

us first argue that if we did that, we would overcount for the freedom we have in choosing dynamics by considering every single dynamics (which,

remember, according to our discussion of general covariance, is an intrinsic variational principle) infinitely many times by considering it in all possible

field coordinates one could choose.

This is not only useless (since we set up geometric methods to discuss intrinsic objects exactly to show that different local representations are irrelevant)

but doing it we would also lose track of the relation that objects have with observables, which is a free token we had from EPS.

EPS compatibility

If EPS framework points toward a Palatini formalism based on fields (g, Γ̃) with specific physical meaning (g being associated to the physical definition

of atomic time, Γ̃ being associated to free fall of particles), we need first to remark that this is not purely mathematics.

First of all, we have to remember that, as far as we know, Palatini theories are not, generally, dynamically equivalent to their purely metric counter

parts, as it happens for standard GR. Thus, choosing a Palatini framework rather than a purely metric formalism, does not come without consequences,

also classical consequences.

Discussing quantum gravity is particularly slippery, since, at the very least, whatever can be said depends on the particular framework one chooses for quantum gravity.

Alternatively, one can use general concepts from quantum physics, which probably apply to quantum gravity as well, though the discussion is left somehow vague.

That said, let me present some of these arguments anyway.

Whatever quantum gravity will eventually be, it seems that quantum fields (thus including the geometric fields on spacetime) can deviate from their classical counterparts.

I know that this is not clearly stated, but if the classical limit has a sense, if we learn something from the path integral storytelling, classical fields emerge as a mean value

of the quantum fields which oscillate around the value prescribed by the corresponding classical field theory. These oscillations may be produced by the mathematical

framework or be real.

Anyway, one should expect the classical kinematics to constrain which quantum oscillations are expected. Thus a purely metric formalism, not only forces the connection

and the free fall to be a Levi Civita free fall, but the quantum oscillations of the connection, whatever they might be, are determined by the quantum oscillations of the

metric field, which is the only fundamental field. On the other hand, in Palatini formalism, we allow the metric field and the connection to have independent quantum

oscillations which agree on average, only.
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The EPS framework contains a constraint for the connection given by (6.1.1). Before discussing dynamics, one should discuss how to regard this

constraint. This constraint, as the whole EPS framework, is expressed for the classical fields which describe the geometry on spacetime. It is hence

written for solutions of field equations.

Accordingly, one should take a position about where EPS compatibility comes in, from a variational viewpoint. It is too relevant to regard it as a

coincidence of the particular solution which is realised in the real physical spacetime. One does need to have a general basis which guarantees that all

solutions obey this constraint.

One has two possibilities: either field equations guarantee EPS compatibility on the space of solutions (and hence on solutions only) or it is imposed

at kinematical level (and accordingly, all configurations obey to it, not only solutions).

Of course, if all configurations are EPS compatible, i.e. if EPS compatibility is imposed at kinematical level, then EPS compatibility has to be regarded as exactly

preserved by quantum oscillations. On the other hand, if EPS compatibility is enforced by field equations, then quantum oscillation can violate it and it emerges only

on average.

For imposing EPS compatibility at kinematical level, one should consider as fundamental fields (g, α) (or, somehow equivalently, (g, ϕ)). Once field

equations find a solution (g, α), then the free fall connection is defined, as a derived object, by (6.1.1). Now, even not considering how strange

this mechanism would appear, let us notice that, in this case, one is expecting a constraint on quantum oscillations (forcing them to preserve EPS

compatibility) which comes from EPS formalism which is a purely classical argument. Not that this needs to be impossible or manifestly wrong, just

it sounds strange, also because none of the EPS axioms are expected to hold in a quantum regime.

Instead, the Palatini bet is on (g, Γ̃). Once one is clear that all these alternatives should be explored independently, then let me declare what is the

option I choose to consider and that we shall call the extended theories of gravitation.

2. Extended theories of gravitation

.Next SectionLet us define an extended theory of gravitation (ETG) as a field theory for a metric g, a (torsionless) connection Γ̃, and some set of matter fields φ in

which the dynamics, through field equations, implies that, along solutions, the connection Γ̃ is EPS-compatible with the metric g. If field equations

also imply that the connection Γ̃ is metric with respect to g̃ which turns out to be necessarily conformal to g, then the extended theory of gravitation

is said to be an integrable ETG (iETG).

Of course, standard GR, in its Palatini formulation, is an integrable extended theory of gravitation.

Depending on matter couplings these theories can be ETG or not. If the matter Lagrangian does not depend on the connection (Palatini formalism) and matter just

couples to the metric field (possibly also through its Christoffel symbols), then field equations do imply that the connection is the Levi Civita connection of the metric

and one has an iETG.

On the other hand, if matter couples to the connection (metric-affine formalism), one can violate EPS compatibility and produce examples of field theories which are

not iETG.
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In an iETG the connection is the Levi Civita connection of a metric g̃, then g̃ needs to be conformal to the original metric g. Accordingly, one has

g̃ = ϕg for some (positive) scalar field ϕ = e−ω which is called the conformal factor.

Standard GR as an iETG

In standard Palatini GR, one defines a dynamics by the Hilbert Lagrangian in Palatini formulation

L =
√
g

2κRd�+ Lm(g, φ) (6.2.1)

where we set R = gµνR̃µν(Γ̃) and φ are matter fields which couple with the metric (and not with the connection).

By variation of the Lagrangian, one obtains field equations (
R̃(µν) � 1

2Rgµν = κTµν

r̃µ(
p
ggαβ) = 0

(6.2.2)

together with some matter field equation E = 0.

The second field equation implies that Γ̃ = fgg and the first field equation then becomes Einstein equation for the metric g. Accordingly, the metric

g defines the free fall, the distances, the coupling with matter. In other words, standard GR is a iETG in which there is no conformal factor (i.e. a

single metric g) and distances are defined by the same metric which determines the free fall.

Palatini f(R)-theories

Of course, standard GR is not the only iETG. There is a whole class of dynamics which define iETG.

Let us consider a connected paracompact spacetime manifold M of dimension dim(M) = m > 2 and which allows global Lorentzian metrics. Let us

consider a metric gµν and a torsionless connection Γ̃αβµ as fundamental fields. We shall hereafter consider a Lagrangian in the form

L =
h√

g
2κ f(R) + Lm(g, φ)

i
d� (6.2.3)

where φ is a set of matter fields and f is a generic (regular, to be defined precisely) function.

To be precise by a regular function we assume f : R→ R to be defined at least in some open set U ⊂ R, to be differentiable almost everywhere in U , such that

F (R) := f ′(R)R− m
2 f(R) (6.2.4)

has a discrete set of zeros, and that those zeros are simple so that one can locally solve the equations F (R) = T for R.

Notice that matter couples directly to the metric only, not to the connection. When this is the case, we call this theory a Palatini f(R)-theory.

If matter is allowed to couple to the connection, the theory is called a metric-affine f(R)-theory. We shall consider some metric-affine f(R)-theories below, while here

we focus on Palatini f(R)-theory.
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By variation of the Lagrangian, one obtains field equations(
f ′(R)R̃(µν) � 1

2f(R)gµν = κTµν

r̃µ(
p
gf ′(R)gαβ) = 0

(6.2.5)

together with some matter field equation E = 0.

In order to solve the second equation, one can introduce a new conformal metric

g̃µν = ϕgµν ϕ := (f ′(R))
2

m−2 (6.2.6)

so that one has
p
g̃ = ϕ

m
2
p
g and ϕg̃µν = gµν and, consequently

p
g̃g̃αβ = ϕ

m−2
2
p
ggµν =

p
gf ′(R)gαβ (6.2.7)

Hence, the second field equation can be recast and solved as

r̃µ(
p
g̃g̃αβ) = 0 ) Γ̃αβµ = fg̃gαβµ (6.2.8)

Then the connection can be replaced in the first field equation to obtain an equation for the metric (either g or g̃), the conformal factor ϕ, and matter

fields. By tracing it by gµν , one obtains the condition

f ′(R)R� m
2 f(R) = κT (6.2.9)

where we set T := gµνTµν . This condition is called the master equation and it must be identically satisfied along solutions.

The master equation is an algebraic (i.e. not differential) equation for R and T and, if f(R) is regular, then it can be solved for R to obtain R = R(T ).

Accordingly, the curvature R (as well as all the functions of it, such as f(R), f ′(R), ϕ) can be either considered as functions of the gravitational field

or functions of the matter fields through T .

There is also another function one can obtain from f(R) and which will turn out to be important; it is obtained by solving the definition of the

conformal factor for the curvature, i.e.

ϕ := (f ′(R))
2

m−2 ) R = r(ϕ) (6.2.10)

In view of this definition, the curvature (as well as any function of it) can be considered as a function of the conformal factor.

The function r(ϕ) and the function R(T ) defined above are somehow connected together. In fact, in view of the master equation, one can express the trace T as a

function of the conformal factor

T = κ−1
(
f ′(r(ϕ))r(ϕ)− m

2 f(rϕ)
)

=: T (ϕ) (6.2.11)

so that one has

r(ϕ) = R(T (ϕ)) (6.2.12)

On the other hand, one has

ϕ(T ) := (f ′(R(T )))
2

m−2 ⇒ R(T ) = r(ϕ(T )) (6.2.13)
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Since the two functions are somehow equivalent, one could use just one of them.

The real story is that one has three quantities R, T , ϕ which, in view of master equation, are functionally dependent and one can use the master equation to eliminate

one of them and write everything in terms of the other two quantities. However, which two quantities are to be used depends on the problem.

No one will miss the analogy with equation of state for gasses.

Let us set R̃µν := R̃µν(g̃) := R̃µν(fg̃g) for the Ricci tensor of the conformal metric g̃. Then the first field equation can be recast as

R̃µν � 1
2R̃g̃µν = κ

�
ϕ−

m−2
2
�
Tµν + 1

2κf(R)gµν
�� 1

2κRgµν
�

=: κT̃µν (6.2.14)

Accordingly, the conformal metric g̃ obeys standard Einstein equations, though with a modified effective source tensor

T̃µν :=
1

f ′(R)

�
Tµν � 1

2κ

�
f ′(R)R� f(R)

�
gµν
�

(6.2.15)

Roughly speaking, we shall consider Tµν as the energy momentum tensor of ordinary matter, real matter. Let us then consider the tensor

Dµν := T̃µν � Tµν (6.2.16)

to be the energy-momentum tensor of dark sources.

If we set f(R) = R, then the conformal factor is identically ϕ = 1, so that g̃ = g and one has only one metric, and T̃µν = Tµν and one has no dark sources. In other

words, standard GR is a particular case of Palatini f(R)-theories, for the choice f(R) = R.

Since we know how Ricci tensor and Ricci scalar transform under conformal transformations (see (2.7.151), (2.7.152), respectively), we can transform

it into Einstein equations for the metric g:

Rµν � 1
2Rgµν = κT̃µν + m−2

2ϕ

h
rµνϕ� 3

2ϕrµϕrνϕ�
�
�ϕ+ m−7

4ϕ rρϕrρϕ
�
gµν

i
=: κT̂µν (6.2.17)

Hence also g obeys some standard Einstein equations, with a modified tensor, namely T̂µν .

Traditionally, one of the arguments used in discussing whether g or g̃ is the “physical’ metric” is to argue that g̃ obeys field equations which are in the form of Einstein

equations. For that reason, selecting g̃ as a physical metric is sometimes called the Einstein frame, meaning the Einstein Weyl frame. On the other hand, using g as a

physical metric is sometimes called the Jordan frame.

Of course, as we see, the argument is flat wrong. Both the equations (as well as any other equation depending on Ricci tensor) can be recast in the form of Einstein

equations. That is not the difference, which has to be looked for somewhere else.

The message here is that how much a theory resembles standard GR is something to be decided at the level of action, not at the level of field equations.

Let us stress that one can write R(ϕ) so that all extra contributions to energy momentum tensors, both to T̃µν and T̂µν , are from interactions with

matter and conformal factor (or self-interactions of the conformal factor itself). Actually, to be precise, all extra contributions vanish for any constant

conformal factor. Accordingly, we could argue that the interacting field is the variation of the conformal factor, namely δϕ, and all contributions to

dark sources are from the variation of the conformal factor.
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Beside Einstein and Jordan frame, we shall also introduce the Helmholtz and the Brans–Dicke (Weyl) frames in due time. Before coping with different

Weyl frames in general, we need first to rise and address some issues to set the whole theory on firmer ground.

Conservation of energy-momentum tensors

We have introduced three energy-momentum tensors in any Palatini f(R)-theory, namely Tµν , T̃µν , and T̂µν . The last two energy-momentum tensors,

T̃µν and T ∗µν , appear in Einstein-like equations. Both the l.h.s. G̃µν := R̃µν � 1
2R̃g̃µν and Gµν := Rµν � 1

2Rgµν , respectively, are very standard, metric,

Einstein tensors, for g̃ and g, respectively, for which Bianchi identity holds true. Then both must be conserved, precisely

r̃µG̃µν = 0

rµGµν = 0

) r̃µT̃ µν = 0

) rµT̂ µν = 0
(6.2.18)

where the tilde refers to covariant derivative with respect to g̃ and the indices are raised by g̃ in the top line, while on the bottom line the indices are

raised by the metric g.

The first energy-momentum tensor Tµν is the ordinary stress tensor of matter Lagrangian, i.e. its variation with respect to the metric g. It does not

obey an Einstein-like equation. It obeys field equations in the form (6.2.5), instead. Since the l.h.s. of this equation is not an Einstein tensor, Bianchi

identities do not hold true. Accordingly, the same evidence of Tµν being conserved does not hold.

Of course, this does not mean that Tµν is not conserved, with respect to g or g̃, by some other reason. If one wants to interpret Tµν as the energy

momentum tensor of visible matter one needs some sort of conservation, meaning that if dark sources are not real fundamental fields, then visible

matter cannot exchange energy with them. At most, one can argue that the interaction of matter with dark sources is some sort of gravitational

interaction, which actually at solar system scales (as well as when standard GR holds well) is negligible also with respect to ordinary gravitational

interaction. However, here the point is that gravity itself is negligible at fundamental level. That is exactly one of the reasons why we have problems

with quantum gravity: there is no experimental regime in which we can test quantum gravity and GR at the same time.

Anyway, we can show that Tµν is, in fact, conserved, namely that rµT µν = 0 (with indices raised by g) as a consequence of covariance of the matter

Lagrangian.

Let us start from a trivial observation that, even when the total Lagrangian is assumed to split into a purely gravitational part and a matter Lagrangian (which contains

matter as well its interaction with gravity), both parts are separately generally covariant. In this case, it can be easily and quite generally shown that generalised

Bianchi identities for the matter Lagrangian, which hold true off shell because of covariance, when evaluated on shell, produce conservation of energy-momentum tensor

of matter, just because the partial work current does not vanish on shell alone, though the total work current, computed together with the gravitational contribution,

does.

Let us start by considering a theory for a matter field which is a vector field on spacetime. We shall later generalise to an arbitrary first order geometric object.

Accordingly, we can consider the Lagrangian

Ltot = Lg(g, Γ̃) + Lm(g, v) (6.2.19)

Both the Lagrangian Lg and Lm are separately covariant, so that they both obey their covariance identity, both define their Noether currents and their work currents,

as well as their superpotentials and reduced currents. Field equations are associated to the total work current, while the two partial work currents do not vanish
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separately, due to interaction between gravity and matter. Thus, while the two Noether currents do obey Noether theorem, just the total Noether current is conserved

on shell, while the two partial Noether currents separately are not.

The matter Lagrangian has the following local form

Lm(g, v) = Lm(gµν , vµ, vµλ)dσ (6.2.20)

where vµλ = dλv
µ + {g}µσλvσ denotes the covariant derivative of vµ with respect to g.

By using the standard notation for momenta, the variation of the matter Lagrangian is

δLm = pαβδg
αβ + pµδv

µ + pλµδv
µ
λ = −

√
g

2 Tαβδg
αβ + Eµδvµ +∇λ

(
pλµδv

µ −B ·α ·βλδgαβ
)

(6.2.21)

where we set Eµ = pµ − ∇λpλµ for field equations for the matter field, Tαβ := − 2√
g

(
pαβ +∇λB ·α ·βλ

)
for the matter energy momentum tensor, and Bσλε :=

1
2p
ε
µv
λgµσ + 1

2p
σ
µv

εgµλ − 1
2p
λ
µv
σgµε. Thus, on shell, one has Eµ = 0 but Tµν does not vanish on its own.

Since the matter Lagrangian is covariant, one has the work current and the Noether currentW =
[√

g

2 Tαβ£ξg
αβ − Eµ£ξv

µ
]
dσ = [Wεξ

ε +W ρ
ε ∇ρξε]dσ

E =
[
pλµ£ξv

µ −B ·α ·βλ£ξg
αβ − ξλLm

]
dσλ = [Eλε ξ

ε + Eλρε ∇ρξε]dσλ
(6.2.22)

where we used the Lie derivatives

£ξg
αβ = −2∇(α

· ξ
β) £ξv

µ = ξλ∇λvµ −∇λξµvλ (6.2.23)

In particular, we have

Wε = −Eµ∇εvµ W ρ
ε = −√gTαεgαρ + Eεvρ (6.2.24)

from which we see directly that Wε does vanish on shell while W ρ
ε does not. Then we have generalised Bianchi identity for the matter Lagrangian

Wε −∇ρW ρ
ε = 0 ⇒ −Eµ∇εvµ −∇ρ (−√gTαεgαρ + Eεvρ) = 0 (6.2.25)

which on shell become

∇ρT ρε = 0 (6.2.26)

More generally, if the matter fields are first order geometric objects (thus including, e.g., all tensor densities), then one still has

£ξv
i = ξλ∇λvi + Ziρε (v)∇ρξε (6.2.27)

so that, for any first order Lagrangian, one has the work current in the form

W = [Wεξ
ε +W ρ

ε ∇ρξε]dσ (6.2.28)

with Wε = 0 on shell and W ρ
ε = −√gTαεgαρ on shell. Accordingly, the partial Bianchi identities evaluated on shell then still imply conservation of energy-momentum

tensor.

The fact that all three energy-momentum tensors are conserved, either with respect to g or g̃, is a potential threat to the theory. In fact, they come

with relations among each other; if you fix Tµν and f(R) then T̃µν and T̂µν are functionally determined. Thus if one assumes that Tµν is conserved,
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then one can compute r̃µT̃ µν and rµT̂ µν , and those might result to be conserved or not. In other words, conservation of T̃µν and T̂µν is consequently

either true or false, but not our choice. And, of course, for a generic function of Tµν and f(R) the expectation is that it is not conserved.

However, T̃µν and T̂µν have a specific form and we can show that they are conserved iff Tµν is.

In an f(R)-theory, the effective stress tensor T̃µν is defined by equation (6.2.15). Its conservation with respect to the conformal metric g̃ reads as ∇̃µT̃µν = 0, where

indices have been raised by g̃. By considering that ϕ2T̃µν = ϕ2g̃µαg̃νβT̃αβ = gµαgνβT̃αβ , the relation between controvariant stress tensors is then

ϕ2f ′(R)T̃µν = (f ′(R))
m+2
m−2 T̃µν = Tµν − 1

2κ (f ′(R)R− f(R)) gµν (6.2.29)

Let us stress that the indices of T̃µν are here raised by g̃, while the indices of Tµν are raised by g.

Let us introduce the tensor

Kα
βµ = {g̃}αβµ − {g}αβµ = − 1

2

(
gασgβµ − 2δα(βδ

σ
µ)

) ∗
∇σ lnϕ (6.2.30)

which accounts for the difference between the connections of the metrics g̃ and g. Hereafter, the covariant derivatives with respect to g will be denoted by ∇ε, while

the ones with respect to g̃ will be denoted by ∇̃ε. The symbol
∗
∇ε, as usual, denotes a covariant derivative when it is independent of any connection (in this case, being

applied to the scalar lnϕ).

One can easily show that

Kµ
εµT̃

εν =− 1
2

(
gµσgεµ − δµε δσµ − δµµδσε

)
T̃ εν

∗
∇σ lnϕ = m

2 T̃
εν
∗
∇ε lnϕ = m

m−2 T̃
εν (f ′(R))

−1 ∗∇εf ′(R) (6.2.31)

and

Kν
εµT̃

εµ =− 1
2

(
gνσgεµ − 2δν(µδ

σ
ε)

)
T̃ εµ

∗
∇σ lnϕ = T̃ νσ

∗
∇σ lnϕ− 1

2g
νσgεµT̃

εµ
∗
∇σ lnϕ = 2

m−2 (f ′(R))−1T̃ νσ
∗
∇σf ′(R)− 1

m−2 (f ′(R))−1gνσgεµT̃
εµ
∗
∇σf ′(R) (6.2.32)

as well as
m+2
m−2 (f ′(R))

4
m−2 ∇µf ′(R)T̃µν + (f ′(R))

m+2
m−2 ∇µT̃µν = ∇µTµν − 1

2κ (∇µf ′(R)R+ f ′(R)∇µR− f ′(R)∇µR) gµν ⇒

⇒ (f ′(R))
m+2
m−2 ∇µT̃µν = ∇µTµν − 1

2κ∇µf
′(R)Rgµν − m+2

m−2 (f ′(R))
4

m−2 ∇µf ′(R)T̃µν
(6.2.33)

Then one has directly that

ϕ2f ′(R)∇̃µT̃µν = (f ′(R))
m+2
m−2

(
∇µT̃µν +Kµ

εµT̃
εν +Kν

εµT̃
εµ
)

= ∇µTµν − 1
2κRg

σν∇σf ′(R)− m+2
m−2 T̃

σν (f ′(R))
4

m−2 ∇σf ′(R)+

+ m
m−2 T̃

σν (f ′(R))
4

m−2
∗
∇σf ′(R) + 2

m−2 T̃
νσ (f ′(R))

4
m−2

∗
∇σf ′(R)− 1

m−2g
νσgεµT̃

εµ (f ′(R))
4

m−2
∗
∇σf ′(R) =

=∇µTµν − 1
2κg

σνR∇σf ′(R)− 1
m−2g

νσT (f ′(R))
−1∇σf ′(R) + 1

2κ
m
m−2g

νσR
∗
∇σf ′(R)− 1

2κ
m
m−2g

νσ f(R)

f ′(R)

∗
∇σf ′(R) =

=∇µTµν + 1
2κ

2
m−2g

νσ
(
f ′(R)R− m

2 f(R)− κT
)

(f ′(R))
−1 ∗∇σf ′(R) = ∇µTµν

(6.2.34)

where we used the master equation (6.2.9) so that one simply has

(f ′(R))
m+2
m−2 ∇̃µT̃µν = ∇µTµν (6.2.35)

Hence T̃µν is conserved with respect to g̃ iff Tµν is conserved with respect to g.

After we checked that, one should check directly also that rσT̂ µν = 0 iff T µν is conserved with respect to g.
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We leave it to do, as practice, and we shall obtain the same results in an indirect way. We shall, in fact, prove that T̃µν and T̂µν are energy-momentum stress tensors

for a covariant matter Lagrangian, then they must be necessarily conserved.

Universality theorems

As we remarked above, Palatini f(R)-theories are quite conservative with respect to standard GR. For example, if we consider the vacuum sector of

the theory, hence Tµν = 0, we get field equations in the form

R̃µν � 1
2R̃g̃µν = �

 
f ′(R)R� f(R)

2 (f ′(R))
m
m−2

!
g̃µν ) f ′(R)R� m

2 f(R) = 0 (6.2.36)

In vacuum, the master equation constrains the curvature R to be a zero R0 of the equation f ′(R)R� m
2 f(R) = 0, which are generically isolated. Then

R = R0 as well as any function of it, is constant on spacetime. That corresponds to standard GR with a cosmological constant Λ which is dictated by

the choice of f(R), namely

Λ :=
f ′(R0)R0 � f(R0)

2 (f ′(R0))
m
m−2

=
m� 2

2m

�
f ′(R0)

� −2
m−2 R0 (6.2.37)

This is called the universality theorem for Palatini f(R)-theories.

For standard GR, the only solution of master equation is R0 = 0 and no cosmological constant is produced.

If we compare T̃µν and T̂µν in vacuum, we get

T̂µν = T̃µν + 1
κ
m−2
2ϕ

h
rµνϕ�rµϕrνϕ�

�
�ϕ+ (m−9)

4ϕ rρϕrρϕ
�
gµν

i
= T̃µν (6.2.38)

since the conformal factor is expected to be constant in vacuum. These two tensors will be, in general, different in matter, though.

Notice that although we set Tµν = 0 we have

κT̃µν = �Λg̃µν (6.2.39)

which shows that in general Tµν , and T̃µν are, in fact, different tensors, also in vacuum.

The universality theorem is an important piece of information. It says that, every time f(R) is chosen so that the corresponding Λ is so small to be

negligible at the scale of the solar system, then, since the solar system is modelled as a vacuum solution, Palatini f(R)-theory and standard GR are

indistinguishable theories.

On the other hand, we have to stress that this equivalence holds only in vacuum. If matter is present, then all contributions from the conformal factor

enters. For example, in cosmology, one expects the conformal factor to be a function of time, in galaxies it is a function of r. Accordingly, there one

expects a contribution of dark sources to be a function of time in cosmology and a function of the radial distance from the center in galaxies.

Let us finally notice how, although gravity is very well probed at the scales of the solar system and in vacuum solutions, it is considerably less

well known in non-vacuum solutions. To be true, non-vacuum solutions are used only in cosmology and in galaxies, which is precisely where we see

contributions of dark sources.
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3. Metric-affine f(R)-theories

.Next SectionBefore continuing to analyse the equivalences among different Weyl frames, let us consider, on a spacetime of dimension m > 2, a class of theories

slightly more general than Palatini f(R)-theories. They are based on a matter Lagrangian which couples matter also to the connection Γ̃, instead of g

only, i.e. let us consider Lagrangians in the form

L =
h√

g
2κ f(R) + Lm(g, Γ̃, φ)

i
d� (6.3.1)

These kind of field theories are called metric-affine f(R)-theories.

Let us investigate what consequences the matter-connection interactions have in view of EPS formalism.

These Lagrangians are sometimes (if not often) dismissed arguing that one does not really know how to solve them since the trick of introducing the conformal metric,

as we shall see below, does not apply any longer.

Now, besides the fact that dismissing a theory because we do not know how to solve field equations is never a solid argument, let us show that it is even wrong, since

we do know how to solve them, at least in some cases.

The variation of the Lagrangian (6.3.1) gives an extra term ∗P̃ βµα δΓ̃αβµ form the variation of Lm with respect to Γ̃αβµ.

Since we defined ũλαβ = Γ̃λαβ − δλ(αΓ̃εβ)ε to account for the variation of Ricci tensor, we have to notice that this relation is invertible so that one can map this extra term

in a term in the form P̃ βµα δũαβµ, by means of simple algebraic manipulations. In fact, one has

ũβ := ũααβ = −m−1
2 Γ̃β ⇐⇒ Γ̃β = − 2

m−1 ũβ ⇒ Γ̃λαβ = ũλαβ − 2
m−1δ

λ
(αũβ) ⇒ ∗P̃ βµα δΓ̃αβµ = ∗P̃ βµα

(
δαρ δ

σ
βδ

ν
µ − 2

m−1δ
α
β δ

ν
µδ
σ
ρ

)
δũρσν =: P̃σνρ δũρσν (6.3.2)

where we set Γ̃β := Γ̃εβε for the trace of the connection, as well as ũβ := ũεβε, and P̃σνρ := ∗P̃σνρ − 2
m−1

∗P̃
α(ν
α δ

σ)
ρ .

The field equation of (6.3.1) associated to ũλαβ, are thence in the form

r̃λ
�p

gf ′(R)gαβ
�

= P̃αβλ (6.3.3)

where P̃αβλ is a suitable tensor density of weight 1 which is a function of the matter fields φ, the metric g and possibly the connection Γ̃ itself.

One can try to “solve” the equation by considering P̃αβλ as an additional parameter. This is similar to what one is used to do in Hamiltonian mechanics

in which one considers momenta as independent of the positions and solves the equations. At least in some cases, one could obtain meaningful results,

e.g. when the particular combination expressing Γ̃ as a function of P̃ happens to be independent of the connection despite the P̃ s may depend on Γ̃.

Let us stress that a similar technique is used in ordinary f(R) theories, in which the connection is “solved” as a function of the metric and the

conformal factor ϕ =
�
f ′(R)

� 2
m−2 which (at least in the beginning, i.e. before using the master equation) is itself a function of the connection.

Existence and uniqueness

First of all, one defines, as usual, a conformal metric g̃αβ = ϕgαβ so that the equation (6.3.3) can be recast as

r̃λ
�p

g̃g̃αβ
�

=
p
g̃Pαβλ (6.3.4)
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where we set P̃αβλ =
p
g̃Pαβλ .

Let us then consider the Levi Civita connection fg̃gαµν of the conformal metric g̃. Accordingly, the difference between the two connections K̃α
µν :=

Γ̃αµν � fg̃gαµν is a tensor.

Let us stress that here, as long as K̃ does not vanish, we need to pay extra care to distinguish between the covariant derivative with respect to Γ̃, which are denoted

by ∇̃, and the covariant derivative induced by g̃, which are here denoted by
g̃

∇. This is not the case in Palatini f(R)-theories, in which one has Γ̃ = {g̃} on shell, and

consequently ∇̃ =
g̃

∇.

By the way, it is precisely because of that reason that we originally decided to use the tilde to denote conformal objects so that, eventually, these conformal objects

would coincide on shell.

Equation (6.3.4) can be thence written as

r̃λ
�p

g̃g̃αβ
�

=
g̃

rλ
�p

g̃g̃αβ
�

+ K̃α
νλ

p
g̃g̃νβ + K̃β

νλ

p
g̃g̃αν � K̃ν

νλ

p
g̃g̃αβ = K̃α

νλ

p
g̃g̃νβ + K̃β

νλ

p
g̃g̃αν � K̃ν

νλ

p
g̃g̃αβ =

p
g̃Pαβλ

(6.3.5)

which in turn can be simplified to

K̃α
νλg̃

νβ + K̃β
νλg̃

αν � K̃ν
νλg̃

αβ = Pαβλ (6.3.6)

Notice that this is an algebraic (in fact linear!) equation for the tensor K̃.

The homogenous equation (obtained by setting Pαβλ = 0) has been already known in[17] to have a unique solution (i.e. K̃ = 0).

Let us set K̃αβλ := K̃α
νσ g̃

νβ g̃σλ. Then the homogeneous equation from (6.3.6) can be recast in terms of the variable K̃αβλ as

K̃αβλ + K̃βαλ = K̃µνλg̃µν g̃
αβ ⇒ K̃αβλg̃αβ + K̃βαλg̃αβ = mK̃µνλg̃µν ⇒ K̃µνλg̃µν = 0 (6.3.7)

Then one has

K̃αβλ + K̃βαλ = 0 (6.3.8)

Thus we are looking for a tensor K̃αβλ which is skew-symmetric in the indices [αβ] as well as symmetric in the indices (βλ). And, as we have repeatedly shown, the

only such tensor is the zero tensor, in fact

αβλ = −βαλ = −βλα = λβα = λαβ = −αλβ = −αβλ ⇒ αβλ = −αβλ ⇒ αβλ = 0 (6.3.9)

where, of course, αβλ stands for K̃αβλ. Then one has K̃αβλ = 0 iff K̃α
νσ = 0, since the metric g̃ is invertible.

Hence we just have to find a particular solution of (6.3.6); then that solution is unique, in view of Rouché-Capelli theorem for linear systems. As

usual, one can rely on a bit of luck, write down a number of tensors built with the metric g̃ and the tensor P and search for a particular solution which

is a linear combination of such basic tensors.

Let us then define Pµ := Pαβµ g̃αβ and Pα := Pαλλ (not to be confused with Pα· = Pεg̃
εα). By noticing that the tensor K̃ is defined to be symmetric in

its lower indices, we can try with a linear combination

k̃αµν = aP(µδ
α
ν) + bPασ(µ g̃ν)σ + cPσg̃

ασg̃µν + dg̃αλP ρσλ g̃ρµg̃σν (6.3.10)
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By substituting back into (6.3.6), one gets�
b
2 + d

�
Pασν g̃λσg̃

νβ + (a2 + c)Pνδ
β
λ g̃

αν + bPαβλ +
�
b
2 + d

�
P βσν g̃λσg̃

αν + (a2 + c)Pσg̃
βσδαλ �

�
a
2(m� 1) + b

2 + c
�
Pλg̃

αβ � �d+ b
2

�
P νσν g̃λσg̃

αβ = Pαβλ
(6.3.11)

Thus the ansatz (6.3.10) is a solution of equation (6.3.4), if the coefficients are

b = 1 d = �1
2 c = 1

2(m−2) a = � 1
m−2 (6.3.12)

Since we have assumed that spacetime has dimension m > 2, this is a good solution. As usual, two dimensional spacetimes are degenerate under many

viewpoints and, in case, they must be treated separately.

EPS compatible connections

Thus we are able to formally solve the field equation (6.3.3) by saying that, if a connection Γ̃ is a solution, it must be in the form

Γ̃αβµ = fg̃gαβµ � 1
m−2P(µδ

α
ν) + Pασ(µ g̃ν)σ + 1

2(m−2)Pσg̃
ασg̃µν � 1

2 g̃
αλP ρσλ g̃ρµg̃σν (6.3.13)

By formal solution we mean that, if the matter Lagrangian depends non-linearly on the connection, then P is a function of Γ̃ itself. Accordingly, the condition (6.3.13)

is not an expression for Γ̃, but an equivalent way to write the original equation, a constraint to which a solution has to satisfy.

However, EPS framework requires that, in any ETG, field equations should imply that the connection is EPS compatible, i.e. there must be a 1-form

α̃ε such that

� 1
(m−2)Pµδ

α
ν � 1

(m−2)Pνδ
α
µ + Pασµ g̃νσ + Pασν g̃µσ + 1

(m−2)Pσg̃
ασg̃µν � g̃αλP ρσλ g̃ρµg̃σν =

�
g̃αεg̃µν � δαµδεν � δαν δεµ

�
α̃ε (6.3.14)

Hence, we can write P as a function of α̃ to see which P are allowed so that, eventually, they lead to EPS compatible connections. By tracing this

relation by δνα, one has

Pµ = m(m−2)
2 α̃µ (6.3.15)

while by tracing it by g̃µν

Pα = Pαλλ = m−2
2 g̃αεα̃ε (6.3.16)

By substituting back these into equation (6.3.14), one obtains

Pασµ g̃νσ + Pασν g̃µσ � g̃αεP ρσε g̃ρµg̃σν = �m� 2

2

�
g̃αεg̃µν � 2δα(νδ

ε
µ)

�
α̃ε (6.3.17)

Let us now multiply by g̃νλ, which leads to an equivalent equation in the following form

Pαλµ + 2g̃ε[λP
α]σ
ε g̃σµ = (m� 2)

�
g̃ε[λδ

α]
µ + 1

2 g̃
αλδεµ

�
α̃ε (6.3.18)
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One can now split this in the symmetric and skew parts with respect to the indices (αλ) obtaining(
Pαλµ = m−2

2 g̃αλα̃µ

g̃ε[λP
α]σ
ε g̃σµ = m−2

2 g̃ε[λδ
α]
µ α̃ε

(6.3.19)

These equations are not independent; in fact, by substituting the first into the second one, the second is identically satisfied.

As one can easily check

g̃ε[λPα]σ
ε g̃σµ = m−2

4

(
g̃ελg̃ασ − g̃εαg̃λσ

)
g̃σµα̃ε = m−2

4

(
g̃ελδαµ − g̃εαδλµ

)
α̃ε = m−2

2 g̃ε[λδα]
µ α̃ε (6.3.20)

Accordingly, if we allow the connection to interact directly with matter fields, still pretending the theory to be a ETG, we need to have

Pαλµ = m−2
2 g̃αλα̃µ (6.3.21)

In these cases, one reads P for field equations, does check it is in the required form (otherwise the theory is not an ETG) and then uses (6.3.21)

to compute α̃µ, which then, in turn, defines the connection Γ̃. Let us finally remark that, in Palatini f(R)-theories, one has P = 0, which is in the

required form setting α̃µ = 0, and consequently Γ̃ = fg̃g.

Purely metric as metric-affine f(R)-theories

As an example of the technique introduced above, one can consider a field theory, for a matter field Aµ being a covector density of weight �1, assuming

the dynamics to be described by the Lagrangian

L = 1
2κ

�p
gf(R)� ggµνr̃µAν

�
d� (6.3.22)

Here the “matter” Lagrangian

Lm = � 1
2κgg

µνr̃µAνd� = � 1
2κgg

µν
�
dµAν � Γ̃ενµAε + Γ̃εεµAν

�
d� = � 1

2κgg
µν
�
dµAν � ũενµAε

�
d� (6.3.23)

does depend on the connection Γ̃, precisely through the combination ũαβµ = Γ̃αβµ � δα(βΓ̃µ).

The variation of the matter Lagrangian gives us

δLm = �1
2

p
g ∗Tαβδg

αβ + 1
2κgg

µνAαδũ
α
µν + r̃µ

�
1

2κgg
µν
�
δAν � r̃µ

�
1

2κgg
µνδAν

�
(6.3.24)

where we set ∗Tµν := 1
κ
p
g
�
r̃(µAν) � gµνgαβr̃αAβ

�
, so that field equations take the form:

8><
>:
f ′(R)R̃(µν) � 1

2f(R)gµν = κ ∗Tµν

r̃α
�p
ggµνf ′(R)

�
= ggµνAα

r̃µ (ggµν) = 0

(6.3.25)
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Following the guideline used in Palatini f(R)-theories, let us perform a conformal transformation:

g̃µν = ϕgµν )
p
g̃g̃µν =

p
ggµνϕ

m−2
2 , g̃g̃µνAα = ggµνAαϕ

m−1 (6.3.26)

so that, setting ϕ =
�
f ′(R)

� 2
m−2 , the second field equations can be written as

r̃α
�p

g̃g̃µν
�

= g̃g̃µνAαϕ
1−m ) P µνα =

p
g̃g̃µνAαϕ

1−m (6.3.27)

which, in fact, is in the form required by (6.3.21). Then, solving the relation (6.3.21), one has

α̃σ = 2
m−2

p
gAσϕ

−m−2
2 (6.3.28)

so that the connection is in the following form

Γ̃αβµ = fg̃gαβµ + 1
2

�
g̃ασg̃βµ � 2δα(βδ

σ
µ)

�
α̃σ = fggαβµ +Kα

βµ (6.3.29)

where we set Kα
βµ := 1

2

�
gασgβµ � 2δα(βδ

σ
µ)

��
α̃σ �

∗
rσ lnϕ

�
. However, to be a solution, it needs to satisfy also the other field equations. In particular,

the third field equation reads

r̃µ (ggµν) = rµ (ggµν) +Kµ
εµgg

εν +Kν
εµgg

µε � 2Kε
εµgg

µν = g
�
Kν
εµg

µε �Kε
εµg

µν
�

= 0 (6.3.30)

i.e.

Kν
εµg

µε �Kε
εµg

µν = [(m� 2) + (m+ 1� 1)] gσν
�
α̃σ �

∗
rσ lnϕ

�
= 2 (m� 1) gνσ

�
α̃σ �

∗
rσ lnϕ

�
= 0 ) α̃σ =

∗
rσ lnϕ (6.3.31)

which, in turn, implies Kα
βµ = 0, and going back to the definition of the connection one gets

Γ̃αβµ = fggαβµ (6.3.32)

Thus, unlike in Palatini f(R)-theories, the connection coincides with the Levi Civita connection of the original metric g, not of the conformal metric

g̃. Still it is a metric connection.

Then, solving equation (6.3.28), one has
p
gAσ = �m−2

2 ϕ
m−4

2
∗
rσϕ =

∗
rσf ′(R), and the energy-momentum tensor is

∗Tµν = 1
κ

p
g
�
r(µAν) � gµνgαβrαAβ

�
= 1

κ

�
r(µ

∗
rν)f

′(R)� gµν�f ′(R)

�
) ∗T = � 1

κ(m� 1)�f ′(R) (6.3.33)

Thus the first field equation can be recast into the form

f ′(R)Rµν � 1
2f(R)gµν = κ ∗Tµν = r(µ

∗
rν)f

′(R)� gµν�f ′(R) (6.3.34)
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where now the curvature tensors Rµν and R refer to the curvatures of the metric g. This equation exactly agrees with the field equation for vacuum purely

metric f(R)-theories; see (1.6.166). Thus this particular metric-affine f(R)-theory is dynamically equivalent to vacuum purely metric f(R)-theory.

The dynamical equivalence also extends to matter coupling. If we consider the Lagrangian

L =
(

1
2κ

(√
gf(R)− ggµν∇̃µAν

)
+ Lm(gµν , v

i, viµ)
)
dσ (6.3.35)

then field equation are 
f ′(R)R̃(µν) − 1

2f(R)gµν = κ (Tµν + ∗Tµν)

∇̃α (
√
ggµνf ′(R)) = ggµνAα

∇̃µ (ggµν) = 0

Ei = 0

(6.3.36)

where Ei = pi −∇µpµi = 0 are matter field equations and Tµν is the matter energy momentum tensor as in (1.6.166).

One can repeat exactly the same argument presented above to show that they are equivalent to f ′(R)Rµν − 1
2f(R)gµν = κTµν +∇(µ

∗
∇ν)f

′(R)− gµν�f ′(R)

Ei = 0
(6.3.37)

which in fact extends the dynamical equivalence to the non-vacuum cases.

Accordingly, we have a pretty odd result: each purely metric f(R)-theory is dynamically equivalent to the corresponding metric-affine f(R)-theory,

so that purely metric f(R)-theories can be (classically) identified with their corresponding metric-affine f(R)-theory.

These metric-affine f(R)-theories are in fact iETG and, by the way, they also show that there are iETG other than Palatini f(R)-theories.

In this metric-affine theory, also free fall is described by Γ̃, i.e. by g, as in the metric theory. In other Palatini f(R)-theories, the free fall is described by Γ̃, i.e., in that

case, by g̃, instead.

Metric-affine f(R)-theory with a scalar field

Looking back into the example above, one can see that most of the trick is independent of the fact that A is a fundamental field, but it is mainly

related to the fact that it is a covector density of weight �1, which fixes the dependence of its covariant derivative on ũλµν as in (6.3.23). Let us consider

a Lorentzian metric g, a torsionless connection Γ̃ and a scalar field φ as fundamental fields. Then consider the Lagrangian

L = 1
2κ

�p
gf(R)� ggµνr̃µ

�
1√
g

∗
rνφ

��
d� (6.3.38)

By variation of this Lagrangian and usual covariant integration by parts, one obtains

δL =
√
g

2κ

�
f ′(R)R̃(αβ) � 1

2f(R)gαβ � κ ∗∗Tαβ
�
δgαβ � 1

κ

�
r̃λ
�p

ggαβf ′(R)
�

+ κggαβAλ

�
δuλαβ +rν

�
1√
g r̃µ (ggµν)

�
δφ+

+ r̃λ
�√

g
κ g

αβf ′(R)δũλαβ +
√
g

2 g
λνgαβrνφδgαβ +

p
ggλνrνδφ� 1√

g r̃µ
�
ggµλ

�
δφ
� (6.3.39)
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where we set
∗Tαβ := 1

κ

p
g
�
gαβg

µνr̃µAν � r̃(αAβ)

�
∗∗Tαβ := ∗Tαβ � 1

2κg r̃µ (ggµν)
∗
rνφgαβ (6.3.40)

for the energy-momentum tensor induced by the coupling. Here we denote by r̃µ the covariant derivative with respect to the connection Γ̃, while,

as usual,
∗
rµ is used for the special cases in which the covariant derivative turns out to be independent of any connection and reduces to a partial

derivative.

For the variation of the interaction Lagrangian we can start from the variation of the Lagrangian (6.3.23), namely

δLm = − 1
2

√
g ∗Tαβδg

αβ + 1
2κgg

µνAαδũ
α
µν + ∇̃µ

(
1

2κgg
µν
)
δAν − ∇̃µ

(
1

2κgg
µνδAν

)
and consider that since Aν is not a fundamental field anymore, one has

δAν = 1√
g

(
∗
∇νδφ+ 1

2

∗
∇νφgαβδgαβ

)
(6.3.41)

Then we need to substitute this back into the variation and integrate by parts once again to obtain

δLm =− 1
2

√
g

(
∗Tαβ − 1

2κ
1
g ∇̃µ (ggµν)

∗
∇νφgαβ

)
δgαβ + 1

2κgg
µνAαδũ

α
µν − 1

2κ

∗
∇ν
(

1√
g ∇̃µ (ggµν)

)
δφ− ∇̃µ

(
1

2κ

√
ggµν

(
∗
∇νδφ+ 1

2

∗
∇νφgαβδgαβ

)
− 1

2κ
1√
g ∇̃ν (ggµν) δφ

)
(6.3.42)

Accordingly, field equations are 8>>>><
>>>>:

f ′(R)R̃(αβ) � 1
2f(R)gαβ = κ ∗∗Tαβ

r̃λ
�p

ggαβf ′(R)
�

=
p
g
∗
rλφgαβ

∗
rν
�

1√
g r̃µ (ggµν)

�
= 0

(6.3.43)

By performing the usual conformal transformation on the metric to define the conformal metric g̃µν = ϕgµν , always with ϕ
m−2

2 = f ′(R), the second

field equation becomes

r̃λ
�p

g̃g̃αβ
�

=
p
g̃g̃αβ

∗
rλφ

�
f ′(R)

�−1 ) α̃µ = 2
m−2

∗
rµφ

�
f ′(R)

�−1
(6.3.44)

The second equation fixes again the connection to be

Γ̃αβµ := fg̃gαβµ + 1
m−2

�
gαεgβµ � 2δα(βδ

ε
µ)

� �
f ′(R)

�−1rεφ = fggαβµ + 1
2

�
gαεgβµ � 2δα(βδ

ε
µ)

��
2

m−2

�
f ′(R)

�−1rεφ�rε lnϕ
�

(6.3.45)

Accordingly, we can set

αε := 2
m−2

�
f ′(R)

�−1rεφ�rε lnϕ = α̃ε �rε lnϕ (6.3.46)

to measure the difference between the connections Γ̃ and fgg. Notice that αε is closed iff α̃ε is closed (iff Γ̃ is metric).

However, the third equation does not force the covector α̃ε = 2
m−2

�
f ′(R)

�−2rεφ to be a closed form; thus the connection Γ̃ is not necessarily metric.
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Let us expand the third equation. First we have

∇̃µ (ggµν) =∇µ (ggµν) +Kµ
εµgg

εν +Kν
εµgg

µε − 2Kµgg
µν = g

(
Kν
εµg

µε −Kµg
µν
)

= g
(
δνρg

µσ − δσρ gµν
)
Kρ
σµ =

= 1
2g
(
δνρg

µσ − δσρ gµν
) (
gρεgσµ − δρσδεµ − δρµδεσ

)
αε = (m− 1)ggνσ

(
2

m−2 (f(R))
−1∇σ −∇σ lnϕ

) (6.3.47)

Thus the third equation can be written as d ∗ β = 0, where we set

β := (m− 1)
(

2
m−2 (f(R))

−1∇σφ−∇σ lnϕ
)
dxσ ∈ Ω1(M) (6.3.48)

The third field equation then has

∗β =
√
g ∇νθµνdσµ (⇐⇒ β = ∗dθ) (6.3.49)

as a general solution for any (m− 2)-form θ = 1
2

√
gθµνdσµν . And, in view of this, one has

ασ = 2
m−2 (f(R))

−1∇σ −∇σ lnϕ = 1
m−1gσµ∇νθ

µν
(
⇒ α = 1

m−1 ∗ dθ
)

(6.3.50)

Now, for a general (m− 2)-form θ, there is no need for dα = 1
m−1d ∗ dθ to be zero, i.e. for Γ̃ to be metric.

For example, if g is Minkowski metric in dimension 3 with Cartesian coordinates (t, x, y) and θ = (x)2dσ12 one can prove that dα 6= 0 holds. In fact, one has

dθ = 2xdx ∧ dσ12 = −2xdσ2 α ∝ ∗dθ = −2xdy dα ∝ d ∗ dθ = −2dx ∧ dy 6= 0 (6.3.51)

Then the second and third field equations are solved by an EPS connection which is not necessarily metric and, in general, we have a ETG. Since, in

general, the connection is not metric, thus this ETG is not integrable. Accordingly, we learn that:

a) there are ETG which are not integrable;

b) metric-affine f(R)-theories are not necessary integrable;

c) thus there exist metric-affine f(R)-theories which are not equivalent to Palatini f(R)-theories.

We still do not know whether there are ETG more general than metric-affine f(R)-theories.

Let us finally notice how this result is essentially related to the non-commutativity of the differential with the Hodge duality. Now imagine to search for this result

in Minkowski spacetime, in Cartesian coordinates, making no distinction between vectors and covectors. This is a further motivation to use a precise notation which

accounts for geometric type of objects.

4. Conformal Weyl frames

.Next SectionThe choice of a specific set of fundamental fields in an ETG is called a conformal Weyl frame. One should not discuss about the form of field equations

simply because that structure in not rigid enough to say anything conclusive, and conformal Weyl frames have to be discussed at the level of action.

Similarly, one really needs to use bundle framework to make the action transformations clear.
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If the transformation between conformal Weyl frames is algebraic, then that amounts to change coordinates on the configuration bundle. Then as

long as the variational principles are global (hence independent of the coordinates) the theories obtained by changing the conformal Weyl frame are

trivially dynamically equivalent. However, we shall see also some cases in which the transformation on fields cannot be reduced to a transformation on

the configuration bundle.

Of course, if they depend on a finite number of derivative they can be regarded as maps between suitable jet prolongations of the configuration

bundles.

In these cases, we shall transform sections of the configuration bundle into sections though the new fields will depend on derivatives as well on the

value of the old fields. Dynamical equivalence in these cases is not trivial and needs to be proven on a case by case basis.

Let us start by showing dynamical equivalence between Palatini f(R)-theories and a suitable subclass of Brans–Dicke theories at the level of field

equations. Then we shall recover the same equivalence at the level of actions and bundles.

Dynamical equivalence with Brans–Dicke theories

We already introduced and studies Brans–Dicke theories; see (1.6.172). Their field equations can be recast in the form (see (1.6.178)):8>>><
>>>:
ϕαRαβ = κ

�
Tαβ � 1

m−2Tgαβ
�

+ αϕα−1rαβϕ+ α
m−2ϕ

α−1�ϕgαβ +
�
α(α� 1)ϕα−2 + ω

ϕβ

�
rαϕrβϕ+ α(α−1)

m−2 ϕα−2rλϕrλϕgαβ � 1
m−2Ugαβ�

αϕα−1 (m� 1) + m−2
α

ω
ϕβ
ϕ
�
�ϕ+

�
(m� 1)α(α� 1)ϕα−2 + m−2

2α
(α−β)ω
ϕβ

�
rλϕrλϕ+

�
m−2
2α ϕU ′ � m

2 U
�

= κT

Ei = 0

(6.4.1)

By setting β = 2� α and ω = �α2(m−1)
m−2 these become8>>>>>>>><

>>>>>>>>:

ϕαRαβ = κ
�
Tαβ � 1

m−2Tgαβ
�

+ αϕα−1rαβϕ+ α
m−2ϕ

α−1�ϕgαβ +
�
α(α� 1)� α2(m−1)

m−2

�
ϕα−2rαϕrβϕ+

+ α(α−1)
m−2 ϕα−2rλϕrλϕgαβ � 1

m−2Ugαβ�
α (m� 1)� m−2

α
α2(m−1)
m−2

�
ϕα−1�ϕ +

�
(m� 1)α(α� 1)� m−2

2α 2(α� 1)α
2(m−1)
m−2

�
ϕα−2rλϕrλϕ +

�
m−2
2α ϕU ′ � m

2 U
�

= κT

Ei = 0

(6.4.2)

i.e. 8>><
>>:
ϕαRαβ = κ

�
Tαβ � 1

m−2Tgαβ
�

+ αϕα−2
�
ϕrαβϕ+ 2−m−α

m−2 rαϕrβϕ
�

+ 1
m−2

�
αϕα−1�ϕ+ α(α� 1)ϕα−2rλϕrλϕ� U

�
gαβ

m−2
α ϕU ′ �mU = 2κT

Ei = 0

(6.4.3)
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Then we can set α = m−2
2 and U = f(r(ϕ))� ϕαr(ϕ) to obtain8>>>>><
>>>>>:

f ′(R)Rαβ = κ
�
Tαβ � 1

m−2Tgαβ
�

+ m−2
2 ϕ

m−2
2 −1rαβϕ� 3(m−2)

4 ϕ
m−2

2 −2rαϕrβϕ+ 1
2ϕ

m−2
2 −1�ϕgαβ+

+ m−4
4 ϕ

m−2
2 −2rλϕrλϕgαβ � 1

m−2 (f(r(ϕ))� ϕαr(ϕ)) gαβ

ϕαr(ϕ)� m
2 f(r(ϕ)) = κT

Ei = 0

(6.4.4)

Thus we can compare these equations, which are equivalent to Brans–Dicke equations for the choices we did, to equations of Palatini f(R)-theories,

which we already considered in (6.2.17). By tracing them, we obtain

R = � 2κ
m−2 T̃ +

h
(m� 1) 1

ϕ�ϕ+ (m−6)(m−1)
4ϕ2 rρϕrρϕ

i
(6.4.5)

so that we can recast the original equations as

Rµν = κ
�
T̃µν � 1

m−2 T̃ gµν

�
+ m−2

2ϕ rµνϕ+ 1
2ϕ�ϕgµν � 3(m−2)

4ϕ2 rµϕrνϕ+ (m−4)
4ϕ2 rρϕrρϕgµν (6.4.6)

Then we can also expand the energy momentum tensor T̃µν as

κf ′(R)
�
T̃αβ � 1

m−2 T̃ gαβ

�
= κ

�
Tαβ � 1

m−2Tgαβ
�

+ 1
m−2

�
f ′(R)R� f(R)

�
gαβ (6.4.7)

Accordingly, one can recast the equations for Palatini-f(R) theories in the equivalent form

f ′(R)Rµν =κ
�
Tµν � 1

m−2Tgµν
�� 1

m−2

�
f(R)� f ′(R)R� gµν+

+ m−2
2 ϕ

m−2
2 −1rµνϕ+ 1

2ϕ
m−2

2 −1�ϕgµν � 3(m−2)
4 ϕ

m−2
2 −2rµϕrνϕ+ (m−4)

4 ϕ
m−2

2 −2rρϕrρϕgµν
(6.4.8)

which, in fact, agree with Brans–Dicke equations, i.e. the first item in (6.4.4), while the second item there coincides with the master equation in Palatini

f(R)-theories

f ′(R)R� m
2 f(R) = κT (6.4.9)

Accordingly, if we consider a Palatini f(R)-theory, so that the function f(R) is fixed, on a spacetime M of dimension m, then we can compute

the conformal factor ϕ = f ′(R)
2

m−2 , invert this relation to define the function R = r(ϕ) and the potential U(ϕ) = f(r(ϕ)) � ϕαr(ϕ) as well as the

parameters α = m−2
2 , β = 6−m

2 , and ω = � (m−2)(m−1)
4 . By using this potential and these parameters, we define a Brans–Dicke theory which we say is

associated the original Palatini f(R)-theory.

On the other hand, if we consider a Brans–Dicke theory with a potential U(ϕ) and parameters α = m−2
2 , β = 6−m

2 , and ω = � (m−2)(m−1)
4 and there

exists a function f(R) such that the equation f ′(R) = ϕ is inverted to R = r(ϕ) and the potential can be expressed as U(ϕ) = f(r(ϕ))�ϕαr(ϕ) then

we can define a Palatini f(R)-theory using that function f(R), which is also called the theory associated to the Brans–Dicke theory under consideration.
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In this way we establish a one-to-one correspondence between Palatini f(R)-theories and a subclass of Brans–Dicke theories and corresponding theories

are dynamically equivalent. In fact, let us consider a solution (g, Γ̃, φ) of a Palatini f(R) theory. we can define a conformal factor ϕ =
�
f ′(R)

� 2
m−2 so

that (g, ϕ, φ) is a solution of the associated Brans–Dicke theory. On the other hand, if (g, ϕ, φ) is a solution of the Brans–Dicke theory, then we can

define

Γ̃αβµ = fggαβµ � 1
2

�
gαεgβµ � 2δα(βδ

ε
u)

� ∗
rε lnϕ (6.4.10)

so that (g, Γ̃, φ) is a solution of the associated Palatini f(R)-theory.

Thus we define also a one-to-one correspondence between solutions which shows dynamical equivalence. Let us stress that this equivalence is established

at the level of field equations and solutions. We shall establish it at the level of actions below.

Before entering into it, however, let us make few comments. First, notice that Brans–Dicke theories, as we introduced them, are purely metric theories,

while f(R)-theories are Palatini. Accordingly, configuration bundles have different dimensions. Then dynamical equivalence cannot come from a simple

isomorphism of configuration bundles. In fact, one can see that the connection Γ̃ defined by the correspondence (6.4.10) depends on fields and on the

first derivatives of ϕ and g.

Second, usually, in Brans–Dicke theories macroscopic objects fall freely along geodesics of g, while in Palatini f(R)-theories they fall along geodesics

of Γ̃. This shows that free fall is something which is superimposed to the variational principle, as a somehow independent hypothesis. Accordingly,

one should be careful to claim generically that Brans–Dicke theories and Palatini f(R)-theories are physically equivalent, even pointing out that just

some Brans–Dicke theories participate to the correspondence.

Third, the two conformal transformations performed in Palatini-f(R) theories and in Brans–Dicke theories are somehow different. In the first place,

to solve Palatini-f(R) theories, we defined the conformal metric g̃ = ϕg (leaving the connection unchanged). Then the connection is eliminated by

solving the second field equation. Then one goes back to the original metric by the transformation g = ϕ−1g̃. However, at this point the connection

Γ̃ has been eliminated as an independent field and substituted by Γ̃ = fg̃g. Accordingly, the transformation g = ϕ−1g̃ does act both on the metric

and connection (indeed, one transforms the whole Ricci tensor R̃αβ). In other words, these two transformations are not the inverse to each other as it

seems at first and, in fact, one does not obtain the original theory but Brans–Dicke theory which is a purely metric theory. In the following Section we

shall consider the same transformations at the level of Lagrangians to clarify their roles.

Helmholtz conformal frame

For any Palatini f(R)-theory, one can define the function R = r(ϕ) by inverting the equation ϕα = f ′(R), where we set α = m−2
2 . Then one can

consider the Helmholtz Lagrangian

LH =
h√

g
2κ (ϕα(R� r(ϕ)) + f(r(ϕ))) + Lm(g, φ)

i
d� =

h√
g

2κ (ϕαR+ (f (r(ϕ))� ϕαr(ϕ))) + Lm(g, φ)
i

d� (6.4.11)

which is considered as a Lagrangian for the independent fields (gµν , Γ̃
α
βµ, ϕ, φ).
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Field equations of this Lagrangian are(
ϕαR̃(αβ) � 1

2f(r(ϕ))gαβ = κTαβ + 1
2ϕ

α (R� r(ϕ)) gαβ

r̃λ (
p
gϕαgµν) = 0

�R = r(ϕ)

Ei = 0
(6.4.12)

For the variation of the Lagrangian we have

δLH =
√
g

2κ

(
αϕα−1R+ f ′ (r(ϕ)) r′(ϕ)− αϕα−1r(ϕ)− ϕαr′(ϕ)

)
δϕ+

√
g

2κ

(
ϕαR̃(µν) − 1

2 (ϕαR+ f (r(ϕ))− ϕαr(ϕ)) gµν

)
δgµν+

+
√
g

2κ ϕ
αgβµ∇̃λδũλβµ −

√
g

2 Tµνδg
µν + (pi −∇µpµi ) δφi +∇µ

(
pµi δφ

i
)

=

=
√
g

2κ αϕ
α−1 (R− r(ϕ)) δϕ+

√
g

2κ

(
ϕαR̃(µν) − 1

2f(r(ϕ))gµν − 1
2ϕ

α (R− r(ϕ)) gµν − κTµν
)
δgµν − ∇̃λ

(√
g

2κ ϕ
αgβµ

)
δũλβµ + Eiδφ

i+

+
∗
∇µ
(
pµi δφ

i +
√
g

2κ ϕ
αgβµδũλβµ

)
(6.4.13)

where we set, as usual, Ei = pi −∇µpµi for the matter field equations. Then we have field equations in the form
ϕαR̃(αβ) − 1

2f(r(ϕ))gαβ = κTαβ + 1
2ϕ

α (R− r(ϕ)) gαβ

∇̃λ (
√
gϕαgµν) = 0

R = r(ϕ)

Ei = 0

⇐⇒


f ′(R)R̃(αβ) − 1

2f(R)gαβ = κTαβ

∇̃λ (
√
gϕαgµν) = 0

f ′(R) = ϕα

Ei = 0

(6.4.14)

while from the trace of the first equation by gαβ one has ϕαR− m
2 f(R) = κT .

These equations are equivalent to field equations of the original Palatini f(R)-theory, namely (6.2.5) together with the definition of the conformal

factor ϕα = f ′(R). Accordingly, the correspondence

(gµν , Γ̃
α
βµ, φ

i)  ! (gµν , Γ̃
α
βµ, ϕ, φ

i) (6.4.15)

defined by ϕα = f ′(R) does in fact send solutions into solutions and proves that the two theories are dynamically equivalent.

The Lagrangian LH is defined on a suitable jet prolongation of the configuration bundle

Hel = Lor(M)�M (M � R)�M Con(M)�M B (6.4.16)

which has coordinates (xµ, gµν , ϕ, Γ̃
α
βµ, φ

i). Let us refer to this choice of independent fields as the Helmholtz conformal frame, also called twiddle frame.

The original choice (g, Γ̃, φ) is instead often called the Jordan conformal frame.

Jordan conformal frame

The Helmholtz conformal frame is obtained from the Jordan conformal frame by introducing the momentum ϕ conjugated to R as an independent

variable.
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The procedure is similar, in principle if not (yet) in practice, to the Routh transform and Helmholtz technique, as introduced in Section 4.3. It would be worth doing

that way explicitly, though we still need some more theory about it.

Starting from the Helmholtz frame, one can obtain the Jordan frame by freezing the conformal factor by setting ϕ =
�
f ′(R)

� 2
m−2 (or, equivalently,

r(ϕ) = R). Let us remind that, usually, it is not a good practice to use on shell identities (as r(ϕ) = R is) into the Lagrangian, since sometimes one

obtains equivalent Lagrangians, sometimes one does not.

However, one does not need here to derive the Lagrangian in the Jordan frame from a general prescription, since we did check that the reduced Jordan

Lagrangian is dynamically equivalent to the Helmholtz Lagrangian; see Subsection 6.4.2.

At bundle level, let us define

Jor = Lor(M)�M Con(M)�M B (6.4.17)

Of course, the map ϕ =
�
f ′(R)

� 2
m−2 cannot be seen as a bundle map, certainly not as a map Φ : Jor ! Hel, since R depends on derivatives of the

connection. However, we can define the maps:

Φ : Hel! Jor : (g, ϕ, Γ̃, φ) 7! (g, Γ̃, φ)

Ψ : J(Jor)! Hel : (g, j1Γ̃, φ) 7! (g, ϕ =
�
f ′(R)

� 2
m−2 , Γ̃, φ)

(6.4.18)

where we set J(Jor) = Lor(M)�M J1Con(M)�M B.

The map Φ simply forgets about the conformal factor (which is not that loss, since the information about it is built in the connection and the metric

anyway). The map Ψ takes the information encoded into the connection (and its derivatives) and the metric and it defines the conformal factor.

The situation can be summarised by the diagram here on the side.

M M

Jor Hel

J(Jor)

...................................................................................
.....
.......
.....

π

...................................................................................
.....
.......
.....

π′

...................................................................................
.....
.......
.....

π1
0

..............................................................................................................................

..............................................................................................................................

................................................................................................................................................... ........
....

Ψ
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Let us remark that we have grown so confident in the notation to overlook some global aspects, taking them for granted. We defined the

map locally, in a coordinate system, and we assumed that they define a global bundle map. This is done because we know that the quantity

(f ′(R))
2

m−2 is a scalar and it defines a point in M × R, which was precisely defined to describe scalar fields.

Thus we know that local expressions of the map glue together to define a global map.

Now these maps define maps between sections. First of all, to any section σ 2 Sec(Hel) we can associate a section Φ∗σ 2 Sec(Jor)

defined as Φ∗σ := Φ � σ. Similarly, we can define

Ψ∗ : Sec(Jor)! Sec(Hel) : ρ 7! Ψ � jρ (6.4.19)

where jρ denotes the prolongation of the section ρ 2 Sec(Jor) to J(Jor).

These two maps between sections are not one-to-one. One cannot obtain any possible conformal factor from a connection and metric. Thus, for

example, Ψ∗ is not surjective. And, of course, Φ is not injective since all conformal factors are forgotten to the same point in Jor. However, one has

the property

Φ∗ �Ψ∗ = I (6.4.20)
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(which, in fact, implies that Ψ∗ is injective and Φ∗ is surjective, as they happen to be) while Ψ∗ � Φ∗ 6= I. In fact, starting from a section σ of Hel in

which the conformal factor is not given by ϕ =
�
f ′(R)

� 2
m−2 , the section obtained by Ψ∗ � Φ∗(σ) does have ϕ =

�
f ′(R)

� 2
m−2 , instead.

However, if one starts from a section σ 2 Sec(Hel) which is a solution of field equations, then it needs to have ϕ =
�
f ′(R)

� 2
m−2 and, in that case,

Ψ∗ � Φ∗(σ) = σ. In other words, one has that the property

Ψ∗ � Φ∗ = I (6.4.21)

holds true on shell (and on shell, only).

Thus the maps Φ∗ and Ψ∗, restricted on shell, are in fact, the inverse one of the other.

To be more geometric, one can go back to the definition of differential equations as submanifolds of a suitable jet prolongation. Then if we prolong the maps Ψ and Φ

and we restrict to the submanifolds representing field equations we do obtain invertible maps.

In a sense, that is precisely what one checks when proving dynamical equivalence at the level of field equations.

(Take a breath and be sure you get this point. It does not save you any computation but it gives a meaning to it.)

At the level of actions, we have the Helmholtz Lagrangian which is defined on

JkHel := JkLor(M)�M (M � R)�M J1Con(M)�M J1B (6.4.22)

If the matter fields need a connection to define covariant derivatives, then one has k = 1, otherwise k = 0 is enough.

The original Lagrangian for Palatini f(R)-theories, which we could call the Jordan Lagrangian, is defined on

JkJor := JkLor(M)�M J1Con(M)�M J1B (6.4.23)

Thus, we have the Lagrangians as horizontal forms on these prolongations and, consequently, on all higher prolongations, since any form ! on JkC

defines forms (πhk )∗! on any prolongation JhC with h � k. The prolonged forms (πhk )∗! have the same local expression of ! just they are thought as

forms on JhC.

In any event, in our current situation, both the maps Ψ and Φ extend as maps between JkHel and JkJor.

Let us denote the prolongations as

JkΦ : JkHel! JkJor JkΨ : JkJor! JkHel (6.4.24)

Notice that if the map Ψ depended on the second derivatives of the connection, then we could not prolong it to JkJor.

Again, these two maps are not the inverse one of the other (nor they are invertible) though they induce maps on sections which are invertible on shell and they prolong

to maps which are invertible on the submanifolds which describe field equations.

Given this situation, we can drag the Lagrangians along the maps and define

(JkΦ)∗LJ = L′H (JkΨ)∗LH = L′J (6.4.25)
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which both are again horizontal forms on JkHel and JkJor, respectively. Since both the maps are vertical, for the pull-back one simply has to replace

the map expression in the Lagrangian densities. Thus we have

(JkΦ)∗LJ = L′H =
h√

g
2κ f(R) + Lm(g, φ)

i
d�

(JkΨ)∗LH =
h√

g
2κ

�
f ′(R)R+ f(R)� f ′(R)R�+ Lm(g, φ)

i
d� � LJ

(6.4.26)

Hence the theory in the Jordan frame is defined by the one in the Helmholtz frame.

On the other hand, the theory defined on Hel by the Lagrangian form L′H is not dynamically equivalent to the original Palatini f(R)-theory. In fact,

the Lagrangian L′H does not depend on ϕ which is then free to get any value on shell. Hence, although any solution of the Palatini f(R)-theory is a

solution of the theory based on L′H , the latter has many more solutions which are not solutions of LH .

(check this is enough)If we try to apply the general results obtained in Chapter 4, the result is inconclusive since LH 6= L′H , i.e. it is not a map which preserves the Lagrangian

dynamics. We know that LH is an extension of LJ (since (JkΨ)∗LH = LJ), though to establish the dynamical equivalence further information is

required.

In particular, we could show that, on any solution of LH , one has ϕ =
�
f ′(R)

� 2
m−2 , i.e. it is contained in the image of the map Ψ. That is of course

true, so the theories are equivalent, though establishing it is a bit uncomfortable.

Let us also point out that in Jordan, as in Helmholtz frame, the distances are measured by g and the free fall is described by Γ̃. That is the input we

have from EPS and the construction of ETG which is based on it.

Let us also point out that the motion of test particles in a gravitational theory is not obtained by eikonal approximation of matter field, if not as a wishful thinking.

On the contrary, it is imposed as an independent axiom which has nothing to do with matter fields.

I mean, of course it would be cool, however, it is not the way it is done in practice. Think about classical tests in solar system.

There one considers a Schwarzschild solution g—which is a vacuum solution—and Mercury is moving along the geodesics of g anyway. What should be the matter field

which produce the geodesics equations for g and which represents Mercury’s constituents at a fundamental level?

By the way, Schwarzschild solution is a spherically symmetric solutions, thus any field consistently coupled to that should be spherically symmetric as well, while

Mercury, is not since it stands at some point of its orbits and not others. Consequently, even if one would think of it as a macroscopic manifestation of a fundamental

matter field, back-reaction would need to be neglected. Hence there is no (known) consistent model for the solar system to describe the classical test, without introducing

geodesics equation by hand or, alternatively, by introducing background non-dynamical fields, spoiling the theory as a relativistic theory.

Einstein conformal frame

The Einstein conformal frame is a field coordinate system in which the theory seems standard GR. On the bundle Ein = Hel (the same on which

Helmholtz frame is defined) one has coordinates (xµ, gµν , ϕ, Γ̃
α
βµ, φ

i). However, one can use equivalent fields

(xµ, g̃µν = ϕgµν , ϕ, Γ̃
α
βµ, φ

i) (6.4.27)
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This is simply a field transformation (i.e. it does not depend on fields’ derivatives) and, accordingly, it does not change the theory. The Lagrangian in

the new coordinates reads as

LE(g̃µν , Γ̃
α
β , ϕ, φ) =

hp
g̃
�
g̃µνR̃µν + ϕ−

m
2 (f (r(ϕ))� ϕαr(ϕ))

�
+ Lm(ϕ−1g̃, φ)

i
d� (6.4.28)

which is in fact a standard metric-affine GR Lagrangian with an additional matter field ϕ (which enters at order zero in the dynamics) and the effective

matter Lagrangian

L̃m(g̃, ϕ, φ) = Lm(ϕ−1g̃, φ) +
p
g̃ϕ−

m
2

�
f (r(ϕ))� ϕm−2

2 r(ϕ)

�
(6.4.29)

Since the conformal factor ϕ enters at zero order, its field equation is algebraic and, through that, it inherits its dynamics from the gravitational field

mediating together with g̃ the interaction with matter.

In Einstein conformal frame, one has fields (g̃µν , ϕ, Γ̃
α
βµ, φ

i). In view of the dynamical equivalence with the Jordan frame, Γ̃ still describes free fall, while distances are

described by g = ϕ−1g̃. Accordingly, the conformal field exactly measures the discrepancy between the metrics describing free fall and distances.

At the same time, although the dynamics is similar to the one of standard GR for the metric g̃, the theory that we are considering is not standard GR for the metric

g̃. If it were, distances would be described by g̃, not by g. That is not an inessential difference: if one allows an atomic clock going around and probing regions at

different curvatures (i.e. at different values of values of the conformal factor), in the two theories a drifting of the frequency of the clock is experienced, which makes

the two theories observationally different; end of the story.

Let us also remark that depending on the Weyl frame one considers, the conformal factor, as a dynamical field, is included in the gravitational field (in the Jordan

frame) or in the matter content (as in the Einstein frame). It is not much of a difference from something we just see to happen in mechanics: the term for centrifugal

forces, depending on the reference frame one chooses, sometimes appears as a term in kinetic energy (when the frame is inertial), sometimes it appears as a force

(for example, when the reference frame is fixed on a rotating plane). Here and there it is just because the distinction between kinetic energy and forces, as well as

gravitational and inertial field, is to some extent fictional and unessential.

In this theory, keeping the EPS interpretation of Palatini f(R)-theories as ETG, one has dark sources described by the interactions mediated through

ϕ (together with ϕ itself), the free fall of test particles is dictated by g̃ while operational definitions for distances and clocks (original encoded by the

metric g) are now described by g = ϕ−
m−2

2 g̃.

In this case the transformation g̃µν = ϕgµν can be regarded as an invertible map

Φ : Hel! Ein Φ̄ : Ein! Hel (6.4.30)

which, of course, defines a one-to-one correspondence Φ∗ between Sec(Hel) and Sec(Ein) (this time the correspondence being one-to-one also off shell)

and can be prolonged to JkΦ : JkHel! JkEin. One can check that the dynamics is given by

LE =
�
JkΦ̄

�∗
LH (6.4.31)

To compute the pull-back
(
JkΦ̄

)∗
LH , one needs to write everything in terms of the conformal metric g̃ (without touching the connection Γ̃ which is an independent

field, untouched by the transformation Φ). The one has(
JkΦ̄

)∗
LH =

[√
g̃

2κ ϕ
−m2

(
ϕϕαg̃αβR̃αβ + (f (r(ϕ))− ϕαr(ϕ))

)
+ Lm(ϕ−1g̃, φ)

]
=
[√

g̃
2κ

(
g̃αβR̃αβ + ϕ−

m
2 (f (r(ϕ))− ϕαr(ϕ))

)
+ Lm(ϕ−1g̃, φ)

]
≡ LE (6.4.32)
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EPS conformal frame

If the matter Lagrangian Lm is conformally invariant (as, e.g., Maxwell Lagrangian in 4d) then L∗(ϕ, g̃, ψ) = Lm(g̃, ψ) and one still has Maxwell

Lagrangian in the new frame as well. If not, as it happens for example with a Klein–Gordon field, one can extend the conformal transformation to act

on φ as

Êω : Ein! EPS : (g, ϕ, Γ̃, φ) 7! (g̃, ϕ, Γ̃, φ̃ = ϕωφ) (6.4.33)

where we set EPS = Ein = Hel and ω is a real exponent to be chosen later, which is a one-to-one bundle map. The frame (g̃, ϕ, Γ̃, φ̃) is called the EPS

conformal frame and the Lagrangian reads as

LEPS = (JkÊω)∗LE =
hp

g̃g̃αβR̃αβ + L̂m(ϕ, g̃, φ̃)
i

d� (6.4.34)

where we set L̂m(ϕ, g̃, φ̃) = Lm(ϕ−1g̃, ϕ−ωφ̃) +
p
g̃U(ϕ)ϕ−

m
2 .

If one sets the matter Lagrangian to represent a Klein–Gordon field in the Jordan frame, in the EPS frame, setting 4ω := 2�m, one has

L̂m(ϕ, g̃, φ̃) = �
√
g̃

2

�
g̃µνrµφ̃rν φ̃+ µ̃2φ̃2

�
+
√
g̃

2κ U(ϕ)ϕ−
m
2 +

∗
rµ
�√

g̃
2

2−m
4 g̃µνϕ−

m−2
2 −2ω−1rνϕφ̃2

�
(6.4.35)

where one has

µ̃2 =
µ2

ϕ
� m−2

4ϕ �ϕ� (m−6)(m−2)
16ϕ2 g̃µνrµϕrνϕ (6.4.36)

Let us first prove an identity from

∗
∇µ
(
−
√
g̃

2 g̃
µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

)
=
√
g̃

2

((
m−2

2 + 2ω + 1
)
ϕ−

m−2
2 −2ω−2g̃µν∇µϕ∇νϕ− ϕ−

m−2
2 −2ω−1g̃µν

g̃

∇µ
∗
∇νϕ

)
φ̃2 −

√
g̃g̃µν φ̃ϕ−

m−2
2 −2ω−1∇νϕ∇µφ̃ (6.4.37)

which will be used for integration by parts in the form

ω
√
g̃g̃µν φ̃ϕ−

m−2
2 −2ω−1∇νϕ∇µφ̃ = ω

√
g̃

2

(
m−2+4ω+2

2 g̃µν∇µϕ∇νϕ−
(
ϕ�ϕ+ m−2

2 g̃αε∇εϕ∇αϕ
))
ϕ−

4ω+2+m
2 φ̃2 +

∗
∇µ
(
ω
√
g̃

2 g̃
µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

)
=

= ω
√
g̃

2 (−ϕ�ϕ+ (2ω + 1)g̃αε∇εϕ∇αϕ)ϕ−
4ω+2+m

2 φ̃2 +
∗
∇µ
(
ω
√
g̃

2 g̃
µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

) (6.4.38)

Then the matter Lagrangian in EPS framework is

L̂m(ϕ, g̃, φ̃) =−
√
g̃

2 ϕ
−m2

(
ϕg̃µν∇µ

(
ϕ−ωφ̃

)
∇ν
(
ϕ−ωφ̃

)
+ µ2ϕ−2ωφ̃2

)
+
√
g̃

2κ U(ϕ)ϕ−
m
2 =

=−
√
g̃

2

(
ϕ−

m−2
2 g̃µν

(
ϕ−2ω∇µφ̃∇ν φ̃− 2ωϕ−2ω−1φ̃∇µφ̃∇νϕ+ ω2ϕ−2ω−2∇µϕ∇νϕφ̃2

)
+ µ2ϕ−

m
2 −2ωφ̃2

)
+
√
g̃

2κ U(ϕ)ϕ−
m
2 =

=−
√
g̃

2

(
ϕ−

4ω+m−2
2 g̃µν∇µφ̃∇ν φ̃+

(
ω2ϕ−

4ω+m+2
2 g̃µν∇µϕ∇νϕ+ µ2ϕ−

m
2 −2ω

)
φ̃2

)
+
√
g̃

2κ U(ϕ)ϕ−
m
2 + ω

√
g̃g̃µν φ̃ϕ−

m−2
2 −2ω−1∇νϕ∇µφ̃ =

=−
√
g̃

2

(
ϕ−

4ω+m−2
2 g̃µν∇µφ̃∇ν φ̃+

(
ω2ϕ−

4ω+m+2
2 g̃µν∇µϕ∇νϕ+ µ2ϕ−

m
2 −2ω

)
φ̃2

)
+
√
g̃

2κ U(ϕ)ϕ−
m
2 +

− ω
√
g̃

2 (ϕ�ϕ− (2ω + 1)g̃αε∇εϕ∇αϕ)ϕ−
4ω+2+m

2 φ̃2 +
∗
∇µ
(
ω
√
g̃

2 g̃
µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

)
(6.4.39)
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Since we want to fix ω so that one gets the correct kinetic energy for the field φ̃, let us set 4ω := 2−m. Thus we get

L̂m(ϕ, g̃, φ̃) =−
√
g̃

2

(
g̃µν∇µφ̃∇ν φ̃+

(
(m−2)2

16ϕ2 g̃µν∇µϕ∇νϕ+ µ2ϕ−1 − m−2
4ϕ �ϕ− (m−2)(m−4)

8ϕ2 g̃αε∇εϕ∇αϕ
)
φ̃2
)

+
√
g̃

2κ U(ϕ)ϕ−
m
2 +

+
∗
∇µ
(√

g̃
2

2−m
4 g̃µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

)
=

=−
√
g̃

2

(
g̃µν∇µφ̃∇ν φ̃+

(
µ2ϕ−1 − m−2

4ϕ �ϕ− (m−6)(m−2)
16ϕ2 g̃µν∇µϕ∇νϕ

)
φ̃2
)

+
√
g̃

2κ U(ϕ)ϕ−
m
2 +

∗
∇µ
(√

g̃
2

2−m
4 g̃µνϕ−

m−2
2 −2ω−1∇νϕφ̃2

) (6.4.40)

This is not a free Klein–Gordon field (since the mass is not constant, it has a coupling with the conformal factor). However, for a conformal factor

which is almost constant, namely ϕ = ϕ0 + δϕ, the new field can be considered as a (minimally coupled) Klein–Gordon field (with a weak interaction

with the variation of the conformal factor) and a mass of µ̃2 = ϕ−1
0 µ2. Accordingly, the conformal transformation maps Klein–Gordon fields into

(different) Klein–Gordon fields.

L̂m(ϕ, g̃, φ̃) =�
√
g̃

2

�
g̃µνrµφ̃rν φ̃+ µ2

ϕ0
φ̃2
�

+
√
g̃

2κ Ũ(δϕ, g̃, φ̃) +
∗
rµ
�√

g̃
2

2−m
4 g̃µνϕ−

m−2
2 −2ω−1rνδϕφ̃2

�
(6.4.41)

where we defined the potential

Ũ(δϕ, g̃, φ̃) = U(ϕ0 + δϕ)(ϕ0 + δϕ)−
m
2 + κ

 
µ2

ϕ0

δϕ

ϕ0 + δϕ
+ m−2

4(ϕ0+δϕ)�δϕ+ (m−6)(m−2)
16(ϕ0δϕ)2 g̃µνrµδϕrνδϕ

!
φ̃2 (6.4.42)

Let us also remark that the pure divergence term is there to indicate that the change of conformal frame also affects conservation laws.

Brans–Dicke conformal frame

To go from Helmholtz to the Einstein conformal frame we kept the connection fixed and we redefined the metric. Instead, aiming to write everything

in terms of g̃ one can again start from the Helmholtz Lagrangian and do the transformation

Γαβµ = Γ̃αβµ + 1
2

�
gαεgβµ � 2δα(βδ

ε
µ)

�
rε lnϕ (6.4.43)

this time choosing independent fields as (gµν ,Γ
α
βµ, ϕ, φ

i). The transformation has been chosen so that it transforms the independent connection Γ̃ as it

would change under conformal transformation of the metric if it were the Levi Civita connection of the corresponding metric. We shall see below that

then field equations in fact will fix Γαβµ to be the Levi Civita connection of the metric g.

This transformation needs to be treated more carefully than the one to Einstein frame, since the new fields do not depend on old fields only but also

on their derivatives (on the first derivatives of ϕ, in particular). Let us define the bundle BD = Hel with fibered coordinates (xµ, gµν , ϕ, Γ̃
α
βµ, φ

i) for

the Helmholtz conformal frame and (xµ, gµν , ϕ,Γ
α
βµ, φ

i) for the Brans–Dicke frame. Let us also define the bundle J(Hel) = Lor(M)�M J1(M �R)�M
Con(M)�M B so that transformation (6.4.43) induces a map

Φ : J(Hel)! BD : (g, j1ϕ, Γ̃, φ) 7! (g, ϕ,Γ, φ) (6.4.44)
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Let us remark that this map is not one-to-one.

The original Helmholtz Lagrangian is a horizontal form on JkHel. Unfortunately, there is no jet projection from J(Hel) to JkHel.

J(Hel)

Hel

JkHel

BD

M M

...................................................................................
.....
.......
.....

...................................................................................
...
............

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

............................................................................................................. .........
...

Φ

...........................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................

That is precisely where the lack in total order of jet prolongations enters.

There is no morphism connecting J(Hel) to JkHel. In fact, the bundle J(Hel) contains a factor J1(M × R) while JkHel contains only

(M × R), so that J(Hel) is not higher than JkHel. On the other hand, the bundle JkHel contains a factor J1Con(M) while J(Hel) contains

only Con(M), so that JkHel is not higher than J(Hel).

Thus we have to look a bundle over both J(Hel) and JkHel to discuss dynamics. Let us define

J2Hel � JBD = J1Lor(M)�M J2(M � R)�M J1Con(M)�M J1B

which is both higher than J(Hel), JkHel, as well as BD.

JBDJ2Hel

J(Hel)

Hel

JkHel

BD

M M

...................................................................................
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................................................................................................
....
............

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

............................................................................................... ............
JΦ

................................................................................................................................................................................................................
.....
.......
.....

............................................................................................................
.....
.......
.....

.............................................................................................................
....
............

p

....................................................................................................................... .........
...

Φ

...........................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................

Then we can prolong the map Φ to a map JΦ : J2Hel! JkBD : (j1g, j2ϕ, j1Γ̃, j1φ) 7! (j1g, j2ϕ, j1Γ, j1φ).

Let us remark that the map JΦ defined in this way is invertible.

In this situation, one has a one-to-one correspondence between sections of Sec(Hel) and sections of Sec(BD) given by

Φ∗ : Sec(Hel)! Sec(BD) : (g(x), ϕ(x), Γ̃(x), φ(x)) 7! (g(x), ϕ(x),Γ(x), φ(x)) (6.4.45)

As long as the dynamics is concerned, since JΦ is invertible, the Helmholtz Lagrangian LH can be pulled back on the bundle

JBD along the map p � (JΦ)−1 : JBD! JkHel to obtain the Lagrangian

LBD =
�

(JΦ)−1
�∗ � p∗LH = LBD(j1g, j2ϕ, j1Γ, j1φ)d� = LH(j1g, ϕ, j1Γ̃(Γ, g, j1ϕ), j1φ)d� (6.4.46)

Since we know the variation of LH to be in the form

δLH = Eαβδg
αβ + Eδϕ+ Ẽµν

λ δΓ̃λµν + Eiδφ
i + (Div) (6.4.47)

where Div denotes pure divergence terms.

Then the variation of the Lagrangian LBD is

δLBD =Eαβδg
αβ + Eδϕ+ Ẽµν

λ δΓ̃λµν + Eiδφ
i + Div =

=Eαβδg
αβ + Eδϕ+ Ẽµν

λ

 
δΓλµν +

∂Γ̃λµν
∂gαβ

δgαβ +
∂Γ̃λµν
∂ϕ

δϕ+
∂Γ̃λµν
∂ϕσ

rσδϕ
!

+ Eiδφ
i + Div =

=

 
Eαβ + Ẽµν

λ

∂Γ̃λµν
∂gαβ

!
δgαβ +

 
E + Ẽµν

λ

∂Γ̃λµν
∂ϕ

�rσ
 
Ẽµν
λ

∂Γ̃λµν
∂ϕσ

!!
δϕ+ Ẽµν

λ δΓλµν + Eiδφ
i + Div

(6.4.48)
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Accordingly, field equations for the Lagrangian LBD are8>>>>>>>>><
>>>>>>>>>:

Eαβ + Ẽµν
λ

∂Γ̃λµν
∂gαβ

= 0

E + Ẽµν
λ

∂Γ̃λµν
∂ϕ

�rσ
 
Ẽµν
λ

∂Γ̃λµν
∂ϕσ

!
= 0

Ẽµν
λ = 0

Ei = 0

(6.4.49)

which, though different from the field equation in the Helmholtz frame, are equivalent to the ones of them, and hence equivalent to the original Palatini

f(R)-theory.

In fact, matter and connection equations are always unchanged just written in the new variables. Then in particular the field equation of the connection

keep prescribing that Γ̃ = fg̃g, i.e., equivalently, that Γ = fgg. Once this equation is satisfied, then the additional terms in the field equations of

the metric g and conformal factor ϕ vanishes and also these equations determine the same conformal factor and metric as the Helmholtz Lagrangian.

In conclusion, also the Lagrangian LBD is dynamically equivalent to the Helmholtz Lagrangian and hence to Brans–Dicke and the original Palatini

f(R)-theory.

Let us also stress that we showed that LBD is an equivalent formulation of the metric Brans–Dicke theory in a metric-affine formulation. Moreover,

it is to be noticed that the metric-affine formulation of the metric Brans–Dicke theory, is not at all obtained by simply promoting the Levi Civita

connection to be an independent field. That is a trick that happens to work almost only in standard Palatini GR.

That is the only thing which emerges clearly from the quite intricate analysis. Except that, one has to proceed on a case-by-case stance and also in

that case, while it is quite easy to show that two theories are dynamically equivalent, it is almost impossible, with what we have, to prove that they

are not.

In BD conformal frame, we have fields (gµν ,Γ
α
βµ, ϕ, φ

i), where g represents distances, while Γ does not represent free fall,

Γ̃αβµ = Γαβµ − 1
2

(
gαεgβµ − 2δα(βδ

ε
µ)

)
∇ε lnϕ (6.4.50)

does, instead. Here the conformal factor still parameterises, in a different way, the mismatch between the metrics representing distances and free fall, and it shows up

as a deviation of particles from their expected orbits in a Brans–Dicke theory, were free fall is assumed to be represented by g.

The theory here obtained has the same dynamics as a Brans–Dicke theory, though it is not physically equivalent since particles move differently in the two theories. In

particular, one cannot use the fact that Brans-Dicke theories are ruled out by Mercury classical test to rule out the corresponding Palatini f(R)-theory as well. The

two theories are two different theories, in which Mercury is predicted to move differently.

Summary about conformal frames

The transformations among conformal frames can hence be summarised as:
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Helmholtz frame

(g, Γ̃, ϕ, φ)
OO

f ′(R)=ϕ

��

77
Γ(g,Γ̃,ϕ)

wwpppppppppppppppppppppp ff
g̃=ϕg

&&LLLLLLLLLLLLLLLLLLLL

Brans–Dicke frame

(g,Γ, ϕ, φ)

Γ={g}

���
�
�
�
�

Jordan frame

(g, Γ̃, φ)

Einstein frame

(g̃, Γ̃, ϕ, φ)

oo
φ̃=ϕωφ

// EPS frame

(g̃, Γ̃, ϕ, φ̃)

Purely metric Brans–Dicke frame

(g, ϕ, φ)

References

add
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Chapter 7. Palatini f(R)-cosmology

.Next Chapter

From the dawn of time we came, moving silently down through the centuries.

Living many secret lives, struggling to reach the time of the Gathering, when the few

who remain will battle to the last. No one has ever known we were among you..

(Juan Sánchez Villa–Lobos Ramı́rez, Highlander)

1. Introduction

.Next SectionCosmology can be defined, from a mathematical viewpoint, as the theory of spatially homogeneous and isotropic solutions of a gravitational theory.

Of course, this just shifts the issue to defining what are spatially homogeneous and isotropic spacetimes.

Traditionally, one defines them as the ones in which the metric takes a specific form, namely the so-called Friedmann–Lemâıtre–Robertson–Walker

(FLRW) form, i.e. in dimension m = 4, in coordinates (t, r, θ, φ)

g = �c2dt2 + a2(t)

 
dr2

1� kr2 + r2
�

d�2 + sin2(θ)d�2
�!

(7.1.1)

where a(t) is called the scale factor and k is a real constant which is called the spatial curvature.

Of course, one has [r] = L, [θ] = [φ] = 1, [t] = T , and, consequently, [k] = L−2 and [a] = 1.

Let us stress that one should be cautious in endowing the coordinates with the meaning of spatial-spherical coordinates (or spacetime-cylindrical coordinates). For

example, only in a flat space, r is both the length of the radius of the sphere and the number to obtain the area of the sphere as A = 4πr2. In a general manifold,

whatever sphere means, these two numbers are different. In a Riemannian manifold (M, g), where g is in FLRW form, the area of the surface S = {r = r0, t = t0} is

A = 4πa2(t0)r2
0. Thus ρ = a(t)r is the so-called area radius (i.e. the number for which the area is given by A = 4πρ2) and, in general, it has nothing to do with the

distance of the surface from the center.

The general attitude is to avoid any reference to possible geometric meanings of coordinates, unless they can be proven to hold true. In a FLRW, the geometry of the

spheres r = r0 and t = t0 is that of metrical spheres (with the induced metric ∗g = a2(t0)r2
0

(
dθ2 + sin2(θ)dφ2

)
) which have a scale modulated in time by the scale

factor a(t). If the scale factor is increasing the spheres are inflating and becoming greater.

This definition of what it means to be spatially homogeneous and isotropic is probably unacceptable, certainly a bit awkward. The metric takes a

FLRW form in specific coordinate systems, though the FLRW form is not invariant with respect to changes of coordinates. Accordingly, one should

first select the good coordinates in which the metric has the expected form. However, the good coordinates are characterised in terms of the metric

– 370 –
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so that, practically, it would be hard to prove that a specific metric is spatially homogeneous and isotropic. One should take an arbitrary coordinate

system, consider the metric in that coordinate system, and then prove that there are new coordinates in which the metric is in FLRW form.

For that reason, we prefer to give a definition of spatially homogeneous and isotropic (as well as, for future convenience, of spherically symmetric

and spherically symmetric and stationary) which is intrinsic and then prove as a theorem that, if a metric obeys this intrinsic condition, then one can

define a coordinate system in which the metric is in a special form (in FLRW form, in this case). This is a small detour, with not too many practical

applications, though I think is the way one should do it and the way in which one disentangles coordinates from geometric properties and in which the

relation with general covariance is best and most clearly expressed.

It is also a template of how one should proceed in similar situations, for example to define spatially axisymmetric solutions. However, we have to

remark that all these specially symmetric subspaces of solutions are theoretically quite unessential. They altogether are a zero-measure subset of

metrics and there is no reason why nature should privilege these geometries instead the generic ones. On the other hand, all the known exact solutions

have some additional isometries and actually they are catalogued in terms of their additional isometries. Thus, at the very least, classifying them in

terms of their isometries is important for historical reasons, since all exact solutions we know are of this type.

The reason of this strange situation is in the very difficult form of Einstein equations (which are a system of non-linear PDE). We are not clever enough

to solve them analytically in general, so either we resort to numerical methods, or we add some symmetry request. The role of symmetry request in

this context is also pretty clear: for a metric which has a special isometry group, we are often able to prove there exist special coordinate systems in

which it takes a special form, depending on few functions of few coordinates. For example, for spatially homogeneous and isotropic spacetimes we can

prove there are coordinates in which the metric is in FLRW form and, in this special form, it depends on the scale factor only, which is a function of

time only. In view of that, Einstein equations become a system of ODE, which we are better able to deal with.

Of course, one could as well say that cosmology is a trick to untruthfully represent a general physical situation, which is a general field theoretic

situation, as if it were well described by mechanics (or, more generally, by a dynamical system) in order to be able to solve it. Which is also a fair

description of the situation, still it is all we are able to do, before going to numerical methods.

Let us remark that this simplification is not new and it is quite similar to what one does in classical thermodynamics of equilibrium. In a truthful description at some

mesoscale of a gas, the density and pressure, as well as the temperature and the entropy of a gas are fields, depending on time and on the position. However, if one

restricts to situation in which transformations are slow enough to be able to reach at least a spatial homogeneity (or the equilibrium) then they become constant in

space and functions of time only (or constant).

Restricting Einstein equation to spatially homogeneous and isotropic geometries is also called the cosmological principle. One can argue that there

are good evidences that our universe is approximately spatially homogeneous and isotropic, so it does (approximately) obey cosmological principle.

Anyway, once cosmological principle has been required, there is a good deal of structures one can define on these spacetimes and Einstein equations

are considerably simplified. Sources of the gravitational field also are strongly constrained: as a consequence of cosmological principle (not of Einstein

equations) the Einstein tensor is equal to the energy-momentum stress tensor of a perfect fluid (with pressure and density which depend on time only)

and hence Einstein equations necessarily take the form of ordinary differential equations, precisely two ODE, called the Friedmann equations.

This is quite a strange situation: Friedmann equations follow from a kinematic request (the cosmological principle) and they have nothing to do

with dynamics. They are true in any cosmology, regardless what gravitational dynamics or matter content is chosen. The Friedmann equations are

kinematics, not dynamics.
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That made clear, in Friedmann equations a density function and a pressure function appear. While kinematically one already knows that that some set

of Friedmann equations holds, for some pressure and density functions, dynamics actually really determines that a specific set of Friedmann equations

holds true, for a specific pair of pressure and density functions. Different theories prescribe different pairs of pressure and density functions to write

down Friedmann equations.

From another viewpoint, Friedmann equations are two equations for the scale factor a(t), for the density ρ(t) and pressure p(t). On the other hand, if

one considers a non-vacuum dynamics, Friedmann equations are equivalent to Einstein equations, while matter equations are not represented anywhere

by them.

One needs to characterise the matter content of the model. This is usually done by setting some equation of state (EoS) for matter. Once EoS has

been provided, one has a representation of the cosmological model in terms of a mechanical Lagrangian, the so-called point-like Lagrangian. That is a

Lagrangian for the scale factor (and its first order derivative) and it completely characterises the evolution of the scale factor, i.e. the evolution of the

universe on its own.

About EoS, usually, a simple form is chosen, often in view of physical assumptions which appear to be sound. This is fine, though sometimes it is

difficult to extrapolate the model to extreme conditions of very early or very late universe. Getting use to more general EoS would improve our ability

to extrapolate models to cover extreme situations in different conditions and extend our application scope.

The material of this Chapter is organised as follows: In Section 2, we shall deal with geometries with special isometry groups, restricting to dimension

m = 4. We shall first define axisymmetric and spherically symmetric geometries, as well as stationary geometries. Finally, we shall define spatially

homogeneous and isotropic geometries and show that, for them, there exists a coordinate system in which the metric takes the form of a FLRW metric.

In Section 3 we shall discuss Friedmann equations, point-like Lagrangians, EoS. We shall also show how to solve Friedmann equations in some simple

situation and define mixtures of perfect fluid to discuss how canonical is the expansion of a generic perfect fluid along a mixture.

In Section 4, we shall discuss cosmologies steaming out of extended theories of gravitation, which are called extended cosmologies (ETC). In ETC, the

spacetime geometry is represented in terms of Weyl frames, so we try to trace which Weyl frames account for the observables measured in astrophysics

and cosmology.

In Section 5, we shall consider a specific Palatini f(R)-theory and the cosmology it produces, in order to give an example of how one should proceed

in the wider context of Weyl frames and geometries. At this stage, that does not want to be a serious proposal for a physically sound cosmology. We

are instead presenting what we are able to say about the theoretical models and how good we are to connect them to physical observations.

2. Geometries with isometries

For any metric g on a spacetime M , one can define the group of isometries and the corresponding Lie algebra K(M, g) � X(M), which is a finite

dimensional subalgebra of all vector fields on M , called the Killing algebra. The dimension of the algebra K(M, g) refers to how many Killing vectors
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one needs to express all others as a real-coefficients linear combination. We know that such a dimension cannot exceed m
2 (m + 1), which is obtained

as a limit on maximally symmetric manifolds.

If we consider a point x 2M , each Killing vector X 2 K(M, g) defines a vector X(x) 2 TxM ; the set of the vectors

Kx = fv 2 TxM : 9X 2 K(M, g) : v = X(x)g � TxM (7.2.1)

is, in fact, a subspace, which has not much to do with the dimension of the algebra. Killing vectors can be independent as vector fields though define

dependent vectors at a point. The dimension of the subspace Kx is called the rank of the Killing algebra at the point x 2M .

The dimension of the Killing algebra considers real-coefficient linear combinations of Killing vector fields, i.e. it regards K(M, g) as a real vector space.

On the contrary, the rank of the Killing algebra refers to linear combinations of Killing vectors with function coefficients, i.e. to the dimension as an

F(M)-module. Of course, the rank of the Killing algebra cannot exceed the dimension m of the manifold.

If Φ : M ! M is an isometry, then Φ∗X is a Killing vector iff X is. Thus, as a consequence, TxΦ (Kx) = KΦ(x) and the rank of the Killing algebra

is constant on the orbits of the isometry group. Accordingly, the Killing algebra defines a distribution Kx � TxM , called the Killing distribution

on (M, g), and its rank is constant on the orbits of the isometry group. Being the Killing distribution produced by a Lie algebra, it is involutive by

construction, hence, by Frobenius theorem, it is integrable and it defines a foliation of M in submanifolds, the tangent spaces of which are spanned by

Killing vectors. This foliation is somehow characteristic of the Killing algebra and it is called the Killing foliation.

Let us now focus on a point x 2 S on a leaf of the Killing foliation. In the tangent space TxM , we have the subspace which defines the distribution

Kx, say of rank k, as well as its orthogonal complement Hx, hence of dimension m� k, so that TxM = Kx �Hx.

For any vector v 2 Hx one has a unique geodesic motion γ(x,v) : R ! M such that γ(x,v)(0) = x and γ̇(x,v)(0) = v. These geodesic curves can

intersect or focus after a while, though there is a neighbourhood Ux of x in which they do not intersect. In the neighbourhood Ux, they establish a

one-to-one correspondence γ : Ux ! V � S � Rm−k; any point y 2 Ux is associated to the initial conditions (x, v) for the geodesic motion γ(x,v) such

that γ(x,v)(1) = y.

One can relatively easily show that the geodesic trajectories locally foliates a neighbourhood of x. Then, if one considers a point y on a specific geodesic motion γ(x,v),

then one, of course, has y = γ(x,v)(ŝ) for some value s = ŝ of the parameter s along the geodesic motion.

Then we can show that, if we rescale the initial condition w = αv (by a constant α), one has another geodesic motion γ(x,w) defined as

γ(x,w)(s) = γ(x,v)(αs) (7.2.2)

In fact, since we have

γ̇(x,w)(s) = αγ̇(x,v)(αs) γ̈(x,w)(s) = α2γ̈(x,v)(αs) (7.2.3)

then the curve γ(x,w) is a geodesic motion

γ̈µ(x,w) + {g}µρσγ̇
ρ
(x,w)γ̇

σ
(x,w) = α2

(
γ̈µ(x,v) + {g}µρσγ̇

ρ
(x,v)γ̇

σ
(x,v)

)
= 0

{
γ(x,w)(0) = γ(x,v)(0) = x

γ̇(x,w)(0) = αγ̇(x,v)(0) = αv = w
(7.2.4)

That fully accounts for the notation γ(x,w) as the geodesic motion from initial conditions (x,w) and we can notice that, choosing α = ŝ, then one has γ(x,w)(s) = γ(x,v)(ŝs),

which, in fact, specialises to γ(x,w)(1) = γ(x,v)(ŝ) = y, by setting s = 1.
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In other words, if kA are coordinates on the leaf S around the point x 2 S, then (kA, vi) are coordinates on Ux. The block of the k coordinates kA

are coordinates on the leaf of the Killing foliation, while the block vi of m� k coordinates parameterises on which leaf one is.

These are called adapted coordinates to the Killing foliation and they locally define transverse submanifolds

Tx = fy 2M : y = γ(x,v)(s) for some v and sg (7.2.5)

Of course, there is no guarantee that these transverse manifolds extend globally, nor that, letting x go along S, they define a global foliation. However,

they do define a local foliation around x.

Since the neighbourhood Ux is foliated in geodesics, one can define a vector X = γ̇(x,v)(s) at the point γ(x,v)(s). That defines a (local) vector field

which is everywhere tangent to a geodesic motion, hence it obeys

XµrµXα = 0 (7.2.6)

i.e. it is a geodesic field. Notice that along S, X is not only transverse, but also orthogonal, by construction.

As we shall see, the Killing algebra allows us to define special coordinate systems, adapted to the Killing foliation, and, in these coordinates, the

metric tensor has a specially simple form which is characteristic of the Killing algebra as well.

Let us hence prove the following

Lemma: if X is a geodesic field, γ an integral curve of X, and K a Killing vector, then the inner product g(X,K) is constant along γ.

Proof: One can compute directly

d

ds
(g(X,K)|γ) =γ̇α (∂αX

µgµνK
ν +Xµ∂αgµνK

ν +Xµgµν∂αK
ν) = γ̇α

(
∇αXµgµνK

ν + Xµ∇αgµνKν +Xµgµν∇αKν
)

= Xα∇αXµKµ +XαXµ∇(αKµ) = 0 (7.2.7)

Thus g(X,K) is constant and, being it zero on S, it vanishes anywhere X is well defined. In other words, the geodesic field X defined above is

orthogonal to the Killing distribution (and hence to the leaves S of the Killing foliation) anywhere in a neighbourhood of x. That means that the

metric g, when written in coordinates (kA, vi), which are adapted to the Killing foliation, is necessarily in the block-form

kgµνk =

�
A 0

0 B

�
(7.2.8)

Here the block A is k � k, while the block B is (m� k)� (m� k).

All coefficients are functions of all coordinates, however, we still have to impose Killing equations for the Killing vectors which span the Killing

foliation, which further constrain the dependence of the coefficients A and B on the adapted coordinates. This form could be further simplified by

changing coordinates vi. We shall prove it in the specific examples below.

This construction can be repeated for any Killing subalgebra as well. In particular, when one has a Killing algebra which has subalgebras, each of

them defines its own Killing foliation. Accordingly, one has a number of foliations, nested one into the other, and, preserving all of them, one can give

a rather strict constraint on special coordinates and, consequently, on the form of the metric.
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That is quite beautiful, though on a generic Riemannian manifold (M, g) one has no isometry other than the identity and the corresponding Killing

distribution is of rank 0. However, we shall see how to proceed when this is not the case and one has a non-trivial Killing algebra.

Stationary metrics

Let us start with a very simple example. A Lorentzian spacetime (M, g) is called a stationary spacetime if its Killing algebra contains a 1 dimensional

subalgebra spanned by a (never-vanishing) time-like Killing vector ξ.

In this case, the Killing distribution is of rank 1 and it defines a foliation in submanifolds Sk of dimension 1. By the flow-box theorem, one can select

adapted coordinates (t, ki) in which ξ = ∂t, so that the leaves of the Killing foliation are the lines parameterised by t, namely Sk = f(t, k)g.
These adapted coordinates are not uniquely determined. If (t, k) are adapted, then also (t′, k′) are, provided that(

t′ = t′(t, k)

k′ = k′(k)
(7.2.9)

Let us remark that this has not much to do with an ADM fibration t : M → R, in which the fibres are isochronous hypersurfaces and changes of ADM observers are{
t′ = t′(t)

k′ = k′(t, k)
(7.2.10)

The two structures are somehow complementary. In this case, one can define equivalent events on the same leaf and define a quotient S 'M/R. If the quotient set S

is a manifold, which in general is not guaranteed, then one has a fibration p : M → S which has the 1 dimensional leaves as fibers.

Of course, one can have M ' R× S and the two structures can coexist.

The metric in adapted coordinates is in the form

g = �A(t, k)dt2 + gij(t, k)dki 
 dkj (7.2.11)

Since ξ = ∂t needs to be a Killing vector, the coefficients are independent of the time coordinate.

The condition for ξ to be a Killing vector reads as

0 = gαµ∇µξβ + gβµ∇µξα (7.2.12)

One can specialise (αβ) = (00)

0 = g00Γ0
00 + g00Γ0

00 = g00g0ε (−∂εg00 + 2∂0gε0) = A−2∂0A ⇒ ∂0A = 0 (7.2.13)

or (αβ) = (0i)

0 = g0µ∇µξi + giµ∇µξ0 = g00Γi00 + gijΓ0
0j = 1

2g
00gij(−∂jg00 + 2∂0g0j − ∂0g0j + ∂0g0j + ∂jg00 = g00gij∂0g0j) = 0 (7.2.14)

which is identically satisfied, or (αβ) = (ij)

0 = gikΓj0k + gjkΓi0k = 1
2g
ikgjl(−∂lg0k + ∂0gkl + ∂kg0l) + 1

2g
jkgil(−∂lg0k + ∂0gkl + ∂kg0l) = gikgjl∂0gkl ⇒ ∂0gkl = 0 (7.2.15)

Thus we have the metric in the form

g = −A(k)dt2 + gij(k)dki ⊗ dkj (7.2.16)
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A spacetime is static if it is stationary and, moreover, ξ is surface forming.

Being surface forming means that the orthogonal distribution to ξ

∆ = {v ∈ TxM : g(v, ξ) = 0} (7.2.17)

is involutive (and hence integrable). For ∆ to be involutive, one needs that any two vector fields X,Y orthogonal to ξ happen to have a commutator [X,Y ] which is

still orthogonal to ξ, i.e.

g(ξ, [X,Y ]) = ξαgαβ(Xλ∂λY
β − Y λ∂λXβ) = −A(Xλ∂λY

0 − Y λ∂λX0) = −Xλ∂λ(AY 0) + Y λ∂λ(AX0) +
(
XλY 0 − Y λX0

)
∂λA = 0 (7.2.18)

that is
(
XiY 0 − Y iX0

)
∂iA = 0, which, since needs to be true for any X,Y orthogonal to ξ, implies ∂iA = 0.

Thus the spacetime is static iff the metric is in the form

g = �c2dt2 + gij(k)dki 
 dkj (7.2.19)

Then a vector tangent to the surface t = t0 is in the form v = vi∂i and one has

g(ξ, v) = g0iv
i = 0 (7.2.20)

i.e. ξ is orthogonal to the surface t = t0. That is another possible definition of a static spacetime: a static spacetime is stationary and the time-like

Killing vector is orthogonal to the surfaces at t = t0.

Stationary axisymmetric metrics

A spacetime (M, g) is stationary axisymmetric if it allows two non-vanishing Killing vectors ξ and ζ, time-like and space-like, respectively, in involution

(so that each of them spans a subalgebra). The orbits are curves, the orbits of ξ being topological lines and those of ζ are topological circles.

Since they are in involution, there exit coordinates in which they both are in flow-box form, i.e. ξ = ∂t and ζ = ∂φ. The metric takes the form

g = �Adt2 + C (dt
 d�+ d�
 dt) +Bd�2 + gijdki 
 dkj (7.2.21)

By requiring that ζ and ξ are Killing vectors, the coefficients do not depend on (t, φ). Notice how this is a particular stationary metric, with a further

isometry which specialises the spatial (m� 1)-metric.

In dimension m = 4, the coordinates ki spans a 2 dimensional space; any two dimensional metric, in particular gij(k)dki
 dkj , is conformally flat, so

one can change coordinates k to obtain new coordinates (ρ, z) in which the metric further simplifies to be

g = �A(ρ, z)dt2 + C(ρ, z) (dt
 d�+ d�
 dt) +B(ρ, z)d�2 +D(ρ, z)
�

d�2 + dz2
�

(7.2.22)

If one wants to consider static axisymmetric spacetimes, for a vector v orthogonal to the surface t = t0, we have that

g(ξ, v) = g03v
3 + g0iv

i = Cv3 = 0 (7.2.23)

:Index: :AIndex: :Symbols: :Notation:



Geometries with isometries 377

That should be true for any such a v, which implies C = 0. Thus the most general static axisymmetric metric is

g = �A(ρ, z)dt2 +B(ρ, z)d�2 +D(ρ, z)
�

d�2 + dz2
�

(7.2.24)

Spherically symmetric metrics

A spacetime (M, g) of dimension m = 4, is spherically symmetric if the Killing algebra contains a space-like copy of the algebra so(3). One has three

space-like Killing vectors Li such that

[Li, Lj ] = �εkijLk (7.2.25)

and at each point they span a rank 2 distribution.

Since the Killing vectors do not commute, one cannot put them in flow-box form simultaneously. The best one can do is choosing a coordinate system

(u1, u2, v, φ), adapted to the Killing foliation so that (v, φ) are coordinates on the leaves, in which one of them is in flow-box form, e.g. L3 = ∂φ.

Since also L1 and L2 are tangent to the leaves, they are in the form

L1 = α1∂v + β1∂φ L2 = α2∂v + β2∂φ (7.2.26)

Since they need to satisfy the commutation relation, one can show that there is a new coordinate system (θ, φ) on the leaves, such that L1 and L2

can be recast in a canonical form

L1 = � sin(φ)∂θ � cos(φ)
cos(θ)

sin(θ)
∂φ L2 = cos(φ)∂θ � sin(φ)

cos(θ)

sin(θ)
∂φ (7.2.27)

which, in fact, implement the commutation relations.

... insert details and link to Maple

Since we followed the general guidelines to define adapted coordinates (u1, u2, θ, φ) and, by requiring that Li are Killing vectors, then the metric is

generally in the form

g = ĝij(u)dui 
 duj + a2(u)
�

d�2 + sin2(θ)d�2
�

(7.2.28)

Then we can still change coordinates (u1, u2) to simplify this form. Let us set new coordinates (u, r) defined by u = u1 and r2 = a2(u).

g = Adu2 + 2B (du
 dr + dr
 du) + Cdr2 + r2
�

d�2 + sin2(θ)d�2
�

(7.2.29)

And then define t = t(u, r) so that for some function α(u, r)

∂t

∂u
=

r
�A
α

∂t

∂r
= � Bp�αA (7.2.30)
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and, for later convenience, let us set β := C � B2

A .

One can choose α so that one has
∂

∂r

 r
�A
α

!
=

∂

∂u

�
� Bp�αA

�
(7.2.31)

and, consequently, the function t(u, r) does exist.

Then in the new coordinates (t, r, θ, φ) the metric reads as

g = �α(t, r)dt2 + β(t, r)dr2 + r2
�

d�2 + sin2(θ)d�2
�

(7.2.32)

Thus we proved that, for any spherically symmetric spacetime, there exists a coordinate system in which the metric is in the special form (7.2.32).

A stationary, spherically symmetric spacetime is when the Killing algebra contains R � so(3), i.e. one has Killing vectors (ξ, Li) with commutation

relations

[Li, Lj ] = �εkijLk [ξ, Li] = 0 (7.2.33)

As a consequence

g = �α(r)dt2 + β(r)dr2 + r2
�

d�2 + sin2(θ)d�2
�

(7.2.34)

Spatially homogenous and isotropic metrics

We are now ready to discuss cosmological principle for spacetimes of dimension m = 4.

We say that a spacetime obeys cosmological principle or it is spatially homogeneous and isotropic if its Killing algebra contains an algebra Ch(4), i.e. if

there exists 6 space-like Killing vectors (Li, Pi) which obeys the following commutation relations

[Li, Lj ] = �εkijLk [Li, Pj ] = �εkijPk [Pi, Pj ] = �hεkijLk (7.2.35)

and they define a distribution of rank 3 (while Li alone define a distribution of rank 2).

The algebra Ch(4) corresponds to C0(4) = R3 � so(3) when h = 0, to C+(4) = so(4) when h > 0, and to C−(4) = so(3, 1) when h < 0.

Since a spatially homogeneous and isotropic spacetime is, in particular, spherically symmetric, there exists coordinates (t′, ρ, θ, φ) in which the metric

is

g = �α(t′, ρ)dt′2 + β(t′, ρ)d�2 + ρ2
�

d�2 + sin2(θ)d�2
�

(7.2.36)

and the generators Li are

L1 = � sin(φ)∂θ � cos(φ)
cos(θ)

sin(θ)
∂φ L2 = cos(φ)∂θ � sin(φ)

cos(θ)

sin(θ)
∂φ L3 = ∂φ (7.2.37)
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Then one can assume Pi as generic vector fields with no component along t and impose commutation relations, obtaining

P1 =� 4 + hρ2

4
sin(θ) cos(φ)∂ρ �

4� hρ2

4ρ

�
cos(θ) cos(φ)∂θ �

sin(φ)

sin(θ)
∂θ

�

P2 =� 4 + hρ2

4
sin(θ) sin(φ)∂ρ �

4� hρ2

4ρ

�
cos(θ) sin(φ)∂θ +

cos(φ)

sin(θ)
∂θ

�

P3 =� 4 + hρ2

4
cos(θ)∂ρ +

4� hρ2

4ρ
sin(θ)∂θ

(7.2.38)

Then imposing that Pi are Killing vectors, one gets the metric in the form

g = �f2(t′)dt′2 +
a2(t′)

(4 + hρ2)2

�
d�2 + ρ2d�2 + ρ2 sin2(θ)d�2

�
(7.2.39)

Finally, we can redefine the time coordinate so that cdt = f(t′)dt′ as well as

r2 =
ρ2

(4 + hρ2)2 ) dr2 =
(4� hρ2)2

(4 + hρ2)4 d�2, 1� 16hr2 =
(4 + hρ2)2 � 16hρ2

(4 + hρ2)2 =
(4� hρ2)2

(4 + hρ2)2 (7.2.40)

Hence in the new coordinates (t, r, θ, φ) the metric takes the form

g = �c2dt2 + a2(t)

 
dr2

1� kr2 + r2
�

d�2 + sin2(θ)d�2
�!

(7.2.41)

which is in FLRW form by setting k = 16h and a(t) = a(t′(t)). Hence we proved that, for any spatially homogeneous and isotropic spacetime, there

exists a coordinate system, called comoving coordinates, in which the metric takes the form of a FLRW metric.

Special structures on FLRW spacetimes

Now let us consider a spacetime which implements the cosmological principle. Then one can find a coordinate system (t, r, θ, φ) of comoving coordinates

in which the metric is in FLRW form, i.e. is locally expressed as

g = �c2dt2 + a2(t)

 
dr 2

1� kr2 + r2
�

d�2 + sin2(θ)d�2
�!

(7.2.42)

for a scale factor a(t) and a spatial curvature k 2 R.

Let us consider the metric ∗g induced by g on the Killing leaves Ss = (t = s). The (strictly) Riemannian manifold (Ss,
∗g) is called the space (at time t = s) and its

Ricci scalar is
∗R =

6k

a2(s)
(7.2.43)
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Accordingly, the number k is called the spatial curvature.

At this point we can further normalise the notation in two different, mutually exclusive, ways.

The first way, used when k 6= 0, is to consider k = Kα2 with K = �1 (so that α2 = jkj and let us assume α > 0) and to try to use K instead of k.

One can recast kr2 = Kα2r2 = Kρ2, where we set ρ := αr. Accordingly, one can recast the metric as

g = �c2dt2 +
a2(t)

α2

 
d�2

1�Kρ2 + ρ2
�

d�2 + sin2(θ)d�2
�!

= �c2dt2 +A2(t)

 
d�2

1�Kρ2 + ρ2
�

d�2 + sin2(θ)d�2
�!

(7.2.44)

where we set A(t) := a(t)α−1. That essentially corresponds to use the length scale implicitly defined by the spatial curvature k (which, in fact, is

[k] = L−2) as a unit for measuring all lengths, including r and the scale factor. As a consequence, ρ, which is measured in multiples of the unit scale

α becomes adimensional [ρ] = 1, while the scale factor [A] = L is now a length. Of course, if k = 0 there is no length scale induced by the spatial

curvature and one cannot normalise in this way.

The second possible normalisation that one can do is to choose a time t = t0 (which is called today and at which initial conditions will be set) and

normalise the scale factor to be a0 = a(t0) = 1.

g = �c2dt2 +
a2(t)

a2
0

 
a2

0dr 2

1� kr2 + a2
0r

2
�

d�2 + sin2(θ)d�2
�!

(7.2.45)

and define r̄ = a0r, as well as a0(t) := a(t)a−1
0 and k0 := ka−2

0 , so that the metric takes the form

g = �c2dt2 + a2
0(t)

 
dr̄ 2

1� k0r̄2 + r̄2
�

d�2 + sin2(θ)d�2
�!

(7.2.46)

Of course, one has a2
0(t0) = a(t0)a−1

0 = 1. That is still adimensional ([a0] = 1), so that this normalisation is incompatible with the one induced

by the spatial curvature (in which the scale factor is a length). We shall use this second normalisation. Hence, for us, the scale factor a0(t) will be

adimensional, r̄ a length and today the scale factor is a0(t0) = 1.

Accordingly, let us consider a spacetime obeying cosmological principle, use normalisation of the scale factor, and fix coordinates so that the metric

takes the form

g = �c2dt2 + a2(t)

 
dr 2

1� kr2 + r2
�

d�2 + sin2(θ)d�2
�!

(a(t0) = 1) (7.2.47)

This metric comes with a Killing distribution of rank 3 (spanned by 6 Killing vectors Li and Pi) which defines a preferred foliation of isochronous

hypersurfaces Ss = (t = s). One can define an equivalence relation (two events x, y 2M are equivalent iff they belong to the same leaf) which defines

an ADM fibration t : M ! R. In other words, spatially homogenous and isotropic spacetimes come with a preferred ADM foliation fixed on them.

As we discussed, fixing an ADM foliation is an observer convention, it should not be something endowed with an absolute physical meaning. Since cosmology comes

with a fixed ADM foliation, one should ask whether cosmological principle does not spoil general covariance.
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For, let us argue that, as we shall see, we are imposing cosmological principle in order to being able to solve Einstein equations. That is a trick, a specific situation in

which we are able to solve field equations. There is nothing fundamental with it. On the other hand, it is not surprising that once one fixes a particular solution then,

in that solution, one could have preferred observers. For example, if we are considering a star, or any point mass, the observers at rest with respect to the central mass

are naturally privileged.

That does not spoil general covariance. General covariance states that there is no a priori preferred observer, i.e. observers which are selected before selecting a

particular solution. Here, the preferred ADM observers are selected a posteriori, they are specific of spatially homogenous and isotropic spacetimes. Nobody ever meant

that once a solution is fixed there cannot be coordinate systems in which the solution is simpler than in other coordinates.

Since the Killing distribution is space-like and of rank (m � 1) = 3 and we have a metric g on spacetime, we can define the orthogonal distribution,

which is of rank 1 and it is time-like. That orthogonal distribution is generated by ξ = ∂t (which, in fact, is orthogonal to the spatial leaves Ss
because of the special FLRW form of the metric). The vector field ξ is not a Killing vector (the metric is not stationary, at all), though it generates a

distribution which, being of rank 1, is involutive (hence integrable). It generates a foliation in (time-like) trajectories, which are hence worldlines and

are locally represented by motions as γk : R!M : s 7! (s, k), which are parameterised by points on a leaf, i.e. k 2 S0.

Such curves γk are not only worldlines; they are automatically g-geodesics.

We have γ̇µk (s) = δµ0 and γ̈µk (s) = 0. Thus the geodesic equation, in comoving coordinates, reads as

γ̈µk + {g}µαβ γ̇
α
k γ̇

β
k = {g}µ00 = 1

2g
µν (−∂νg00 + 2∂0g0ν) = 0 (7.2.48)

Hence, if g describes the free fall in our model, then γs are also freely falling particles and one has a preferred parameterisation set on them (the one

defined by the coordinate t which makes the metric in FLRW form). They are called universal rest clocks or comoving clocks.

To summarise, spatially homogeneous and isotropic spacetimes comes with a canonical notion of synchronisation, i.e. a global universal time. As such,

they are similar to Newton-Galilei spacetime, with a global time. However, it is even stricter, since the universal rest clocks establish a global notion

of being at rest, which (again a posteriori) breaks also Galilei covariance!

The vector field ξ is not Killing, though one can define X = a(t)∂t which is a conformal Killing vector.

Being a conformal Killing vector means that, instead of having £ξgµν = 0 (as it happens for Killing vectors), one has £Xgµν ∝ gµν .

For X, one has Xµ = gµνX
ν = agµ0 (i.e. X0 = −c2a and Xi = 0) so that

£Xgµν = 2∇(µXν) = 2∂(µXν) + 2c2a{g}0µν = 2∂(µXν) − c2a(−∂0gµν + ∂µgν0 + ∂νg0µ) (7.2.49)

(µν) = (00)

£Xgµν = −2c2ȧ = 2ȧg00 (7.2.50)

(µν) = (0i)

£Xgµν = 2∂(0Xi) − c2a(−∂0g0i + ∂0gi0 + ∂ig00) = 0 (7.2.51)

(µν) = (ij)

£Xgµν = 2∂(iXj) − c2a(−∂0gij + ∂igj0 + ∂jg0i) = 2ȧgij (7.2.52)

Then one has

£Xgµν = 2ȧgµν (7.2.53)
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and X is a conformal Killing vector.

Other useful coodinates

For future reference, it is useful to provide some other coordinates for FLRW metrics as well as their geometric interpretation. The coordinate t is

unessential and it will be let unchanged so let us do it on the space manifold.

For k > 0 (i.e. K = 1), we have to check that the space surface Σt is a sphere S3. To do that we show that we can define a metric on the sphere S3

which agrees with the metric induced by the spacetime metric g, namely

∗g = a2

 
dr 2

1� kr2 + r2
�

d�2 + sin2(θ)d�2
�!

(7.2.54)

That is not trivial since the metric ∗g does not seem the canonical metric on S3.

On the other hand, the coordinates (r, θ, φ) are not the coordinates one would use on a sphere. In fact, we should see if there is a change of coordinates which transforms

the local expression of the metric in a form which looks more familiar.

The manifold S3 is defined as a submanifold in (R4, δ), where δ is the canonical, Euclidean flat metric, obeying equation δ(x, x) = A2. If we choose

Cartesian coordinates x = (x0, x1, x2, x3) in R4 the equation becomes

jxj2 = (x0)2 + (x1)2 + (x2)2 + (x3)2 = A2 (7.2.55)

We can use cylindrical (x0, ρ, θ, φ) or spherical (a, χ̂, θ, φ) coordinates on R4 to provide a parameterisation of S3, namely8>>>><
>>>>:

x0 = �A
p

1� ρ2

x1 = Aρ sin(θ) cos(φ)

x2 = Aρ sin(θ) sin(φ)

x3 = Aρ cos(θ)

8>>>><
>>>>:

x0 = A cos(χ̂)

x1 = A sin(χ̂) sin(θ) cos(φ)

x2 = A sin(χ̂) sin(θ) sin(φ)

x3 = A sin(χ̂) cos(θ)

(7.2.56)

and we transform one into the other by ρ = sin(χ̂). In the first case (ρ, θ, φ) are parameters on the surface, in the second case the parameterisation is

in terms of (χ̂, θ, φ).

The induced metric in the first case is

∗g = A2

 
d�2

1�Kρ2 + ρ2
�

d�2 + sin2(θ)d�2
�!

(7.2.57)

By comparing with (7.2.44), we see that transforming ρ =
p
kr and setting a :=

p
kA leads to the canonical FLRW form parameterised by coordinates

(r, θ, φ). That proves that the surface Σ is a sphere S3, with a radius a expanding on time.
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!
"̂

d = A "̂

Fig 5.7: different radii in FLRW geometry.

By making the transformation ρ = sin(χ̂) we obtain the second canonical form, associated to spherical coordinates in R4, namely

∗g = A2
�
dχ̂2 + sin2(χ̂)

�
d�2 + sin2(θ)d�2

��
(7.2.58)

By setting A2k2 = a2 and transforming χ̂ =
p
k χ, we obtain

∗g = a2
�
dχ2 + S2(χ; k)

�
d�2 + sin2(θ)d�2

��
(7.2.59)

where we set S(χ; k) = k−
1
2 sin(

p
k χ) (with k > 0).

That confirms that the space manifold is a sphere S3, this time parameterised by usual angles (χ, θ, φ). It also shows how ρ is the

area radius, i.e. the radius a sphere S2 should have to account for its area, while the distance from the center is d = Aχ̂ = aχ.

We can repeat the computation for k < 0, i.e. K = �1. In this case we have to check that the space surface Σt is a hypersphere H3.

The manifold H3 is defined as a submanifold in (R4, η), where η is the canonical, Minkowskian flat metric, obeying equation η(x, x) = �A2. If we

choose Cartesian coordinates x = (x0, x1, x2, x3) in R4 the equation becomes

�jxj2 = (x0)2 � (x1)2 � (x2)2 � (x3)2 = A2 (7.2.60)

We can use cylindrical (x0, ρ, θ, φ) or spherical (a, χ̂, θ, φ) coordinates on R4 to provide a parameterisation of S3, namely8>>>><
>>>>:

x0 = A
p

1 + ρ2

x1 = Aρ sin(θ) cos(φ)

x2 = Aρ sin(θ) sin(φ)

x3 = Aρ cos(θ)

8>>>><
>>>>:

x0 = A cosh(χ̂)

x1 = A sinh(χ̂) sin(θ) cos(φ)

x2 = A sinh(χ̂) sin(θ) sin(φ)

x3 = A sinh(χ̂) cos(θ)

(7.2.61)

and we transform one into the other by ρ = sinh(χ̂). In the first case (ρ, θ, φ) are parameters on the surface, in the second case the parameterisation

is in terms of (χ̂, θ, φ).

The induced metric in the first case is

∗g = A2

 
d�2

1�Kρ2 + ρ2
�

d�2 + sin2(θ)d�2
�!

(7.2.62)

By comparing with (7.2.44), we see that transforming ρ =
pjkjr and setting a :=

pjkjA leads to the canonical FLRW form parameterised by

coordinates (r, θ, φ). That proves that the surface Σ is a sphere H3, with a scale factor a expanding on time.

By making the transformation ρ = sinh(χ̂) we obtain the second canonical form, associated to spherical coordinates in R4, namely

∗g = A2
�
dχ̂2 + sinh2(χ̂)

�
d�2 + sin2(θ)d�2

��
(7.2.63)
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By setting A2k2 = a2 and transforming χ̂ =
pjkj χ, we obtain

∗g = a2
�
dχ2 + S2(χ; k)

�
d�2 + sin2(θ)d�2

��
(7.2.64)

where we set S(χ; k) = jkj−1
2 sin(

pjkj χ) (with k < 0).

Finally, for k = 0, we obtain a 3-plane.

The space manifold Σ is defined as a submanifold in (R4, δ), where δ is the canonical, Euclidean flat metric. If we choose Cartesian coordinates

x = (x0, x1, x2, x3) in R4 the equation is

x0 = A (7.2.65)

We can use cylindrical (x0, ρ, θ, φ) coordinates on R4 to provide a parameterisation of Σ, namely8>>>><
>>>>:

x0 = A

x1 = Aρ sin(θ) cos(φ)

x2 = Aρ sin(θ) sin(φ)

x3 = Aρ cos(θ)

(7.2.66)

The induced metric is

∗g = A2

 
d�2

1�Kρ2 + ρ2
�

d�2 + sin2(θ)d�2
�!

(7.2.67)

for K = 0. By comparing with (7.2.44), we see that transforming ρ = r and setting a := A leads to the canonical FLRW form parameterised by

coordinates (r, θ, φ). That proves that the surface Σ is a 3-plane, with a scale factor a expanding on time. We can also recast this metric in the form

∗g = a2
�
dχ2 + S2(χ; 0)

�
d�2 + sin2(θ)d�2

��
(7.2.68)

where we set χ = r and S(χ; 0) = r.

3. Friedmann equations

Let us forget, for a while, dynamics and consider a metric in FLRW form. We want to show that the cosmological principle already constraints, at

a kinematical level, such metrics (essentially showing that there exists a class of field equations, called Friedmann equations, which they necessarily

obey to) and giving guidelines for solving these equations. In the next Section we shall discuss the meaning of Friedmann equations in different Weyl

conformal frames.
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Let us now consider the Einstein tensor Gµν for a metric in FLRW form.

By direct computation, we can compute that

Gµνdx
µ ⊗ dxν = κ

c ((ρ+ p)uµuν + pgµν)dxµ ⊗ dxν =: κTµνdx
µ ⊗ dxν (7.3.1)

where we set

κρ(t) := 3
ȧ2 + c2k

ca2
κp(t) := −2aä+ ȧ2 + c2k

ca2
u := uµdx

µ = cdt Tµν := c−1 ((ρ+ p)uµuν + pgµν) (7.3.2)

A symmetric tensor Tµν is called a perfect fluid stress tensor, if it is in the form

Tµν = c−1
�
(ρ+ p)uµuν + pgµν

�
(7.3.3)

for some function ρ, called the density, a function p, called the pressure, and some (future directed) unit time-like vector uµ, called the comoving

velocity of the fluid.

[G] = M−1L3T−2

[κ] = M−1T

Let us check the dimensions of everything, just to be sure. In Cartesian coordinates [xµ] = L and [gµν ] = 1, so that [uµ] = 1 and [Gµν ] = L−2. Thus [Tµν ] = ML−2T−1

and [p] = [ρ] = ML−1T−2. Of course, the dimensions of ρ and p do not depend on coordinates, since they are scalars.

Notice that p is a pressure, namely a force on an area, i.e. MLT−2L−2 = ML−1T−2. Let us also notice that an energy density has dimension ML−1T−2 = [p] as well.

Thus ρ is an energy density.

Sometimes, in the literature, the quantity ρ̂ = ρc−2 is used instead of ρ. One has [ρ̂] = ML−3 which is the mass density.

Check that the dimension of equations (7.3.2) are compatible.

Accordingly, the Einstein tensor of a spatially homogeneous and isotropic metric g, just in view of cosmological principle, is necessarily a perfect fluid

stress tensor and the metric g obeys Einstein equations for a suitable perfect fluid stress tensor.

Let us remark that, given the functions ρ(t) and p(t), the metric is determined. If one also has a dynamics, field equations also determine the metric. Accordingly, field

equations are bound to be equivalent to Einstein equations with a perfect fluid stress tensor (together with a suitable EoS to replace matter equations).

The dynamics simply selects the form of the pressure and density functions which, in fact, corresponds to field equations.

Einstein tensor is a symmetric tensor, so it can be put in canonical form with respect to the metric gµν . In particular, it has a basis of eigenvectors,

in particular, it allows one eigenvector which is time-like. Let u be a (future directed) unit time-like eigenvector

Gµνu
ν = �κ

cρgµνu
ν g(u, u) = �1 u0 > 0 (7.3.4)

and let �κc−1ρ be the corresponding eigenvalue; then one has κc−1ρ = Gµνu
µuν . Let us also define p as the function such that κc−1p =

1
3Gµν (gµν + uµuν). That defines the density, the pressure and the comoving velocity of fluid as functions of the Einstein tensors.

If we now consider a dynamics, matter fields produce a energy-momentum stress tensor Tµν which, on-shell, is necessarily a perfect fluid tensor, with

a matter density ρ(t) and pressure p(t) which obey

ȧ2

a2 +
c2k

a2 =
κc

3
ρ

ä

a
= �κc

6
(ρ+ 3p) (7.3.5)
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which are called Friedmann equations. [κcρ] = (M−1T )(LT−1)(ML−1T−2) = T−2

Let us stress that the density and pressure are to be understood as the total matter density and pressure. When, in the model, we allow more than one matter field,

then each matter species contributes with its own density and pressure and both ρ and p are the sum of all partial densities and pressures, one for each species.

Let us also define the curvature density and pressure

ρk = −3ck

κa2
pk =

ck

κa2
(7.3.6)

so that we can put Friedmann equations in canonical form

ȧ2

a2
=
κc

3
(ρ+ ρk) =

κc

3
ρT

ä

a
= −κc

6
(ρT + 3pT ) (7.3.7)

for the total density ρT = ρ+ ρk and the total pressure pT = p+ pk.

In other words, one can encode the spatial curvature k as an extra form of effective matter (described by (ρk, pk)) and pretend that the geometry is spatially flat

(i.e. k = 0). Thus is particularly useful, as one can restrict to Friedmann equations with no spatial curvature, without loss of generality.

Point-like Lagrangian

As we noticed, Friedmann equations are ODE. They can be regarded as a dynamical system which is obtained from a Lagrangian depending on the

scale factor and its first derivative.

There is no a priori guarantee that, taking the standard Hilbert Lagrangian and substituting into it the cosmological principle, one obtains a Lagrangian L(a, ȧ),

the Euler–Lagrange equation of which has something to do with Friedmann equations, even though Friedmann equations, as a matter of fact, are standard Einstein

equations written in view of the cosmological principle.

Once again, replacing constraints on configurations into the Lagrangian is not a good practice, since, in general, this operation does not commute with the Euler–Lagrange

operator.

However, in this case, if one considers the Ricci scalar of a metric in FLRW form one gets

R =
6(aä+ ȧ2 + c2k)

a2c2
(7.3.8)

so that the standard Hilbert Lagrangian on FLRW metric, integrated along a spatial comoving volume V , reads as

L =
6

2κc
a(aä+ ȧ2 + c2k)dt

∫
V

r2 sin(θ)√
1− kr2

dr ∧ dθ ∧ dφ =
3V0

κc
(a2ä+ aȧ2 + c2ka)dt =

3V0

κc
(−aȧ2 + c2ka)dt +

d

dt

(
3V0

κc
a2ȧ

)
dt (7.3.9)

where we set V0 =
∫
V
r2 sin(θ)√

1−kr2 dr ∧ dθ ∧ dφ for the comoving volume of the spatial region V ([V0] = L3), which does not depend on t or a, thus it does not affect the

evolution of a(t).

This does not even account for matter, thus it does not give us more than an educated guess to be checked by computing its equation of motion to be compared with

Friedmann equations.

For some function ρ(a) and a constant λ to be fixed, let us consider the Lagrangian

L = �3V0

κc

�
aȧ2 � c2ka+ λρ(a)a3

�
dt (7.3.10)
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which is called the point-like Lagrangian. ([λ] = M−1L.)

The point-like Lagrangian does not depend explicitly on t, thus its “energy”

H =
3V0

κc

�
�2aȧ2 + aȧ2 � kc2a+ λρ(a)a3

�
= �3V0

κc

 
ȧ2

a2 +
kc2

a2 � λρ(a)

!
a3 (7.3.11)

is conserved. Hence, by fixing λ = κc
3 , the first Friedmann equation is equivalent to requite H = 0.

The equation of motion for the Lagrangian (7.3.10) is

2ä =
κc

3

�
2ρ+ ρ′a

�
a () ä

a
=
κc

6

�
2ρ+ ρ′a

�
(7.3.12)

which becomes the second Friedmann equation, provided one has the pressure defined to be

� (ρ+ 3p) = 2ρ+ ρ′a () p = � �ρ+ 1
3ρ
′a
�

(7.3.13)

On the other hand, in Friedmann equations, the density and the pressure do not come as independent functions. In view of Bianchi identities, the

Einstein equations Gµν = κTµν imply the conservation of the energy-momentum stress tensor, i.e. rµT µν = 0, which, in turn, implies

0 = crµT µν = rµ(ρ+ p)uµuν + (ρ+ p)rµuµuν + (ρ+ p)uµrµuν +rµpgµν (7.3.14)

We can first compute the quantity

rµuν = ∂µu
ν + fggνεµuε = fggν0µ = 1

2g
νε(�∂εg0µ + ∂0gµε + ∂µgε0) )

(
rµuµ = 1

2g
ij∂0gij = 1

2
2aȧ
a2 g

ijgij = 3 ȧa

uµrµuν = 1
2g

νε(�∂εg00 + ∂0g0ε + ∂0gε0) = 0
(7.3.15)

Notice that uµ is automatically a geodesic field, as a direct consequence of cosmological principle, only.

Then the conservation of the energy-momentum stress tensor is

(ρ̇+ ṗ)uν + 3(ρ+ p) ȧau
ν + ṗg0ν = 0 ()

(
(ρ̇+ ṗ) + 3(ρ+ p) ȧa � ṗ = 0 () �

aρ′ + 3(ρ+ p)
�
ȧ
a = 0 () p = � �ρ+ 1

3ρ
′a
�

(ρ̇+ ṗ)ui + 3(ρ+ p) ȧau
i + ṗg0i = 0 () 0 = 0

(7.3.16)

Accordingly, one has a pair of Friedmann equations for any pair of functions (ρ, p = � �ρ+ 1
3ρ
′a
�
), i.e. it is completely determined by the the function

ρ(a), only. Hence, Friedmann equations are equivalently described by the point-like Lagrangian. The solutions of Friedmann equations are in one-to-one

correspondence with solutions of the point-like Lagrangian with zero energy H = 0.

Since the point-like Lagrangian is a Lagrangian with one degree of freedom (described by the Lagrange coordinate a) and it has a first integral H,

solutions are completely characterised by the conservation law. Solving the first Friedmann equation gives a(t), which also solves the second equation.
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The conservation reads as

H = 0 ⇐⇒ ȧ2 = κc
3 ρ(a)a2 − kc2 =: Φ(a) (7.3.17)

That is a Weierstrass equation and can be solved by separation

±
∫ a

a0

da√
Φ(a)

=

∫ t

t0

dt ⇐⇒ t− t0 = F (a)− F (a0) ⇐⇒ a(t) = a(t− t0; a0) (7.3.18)

that, in principle, together with the initial condition a(t0) = a0, completely determines the evolution of the scale factor (of course, generically, with the exceptions of

degenerate cases). Let us stress that, obviously, initial conditions needs to be given at a non-singular time, e.g. today.

The first Friedman equation does imply the second, in fact:

0 = d
dt

(
ȧ2 − κc

3 ρ(a)a2 + kc2
)

=
(
2ä− κc

(
1
3ρ
′a+ ρ− 1

3ρ
)
a
)
ȧ = 2

(
ä+ κc

6 (3p+ ρ) a
)
ȧ ⇒ ä

a
= −κc

6
(ρ+ 3p) (7.3.19)

Accordingly, we can forget about the second Friedmann equation (which is, in fact, used to define the pressure, once the solution is known) and use the first one to

determine the scale factor. Solving the first Friedmann equation is quite simple, since it is a Weierstrass equation and, as such, can be integrated by separation. Actually,

in this way, one needs to invert the solution for obtaining a(t) or, as we should do, regard the integral of the Weierstrass equation as a parametric representation of the

solution a(t) given as γ : a 7→ (t(a), a), just to avoid inversion, which is a costly operation.

From now on, we shall refer to the first Friedmann equation, as to the Friedmann equation, since the second one is irrelevant to solve the model.

Let us stress that this is possible, and relatively easy, just because we introduced the density ρ(a) as a function of the scale factor, not as a function of time t. The

original density, which along a solution is expected to be a function of time, is ρ(t) = ρ(a(t)), computed along a solution a(t). Accordingly, the Friedmann equation

determines a(t), which hence determines ρ(t) and p(t) though equation (7.3.13).

One has to get convinced that the density function ρ(a), which allows to write down the point-like Lagrangian, contains more information than the

naive on-shell function ρ(t). As usual, we need to be precise and explicit about exactly what extra information ρ(a) contains. In Subsection 7.3.3 we

shall provide few examples of solutions.

Equations of state

An equation of state (EoS) is a relation between the density and the pressure. It allegedly accounts for the type of matter allowed in the model, ideally

to replace matter equations.

If one regards Friedmann equations as equations for an arbitrary triple of functions (a(t), ρ(t), p(t)) (i.e. forgetting for a moment that they steam from Einstein equations,

hence, in view of Bianchi identities, the energy-momentum stress tensor is conserved, hence the pressure must obey (7.3.13) condition) then, obviously, one cannot

determine three functions with two equations and an extra equation is needed, namely the EoS.

Ok, you are right! In view of conservation, the independent unknowns are two only. However, exactly because of the conservation law, the independent equations are

only one since the second Friedmann equations is a consequence of the first one. Still one cannot determine two functions with one equation.

Such an extra equation is usually provided in the form of an EoS, namely an algebraic relation S(ρ, p) = 0 or, more often, simply as p = p(ρ).
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The EoS p = p(ρ) is obtained by solving the more general form S(ρ, p) = 0 for p. If one wants to keep it simple and general, the EoS can also be

represented in parameterised form

σ : R! R2 : s 7! (ρ(s), p(s)) (7.3.20)

chosen so that one identically has S(ρ(s), p(s)) = 0.

Traditionally, the simplification is even more abrupt and often one considers a barotropic EoS, in the form p = wρ, for a constant w, called the state parameter. While,

of course, this is a good approximation of any reasonable function around any point of its graph, the approximation may fail to be accurate, if extrapolated very far

from the initial condition.

Of course, cosmologists are not stupid, and they well know that, in extreme regimes, species of matter which have been neglected may become relevant, as well as

species which are relevant today may become irrelevant in other regimes.

On the other hand, we shall practice to account for more complicated EoS, which better describe extrapolation to extreme regimes. At the very least, if possible,

we would like to avoid solving approximate equations and then assuming that their exact solutions glue together to produce an approximate solution of the exact

equation. That is a bit hard to follow though it is what it is usually done. Often, it is also well supported by evidences, though it is usually hard to have some precise

mathematical control over it.

So let us start by a simple EoS as p = wρ.

The pressure p is also related to the density by equation (7.3.13), from which we obtain a differential equation for the function ρ(a), i.e.

�wρ = ρ+ 1
3ρ
′a () dρ

ρ
= �3(1 + w)

da

a
() ρ = ρ0

�
a

a0

�−3−3w

(7.3.21)

By changing the state parameters and remembering that today the scale factor is normalised to have a0 = 1, one gets different kind of matter, which

are essentially defined accordingly:

– for w = 0 one has dust, which is described by the EoS p = 0 and by the density ρ = ρ0a
−3.

– for w = 1
3 one has radiation, which is described by the EoS p = 1

3ρ and by the density ρ = ρ0a
−4.

– for w = �1 one has dark energy, which is described by the EoS p = �ρ and the density ρ = ρ0 is constant.

Dust matter is also called ordinary, or non-relativistic matter. It is appropriate whenever the interaction energy is negligible with respect to the rest

energy of the system (its mass). For example, it is used to model galaxies in cosmology.

Radiation is also called ultra-relativistic matter and it is appropriate to describe any matter in which the rest energy is negligible with respect to the

kinetic energy. That is used, for example, also for primordial gasses.

For dark energy, the energy-momentum stress tensor takes the form

Tµν = �c−1ρ0gµν = �Λgµν (Λ := c−1ρ0) (7.3.22)

Thus a cosmological constant can be also modelled, as it happens for the spatial curvature, as an additional effective matter species (of dark energy)

and one can restrict to consider cosmological models without cosmological constant, without loss of generality.
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In many models, one uses more elaborate EoS. One example which is often used in called polytropic EoS and it is given by

p = Kρ
k+1
k (7.3.23)

where K and k are real constants characteristic of the type od matter under consideration. The constant k is called the polytropic index, while sometimes γ = k+1
k is

used instead and it is called the polytropic exponent.

Often k ∈ ( 1
2 , 1) is used for modelling neutron stars. A polytropic index of k = 3

2 is used for the so-called fully convective cores, for example for red giants, gaseous

planets, or even rocky planets. Main sequence stars, including the Sun, are usually modelled by k = 3.

In the limit k →∞ (i.e. γ = 1) one can model globular clusters and the polytropic EoS reduces to a barotropic perfect fluid EoS.

Solutions of Friedmann equation

As usual, before even discussing the meaning of it, let us show that we are able to effectively discuss solutions of Friedmann equation. The terminology

will be fully justified later on.

For any metric g in FLRW form, let us define the Hubble parameter to be

H :=
ȧ

a
(7.3.24)

Let us first consider the Friedmann equation for dust alone and no spatial curvature. Hence we have a density function ρ(a) = ρ0a
−3 and Friedmann

equation is

ȧ2 =
κc

3
ρ(a)a2 =

κc

3
ρ0a
−1 = Φ(a) (7.3.25)

The evolution of the scale factor is constrained to stay within the allowed region where Φ(a) � 0, that is a > 0. If we start at a0 = 1, then the scale

factor evolves and goes to zero or infinity, depending if it starts with a positive or negative derivative. How much time it takes to get to zero or infinity

depends on the integral

t� t0 =

Z ∞
1

dap
Φ(a)

=

r
3

κcρ0

Z ∞
1

p
ada t� t0 = �

Z 0

1

dap
Φ(a)

=

r
3

κcρ0

Z 1

0

p
ada =

2p
3κcρ0

=: ∆ (7.3.26)

That means that if the universe is now expanding, it will expand forever, while it has been expanded for a (coordinate time) time ∆, i.e. it started

expanding from a scale factor a = 0, ∆ years ago and expanded to a0 = 1 today.

We made an abuse of notation, which is quite substantial on a physical stance. That is why we said that, by now, we do not want to enter the meaning of this

integration.

The issue is that we said that between the surface at t = t1 and the surface t = t0 the time passes by for t1 − t0. Now that is a coordinate time and we still have to

prove that it has something to do with a physical time, measured by a some clock. We shall later show that a comoving clock will exactly measure a time t1 − t0 as it

goes from the surface at t = t1 to the surface t = t0, which will give a precise physical meaning to which time we mean in it.

Until them, we shall talk about coordinate time which a priori has nothing to do with physical time. To some extent, the coordinate time is just a parameterisation of

worldlines and surfaces of the ADM foliation. It will become a physical time once it will be related to the reading of some clock.
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Einstein said: time is what clocks measure.

Let us remark that discussing the coordinate time to go from a value of the scale factor to another is equivalent to solve the evolution of the scale

factor. Let us fix today as t0 = 0. Then we have

t = �
Z a

a0=1

dap
Φ(a)

= � 2p
3κcρ0

a
3
2

���a
1

) t(a) = � 2p
3κcρ0

�
a

3
2 � 1

�
(7.3.27)

That is already a parameterisation of the evolution of the scale factor, namely γ : a 7! (t(a), a) draws the graph of the function a : R ! R : t 7! a(t)

which is what we are aiming to determine.

In this specific case though, we are able to invert the function

a(t) =

�p
3κcρ0

2
t+ 1

�2
3

(7.3.28)

which, in fact, gives a(0) = 1 today and a(t) = 0 when t = � 2√
3κcρ0

, meaning that the age of the universe is tU = 2√
3κcρ0

, since the universe started

expanding at t = �tU at a = 0, it expands to a = 1 today, and it will keep expanding forever.

We can try to insert numerical values to evaluate the age of our universe, if it was made of only dust.

By assuming ρ0 as the density of barionic matter today, we get (see Fig. 7.1: green line)

tU = 1.413 · 1018 s = 44.77 By (7.3.29)

If we assume ρ0 to be critical, one has (see Fig. 7.1: black dash line)

tU = 3.03 · 1017 s = 9.60 By (7.3.30)

Let us now consider a universe with dust but with a positive curvature (see Fig. 7.1: red line). The density function is ρ(a) = ρ0a
−3 � 3ck

κ a
−2.

ȧ2 =
κcρ0

3a
� c2k = Φ(a) (7.3.31)

where k = κ
3c (ρ0 � ρc0) > 0 is fixed so that the total density is critical.

The allowed region is a 2 (0, aM ) for a maximal value aM = κρ0
3ck = ρ0

ρ0−ρc0
. The universe expands to a scale factor aM in a finite time tM , then, since

the zero is simple, it is reflected and starts contracting to a0, again in a time TU , the total life of this universe being 2TU .

The evolution of the scale factor is obtained as

t =

Z a

1

dap
Φ(a)

=

Z a

1

p
3a dap

κc (ρ0 � a(ρ0 � ρc0))
(7.3.32)
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Fig. 7.1: Solutions of Friedmann equation.

Spatially flat solution: dust ρ0 = ρc0, k = 0 (black dash)

Spatially closed solution: dust, ρ0 = 2ρc0, k > 0 is fixed to fill up to the critical density (red)

Spatially open solution: dust, ρ0 is taken to be the observed visible barionic density, k < 0 is fixed to fill up to the critical density (solid blue)

Spatially flat solution: dust, ρ0 is taken to be the observed visible barionic density, k = 0 (green). Notice different derivative ȧ(t0) today t0 = 0.

ΛCDM model: visible barionic matter 0.046, cold dark matter 0.24, dark energy 0.714, spatially flat k = 0 (blue dash)

The age of the universe today is

∆ = �t(0) � 2.59 � 1017 s � 8.22By (7.3.33)

The total age TU is computed as

2TU = 2 (∆ + t(aM )) � 2.34 1018 s � 74.06By (7.3.34)

Let us now consider a universe with dust but with a negative curvature. With a negative spatial curvature, the density function is again ρ(a) =

ρ0a
−3 � 3ck

κ a
−2 and the Weierstrass function is still Φ(a) = κcρ0

3a � c2k. However, since now k < 0, the allowed region extends to infinity and the

evolution is given by

t =

Z a

1

dap
Φ(a)

=

Z a

1

p
3a dap

κcρ0 + 3ac2k
(7.3.35)

We also have another connected component of the allowed region for a 2 (�1, am) with am = κρ0
3ck . Since the sign of the scale factor is not that

important, as it appears in the metric as a2, that corresponds to an universe with can start at a0 = �1, contract reach a minimal radius am and then

expand again to infinity.

:Index: :AIndex: :Symbols: :Notation:



Friedmann equations 393

Fig. 7.2a: Total density of Friedmann models as a function of time (same color code as in Fig. 7.1).

Fig. 7.2b: Visible barionic density of Friedmann models as a function of time (same color code as in Fig. 7.1).

As far as the total density ρ(t) as a function of time is concerned, we have t(a) and ρ(a). This provides a parametric representation of the function

ρ(t), where the scale factor a enters as a parameter.

We can then easily draw the function ρ(t) in different models. Let us notice that different models have different characteristic evolution of the total

density. If we are able to observe the total density and its evolution is when we can really distinguish the models.

We can also draw each component separately, for example the visible barionic density. In this case, different models do predict different visible

densities today, in addition to different evolution.

As we can see in Fig. 7.1, Friedmann equations with dust only cannot catch precisely what we know. The most accurate representation of what we

know is the ΛCDM model (dash blue) that we shall discuss in a while.
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Let us now pretend for a moment that we know how to measure the Hubble parameter H0 as, we shall see, it is certainly the case in standard GR. If

we model our universe with dust only, with a density today ρ0 compatible with the visible barionic matter that we see, we get a open universe (green)

with ab age of more than 44By which moreover has a Hubble parameter H0 that is definitely incompatible with observations.

So let us say that we account for the Hubble parameter H0 we measure (and what we are really measuring and why is something still to be addressed

in general). If we can assume that the density of barionic matter is what we estimate from visible matter (solid blue) we obtain an open universe

which falls a bit short in universe age but mainly it shows no universe late acceleration, i.e. the scale factor grows in time though it does so remaining

concave (the speed of growing decreases in time).

If we assume that there is some barionic matter dust which for some reason is not visible (from interstellar gasses to a spread population of Dyson

spheres) enough to reach spatial flatness (dash black) the age of the universe falls considerably short (to less than 10By). This, of course, also does

not show any late time acceleration in the evolution of the scale factor.

If the barioric matter dust density exceeded the critical value, then one would obtain a spatially closed universe (red) with an even shorter age, no

late acceleration, as well as a quite different future destiny. Assuming ρ0 = 2ρc0, the time for re-collapsing is of about 74.06By).

Now at this stage, we still do not control exactly what quantities we can observe and how. Here we only wish to show two things: first, there are a lot

of solutions of the Friedmann equation with different behaviours depending on the parameters. Second, we are actually able to do the computations

and predict the evolution of the scale factor, at least in many simple cases.

Mixtures and abundances

We already defined the Hubble parameter to be essentially a way of accounting for the growth speed of the scale factor, namely H = ȧ
a . In particular,

today, when a0 = 1, we have H2
0 = κc

3 ρ0 � c2k; for spatially flat solutions one simply hasH2
0 = κc

3 ρ0. Thus

ρc0 = ρ0 = 3
κcH

2
0 (7.3.36)

is the total density that one needs today for the metric to be spatially flat. That is called the critical density (today).

If we assume that lima→+∞ ρ(a) = 0, i.e. as the universe expands, the scale factor becoming large, the matter content is diluted and approaches zero as the universe

becomes older, the Friedmann equation, recast in the form of a Weierstrass equation reads as

ȧ2 =
κc

3
ρ(a)a2 − c2k = Φ(a) (7.3.37)

and one has lima→∞Φ(a) = −c2k, which is negative if k > 0. Accordingly, if k > 0 the scale factor cannot become big at will, it cannot approach infinity. It will

approach a maximal value a = aM and (if the function Φ has a simple zero in aM , as it generically happens) will bounce back and it will begin to contract. On the

contrary, if k ≤ 0 the universe can expand forever and its scale factor can grow without being bound.

The critical density today ρc0 is the threshold for the density, which discriminates ever-growing universes, from first-expanding-then-contracting ones. This argument

does not really stands in general since we do not know much a priori about the density function. However, it is a remnant of the model when one was allowing only

ordinary matter (usually dust or dust and radiation), no cosmological constant, no dark sources.

Also notice that we are not meaning that the Hubble parameter is something one can observe, less than ever observe by measuring the receding speed of galaxies. That

will be done later. By now, all these quantities are theoretical and geometric quantities still to be given a physical meaning.
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Once we define the critical density, we can go back to the Friedmann equation, written in the form (7.3.7), and divide both hand sides by the critical

density to obtain

H2 = H2
0

�
ρ

ρc0
+
ρk
ρc0

�
= H2

0 (Ω + Ωk) (7.3.38)

where, for any matter species, we defined the species abundance Ωi = ρi
ρc0

, for example in particular Ω = ρ
ρc0

, Ωk = ρk
ρc0

, and let us also set ΩT := ρT
ρc0

= Ω+Ωk

for the total abundance. By a direct evaluation of this equation today, one readily has that the total abundance ΩT (t0) = 1 is always 1.

The abundance of a matter species is naturally a function of the scale factor a, since ρ(a) is, and the Friedmann equation can be recast as

ȧ2 = H2
0 (Ω(a) + Ωk(a)) a2 (7.3.39)

which is still in the form of a Weierstrass equation, this time the form of the Weierstrass Φ(a) being modulated by the different abundances we decide

to allow.

A mixture is a family of matter species, labelled by an index i, each represented by a density ρi(a) (or, equivalently, by an EoS pi = pi(ρi)). In the

mixture, we always account for all matter species allowed in the model and the effective ones, namely, possibly, the cosmological constant and the

curvature density.

Thus we have a total abundance in the form

ΩT (a) :=
X
i

ρi(a)

ρc0
ΩT (1) = 1 (7.3.40)

The sequence of all abundances for each matter species, real and effective, namely 
 := (Ωk,Ω1, . . . ,Ωn,ΩΛ) is called a cosmic pie.

Today (2016), the best fit comic pie (WMAP) is made of Ωb := 0.046 of ordinary barionic matter, of ΩDM := 0.24 of cold dark matter, ΩΛ := 0.714 of dark energy.

Radiation today does not play a role, though of course it may have a role back in early evolution, since it scales differently from dust. The curvature density is

compatible with Ωk = 0.

Let us stress that the composition of the universe depends on when it is considered, since it is an energetic budget of many species each scaling differently in time.

For example, in early universe (at the decoupling) the cosmic pie was made of 0.12 of ordinary barionic matter, of 0.63 of cold dark matter, 0.15 of radiation, 0.10 of

neutrinos. The dark energy density, contrarily to other matter species, does not increase as the universe become denser, so it was initially negligible.

One can consider a theory with the cosmic pie observed by WMAP. It corresponds to a total abundance function as

Ω(a) = Ωba
−3 + ΩDMa

−3 + Ωka
−2 + ΩΛ (7.3.41)

The Friedmann equation reads as

ȧ2 = H2
0

(
(Ωb + ΩDM ) a−1 + Ωk + ΩΛa

2
)

(7.3.42)

which can be integrated and gives an evolution of the scale factor (see Fig. 7.1 dash blue line), total density (see Fig. 7.2.a dash blue line), and visible barionic matter

as shown in Fig. 7.2.b (dash blue line).

Let us remark that once we have a single matter species, then it is quite reasonable to consider a simple EoS for it, conservation of the energy-

momentum stress tensor Tµν is equivalent to matter equation. Still one can discover that the EoS is a good assumption only for a limited time interval
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around today and that further unknown effects have been neglected today though they might become important at very early or late time, though the

model is clear and simple.

When we allow a composite mixture we are kicked out of this relative paradise. Even assuming each matter species is relatively simple as far as the EoS

is concerned, they usually corresponds to a multitude of different matter fields, each with its own matter equation, each with its own energy-momentum

stress tensor, which is separately conserved—as long as each partial matter Lagrangian is separately covariant—each conservation corresponding to its

matter equations. However, if two matter species interact, only their common energy-momentum stress tensor is conserved. Moreover, even though

one has a quite precise correspondence between EoS and the density function ρi(a) for each species, when different species are allowed, the mixture

has not a simple EoS or a simple total density function.

Still one can compute the total density function ρT (a) (as well as the corresponding abundance ΩT (a)) which, in turn, determine the evolution of the

scale factor a(t) from the Friedman equation and the initial condition a(t0) = 1.

However, the total density function can be a priori complicated at will. Moreover, we shall see in next Section we shall see that a simple EoS in

the Jordan frame, induces an EoS in the Einstein frame which is exactly known, it depends on the function f(R) which describes the gravitational

sector, and, generally, is complicated at will. Thus, also for these reasons, when working with one species, it is futile to keep stuck to simple EoS (and,

correspondingly, to simple density functions).

Besides these amenities, we also have another issue with mixtures. Suppose we observe accurately and precisely the evolution of the scale factor a(t)

and ρ(t) so that we are able to regard these observational facts as a parametric description of the density function ρ(a), and hence of the description

of the EoS of the mixture. Imagine, however, that we do not have a direct evidence of which species one should expect to appear in the cosmic pie.

One could argue that knowing ρ(a) uniquely defines a mixture of barotropic perfect fluids, as an expansion of the density function as a sum of powers

ρi / aγi each corresponding to a barotropic perfect fluid. One expects that to work more or less as a Taylor expansions of an analytic function. And

that it is wrong.

It is exactly because it works precisely as a Taylor expansion, even if it is not. If we have a function ρ(a) to be expanded as a power series, if the

function is analytical, it has a single Taylor expansion

ρ(a) =
X
k

cka
k (7.3.43)

Now we are allowing negative powers and, moreover, real exponents. Taylor expansions are also canonical, in the sense that if we expand to order

k0 = 5 and the coefficient c3 = 0 is missing, then it will be missing from any expansion at any order. The coefficients are independent of the expansion

order, either they are there or they are not.

That has not much to do with the fact that we allow negative or real powers. It has rather to do with the fact that species are characterised by

powers aγi , i.e. around the value a = 0, at which the function is usually divergent—that is why we need negative exponents—while we impose initial

conditions at a0 = 1, i.e. today.

Let us consider the function f(a) = (1 + a)−1 and we want to expand around the point a0 = 1 in power series of an, instead of (a− 1)n we have at order 2

f(a) ' c0 + c1a+ c2a
2 (7.3.44)
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Fig. 7.3: second and third approximations of f(a)

Fig. 7.4: first and second approximations of p(a)

and one can use the conditions

f(1) = c0 + c1 + c2 = 1
2 f ′(1) = c1 + 2c2 = − 1

(1+a)2 |a=1 = − 1
4 f ′′(1) = 2c2 = 2 1

(1+a)3 |a=1 = 1
4 (7.3.45)

from which one obtains

c2 = 1
8 c1 = − 1

4 −
1
4 = − 1

2 c0 = 1
2 + 1

2 −
1
8 = 7

8 ⇒ f(a) ' 7− 4a+ a2

8
(7.3.46)

If we decide to expand to order 3

f(a) ' c0 + c1a+ c2a
2 + c3a

3 (7.3.47)

and one can use the conditions

f(1) = c0 + c1 + c2 + c3 = 1
2 f ′(1) = c1 + 2c2 + 3c3 = − 1

(1+a)2 |a=1 = − 1
4

f ′′(1) = 2c2 + 6c3 = 2 1
(1+a)3 |a=1 = 1

4 f ′′′(1) = 6c3 = −6 1
(1+a)4 |a=1 = − 3

8

(7.3.48)

from which one obtains

c3 = − 1
16 c2 = 1

8 + 3
16 = 5

16 c1 = − 1
4 −

10
16 + 3

16 = − 11
16 c0 = 1

2 + 11
16 −

5
16 + 1

16 = 15
16 ⇒ f(a) ' 15− 11a+ 5a2 − a3

16
(7.3.49)

So, you see a strange thing here: the expansion is not canonical, if we add a species to the expansion, the abundance of other species are affected.

While in ordinary Taylor expansions, terms are not affected by the order or type of powers we decide to add, here they do. Notice that this happens

even if we are considering only positive integer powers; thus that is not the issue. The issue is related to the fact that we expand in monomials

which are not vanishing at the point around which we are expanding.

We can check it quite easily by expanding a polynomial p(a) = a(a− 2) to order 1 as p(a) ' c0 + c1a to have

p(1) = c0 + c1 = −1 p′(a) = c1 = 2a− 2|a=1 = 0 (7.3.50)

from which one obtains

c1 = 0 c0 = −1 ⇒ f(a) ' −1 (7.3.51)

or to order k ≥ 2

p(a) = a2 − 2a (7.3.52)

At order 1, one has an approximation in terms of a constant, while at order 2 or higher the expansion is exact and one does not even have a constant term!

To show that something similar happens also with our expansions, which are more general than Taylor expansions, let us consider an example which

is more in the line of cosmological applications. Let us consider a density function ρ(a) = ca−2 and decide we want to see only dust and cosmological

constant. Thus we would find:

ρ(a) � c
3 + 2c

3a3 (7.3.53)

which approximates the actual effective density around today a = 1.
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This is a pretty strange example: a purely curvature density can be approximated around any given time t = t0 by a spatially flat model with a

suitable cosmological constant and dust, the approximation being good around a0 = 1 (i.e. t = t0) though eventually failing as one looks back in the

past. One could also decide, in the same situation, that an expansion as f(a) = c1a
−1/2 + c2a

−4 is preferable so to obtain

ρ(a) ' 4c
7 a
−1/2 + 3c

7 a
−4 (7.3.54)

One has

f(1) = c1 + c2 f ′(1) =

(
− 1

2c1a
− 3

2 − 4c2
1
a5

)
|a=1 = − 1

2c1 − 4c2 (7.3.55)

and

ρ(1) = c ρ′(1) =
(
−2c 1

a3

)
|a=1 = −2c (7.3.56)

Hence the best approximation is obtained for {
− 1

2c1 − 4c2 = −2c

c1 + c2 = c
⇒ c1 = 4c

7 c2 = 3c
7 (7.3.57)

Fig. 7.5: (a) The deviation functions ∆f (red), ∆g (blue) (b) The density function ρ(a) (dash) and the approximations f(a) (red) and g(a) (blue)

Thus, from this example, we have learnt two things: first, that, as we reasonably have approximate data about ρ(a) which goes back for a while but

not forever, the function ρ(a) does not select a canonical expansion in terms of a mixture of perfect fluids. The same situation can be expanded along

different species, obtaining different models which reliably reproduced the observed data today and for a while back in the past. Selecting the species

we would like to see is something we add (possibly motivated by physical considerations, though external to cosmology itself). This choice is a kind of

coloured glasses one decides to wear and it transforms the model, accordingly.

The second thing we learn is that the two approximations are not exactly equivalent. They are a good approximation around today a0 = 1, though

back in the past they are quantitatively different. If we are able to look back enough in the values of ρ(a) the two approximations and the original

density functions should produce different predictions.
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In this specific toy example, suppose we have some error (say 1%) in observing ρ(a). Any difference below 0.01 will be covered up by statistical errors.

If we approximate ρ(a) ' f(a) = c
3 + 2c

3a3 (ρ(a) ' g(a) = 4c
7
√
a

+ 3c
7a4 , respectively) we have a relative deviation of

∆f =
f(a)− ρ(a)

ρ(a)
∆g =

g(a)− ρ(a)

ρ(a)
(7.3.58)

We can plot these deviations (Fig. 7.5.a), as well as the approximation (Fig. 7.5.b).

One can define the look back deviation intervals, defined as

Bf := {a ∈ [0, 1] : ∀b ∈ [a, 1],∆f (b) < 0.01} Bg := {a ∈ [0, 1] : ∀b ∈ [a, 1],∆g(b) < 0.01} (7.3.59)

In this case, one has something like

Bf = (0.903385, 1] Bg = (0.922164, 1] (7.3.60)

meaning that, in order to see a deviation between the data and the approximate model, one has to look back at least to a ∼ 0.90 for the first approximation, to a ∼ 0.92

for the second.

Of course, the look back deviation interval depends on the available precision and on the approximation. Generally speaking, we could say that the approximation

ρ(a) ' f(a) is a better approximation, since it extends further back in time.

Though mathematically one could also consider how good is the approximation within the look back deviation interval (which in principle could be much better for

g(a) than for f(a), at least for most of the values of a), of course, that data is physically unavailable, since it is completely suppressed by observation errors.

The look back deviation intervals will be discussed more in detail below. As a matter of fact, there are a number of surveys scheduled in the future

to measure the evolution of the scale factor along the history of the universe. Thus it is important to have an idea of how to build models to describe

universe evolution and how to compare different models. Let us remark that, in general, some extra care needs to be devoted to discuss what exactly

is the scale factor that these surveys are measuring.

In the next Section we shall start considering how dynamics affects this issue. Until now, our discussion has been completely kinematical. Take a

FLRW metric, it is described in terms of a scale factor and it obeys to some sort of Friedmann equations. Coming from a dynamics only constrains

the pressure and make the second Friedmann equation irrelevant.

In the next Section we shall discuss in detail the role of the dynamics. A dynamics singles out a specific function ρ(a), which is equivalent to selecting

an EoS for matter. In standard GR, one has one single metric to do everything—describing the gravitational field, measuring distances, describing free

falling particles, light cones, and wavefronts. It is hence natural in standard GR, assuming that surveys are observing the evolution of the scale factor

on that single metric.

One should not write sentences like that!

Even in standard GR, since we have a metric and matter, one could have other metrics in the theory. For example, for any scalar field ϕ one could define the metric

g̃ = eϕg. However, one does not even need the scalar field to be fundamental. One always has a scalar curvature to be used to define new metrics g̃ = ef(R)g, which is

approximately what happens in ETG.

The issue is not whether one has other metrics available. It is rather which of these metrics is in FLRW form and which scale factor is measured in observations. This

issue is even more explicit in Palatini f(R)-theories, since there one has two metrics metrics g and g̃, both with a physical meaning, and, as we shall see, both in FLRW

form.
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Vacuum solutions of Friedmann equation

We can consider vacuum solutions of Friedmann equation, i.e. we can consider the case with ρ = ρ0, accounting for a cosmological constant Λ and,

possibly, a spatial curvature.

In that special case, the Friedmann equation reads as

ȧ2 = �k +
κc2

3
Λa2 (7.3.61)

If Λ = 0 we have essentially two possibilities, depending on the value of k.

If k = 0, then the solution is a(t) = a0 = 1 and the FLRW metric becomes

η = −c2dt2 + dr2 + r2
(
dθ2 + sin2(θ)dφ2

)
(7.3.62)

One can check that this metric is flat, hence (or since) there exist new coordinates (t, x, y, z)

x = r sin(θ) cos(φ) y = r sin(θ) sin(φ) z = r cos(θ) (7.3.63)

in which the metric can be recast in the form

η = −c2dt2 + dx2 + dy2 + dz2 (7.3.64)

which is called the Minkowski metric.

If k = −ω2 < 0, with ω > 0, then the solution is a(t) = ωt+ 1 and the FLRW metric becomes

g = −c2dt2 + (ωt+ 1)2

(
dr2

1− kr2
+ r2

(
dθ2 + sin2(θ)dφ2

))
(7.3.65)

Now we can set ωτ = ωt+ 1, ρ = ωr so that metric can be recast as

g = −c2dτ2 + τ2

(
dρ2

1 + ρ2
+ ρ2

(
dθ2 + sin2(θ)dφ2

))
(7.3.66)

One can also redefine ρ = sinh(χ) to have the metric in the form

g = −c2dτ2 + τ2
(
dχ2 + sinh2(χ)

(
dθ2 + sin2(θ)dφ2

))
dρ2 = cosh2(χ)dχ2 =

(
1− ρ2

)
dχ2 (7.3.67)

This is called the Milne universe.

For k > 0, the equation becomes inconsistent and there is no solution.

If we allow a positive cosmological constant Λ > 0

and k = 0

If Λ > 0 and k < 0

If Λ > 0 and k > 0

If we allow a negative cosmological constant Λ < 0
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If Λ < 0 and k = 0

If Λ < 0 and k < 0

If Λ < 0 and k > 0

Tanto per definire AdS e dS

4. Extended cosmologies

Let us consider a Palatini f(R)-theory based on the Lagrangian

L =
√
g

2κ f(R) + Lm(g, φ) (7.4.1)

We already discussed in Subsection 6.2.2 field equations induced by this dynamics.

If we go for a cosmological model based on this theory, one should start by restricting to spacetime geometries which are spatially homogeneous and

isotropic to impose the cosmological principle.

However, in a Palatini f(R)-theory, one has at least two natural metrics, namely the original metric g as well as the conformal metric g̃. Thus, unlike

what happens in standard GR, one should decide whether the cosmological principle corresponds to ask that g or g̃ is spatially homogeneous and

isotropic. The answer is that, luckily, we do not have to worry about it: if g is spatially homogeneous and isotropic, then also g̃ is.

Let us suppose that g is spatially homogeneous and isotropic. Then there exists a coordinate system (t, r, θ, φ) in which g is in FLRW form, i.e.

g = −c2dt 2 + a2(t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2(θ)dφ2

))
(7.4.2)

If everything needs to be spatially homogeneous and isotropic, the conformal factor which, in view of the master equation, is a scalar function of metric and matter

fields, eventually needs to be a function of time t, only.

Since the metric g̃ is conformal to g and the conformal factor ϕ depends on t only, then one can redefine

g̃ = −c2dt̃ 2 + ã2(t̃)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2(θ)dφ2

))
⇒

{
ã(t̃) =

√
ϕ(t) a(t)

dt̃ =
√
ϕ(t) dt

(7.4.3)

Here we need to be more precise about how to make the Weyl conformal transformation to define g̃ out of g. We have to remember that g is Lorentzian (so that one

cannot have a negative conformal factor which would not preserve the signature). Moreover, we understand that the scale factor a(t), appearing in g when it is in

FLRW form, is normalised so that a(t0) = a0 = 1.

On the other hand, when the conformal factor is defined as ϕ = f ′(R) (as it should, since we are lazy and we are discussing cosmology in dimension m = 4, only) there

is no guarantee that it is positive at least on shell, nor that it preserves the normalisation of the scale factor, so that ã(t̃0) = 1 as well.

We need to go back and check why we introduced the Weyl conformal transformation in the first place. In Palatini f(R)-theories, one has a metric g and a connection

Γ̃. Then, in view of field equations, we showed that there exists a conformal metric g̃ such that {g̃} = Γ̃ to partially solve the theory. In other words, as a matter of
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fact, the conformal metric g̃ is introduced to produce the connection Γ̃, which, contrary to g̃, is endowed with a direct physical meaning of describing the free fall of

particles. When we showed that the conformal factor ϕ does the job, we forgot to mention that any Weyl conformal transformation by a constant conformal factor χ0

does in fact leave the endowed connection unchanged, i.e. one has {χ0g̃} = {g̃} = Γ̃. Thus we have a certain freedom in fixing the conformal factor; if ϕ = f ′(R) does

the trick, also ϕ̃ = χ0f
′(R) does. Consequently, we have some freedom to exploit in order to preserve signature and the normalisation of the scale factor.

In practice, on each solution, one has a conformal factor ϕ(t) and one can instead use the conformal factor

ϕ̃(t) =
|ϕ(t)|
|ϕ(t0)|

(7.4.4)

Now one has ϕ̃(t0) = 1 and ϕ̃(t) ≥ 0. Unfortunately, if f ′(R) has zeros, it may happen that, sometimes in spacetime, the metric becomes singular, thus one either

excludes that ϕ can change sign (for example, by assuming that f(R) is monotonic), or one restricts to a region where that does not happen (or one learns what

happens physically if the metric goes through this kind of a singularity).

In all cases, in cosmology, one chooses a positive conformal factor, which is unitary today.

Then, if g is spatially homogeneous and isotropic, then also g̃ is. If g is Lorentzian, then also g̃ is. And if a(t0) = 1 is normalised, then also ã(t̃0) = 1 is.

Let us stress that this does not mean that there is a coordinate system in which both metrics are in FLRW form. The original metric g is in FLRW form in a coordinate

system, while one needs to change coordinates (and scale factor) to have g̃ in FLRW form.

Then next step is to obtain the relevant energy-momentum stress tensor as a perfect fluid stress tensor. However, we have three energy-momentum

tensors in our theory, namely Tµν , T̃µν , and T̂µν , so that one should ask which of them should be a perfect fluid stress tensor. Once again, the good

news is that it does not matter, since if Tµν is a perfect fluid stress tensor, then also T̃µν , and T̂µν are.

Let us assume that

Tµν = c−1 ((ρ+ p)uµuν + pgµν) (7.4.5)

is a perfect fluid stress tensor.

The fluid velocity uµ (which is unit with respect to g) can be normalised to have a vector ũµ = (ϕ̃)−
1
2uµ which is unit with respect to g̃µν = ϕ̃gµν . Accordingly, one

has ũµ = (ϕ̃)
1
2uµ, where we defined uµ = gµνu

ν and ũµ = g̃µν ũ
ν .

Then we have

T̃µν =
1

f ′(R)

(
Tµν − 1

2κ (f ′(R)R− f(R)) gµν
)

=
c−1

f ′(R)ϕ̃

(
(ρ+ p)ũµũν +

(
p− c

2κ (f ′(R)R− f(R))
)
g̃µν
)

= c−1 ((ρ̃+ p̃)ũµũν + p̃g̃µν) (7.4.6)

which is again a perfect fluid stress tensor, provided that one defines a new density and pressure as

p̃ =
p

f ′(R)ϕ̃
− c

2κ

f ′(R)R− f(R)

f ′(R)ϕ̃
ρ̃+ p̃ =

ρ+ p

f ′(R)ϕ̃
⇒ ρ̃ =

ρ

f ′(R)ϕ̃
+

c

2κ

f ′(R)R− f(R)

f ′(R)ϕ̃
(7.4.7)

For the tensor T̂µν , instead we first need to notice that, since ϕ depends on t only, one has(
∇00ϕ− 3

2ϕ∇0ϕ∇0ϕ
)
uµuν = ∇µνϕ− 3

2ϕ∇µϕ∇νϕ (7.4.8)

as one can check by setting (µν) = (00), (µν) = (0i), (µν) = (ij), the first being trivial since u0 = 1, the second because {g}00i = 0, the third because ∇jϕ = 0.

T̂µν =c−1

[
ρ+ p

f ′(R)
uµuν +

p

f ′(R)
gµν −

c

2κ

f ′(R)R− f(R)

f ′(R)
gµν +

c

ϕ

(
∇00ϕ− 3

2ϕ∇0ϕ∇0ϕ
)
uµuν −

c

ϕ

(
�ϕ− 3

4ϕ∇ρϕ∇
ρϕ
)
gµν

]
=

=c−1

[(
ρ+ p

f ′(R)
+

c

ϕ

(
∇00ϕ− 3

2ϕ∇0ϕ∇0ϕ
))

uµuν +

(
p

f ′(R)
− c

2κ

f ′(R)R− f(R)

f ′(R)
− c

ϕ

(
�ϕ− 3

4ϕ∇ρϕ∇
ρϕ
))

gµν

] (7.4.9)
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which is again a perfect fluid stress tensor, provided that one defines a new density and pressure as

p̂ =
p

f ′(R)
− c

2κ

f ′(R)R− f(R)

f ′(R)
− c

ϕ

(
�ϕ− 3

4ϕ∇ρϕ∇
ρϕ
)

ρ̂+ p̂ =
ρ+ p

f ′(R)
+

c

ϕ

(
∇00ϕ− 3

2ϕ∇0ϕ∇0ϕ
)

(7.4.10)

Once the cosmological principle has been required, the equation of motion for the theory can be recast as Einstein equations G̃µν = κT̃µν for the metric

g̃µν and the energy-momentum stress tensor T̃µν (check (6.2.14)). These imply Friedman equations for (ã, ρ̃, p̃). Also g obeys Einstein-like equations

(see (6.2.17)) for the energy-momentum stress tensor T̂µν , hence implying Friedman equations for (a, ρ̂, p̂).

The last item we need for a cosmological model is the EoS. This time the form of EoS is not preserved in any way from Weyl conformal transformations

and, accordingly, the dynamics in different Weyl conformal frames have different EoS. In particular, if we assume an EoS p = p(ρ) for Tµν then one

can compute out of (ρ, p) both (ρ̃(ρ, p), p̃(ρ, p)) and (ρ̂(ρ, p), p̂(ρ, p)).

In the original Weyl frame the EoS p = p(ρ) is equivalent to fix ρ(a) and then define p(a) = p(ρ(a)) = � �ρ+ 1
3ρ
′a
�
. Then one can define

ρ̃(a) = ρ̃(ρ(a), p(a)) p̃(a) = p̃(ρ(a), p(a)) (7.4.11)

which can be regarded as a parametric form for the EoS for the stress tensor T̃µν .

Analogously, one can define

ρ̂(a) = ρ̂(ρ(a), p(a)) p̂(a) = p̂(ρ(a), p(a)) (7.4.12)

which can be regarded as a parametric form for the EoS for the stress tensor T̂µν .

In both cases, one can think, at least locally, of eliminating the parameter a and write the EoS in the form p̃ = p̃(ρ̃) and p̂ = p̂(ρ̂). However, these

usually are not one-to-one, they can be solved in a number of local branches only. Accordingly, it is better to consider EoS in parametric form and learn

to live with that. Let us also notice, that any simple EoS for (ρ, p) produces an exact EoS for (ρ̃, p̃) as well as for (ρ̂, p̂), which, though complicated,

are exact. Further approximating them, especially in view of the non-canonical form of expansions along barotropic perfect fluid mixtures, is definitely

not a good idea.

Thus one has to learn to live with complicated EoS and find technical guidelines to solve the Friedmann equation with the less possible effort. Let

us stress that by solving these cosmological models we mean being able to give a representation of all relevant quantities in each Weyl frame and the

conformal factor to pass from one frame to the other. After all, in view of the dynamical equivalences proven among different Weyl conformal frames,

solving the model in one Weyl frame is equivalent to solve it in each other Weyl frame. The good news is that, since we go for solving in all Weyl

conformal frames, we do not need previously to discuss which frames have what physical meaning. We can first learn to solve a model and later discuss

about the relation of theoretical quantities with observational quantities.

Let us first analyse some simple, the first non-trivial, examples of Palatini f(R)-cosmology. In next Section we shall discuss a more complicated

example.

Example: f(R) = R� ε
2R2 , ( ε > 0)
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Let us consider the cosmological model from a Palatini f(R)-theory endowed by the choice f(R) = R� ε
2R2. This theory should be supported by a

description of matter, that eventually will be described by the energy-momentum stress tensor Tµν and hence by (ρ, p) and their EoS.

Notice that [ε] = L2. Notice also that we can define the Planck area AP := h̄Gc−3 = 2.612 · 10−70 m2 (with [AP ] = L2). Then we can set

ε = ε̂AP [ε̂] = 1 (7.4.13)

Since the energy-momentum stress tensor Tµν is a perfect fluid stress tensor, its trace is

T = c−1(�ρ� p+ 4p) = c−1(3p� ρ) (7.4.14)

Let us mention that since both (ρ, p) are eventually function of time t only, then the matter trace T is a function of time t only, as well.

For the selected function f(R), the master equation reads as

(1� εR)R� 2(R� ε
2R2) = �R = κT = κc−1(3p� ρ) ) R = κc−1(ρ� 3p) (7.4.15)

The reason why this model is particularly easy to discuss is exactly that the master equation can be easily solved for the curvature R to determine it as a function of

the matter content. The curvature, as well as all functions of it, in particular the conformal factor ϕ = f ′(R), is again a function of time t only.

Part of the motivation for this example is showing that, even if one assumes the EoS for (ρ, p) to be extremely simple, the EoS for (ρ̃, p̃) is relatively

non-trivial—also in this simple case. So, let us assume a simple dust EoS, namely p = 0. That corresponds to a density function ρ(a) = ρ0a
−3.

Then we can replace this in the curvature R = κc−1ρ and that into the definition of the conformal factor

ϕ̃(ρ) =
1� κc−1ερ

1� κc−1ερ0
= 1 +

ε̂ (ρ0 � ρ)
c4

8πh̄G2 � ε̂ρ0

(7.4.16)

which shows as the conformal factor will eventually be a function of time t only. Notice that today we have ϕ̃(ρ0) = 1.

We can assume (safely?) that

ε <
1

κc−1ρ0
' 1036 m2 [κc−1] = M−1L−1T 2 ([κc−1ερ] = 1) (⇒ ε̂ < 10106) (7.4.17)

In that case, one has ϕ̃(ρ) > 0 iff

ρ <
1

κc−1ε
(7.4.18)

which is certainly ok if ρ < ρ0 (i.e. probably in the future), while it may be violated in past, dense, universes. (Of course, “past universes” refers to spatial leaves, the

“universe” being a four dimensional spacetime.)

If at any time during the evolution of the universe we get ρ ≥ (κc−1ε)−1, then we have to redefine the conformal factor to be

ϕ̃ =
κc−1ερ− 1

1− κc−1ερ0
(7.4.19)

which will be still positive for big densities.
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Of course, a mess might happen when ρ ∼ (κc−1ε)−1, which by now we ignore and start find solutions at small and big densities.

Thus let us first consider the case

ε <
1

κc−1ρ0
and ρ <

1

κc−1ε

 
) a >

�
ρ0κc−1ε

�1
3

=: a∗ > 0

!
(7.4.20)

(which is reasonable today unless ε ' 1036 m2) and see whether, during the evolution of this universe, we manage to get into trouble, anyway.

Fig 7.6: Conformal factor ϕ̃(a)

We can also express a∗ in terms of ε̂ as

a∗ =
(
ρ0κc−1ε

) 1
3 =

(
ρ0

8πh̄G2ε̂

c4

) 1
3

' 6.91 · 10−33 · 3
√
ε̂ (7.4.21)

Again, unless we consider quite a drastic modification of standard GR (with ε̂ ' 3 · 1096) one can assume a∗ � 1. On the other

hand, if we wish to go for ε̂ ' 3 · 1096 we should check that it does not contradict observations, classical tests in particular.

Here we shall assume a∗ � 1 and draw graphs for a∗ = 10−4 and ρ0 = 10−2 and no spatial curvature k = 0. That corresponds

to ε = 4.77 · 1032 m2, which is quite irrealistic, though it produced decent graphs. Since we are assuming today density ρ0 and

spatial curvature k = 0, the Hubble parameter today H0 will not match the observations, which anyway is not the purpose of

this example.

Under these assumptions, the conformal factor is given by (7.4.16) and, when we need, we can write the conformal

factor as a function of a as (see Fig. 7.6)

ϕ̃(a) =
1� κc−1ερ

1� κc−1ερ0
=

a3 � a3
∗

(1� a3∗)a3 (7.4.22)

and it stays positive as long as a > a∗ stays satisfied. Of course, this expression for ϕ̃(a) depends on the EoS we chose.

The scale factor ã for the metric g̃ can be obtained as function of a as well, namely

ã(a) = a

s
a3 � a3∗

(1� a3∗)a3 (7.4.23)

and one has ã(1) = 1, i.e. the normalisation of the scale factor is preserved (see Fig. 7.7). That also implicitly defines a = a(ã).

We can also compute the effective density and pressure (ρ̃, p̃) to be

ρ̃(ρ) =
4� εκc−1ρ

4(1� κc−1ερ)2 (1� κc−1ερ0)ρ p̃(ρ) =
εκc−1ρ

4(1� κc−1ερ)2 (1� κc−1ερ0)ρ (7.4.24)
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Fig 7.7: Scale factor ã(a)

We can start to specify equation (7.4.7), to the EoS p = 0

ρ̃ =
ρ

f ′(R)ϕ̃
+

1

2κc−1

f ′(R)R− f(R)

f ′(R)ϕ̃
p̃ = − 1

2κc−1

f ′(R)R− f(R)

f ′(R)ϕ̃
(7.4.25)

to the function f(R) = R− ε
2R

2

ρ̃ =
4κc−1ρ− εR2

4κc−1(1− εR)ϕ̃
=

4a3 − a3
∗

4(a3 − a3
∗)ϕ̃

ρ0

a3
p̃ =

εR2

4κc−1(1− εR)ϕ̃
=

a3
∗

4(a3 − a3
∗)ϕ̃

ρ0

a3
(7.4.26)

and, finally, to the conformal factor (7.4.22)

ρ̃ =
4− εκc−1ρ

4(1− κc−1ερ)2
(1− κc−1ερ0)ρ p̃ =

εκc−1ρ2

4(1− κc−1ερ)2
(1− κc−1ερ0) (7.4.27)

Notice that, even if the EoS for (ρ, p) is for pure dust, in (ρ̃, p̃) is not simply dust (p̃ 6= 0). Let us also remark that

the EoS for (ρ̃, p̃) is not that of a barotropic perfect fluid (p̃ 6= wρ̃), with a constant parameter w.

Fig 7.8: Effective EoS p̃(ρ̃)

The EoS for (ρ̃, p̃) is obtained in parametric form by expanding ρ = ρ0a
−3.

ρ̃(a) =
4a3 � a3

∗
4(a3 � a3∗)2 (1� a3

∗)ρ0 p̃(a) =
a3
∗

4(a3 � a3∗)2 (1� a3
∗)ρ0 (7.4.28)

Hence we can plot the effective EoS.

This EoS is good news. As we go back along the universe history, the scale factor becomes smaller. Today we are on the red

branch and going back corresponds to move along the red branch towards infinity, which is reached at a = a∗. After that, if the

scale factor further reduces, we go on the blue branch (at infinity and we go along it to the finite endpoint which is reached for

a = 0). Accordingly, as we go through a = a∗ we should feel a strong negative pressure, which should prevent the scale factor to

further contract and a∗ might appear as a minimal scale factor at which the universe bounce back.

This is not a proof, it is just a story telling. One should prove it by analysing Friedmann equation.

We can now write down the Friedmann equation for ã as

˙̃a
2

=
κc

3
ρ̃(a)ã2(a)� c2k = Φ̃(ã(a)) (7.4.29)

where the dot on ã denotes the derivative with respect to t̃. This is quite difficult to obtain analytically (since it requires the function a(ã) which

should be obtained by solving ã = ã(a) given by the definition (7.4.23) of the transformed scale factor).
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Fig 7.9: The Weierstrass function Φ(a)

It is, instead, easier to go for writing that equation directly for a as

dã

dt̃
=
dã

da

da

dt

dt

dt̃
)
�
da

dt

�2

=

�
dt̃

dt

�2�
dã

da

�−2

Φ̃(ã) =: Φ(a) (7.4.30)

Since we know that dt̃ =
p
ϕ̃dt and ã(a) is given by (7.4.23), for spatially flat solutions, i.e. with k = 0, one has

Φ(a) := ϕ̃(a)

�
dã

da

�−2

Φ̃(ρ̃(a)) =
κc

3
ϕ̃(a)

�
dã

da

�−2

ρ̃(a)ã2(a) =
κc

3

(4a3 � a3
∗)(a

3 � a3
∗)

(2a3 + a3∗)2a
ρ0 (7.4.31)

Thus the Friedmann equation can be recast as a (different) Weierstrass equation, namely

ȧ2 =
κc

3

(4a3 � a3
∗)(a

3 � a3
∗)

(2a3 + a3∗)2a
ρ0 = Φ(a) (7.4.32)

By inspecting the graph of the Weierstrass function Φ(a), we see that there are two allowed regions: one as
�

0, aM = a∗
41/3

i
and one as [a∗,+1).

The first region corresponds to a universe which expands to a maximal scale factor a = aM and then re-collapses to a = 0. The second is an

ever-expanding universe which comes from a contracting universe which contracts to the scale a = am and then bounces back to a! +1.

One can compute the time needed to re-collapse in the first region as

T =

Z am

0

dap
Φ(a)

' 8.95 � 107 s = 2.83 y (7.4.33)

which is finite, anyway.

Fig 7.10: The evolution of the scale factor a(t)

If the initial condition is on the red branch, then we have a bouncing universe, which stays on the red branch. The age of

the universe today is

TU =

Z 1

a∗

dap
Φ(a)

' 8.43 � 1013 s = 2.67 � 106 y (7.4.34)

which is, of course, too short though we remark that we are in fact discussing a model in which a∗ = 10−4 and ρ0 = 10−2

which are both quite untenable.

Let us focus on the red branch; the time can be obtained as

t(a) = t0 +

Z a

a0=1

dap
Φ(a)

(7.4.35)

and this time we set today t0 = TU , so that the bouncing is at t = 0.

Since now we have time t(a) we can draw a(t) (see Fig.7.10), then we have ρ(t) = ρ(a(t)), ϕ̃(t) = ϕ̃(a(t)), ρ̃(t), p̃(t).
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Fig. 7.11: a) The evolution of density ρ(t) b)The evolution of the conformal factor ϕ̃(t) c) Evolution of effective density and pressure ρ̃(t),

p̃(t)

Then we can compute the conformal time as

t̃(a) = t̃0 +

Z t

t0

p
ϕ̃(a(t))dt = t̃0 +

Z a

a∗

p
ϕ̃(a(t))

dt

da
da =

Z a

a∗

s
ϕ̃(a)

Φ(a)
da (7.4.36)

where we set t̃0 = 0 at the bounce. That can be integrated and it allows us to draw the evolution of all quantities in terms of t̃. For example we can

draw t̃(t), ã(̃t), as well as ρ̃(̃t) and p̃(̃t).

Fig. 7.12: a) The time transformation t̃(t) b)The evolution of the scale factor ã(t̃) c) Evolution of effective density and pressure ρ̃(t̃), p̃(t̃)

Possibly check that Friedmann equation for a starting from (ρ̂, p̂).
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As a matter of fact, we can obtain a parametric representation of basically anything in the model. Now parametric representations are not too bad;

one can compute exactly a lot of details and draw anything in the model. In return, we obtained that without a single function inversion, so that is

the template of solution for less trivial cases.

Example: f(R) = R� ε
2R2 , ( ε < 0)

In the previous Subsection we discussed the model f(R) = R � ε
2R2 for a positive ε. Here we want to consider the same model for ε < 0. Let us

introduce the parameter ς = �ε > 0 and repeat the computation above.

Let us consider the cosmological model from a Palatini f(R)-theory endowed by the choice f(R) = R + ς
2R2. The master equation still reads as

(7.4.15), we still choose dust EoS for (ρ, p), i.e. a density function ρ(a) = ρ0a
−3, and the curvature is still given by R = κc−1ρ.

Fig 7.13: Conformal factor ϕ̃(a)

Of course, now we have

1 + κc−1ςρ0 > 0 and 1 + κc−1ςρ > 0 (7.4.37)

whenever ρ > 0 > � 1
κc−1ς

, which is always the case for a > 0. The conformal factor is then always given by

ϕ̃ =
1 + κc−1ςρ

1 + κc−1ςρ0
=

a3 + a3
◦

(1 + a3◦)a3 (7.4.38)

where we set a3
◦ := κc−1ςρ0 = �a3

∗ ([a◦] = 1) and which is today ϕ̃(ρ0) = 1.

Here we shall assume a◦ � 1 and draw graphs for a◦ = 10−4 and ρ0 = 10−2 and no spatial curvature k = 0. That corresponds

again to ς = 4.77 · 1032 m2.

The scale factor ã for the metric g̃ can be obtained as function of a as well, namely

ã(a) = a

s
a3 + a3◦

(1 + a3◦)a3 (7.4.39)

and one has ã(1) = 1, i.e. the normalisation of the scale factor is preserved (see Fig. 7.7). That also implicitly defines

a = a(ã).

We can also compute the effective density and pressure (ρ̃, p̃) to be

ρ̃(a) =
4a3 + a3

◦
4(a3 + a3◦)2 (1 + a3

◦)ρ0 p̃(a) = � a3
◦

4(a3 + a3◦)2 (1 + a3
◦)ρ0 (7.4.40)

Hence we can plot the effective EoS.

Analysing equation (7.4.39), it has no vertical asymptotes (it has one in a = 0) and the conformal factor is always positive for a > 0 (it changes sign at a = −a◦ = a∗

as in the previous case).
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However, we still have a relevant value for the scale factor; at a = am = 2−1/3 a◦ the value of ã branches, i.e. it has a minimum as a function of a and if one wants to

solve for a = a(ã) that has to be done twice, one in the interval (0, am) (blue) and one in the interval (am,+∞) (red).

All graph in this Subsection will be drawn accordingly. The branching point a = am in this case (ε < 0) plays pretty much the same role that a = a∗ played in the case

ε > 0; in fact, there a = a∗ was also the branching point fo the equation ã = (̃a), though there it was, due to the change of sign in the conformal factor, while here it is

simply the minimum of the function.

Fig 7.14: a) Scale factor ã(a) b) Effective EoS p̃(ρ̃) c) The Weierstrass function Φ(a)

We can now write down the Friedmann equation for ã as

˙̃a
2

=
κc

3
ρ̃(a)ã2(a)� c2k = Φ̃(ã(a)) (7.4.41)

where the dot on ã denotes the derivative with respect to t̃. The corresponding Friedmann equation of a is�
da

dt

�2

=

�
dt̃

dt

�2�
dã

da

�−2

Φ̃(ã) =: Φ(a) (7.4.42)

Since we know that dt̃ =
p
ϕ̃dt and ã(a) is given by (7.4.39), for spatially flat solutions, i.e. with k = 0, one has

Φ(a) := ϕ̃(a)

�
dã

da

�−2

Φ̃(ρ̃(a)) =
κc

3
ϕ̃(a)

�
dã

da

�−2

ρ̃(a)ã2(a) =
κc

3

(4a3 + a3
◦)(a

3 + a3
◦)

(2a3 � a3◦)2a
ρ0 (7.4.43)

Thus the Friedmann equation can be recast as a (different) Weierstrass equation, namely

ȧ2 =
κc

3

(4a3 + a3
◦)(a

3 + a3
◦)

(2a3 � a3◦)2a
ρ0 = Φ(a) (7.4.44)

which, in fact, agrees with the case ε > 0, sending a∗ = �a◦,
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Fig. 7.15: The evolution of the scale factor a(t)

By inspecting the graph of the Weierstrass function Φ(a), we see that there is one allowed region, namely (0,+1).

The universe is now ever-expanding and one can draw the scale factor a(t), as shown in Fig. 7.15, from

t(a) = t0 +

Z a

a0=1

dap
Φ(a)

(7.4.45)

and this time we set today t0 = 0, when a = 0 (which we should not, since it is a singular value).

This corresponds to as universe expanding form a = 0, the universe expands to the value a = am where the expansion

becomes singular (ȧ becoming infinite for a moment) and after that it expands more or less as in the standard Big Bang.

Let us stress how the evolution, in this case, is different from the standard one (because of the blue region which is not

there in the standard case) and from the case ε > 0, in which the universe comes from a bounce, not from a singularity.

Since now we have time t(a) we can draw a(t) (see Fig. 7.15), and then we have a parametric representation of the functions

ρ(t) = ρ(a(t)), ϕ̃(t) = ϕ̃(a(t)), as well as of the effective density and pressure ρ̃(t) (solid line), p̃(t) (dash line).

Fig. 7.16: a) The evolution of density ρ(t) b)The evolution of the conformal factor ϕ̃(t) c) Evolution of effective density and pressure ρ̃(t), p̃(t)

Then we can compute the time coordinate in the Einstein frame as

t̃(a) = t̃0 +

Z t

t0

p
ϕ̃(a(t))dt = t̃0 +

Z a

a∗

p
ϕ̃(a(t))

dt

da
da =

Z a

a∗

s
ϕ̃(a)

Φ(a)
da (7.4.46)

where we set t̃0 = 0 at the bounce. That can be integrated and it allows us to draw the evolution of all quantities in terms of t̃. For example we can

draw t̃(t), ã(̃t), as well as ρ̃(̃t) and p̃(̃t).
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Fig. 7.17: a) The time transformation t̃(t) b)The evolution of the scale factor ã(t̃)

Let us stress that the same system can be described in terms of a(t), or ã(̃t). In the first case, the universe has a beginning at t0 = 0 (see Fig. 7.15)

while, in the second case, the same universe has no beginning in the time t̃ (see Fig. 7.17.b).

Fig. 7.18: a) Evolution of effective density ρ̃(t̃) b) Evolution of effective pressure p̃(t̃)

That is similar to what happens in black holes when the same in-falling particle will fall forever for an observer at spatial infinity (measuring time

with its clock which is far away from the gravitational source) while it falls in for a finite time for a clock co-moving with the falling particle. There

both clocks are identical (i.e. they are both standard with respect the same metric), while here they are in two different Weyl conformal frames, thus

we expect one of them to be related to physical clocks, the other being just an unphysical object which provides an equivalent description of the same

geometric situation. This will need to be discussed in greater details together with the correspondence between geometric and physical objects.
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By now we are satisfied to show that we are actually able to solve the systems, computing the quantities in the different Weyl conformal frames, for

whole families of models. Though here the family is pretty simple, we obtain behaviours which are significantly different for standard GR, and may

significantly vary with the family parameter.

Example: standard GR

Standard GR cosmology can be recovered from the previous example by setting ε = 0. In that case, the master equation becomes

R� 2R = T ) R = �T = ρ� 3p = ρ

where we used the EoS p = 0 for dust. The conformal factor is though ϕ = f ′(R) � 1 and cannot be solved for the curvature.

Then in this case g̃ � g (as well as ρ̃ = ρ and p̃ = p) and essentially one only has one Weyl frame. The Friedmann equation, for spatially flat solutions

k = 0, reads as

ȧ2 =
κcρ0

3a
= Φ(a) ) a(t) =

�√
3κcρ0

2 t+ 1
�2

3
(7.4.47)

This shows how the model somehow behaves smoothly with respect to the limit ε! 0 (or, equivalently, a∗ ! 0+ or a◦ ! 0+), in the sense that the

limit of the conformal factor (7.4.22) gives

lim
a∗→0

ϕ̃(a) = 1 (7.4.48)

the limit of equation (7.4.23) gives

lim
a∗→0

ã(a) = a (7.4.49)

the limit of the Weierstrass function (7.4.31) gives

lim
a∗→0

Φ(a) =
κcρ0

3a
(7.4.50)

and so on.

Thus we can show how the model is transformed by a transformation of the parameter. For example, for the conformal factor, one starts with positive

ε and gets a conformal factor as in Fig. 7.7. As the parameter ε ! 0+ the conformal factor pointwise approached the conformal factor ϕ̃ = 1 for

standard GR, though of course the convergence is not uniform. At negative values for ε the conformal factor departures from the standard GR one, to

become the one shown in Fig. 13. Again, convergence is pointwise away from a = 0 and not uniform.

This non-uniform transition accounts for standard GR to be an exceptionally degenerate member of the family of models, and the discontinuities of

the global properties of solutions.

The effective EoS is also modified, as shown in Fig. 7.19.a, going from light red, to black, to light blue, as soon as the parameter ranges from a∗ = 104,

to a∗ = 0 for standard GR, to a∗ = �0.5 � 10−4.

We can trace the variation in the same range in the changes of evolution of the scale factor (see Fig. 7.19.b) as well as of the evolution of the scale

factor a(t) (see Fig. 7.19.c).
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Fig. 7.19: Model quantities for ε = 10−4 (light red), ε = 8 · 10−5 (dark red), standard GR (ε = 0) (dash black), ε = −7 · 10−5 (dark blue), ε = −5 · 10−5 (light blue)

a) EoS for different values of ε b) The Weierstrass function Φ(a) c) The evolution of the scale factor a(t)

5. A further example: f(R) = R� α2

2 R2 � β2

3 R−1

Now we are ready to consider something more brutal, which is, at least, a good exercise to test our guidelines to solve cosmological models.

We shall focus on the Palatini f(R)-theory and its EC, for the function

f(R) = R� α2

2
R2 � β2

3

1

R (7.5.1)

We shall here consider α > 0, β < 0, and restrict to a > 0. Let us assume dust EoS for visible matter, i.e. p = 0. Accordingly, the trace of the

energy-momentum tensor is T = �c−1ρ. We shall also restrict to dimension m = 4.

We shall show graphs for κ = 1 = c, α = 1/4, β = −1/8, ρ0 = 1/4.

The master equation for this theory is

(1� α2R+ βR−2)R� 2(R� α2

2 R2 � β2

3 R−1) = R� α2R2 + β2

3 R−1 � 2R+ α2R2 + 2β
2

3 R−1 = κT ) R� β2R−1 = κc−1ρ (7.5.2)

which can be solved for the curvature

R±(ρ) = κc−1

2

�
ρ�

p
ρ2 + 4β2

�
(7.5.3)

Of course, the master equation is not invertible, so that it can be solved only locally, and, because of that, one has two values of the curvature

R = R±(ρ) for any value of density ρ, depending on the branch one chooses to invert.
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These two branches correspond to a positive (R 2 [κc−1jβj,+1)) or a negative (R 2 [�κc−1jβj, 0)) curvature. On each of these two branches, we

can compute the quantity f ′(R) = 1� α2R+ βR−2 as a function of the density ρ and eventually as a function of the scalar factor a:

(
ϕ+(ρ) = f ′ (R+(ρ))

ϕ−(ρ) = f ′ (R−(ρ))

�
R 2 [κc−1jβj,+1)

�
�
R 2 [�κc−1jβj, 0)

� (7.5.4)

For later convenience, it is interesting to find the further branching points at which f ′(R) = 0.

In the interval R ∈ [κc−1|β|,+∞), there is one zero, at R = Rv, where

Rv =
3
√

∆

6α2
+

2

3α2 3
√

∆
+

1

3α2
(7.5.5)

and where we set ∆ := 4
(

2 + 9α4β2 + 3α2β
√

4 + 9α4β2
)

. That corresponds to values of the density ρ = ρv and of the scale factor a = av, namely

ρv :=
R2
v − β2

κc−1Rv
av :=

(
κc−1ρ0Rv
R2
v − β2

)1/3

(7.5.6)

respectively.

In the other interval R ∈ [−κc−1|β|, 0) there is no zero for f ′(R).

Fig. 7.20: The conformal factor ϕ̃(a)

Hence, when defining the conformal factor, we have to distinguish three different branches:

B1: the red branch, on which one has a 2 (0, av), or ρ 2 (ρv,+1), and R+(ρ) 2 (κc−1jβj,Rv).
The quantity f ′(R+(ρ)) is negative, so that one defines ϕ(B1)(ρ) = �f ′(R+(ρ)).

B2: the blue branch, on which one has a 2 (av,+1), or ρ 2 (0, ρv), and R+(ρ) 2 (Rv,+1).

The quantity f ′(R+(ρ)) is positive, so that one defines ϕ(B2)(ρ) = f ′(R+(ρ)).

B3: the green branch, on which a 2 (0,+1), or ρ 2 (0,+1), and R−(ρ) 2 (�κc−1jβj, 0).

The quantity f ′(R−(ρ)) is positive, so that one defines ϕ(B3)(ρ) = f ′(R−(ρ)).

Let us assume today we have a positive curvature R, i.e. we currently are on the blue or red branch. Then we define the normalised conformal factor

(so that ϕ̃(ρ0) = 1) which is defined as

ϕ̃(ρ) =

8>>>>>>><
>>>>>>>:

� f ′ (R+(ρ))

f ′ (R+(ρ0))

f ′ (R+(ρ))

f ′ (R+(ρ0))

f ′ (R−(ρ))

f ′ (R+(ρ0))

ρ 2 (ρv,+1) on red branch B1, R > 0

ρ 2 (0, ρv) on blue branch B3, R > 0

ρ 2 (0,+1) on green branch B3, R < 0

(7.5.7)
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Next step is considering effective density and pressure. We can start from equation (7.4.25) and specialise to the function f(R)

ρ̃ =
R

4κc−1

12κc−1ρR� 3α2R3 + 4β2

(3R2 � 3α2R3 + β2)ϕ̃
p̃ =

R
4κc−1

3α2R3 � 4β2

(3R2 � 3α2R3 + β2)ϕ̃
(7.5.8)

in which we should substitute R = R±(ρ), the conformal factor (7.5.7), and the density function ρ = ρ(a), thus obtaining the effective density and

pressure as functions of a.

This is a parameterised form for the effective EoS, see Fig. 7.21.

Fig. 7.21: a) Effective EoS b) Zoom of EoS at the origin.

Notice that effective EoS is getting more and more strange. Also notice that as the parameters (α, β) of the theory go to zero, the effective EoS approaches the standard

one, i.e. p = 0.

Also notice that, as the density becomes small on the blue branch, the pressure eventually becomes negative, which should indicate a late acceleration of the expansion.

As in the previous case, we can compute the Weierstrass function Φ(a); see Fig. 7.22.a. We already assumed to be on the red/blue branch, and, since

today a0 = 1, it means that, for the value of κc−1ρ0 = 1/4 that we are using for graphs, we are on the blue branch. If our universe were contracting

today, it will go on contracting until it reaches a = av, where the blue branch finish and the Weierstrass function has a (simple) zero, and it would

then bounce back. Then it would expand, going through a decelerating phase, and then, when the negative pressure kicks in, it would start a late

accelerating phase. Then it expands forever.

In this case, we can also compute the integral for t(a) numerically, see Fig. 7.22.b. However, it is time to realise that we should not. There are many

features of the function a(t) that can be inferred using the Friedmann equation instead of going through a solution.

For example, by differentiating the Friedmann equation we obtain

2ȧä = Φ′(a)ȧ ) ä = 1
2Φ′(a) (7.5.9)
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Accordingly, the expansion is accelerated iff the Weirstrass function is growing. Hence by comparing with the graph of the Weierstrass function,

Fig. 7.22.a, we see that starting from the minimal scale factor a = av, the universe at first accelerates, then it goes through a deceleration phase and

then, at about a = 1.3, it starts accelerating again.

Fig. 7.22: a) Weierstrass function Φ(a) b) The evolution of the scale factor a(t)

Fig 7.23: the scale factor ã(a).

This kind of qualitative analysis is very convenient, since it can be turned into analytic considerations, which

are general with respect to the model parameters. For example, if we want to define a late acceleration, we can

check for the first derivative of Φ(a) at infinity, i.e. replace a = u−1, expand in Maclaurin series around u = 0,

and replace back u = a−1. One obtains

Φ(a) ' jβj
6
a� ρ0

6a2 +
9(3α2jβj+ 2)kρ0

2jβj(3α2jβj � 4)a4 �
(369α4β2 � 660α2jβj � 100)ρ2

0

48jβj(3α2jβj � 4)2a5 + . . . (7.5.10)

This is extremely convenient. It shows that the late acceleration remembers the parameter β (only β, not α)

and vanishes for standard GR. Before reaching a = +1, the value of the acceleration has corrections from the

other terms which are small though not zero, which in principle remember the parameters of the model (this

time both α and β). Thus if the acceleration ä will turn out to be observable, that will allow us to measure the

parameters α and β by measuring corrections to the constant acceleration which is reached to infinity.

Well, of course, we cannot observe the acceleration at t = +∞, since we live today; what we mean is that, if we live in the accelerated phase for long enough, if we

are able to observe the acceleration evolution over a long enough interval, if we know we are leaving in such a model family, if our observations are precise enough to

precisely fit the expansion parameters, then, at least in principle, we are able to observe the model parameters.

By using the conformal factor ϕ̃ and the scale factor, we can compute the effective scale factor as a function of a, see Fig. 7.23.

We see that as the scale factor a reaches its minimal value a = av at the bounce, the corresponding effective scale factor reaches ã(av) = 0 and the

conformal metric g̃ becomes singular. The singularity of g̃ is entirely due to the vanishing of the conformal factor at a = av. And the dynamics of the

conformal factor is entirely dependent on the dynamics of the scale factor a.
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This is a somehow strange situation: we have two metrics, which are dynamically equivalent, one becomes singular the other stays regular. That

suggests that the dynamics can be solved and continuously prolonged beyond the singularity and, at most, one should check if the free falling of a test

particle can be prolonged by continuity as well.

References

add
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Part II debrief

.Next SectionIf, in Part I, we discussed what is a relativistic theory, in Part II we defined gravitational field as the dynamical geometries on spacetime and we

discussed dynamics for them.

Of course, our discussion has been not exhaustive. There are infinitely many alternatives which we did not consider. We, instead, started from

Ehlers–Pirani–Schild (EPS) axiomatic approach to gravitational field and took inspiration from it to define Extended Theories of Gravitation (ETG).

ETG are particular theories which implements EPS on shell, in particular with a metric which encodes lengths and the causal structure of spacetime

and a connection which describes free falling of particles. Then we specialised to integrable ETG (iETG) which have a connection which is metric on

shell.

Finally, we further specialised to Palatini f(R)-theories, in which dynamics is proportional to a scalar function f(R) of the curvature R = gµνR̃µν(Γ̃),

and f(R)-cosmologies which derive from them. We learnt how to solve these models, we discussed dynamical equivalence among them and with

different theories.

Palatini f(R)-theories are not the most generic ETG, and ETG are not the most general theories which implement EPS. However, they are a wide

class which may be of interest. They might eventually produce a sound theory of gravity for applications, though mainly, at least, they provide a more

general framework to discuss the relation between geometry and physical observables, as well as a wider setting for (classical and new) tests.

We missed the target to discuss in general ETG. We know for example that there are metric-affine theories which are ETG and other that are not.

There is no satisfactory characterisation of ETG out of the family of Palatini f(R)-theories.

EPS framework, which is central for us, is itself just an axiomatic setting. One can consider to modify part or all the axioms. For example, few (if not

none) of the EPS axioms are expected to hold in a quantum world. Again, at least, what we did is a declaration of good practice: the correct practice

to set a fundamental description of reality is to use past knowledge as a qualitative description of what the world is like, to set up axioms which are

based and linked with physical experience, so that one knows what it means to drop each of them. For example, if you drop Axiom CS it is quite likely

that you will end up to describe a world with no past and future. If you drop Axiom CC sooner or later you’ll find particles slower that the speed of

light which cannot be further accelerated.

One way of looking at EPS is considering that, rather than allowing theories more general than standard GR, they actually constrain (in fact, quite

drastically) modifications to standard GR. If you consider a theory which does not implement EPS, it means that some of EPS axioms are violated

and you can have all sort of spurious effects (as violations of the causal structure) which eventually will appear, if your theory is taken seriously.

However, ETG as we defined them are not the most general theories fitting in EPS framework. For example, one could force EPS compatibility at

a kinematical level, rather than requiring it at a dynamical level. One can look for a theory in which the fundamental fields are a Lorentzian metric

g and a 1-form �, and eventually define a compatible connection Γ̃ out of them to describe free fall. That would be strange for many reasons (for

example, quantum fluctuations would preserve EPS compatibility, or, as far as I can see, there is no real reason to prefer � as a fundamental field over

Γ̃ which, at least, has a clear, quite direct, physical interpretation of describing free fall of test particles); still it is a viable possibility to explore.

We made a choice, and explored that direction, forgetting other interesting possibilities. As a further example, consider that EPS points to a conformal

class rather than to a metric. Accordingly, one could have gone for a dynamics which is covariant with respect to Weyl transformations, which as

such, in view of the hole argument, would have a Lorentzian conformal structure as a solution rather than a specific representative of it. Again, that

is a mathematically well-defined option and, at least as such, it would be interesting to be explored in details. However, we know in advance that in
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such a theory distances and time lapses would not be observable, always in view of the hole argument. If you want to account for a meaning when

cosmologists say that the universe is 14BY old, or astronomers say that the Moon is about 3.8 � 108 m away from the Earth, that will not be a good

setting.

Since one could say that the distance if the Moon is about 20 times the length of a meridian on the Earth, instead of saying it is about 3.8 · 108 m away, honestly it is

not clear to me if distances are really needed in physics, thus I cannot exclude conformal invariant theories should be the direction to go.

Again, we made our choice, we made it clear, and we kept stuck to that. That is part of the good practice to follow in setting up a model of reality.

After all, it is amazing to see how far one can go using only what a relativistic theory can offer.

In this second Part of the book, we discussed dynamics for geometries on spacetime. We did not get fond of a specific interpretation of the objects

involved in such models. We somehow kept as a back-thought EPS formalism, so that the metric has been repeatedly said to represent lengths and

the connection to describe free fall, though we did not specified how such structures are related to what we measure in astrophysical and cosmological

surveys. We shall do that in Part III.

If what we had said until now is quite independent of the interpretation, what follows in Part III is totally, strictly dependent on it. Again,

in dynamics there is nothing that could indicate the meaning of objects, at most one could have information about which objects are potentially

observables (excluding the ones which are not determined by the field equations, in view of the hole argument).

Sooner or later, one needs to start setting a connection with physics by saying how to measure some of them. The EPS framework also provides us

with some guidelines. The metric g is there built with clocks and light rays, the connection Γ̃ is built with freely falling particles. Hence, test particles

(light rays, respectively) are to be identified with g-time like (g-light like) Γ̃-geodesics and one should be able to rebuild many information about the

metric and the connection in terms of thought experiments with test particles.

Introducing test particles is a relativistic field theory, is not easy. Physically, being test means that one way or the other the back-reaction of test particle on the

gravitational field is neglected. On the other hand, relativistic fields are in interaction by the very definition of relativistic theory; no non-dynamical field is allowed,

each field in the theory obeys its field equations, which generally depend on all the other fields.

Forcing no back-reaction is the same as dumping some of these interactions. If you do, there is no way in which back-reaction can be forced to exactly vanish. Thus by

neglecting it, one usually means it to be sufficiently small to be ignored; not that it is not there, just that we ignore it. Also this position is not quite sound: if we add

a pointwise particle in Minkowski spacetime, it will become Schwarzschild, no matter how small its mass is. And a Schwarzschild metric is approximately Minkowski

only when one is kept few Schwarzschild radiuses away from the mass. If the mass of the particle is small, the region where the Schwarzschild metric is significantly

different from Minkowski metric become smaller, though there is always a portion in spacetime in which the curvature grows ( in fact to become singular) so that there

the spacetime is definitively not approximately Minkowski.

Thus by negligible we mean that we keep out of the region where the approximation fails. Which sometimes is what one needs, though we have to accept that this is

not for anywhere and not forever.

Often, test particle are derived as an eikonal approximation of matter field equations. This is sometimes ok, however one should keep in mind two things: first, the

gravitational field is not a linear field, Einstein equations are not linear equations, so we do not much in general about how perturbations affect a solutions. Again, it

is fine in a small region of spacetime, but if you want to follow the worldline of a particle for 10BY, one at least should investigate how well the eikonal approximation

is maintained at that scale.

Second, eikonal approximation does not account for what in practice people call a test particle. It may be that, in general, a particle can be described as propagation

of a small perturbation of a reference metric, that one can control that it remains a small perturbation or for how long it does. Even in this case that is not what

people call a test particle!
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Often one does consider test particles on solutions which have a non-trivial group of isometries. That is essentially ubiquitous, since any known exact solution has

isometries. When one has a spacetime with isometries (for example, a spatially spherically symmetric solution, as Schwarzschild is) what is a small deformation? Has

the deformation to preserve the isometry group or can it break it down? That is equivalent to ask whether the Killing vectors of the reference metric are still Killing

vectors of the perturbed metric.

If the answer is yes, then a particle cannot break the isometry group, the perturbed metric is also spatially spherically symmetric, and a particle cannot be at a point

along an orbit. Planets do have a position, if they are represented as perturbations they do break rotational invariance. Hence they are not test particles in this sense.

Or the answer is no, then test particles can be eikonal approximations of matter fields, though not of the matter fields we assumed in our symmetric model. If the

metric on spacetime is spherically symmetric, then matter fields are as well. And, if they are, their eikonal approximation is spherically symmetric as well.

In both cases, when one considers a test particle in a Schwarzschild metric, there is no (known) way to obtain it from the dynamics of the model. At the very least,

one should think of a different matter field, which has been neglected in the action, which couples with the metric producing small deformations, which are propagated

in the full theory (i.e. the one with no symmetry) and remain small deformations of the symmetric metric.

Nothing of this is really under our control. Thus we have to accept that, at least in practice, test particles are something added to the, not something calculated out

of, the dynamics.

Since test particles are, in view of EPS, geodetics of the connection Γ̃, we can get a lot of geometric information about the geometry by studying

worldlines and, potentially, that information is available to be compared with observations, once we assume the Moon, Mercury, a stone, or a galaxy

to be test particles.

In principle that is not too straight forwards, maybe it is false. A test particles is something (pointwise) which falls freely in the gravitational field, i.e. it is affected by

gravity only.

A rigid body, as a stone could be (if a rigid body made sense), is a collection of particles bound together by electromagnetic and nuclear forces, which, for some reason

we cannot completely control in details, move as a single object. Then we should show that there a way to define a point-like position for it which moves along a

geodesics, i.e. as if the non-gravitational bounding forces did not exist.

Not that this is manifestly impossible, though, in practice, there is not even agreement on how to define the center of mass of the system. That is why we assume the

stone to be a test particle, instead of proving it is. By the way, in case we need to say it, once we assume it, it works pretty well.

That is quite satisfactory from a classical viewpoint: classical fields, all of them, not only the gravitational field, are not objects to be directly

measured. Originally they are there to explain why particles move away from straight motion (and that is true for the gravitational field as well as

for the electromagnetic field). That remains appropriate even in a gravitational theory where there is no straight motion to deviate from: fields are

observed through their effects on particles (and light rays). That is pretty much the end of the interpretation in a relativistic theory until one wants

to indirectly observe fields starting from their action on particles.

However, it is not the end word in a dynamical world. Even when we are able to describe the motion of particles in a fixed classical field, we still

have to describe the field dynamics. Fields are produced by sources. If we describe the solar system, we have a source, the Sun, which produces a

gravitational field, which affects the motion of test particles, e.g. the planets. We identify planets and satellites to be test particles and, by studying

their motion, we are able to trace back the gravitational field to be a Schwarzschild metric.

Usually, one assumes a Schwarzschild metric and check that its geodesics account for the motion of planets. The EPS framework shows that observing enough test

particles the process can be reverted and one can prove that the metric is (or measure it to be) Schwarzschild.

We do not know anything, yet, about how it happens that the Sun produces the Schwarzschild metric as its gravitational field. That has nothing to

do with test particles, it has to do with Einstein equations, not with geodesic equations.
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This is not peculiar at all of the gravitational field. If we consider an electric field, it is observed through its action on charged test particles. That is described by the

Coulomb-Lorentz force.

Now, if we consider a charges wire, it generates an electric field which can be measures through its effects on test charges. However, the mechanism by which a charge

continuum generates an electric field is not controlled by Coulomb-Lorentz force, it is instead described by a different axiom, which is Biot-Savart law. It is another

axiom of the theory.

The real essential difference between gravity and electromagnetism is linearity. Being electromagnetism a linear theory, if we assume how a single infinitesimal charge

generates a electromagnetic field, then a charged continuum can be modelled as a system of charged point particles and the electromagnetic field can be defined in

terms of an integral as the “sum” of infinitesimal contributions, one from each charge point particle.

That does not work with gravity which is not linear, so we have to define the gravitational field generated by a source matter field (and that cannot come from,

or at least is not trivially the same as, a microscopic description). In a gravitational theory, that is what field equations do: give me a matter field, compute its

energy-momentum tensor, then field equations do determine the field out of it. Again, that is also what Maxwell equations do, just we argued that in gravity the

connection between sources and test particles has been compromised, partially by the non-linearity of the theory, partially by the lack of general solutions with no

symmetry.

In any event, if we wish to apply our gravitational theory to describe something, we have to declare a link between the sources of the gravitational field

and the matter field in the model. To describe the solar system we should account for how the Sun can be described as a matter field. In cosmology,

we should declare what is the link between galaxies and the density and pressure functions (ρ, p) which define the energy-momentum tensor. In an

extended cosmology, we should also declare what galaxies have to do with (ρ, p), (ρ̃, p̃), or (ρ̂, p̂) and that is another assumption which has not much

to do with the assumption about test particles.

I am not saying that I like it, I am saying that that is what we can do, what we do also in standard GR, where, although one is used to do everything with one metric,

we already argued that, in fact, there are other metrics available, if we wanted to use them.

So let us declare our choice which has been already embedded into the notation, though it will become really essential in what follows. In an ETG we

start from a set of fundamental fields (g, Γ̃, φ), g being related with lengths, time lapses, and causal structure, the connection Γ̃ being related to test

particles. The matter fields φ are called the visible matter. They allegedly account for ordinary matter. For the Sun, they account for the gas of which

the star is made, in cosmology it accounts for galaxies which made the universe.

Since gravitational field is described by Γ̃, i.e., in the case of Palatini f(R)-theories, by the conformal metric g̃, and g̃ obeys Einstein equations with

the modified energy-momentum stress tensor T̃µν , everything related to T̃µν (e.g. ρ̃ and p̃, in cosmology) is called effective matter and it is meant to

include visible, as well dark, sources.

Of course, as the choices we made in studying dynamics, this is not the only possible choice, though they are the choice we decided to study in next

Part. In standard GR, it is considered natural to link sources with visible matter, since in standard GR that is all one has since the conformal factor

is constant ϕ̃ � 1.
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Part III

General relativity
.Next Part

Asteroids do not concern me, Admiral! I want that ship, not excuses!

(The Empire strikes back), Lord Darth Vader

Life creates the Force, makes it grow. Its energy surrounds us and binds us. Luminous beings are we, not this

crude matter. You must feel the Force around you; here, between you, me, the tree, the rock, everywhere, yes.

Even between the land and the ship.

(The Empire strikes back), Master Yoda
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III. Introduction to Part III

In this Part we investigate the physical interpretation and observables in Palatini f(R)-theories in particular, as an example of more general ETG.

If we had an absolutistic attitude the issue is easily addressed. If we consider a gravitational theory as a gauge theory with general diffeomorphisms as

symmetries, then an observable should be a generally Diff(M)-invariant quantity. Thus a scalar field ψ, in order to be observable, should obey £ξψ = 0

for any infinitesimal generator of diffeomorphisms, i.e. for any vector field ξ on spacetime. Then one should have

£ξψ = ξµ∂µψ = 0 () ψ is constant

Any non-constant quantity is not an observable in the stricter gauge sense. Still we have measurements in astronomy, cosmology, everyday life which

we would like to account for. Still we say that observations corroborate a theory and rule out another one, thus we need a more general framework to

describe what we observe in a gravitational theory.

If what we observe cannot be an absolute quantity (as it happens for gauge invariant quantities in gauge theories) then it must be relative, it must

be somehow conventional and observer-dependent.

That is not too much a surprise. The original theory of relativity owes its name to the discovery that some of the quantities which were believed to be fundamental in

Newtonian physics (e.g. contemporaneity, time lapses between two events, distances among events, . . . ) are, in fact, relative to the observer, i.e., in particular, they are

not gauge observable.

Einstein acknowledged that the name theory of relativity was an unfortunate name for the theory, which claimed exactly that one could (and should) avoid to use

these quantities for the fundamental description of physical reality and should focus on quantities which are absolute, instead. Although this neat and beautiful start,

one has to admit that a gravitational theory seems to melt down during its definition. We used fields (the metric, the connection) which in view of the hole argument

have a relative value at a fixed point x ∈M , since they can be dragged around by spacetime diffeomorphisms. We assumed and used the fact that parameters along a

worldline have no direct physical meaning, though they are at the same time assumed to be the readings of clocks. We now discover that our theories have no absolute

quantities to account for any of the quantity which are measured in astrophysics, astronomy, or cosmology.

Although the dynamics of the theory is absolutely described (any observer would agree that the Sun generates a gravitational field which is approximately described

as a Schwarzschild spacetime) this is done at the price of loosing contact with physical quantities and observables.

The goal of this Part is to sew observables on properly to the geometric gravitational theories.

As a first sketch, the main idea is that, even if there are no gauge invariant quantities in a theory, still there are a lot of absolute claims that can

be formulated. That is no much difference from what we implicitly did in studying dynamics after we realised that, by using scalar fields, one cannot

account for the physics (for example, accounting for velocities, accelerations, forces, and so on). There we turned to more general fields, to tensor fields

and more general geometric objects, even though it is obvious that the components of a tensor field do depend on the observer and as such cannot be

observed as absolute physical quantities. The whole original standard GR can be regarded as a school to learn to live with that fact, i.e. to learn how

to formulate a meaningful absolute dynamical theory using fields which are relative quantities.

In that case, the answer was already there, provided by the framework of differential geometry which has been developed in the previous 50 years:

even if the components of a tensor depend on the basis, even if they are conventional objects, still claiming that two tensor objects are the same

(i.e. their difference is zero) is an absolute claim. We can still formulate absolute laws, even if we are using relative fundamental fields.
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For observables, something similar applies as well. Even we are quite short of gauge-invariant observables, if we defined conventional quantities, which

are not gauge invariant, it may be meaningful, i.e. be absolute, to claim that two such conventional quantities are equal (at a point in spacetime). For

example, if we have two scalar fields ψ1 and ψ2, they are not gauge invariant every time they are not constant, though claiming that j1
xψ1 = j1

xψ2 is a

gauge invariant statement, thus an absolute claim which is supported by the fact that one has £ξ(ψ1 � ψ2)jx = 0.

Analogously, claiming that two signals arrive at the same event (i.e. at the same space point and the same instant) is something which has an absolute

meaning and to which Einstein referred as the coincidence principle, which says that only these quantities are absolute.

Also under this viewpoint, gravity is quite different from any other field theory formulated on Minkowski. Even when one has a gauge symmetry,

there are a number of quantities which are gauge invariant, thus observables. In a relativistic theory, instead, one needs to learn to live without them,

as we learnt to live with fields the values of which are not observable themselves. Let us also stress that, in this viewpoint, relativistic theories are not

a special, ugly case of field theories defined on Minkowski spacetime. The absence of observables is not an additional bad feature of gravity. Quite

the other way around, since relativistic theories are more fundamental—not a particular case of—SR field theories. It is rather the opposite: SR

field theories are specific relativistic theories in which we pretend to have solved this issue (by inventing a conventional class of observers, the inertial

observers, and pretending that the quantities that they measure, which are still relative, are in fact absolute) and then investigating how to behave in

view of some other extra gauge symmetry which there may be there.

Because of this complication, we have an extra work to do, which in fact needs to be done once in any field theory, even in the theories in which we

are not used to do it. The idea of defining as observables the comparison of two conventional quantities is so well established that is has a name: it is

called relational approach and relational observables. The implementation is a bit awkward though quite fundamental; instead of saying that an event

is observed at a certain time, it is translated to an event is observed at the same time when a certain signal is received from a particular system which

is elected as a clock. Both the signal are received in a single event and, just because of it, it is an absolute fact on which any observer would agree.

More generally, connecting mathematical quantities to observation is a long chain of analyses to discuss what depends on which convention and how.

For this reason, we shall define observable and tests in relativistic theories and gravitational models in a number of waves, adding conventions one at

a time.

In Chapter 8 we shall discuss geodesics in a given geometry. We try to discuss them in an (integrable) Weyl frames so that our analysis will easily

apply Palatini f(R)-theory. Knowing how to compute geodesic trajectories is important, since fields in general, as well as the gravitational filed in

particular, are defined through they action on test particles. The general attitude is that the motion of test particles is observable so that any structure

which is defined in term of test particles will be observable as well. Moreover, geodesic analysis is a basis for synchronisations of clocks (discussed in

Chapter 9) as well as positioning systems, gravitational lensing, and classical tests.

In Chapter 9 we shall discuss clocks, how one can define uniform clocks (since fundamentally speaking there is no intrinsic absolute definition of what

uniform may mean before a standard is chosen). Still we usually make a choice, being it conventional or not, of atomic clocks to be a reference standard

for clocks. Once we have a clock and we are able to measure time lapses, we have synchronisations at a distance, as well as a number of definitions of

spatial distances. In each of these definitions, we need to discuss how one can reduce extended quantities to a series of measurements at a single event.

In Chapter 10, we discuss models which uses field equations. They are models in which one tests the ability of a theory of reproducing a certain

dynamics of observables.
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Then we still need to discuss in detail

classical tests

gravitational lensing

relativistic positioning system

astrophysical and cosmological observations

Bariogenesis and structure fonmation

The Novae History of a alien bootstrap theory of
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Chapter 8. Geodesics in symmetric geometries

Tra il bufalo e la locomotiva la differenza salta agli occhi:

la locomotiva ha la strada segnata

il bufalo può scartare di lato e cadere.

Questo decise la sorte del bufalo

[The difference between buffalo and locomotive is evident:

The locomotive has a predetermined path,

The buffalo can swerve to one side and fall.

That established the buffalo’s fate]

(Francesco De Gregori, Bufalo Bill)

1. Introduction

The gravitational field is identified with the geometry of spacetime. Such a geometry can be described in different ways, e.g. by an EPS-geometry

(M, g, [Γ̃]), by a Weyl geometry (M, g, Γ̃) obtained by gauge fixing the projective structure Γ̃ 2 [Γ̃], by a Weyl frame (M, g, Γ̃) obtained by selecting a

conformal representative g 2 g. Then in particular this Weyl frame can be integrable, i.e. Γ̃ = fg̃g for some (other) conformal representative g̃ 2 g, or

even a Riemannien structure (M, g), if g̃ = g.

Whatever kinematical choice our gravitational theory does to represent geometrically the gravitational field, the gravitational field, as any other

classical field, is not something which can be directly observed.

Even in Maxwell theory, one cannot observe directly an electric field. The instruments which are used to measure it, in fact, use test particles to measure it. At a

fundamental level, one cannot see fields, they are manifest (and entirely defined) by their action on test particles.

Accordingly, the gravitational field manifest itself by its action on test particles, which, as discussed in EPS framework, move along geodesic trajectories

(or, one should say autoparallel trajectories for a general connection) of the connection Γ̃. This is true if Γ̃ is a fundamental field, as it happens, e.g., in

a non-integrable Weyl frame, or even if it is not a fundamental field and it is defined in terms of other fundamental fields, as in happens in integrable

Weyl frames or Riemannian structures.

In general, for a general torsionless connection which is not metric, the geodesic equation is not Lagrangian, though it is, if the connection happens

to be metric, as it happens, e.g., in general and on shell, in Palatini f(R)-theories.

The geodesic equation is not a fundamental physical equations as field equations are. It appears in the framework as a trick we envisage to describe the motion of

macroscopic bodies. One could argue that having a non-Lagrangian geodesic equation is not a clear criterium to exclude or accept theories, and in fact we agree it is

not. However, using Lagrangian formalism is convenient. That means that we restrict to integrable ETG dynamics, e.g. to Palatini f(R)-theories. This is convenient

also for other reasons, for example to avoid that the length of parallelly transported vectors to the same event depends on the path.

We are not claiming that these are the only meaningful ETG, though we are here restricting to this case.
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Once we know that geodesic equations come from a Lagrangian, which is written in term of metric g̃ for which Γ̃ = fg̃g, then we get for free many

methods from Lagrangian mechanics which allow us to treat geodesics without ever solving the geodesic equation, often even without writing the

equation.

We already discussed that what is physically important is the geodesic trajectory, not the geodesic motion, so for us it is quite natural to assume the

Lagrangian

L =
p�g̃µνuµuνds (8.1.1)

for g-time-like (or light-like) geodesic trajectories.

Some of the computation can be obtained also by using the Lagrangian

L̂ = 1
2 g̃µνu

µuν ds (8.1.2)

which singles out geodesic motions only. If we fix s to be the arclength parameter, then solving either of the two equations is somehow equivalent, in the sense that

any solution of the Lagrangian L is obtained as a reparameterisation of a solution of the Lagrangian L̂.

However, the Lagrangian L is for us canonical, since it encodes the invariance with respect to reparameterisation and it does not need to define proper time first.

The Lagrangian L given by (8.1.1) is invariant with respect to reparameterisations, thus s is any arbitrary parameter along the worldline. Not fixing

it in the beginning by freezing it to be the proper time is a good thing, since, first, we still do not know what proper time is, and, second, in this way

we can treat together particles and light rays, on which proper time, i.e. the arclength affine parameter, is not defined.

Accordingly, we should state our golden rule for geodesics, which is

never solve the geodesic equation, always get information from the corresponding Lagrangian.

Kepler laws

Before going on, let us prove here Kepler laws in a classical Newtonian setting. This is pretty standard as a topic, though it is the template of what

we shall do it later on to (fully and exactly) account for relativistic gravity. The point here is to rely on the Lagrangian description and to pretend

that we do not know anything and let the math speak to us.

We assume a Lagrangian describing test particles in the form

L = m
2

�
ṙ2 + r2φ̇2

�
+ b

r (8.1.3)

We do not even assume a priori a specific form, or meaning, or even the sign for the model coefficient b.

We define a bounded state to be one which cannot reach r !1, i.e. a motion confined in a region r 2 (0, r+]. We define an orbital state as a solution

that is confined in a region r 2 [r−, r+] (which is not obvious, since we do not know what the coordinate r stands for, though the form of the kinetic

energy should ring a bell to us).

Then we define a (bounding) central mass, (BCM) as something we can orbit around, i.e. something that allows initial conditions which lead to orbital

states. Whatever a BCM is, it is encoded in the model coefficient b, thus the issue is to check which values of b correspond to a BCM.
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The Lagrangian (8.1.3) has two first integrals

8<
:E = m

2

�
ṙ2 + r2φ̇2

�
� b

r

K = mr2φ̇
()

8>><
>>:
ṙ2 =

2Er2 + 2br �K2

mr2 = Φ(r)

φ̇ = K
mr2 )

�
dr

dφ

�2

=
mr2

K2

�
2Er2 + 2br �K2

�
= Ψ(r)

(8.1.4)

both of which are Weierstrass equations, one for t(r), one for the orbit φ(r). The conservation of K is equivalent to the second Kepler law.

These functions do contain all information we need, Kepler laws in particular, it is just a matter of digging them out. Unfortunately, or rather luckily,

they depend on one model parameter b, as well as two state parameters (K,E), which are in fact functions of initial conditions. It just takes some

time to discuss all possibilities.

Let us start by considering the case b > 0.

First of all, one should understand that general initial conditions (r0, ṙ0, φ0, φ̇0) do not generate all possible values of (E,K). For, first notice that the value of E

is reduced every time we diminish ṙ0, reaching a minimal value for ṙ0 = 0, without changing the value of K. Moreover, it is invariant with respect to coordinate

translations like φ′ = φ+ φ0, so that we can initially set φ = 0, with no loss in generality. Finally, both the functions Φ(r) and Ψ(r) depend on K2, so that the sign of

K makes no difference and we can study K ≥ 0 only.

Let us set r0φ̇0 = v0 and K = r2
0φ̇0 = r0v0. Now, we keep the value of K fixed, by moving r0 around and taking v0 = K

r0
. That of course, changes the value of E as

E = K2

2mr20
− b

r0
⇒ E′ = −K2+mbr0

mr30
= 0 ⇒ r0 = K2

mb , E0 = E(r0) = K2m2b2

2mK4 − mb2

K2 = −mb2

2K2 (8.1.5)

and E0 is the minimum value E can attend for a given value of K. Thus E < −mb2

2K2 cannot be attained for any initial conditions. These will soon appear again as

forbidden regions in parameter space in the discussion of Weierstrass equation.

Most of what follows will be encoded in the ability to represent initial conditions differently. If, in general, initial conditions are (r0, ṙ0, φ0, φ̇0), the value of φ0 can

always be fixed at will because of the rotational invariance, e.g. it can always be set to φ0 = 0. Initial conditions can also be moved along the solution and such different

initial conditions define the same trajectory in spacetime. Accordingly, initial conditions are defined up to a translation along the solution and there are actually two

of them which are relevant.

For example, if one has ṙ0 = 0 somewhere along the solution, initial conditions are given by (r0, φ̇0), only. Alternatively, they correspond to a pair (E,K).

In some class of solutions, one can decide to represent initial condition differently. For example, in orbital states, one has two values of r, namely r±, at which ṙ = 0

and, accordingly, one can decide to use r± as initial conditions. This is done by noticing that
E =

mv2+
2 − b

r+
=

mv2−
2 − b

r−
⇒ v2

− = 2b
m

(
r+−r−
r−r+

)
r2+

r2+−r2−
= 2b

m

(
1
r−

)
r+

r++r−
⇒ E = − b

r++r−

K = mr+v+ = mr−v− ⇒ v+ = r−
r+
v− ⇒ v2

+ = 2b
m

(
1
r+

)
r−

r++r−
⇒ K2 = 2mb r+r−

r++r−

⇒ (8.1.6)

Thus we can use r± to encode initial conditions and one has

Φ(r) = − 2b

mr2(r+ + r−)
(r − r+)(r − r−) Ψ(r) = − r2

r+r−
(r − r+)(r − r−) (8.1.7)

The function Φ(r) has the limit limr→+∞Φ(r) = 2E
m = � 2b

m(r++r−) . Thus bounded states are for E < 0, while E � 0 are unbounded.
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If K > 0, then the limit to r ! 0+ is driven by it to limr→0+ Φ(r) = �1. The maximum of Φ is reached at

Φ′(r) = 2
�br +K2

r3 ) r∗ = K2

b ) Φ(r∗) = 2E +
2b2

K2 �
K2b2

K4 = 2E +
b2

K2 (8.1.8)

Accordingly, if E < � b2

2K2 , there is no allowed region since Φ(r) is always negative. If � b2

2K2 < E < 0, the allowed region is r 2 (r−, r+) and the

function Φ(r) is in the form

Φ(r) = �2b

m

(r � r−)(r � r+)

r2(r+ + r−)
(8.1.9)

If K = 0, then the limit to r ! 0+ is driven by b, in this case to limr→0+ Φ(r) = +1 and one has the allowed region r 2 (0, r+).

Hence we can list these cases:

i) b > 0, E < 0, K = 0

The Weierstrass function Φ(r) is

Φ(r) = �2b

m

r � r+

r+r

�
r+ := � b

E

�
(8.1.10)

The allowed region is r 2 (0, r+). The point r = r+ is a reflection point, the point r = 0 is reached in a finite time. Thus the test particle

radially falls in to r = 0 in a finite time.

ii) b > 0, � b2

2K2 < E < 0, K > 0

The Weierstrass functions are

Φ(r) = �2b

m

1

r2(r+ + r−)
(r � r+)(r � r−) Ψ(r) = � r2

r+r−
(r � r+)(r � r−) (8.1.11)

The allowed region is r 2 (r−, r+) and both r = r± are reflection points. Going from r− to r+ corresponds to incrementing φ byZ r+

r−

drp
Ψ(r)

= π (8.1.12)

Thus the test particles go along closed curves, which, if you want, is part of the first Kepler law.

The equation of an ellipse centred in a focus is

r =
b2

a− c cos (φ)
c2 = a2 − b2 (8.1.13)

where a is the semi-major axis and b is the semi-minor axis.

One can express b2 = a2 − c2, 2a = r+ + r−, and 2c = r+ − r− to obtain

r =
(r+ + r−)2 − (r+ − r−)2

4 (a− c cos (φ))
=

2r+r−
r+ + r− − (r+ − r−) cos (φ)

(8.1.14)
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and verify directly that it satisfies the orbit equation
(
dr
dφ

)2

= Ψ(r).

The period of the orbit is

T = 2

Z r+

r−

drp
Φ(r)

= π

r
m

b

�
r+ + r−

2

�3/2

/
�
r+ + r−

2

�3/2

(8.1.15)

which is the third Kepler law, since r+ + r− = 2a is the (double of the) semi-major axis.

The energies E < � b2

2K2 cannot be attained. For any b > 0 there are ortital states, for example all the ones with � b2

2K2 < E < 0 and K > 0, hence

the solution has a BCM.

If E � 0, then the limit limr→+∞Φ(r) is positive (if E = 0, the limit is driven by b and we are assuming b > 0), the allowed region extends to infinity,

and one has unbounded states. Still there are initial conditions (the one with E < 0) which corresponds to orbital states, so they still have a BCM.

Having a CBM is something related to the model parameter (b in this case), not to a specific solution represented by specific initial conditions, or by

specific values of first integrals.

The reader should practice and show that, in the case b > 0 and E ≥ 0, the orbits are still conics, in particular hyperbolas for E > 0 and parabolas for E = 0.

The case b = 0: for E � 0, the function

Φ(r) =
2Er2 �K2

mr2 (8.1.16)

is always negative (no allowed region). For E > 0, it is positive in r 2
�

K√
2E
,+1

�
. In any case, there is no bounded states. So the case b = 0 has no

BCM.

Finally, let us consider the cases with b < 0.

The function

Φ(r) =
2Er2 + 2br �K2

mr2 (8.1.17)

goes to 2E
m for r ! +1 and, for r ! 0, to �1.

Thus it might have orbital states for E < 0, if the function Φ(r) became positive somewhere. However, the maximum value for it is r∗ = K
b < 0; there

is no allowed regions for E < 0, hence no orbital state.

For E � 0, one has unbounded state since the allowed region extends to r+ ! +1
If K = 0 then

Φ(r) =
2Er + 2b

mr2 r (8.1.18)

and again no orbital states.

Of course, we can go through the same discussion, much shorter in this case, based on physical intuition. For b = 0, there is no potential, the test particle is free to

move on a plane, so no bounded states. For b < 0, the potential is repulsive, so no bounded states.
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This analysis, however, relies on the assumption that we know what a plane is, how a free test particle is expected to move on it, on concepts as force and potential

which have no real counterpart in relativity. Of course, also in relativity, they are approximately true in some context, when the Newtonian approximation is reasonable,

still that is precisely what one should prove; it is precisely what one proves getting the expected results without using physical intuition.

By that, we do not mean that one should always avoid physical intuition. What we do say is that one should avoid it at least once in the beginning to prove that it is

reliable in the considered context.

In this Chapter we shall go for describing geodesic trajectories in different geometries. We will go as far as we can without introducing clocks which

will be introduced in the next Chapter.

2. Spherically symmetric solutions

On a static spherically symmetric geometry, the metric will be in the form

g̃ = �A(r)dt2 +B(r)dr2 + r2
�

d�2 + sin2(θ)d�2
�

(8.2.1)

as we shown in Section 7.2.3.

In a Palatini f(R)-theory, one does not even need to worry if g or g̃ are spherically symmetric. As long as the conformal factor ϕ(r) depends just on r, then g̃ is

spherically symmetric iff g = ϕ−1g̃ is.

In fact, we have

g = −ϕ−1(r)A(r)dt2 + ϕ−1(r)B(r)dr2 + ϕ−1(r)r2
(
dθ2 + sin2(θ)dφ2

)
(8.2.2)

and then define ρ2 = ϕ−1(r)r2, hence having

dρ2 =
(2ϕ−rϕ′)

2

4ϕ3 dr2 (8.2.3)

Thus the metric can be recast as

g = −ϕ−1(r)A(r)dt2 +
4Bϕ2

(2ϕ− rϕ′)2dρ
2 + ρ2

(
dθ2 + sin2(θ)dφ2

)
= −Ã(ρ)dt2 + B̃(ρ)dρ2 + ρ2

(
dθ2 + sin2(θ)dφ2

)
(8.2.4)

where we set Ã(ρ) = ϕ−1(r)A(r) and B̃(ρ) = 4B(r)ϕ2

(2ϕ−rϕ′)2 . Hence g is spherically symmetric as well, though in the coordinates (t, ρ, θ, φ)

The Lagrangian for geodesic trajectories is

L =

s
A(r)

�
dt
ds

�2 �B(r)
�
dr
ds

�2 � r2

��
dθ
ds

�2
+ sin2(θ)

�
dφ
ds

�2
�

ds (8.2.5)

For this Lagrangian, we can use t as a parameter along the trajectories, which recast the Lagrangian as

L =

√
A(r)−B(r)ṙ2 − r2

(
θ̇2 + sin2(θ)φ̇2

)
dt (8.2.6)
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One can define the momenta

pr =
−Bṙ√

A−Bṙ2 − r2
(
θ̇2 + sin2(θ)φ̇2

)
pθ =

−r2θ̇√
A−Bṙ2 − r2

(
θ̇2 + sin2(θ)φ̇2

)
pφ =

−r2 sin2(θ)φ̇√
A−Bṙ2 − r2

(
θ̇2 + sin2(θ)φ̇2

)
⇒ 1 +

p2
r

B
+
p2
θ

r2
+

p2
φ

r2 sin2(θ)
=

A

A−Bṙ2 − r2
(
θ̇2 + sin2(θ)φ̇2

) (8.2.7)

That corresponds to a Hamiltonian

H =
pr ṙ + pθ θ̇ + pφφ̇√

A−Bṙ2 − r2
(
θ̇2 + sin2(θ)φ̇2

) − A−Bṙ2 − r2
(
θ̇2 + sin2(θ)φ̇2

)
√
A−Bṙ2 − r2

(
θ̇2 + sin2(θ)φ̇2

) =
−A√

A−Bṙ2 − r2
(
θ̇2 + sin2(θ)φ̇2

) = −
√
A

√
1 +

p2
r

B
+
p2
θ

r2
+

p2
φ

r2 sin2(θ)
(8.2.8)

That corresponds to a Hamiltonian field XH which can be restricted to the symplectic submanifold, θ = π/2, pθ = 0 and it is tangent to this submanifold. In fact, one

has
∂H

∂θ
=
p2
φ cos(θ)

r2 sin3(θ)

√
A√

1 +
p2r
B +

p2θ
r2 +

p2φ
r2 sin2(θ)

∂H

∂pθ
= −

√
Apθ

r2

√
1 +

p2r
B +

p2θ
r2 +

p2φ
r2 sin2(θ)

(8.2.9)

which both vanish on the submanifold.

That means that the Hamiltonian flow restricts to the submanifold to be the Hamiltonian flow of the reduced Hamiltonian

Ĥ = −
√
A

√
1 +

p2
r

B
+
p2
φ

r2
(8.2.10)

which corresponds to the reduced Lagrangian on the equatorial plane

L̂ =

√
A−Bṙ2 − r2φ̇2dt (8.2.11)

Thus we can consider the Lagrangian on the plane

L̂ =

q
A(r)�B(r)ṙ2 � r2φ̇2dt (8.2.12)

where now the dots denote the derivatives with respect to t. That Lagrangian does not depend on t or φ thus it has two first integrals8>>>>>><
>>>>>>:

e =
�Bṙ2 � r2φ̇2q
A�Bṙ2 � r2φ̇2

�
q
A�Bṙ2 � r2φ̇2 =

�Aq
A�Bṙ2 � r2φ̇2

k = � r2φ̇q
A�Bṙ2 � r2φ̇2

()

8>>><
>>>:
ṙ2 =

A

B

 
1� A � (r2 + k2)

e2r2

!

φ̇2 =
A2k2

e2r4

(8.2.13)
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One can square the first integrals and solve for velocities to obtain

{
e2Bṙ2 + e2r2φ̇2 = e2A−A2

k2Bṙ2 + r2
(
r2 + k2

)
φ̇2 = k2A

⇒


ṙ2 =

A

B

(
1− A · (r2 + k2)

e2r2

)
=: Φ(r)

φ̇2 =
A2k2

e2r4

(8.2.14)

Then one has a Weierstrass equation depending only on r

ṙ2 =
A

B

 
1� A � (r2 + k2)

e2r2

!
= Φ(r) (8.2.15)

which is called the radial equation, and allows to solve for r(t)—actually, for t(r) which gives us a parameterised representation of the inverse function

r(t). Once r(t) is known one can obtain φ(t) from the second equation, or, alternatively, the equation for the spatial trajectories

�
dr

dφ

�2

=
e2r4

k2AB

 
1� A � (r2 + k2)

e2r2

!
=: Ψ(r) (8.2.16)

which is again a Weierstrass equation.

Let us stress that these are exact representations of geodesics, no approximation has been done of the original geodesic equations. We already discussed how

Schwarzschild solution approaches Newtonian potential, though restricting to radial motions, and how it gives correction to it; see Subsection 3.5.3. Here we want to

be more systematic and extend the claim to more general situations.

The general discussion as we did for Kepler problem is quite tedious, though we can use those general techniques to go after orbital states, rotational

curves, modifications of Kepler laws.

Before going on, we can express initial conditions differently. Instead of using (E,K) we can consider initial conditions (r = r0, ṙ0 = 0, φ = φ0 = 0, φ̇ =

r0v0), which would be more or less as shooting the test particle at radial coordinate r0, in a direction orthogonal to the radial direction with speed v0.

Then, in this case, we have

e2 =
A2

0

A0 � v2
0

k2 =
r2

0v
2
0

A0 � v2
0

(8.2.17)

where we set A0 := A(r0). Then the Weierstrass functions can be recast in terms of initial conditions (r0, v0), the good thing is that we know that at

r = r0 one has ṙ0 = 0, i.e. we know the function Φ(r) has a zero in r0. Then the Weierstrass functions are now

Φ(r) =
A

B

 
1� A

A0

 
1�

�
r2 � r2

0

�
v2

0

A0r2

!!
Ψ(r) =

A2
0r

4

r2
0v

2
0AB

 
1� A

A0

 
1�

�
r2 � r2

0

�
v2

0

A0r2

!!
(8.2.18)

Let us stress that here we did not even restricted to Schwarzschild, yet. We are considering geodesics in a otherwise general static spherically symmetric spacetime.

That does not even need to be a solution of vacuum Einstein field equations.
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Equatorial rotational curves

We know, by construction, that Φ(r0) = 0 (and Ψ(r0) = 0). If we want the position to represent a circular motion, we need r = r0 to be an isolated

point in the allowed region and this is the case, if Φ′(r0) = 0 and Φ′′(r0) < 0, so that r = r0 corresponds to a maximum of the function Φ(r).

In particular the first derivative

Φ′(r0) = �A
′(r0)r0 � 2v2

0

r0B(r0)
= 0 () v2

0 = 1
2A
′(r0)r0 (8.2.19)

which, in fact, given the metric, any spherically symmetric metric, determines the initial speed v0 to get a circular motion.

On the other hand, if one observes test particles on the equatorial plane and measures their angular speed v0 (at aphelion or perihelion), the observed

function v0(r) gives information about the metric coefficient A(r), up to an additive constant.

Fig 8.1: The Φ(r) function for a Schwarschild with σ = 1

for r0 = 4σ (red), r0 = 3σ (black), and r = 2 (blue)

For the second derivative, setting v2
0 = 1

2A
′
0r0, one has

Φ′′(r0) =

��A0A
′′
0r

2
0 + 4A′20 r

2
0 � 3A0A

′
0r0 � 2A′20 r

2
0

�
B0 + 2

�
A0A

′
0r

2
0 �A0A

′
0r

2
0

�
B′0

r2
0A0B

2
0

=

=�
�
A0A

′′
0 � 2A′20

�
r0 + 3A0A

′
0

r0A0B0

(8.2.20)

for which the sign is quite difficult to address in general. If we consider Schwarzschild solution, i.e. A0 = B−1
0 = 1� σ

r0
,

A′0 = σ
r2
0
, and A′′0 = �2σ

r3
0

Φ′′(r0) = �

�
�r0−σ

r0
2σ
r3
0
� 2σ

2

r4
0

�
r0 + 3r0−σr0

σ
r2
0

r0A0B0
= �
�2(r0 � σ) σ

r3
0
� 2σ

2

r3
0

+ 3(r0 � σ) σ
r3
0

r0
= �(r0 � 3σ)σ

r4
0

(8.2.21)

which is, in fact, negative for r0 > 3σ.

That suggests a structure for a cloud of test particles in Schwarzschild which is quite peculiar. If a test particle starts near the

center it cannot go along a circular motion, which in fact exists only for r > 2σ. If the particle starts closer, namely r < 3σ,

there is no velocity which keeps it orbiting along a circle, it falls in asymptotically to r = σ or it escapes away (since Φ′′(r0) > 0

and Φ(r) has a minimum at r0). The circular motions for r0 < 3σ are unstable. Thus it seems reasonable to expect that any

Schwarzschild black hole should appear surrounded by a desert disc which is of (coordinate) radius 3σ.

On the contrary, for r0 > 3σ circular motions are stable and test particles can orbit stably.

Orbital states in Schwarzschild

If we go after orbital states in Schwarzschild, we can consider A = B−1 = 1� σ
r , σ > 0, and initial conditions (r0, v0) as in the previous Subsection.

The metric is degenerate at r = σ, thus we consider the region (σ,+∞). Here, accordingly, we redefine orbital states to be motions in the region [r−, r+] with r− > σ.
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The Weierstrass functions are then

Φ(r) =
(r � σ)2(r � r0)

(r0 � σ)2r5 p(r) Ψ(r) =
r(r � r0)

r4
0v

2
0

p(r) (8.2.22)

where we set p(r) :=
�
v2

0r
2
0 � (r0 � σ)σ

�
r2 + (r0�σ)v2

0r
2
0r�σv2

0r
3
0. The function Φ(r) has certainly a double zero in r = σ (around which it is positive,

since p(σ) = �(r0�σ)σ3 < 0 as well as (σ� r0) < 0) and one in r = r0. For v0 = 0, the leading term has a negative coefficient, thus limr→+∞Φ(r) < 0.

For a bounded state, we need to have

v2
0 <

(r0 � σ)σ

r2
0

=: v2
es (8.2.23)

where ves > 0 denotes the minimal speed for which the particle can escape to infinity.

For a orbital state, besides having 0 � v0 < ves, we also need p(r) to have 2 more zeros in (σ,+1).

If p(r) has no real roots, the function Φ(r) is positive in (σ, r0) and then negative in (r0,+∞). The test particle falls into r = σ and no solution is a orbital state.

There are two extra solutions iff

∆ =(r0 � σ)2v4
0r

4
0 + 4σv4

0r
5
0 � 4(r0 � σ)σ2v2

0r
3
0 =

�
(r0 � σ)2v2

0r0 + 4σv2
0r

2
0 � 4(r0 � σ)σ2

�
v2

0r
3
0

∆ =v2
0r

3
0

�
(r0 + σ)2v2

0r0 � 4(r0 � σ)σ2
�
� 0 ) v2

0 � 4
(r0 � σ)σ2

(r0 + σ)2r0
= v2

es
4r0σ

(r0 + σ)2 = v2
or

(8.2.24)

where vor > 0 is the orbital speed, i.e. the minimal speed at which the particle can orbit. Thus, for 0 � v0 < vor, there are no orbital states, all particles

fall in.

The particle escapes before orbiting, i.e. Φ(r) gets two extra solutions, iff vor > ves, i.e.

4r0σ

(r0 + σ)2
> 1 ⇒ 4r0σ > r2

0 + 2r0σ + σ2 ⇒ (r0 − σ)2 < 0 (8.2.25)

i.e. never.

Hence, one always has 0 ≤ v0 < vor which correspond to particles which necessarily fall in r = σ, vor ≤ v0 < ves which correspond to may orbital states, and v0 ≥ ves

which correspond to particles which may escape to infinity.

For v0 = vor, the function Φ(r) gets a double extra zero at

r∗ =
(r0 � σ)v2

0r
2
0

2
�
v2

0r
2
0 � (r0 � σ)σ

� =
2σr0

r0 � σ < r0 ) r0(r0 � 3σ) > 0 ) r0 > 3σ (8.2.26)

which, for σ < r0 < 3σ, is r0 < r∗, for r0 = 3σ, is r∗ = r0 (which is then a triple zero) while, for r0 > 3σ, is σ < r∗ < r0, in fact 2σ < r∗ < r0.

One can easily check that r∗ = 3σ ⇐⇒ r0 = 3σ, as well as r∗ > 3σ ⇐⇒ σ < r0 < 3σ (hence also 2σ < r∗ < 3σ ⇐⇒ r0 > 3σ).

For,
2σr0

r0 − σ
> 2σ ⇒ 2σr0 > 2σ(r0 − σ) ⇒ 0 > −2σ2 (always) (8.2.27)
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and
2σr0

r0 − σ
> 3σ ⇒ 2σr0 > 3σ(r0 − σ) ⇒ 0 > σ(r0 − 3σ) ⇐⇒ r0 < 3σ (8.2.28)

Thus we have three cases:

a) r0 = 2 b) r0 = 3 c) r0 = 4

Fig 8.2: The Weierstrass function Φ(r) for v0 = vor

Accordingly, if σ < r0 < 3σ the particle at r0 falls into, for r0 = 3σ we have an unstable circular orbit which tends to fall in, for r0 > 3σ it orbits in

the region (r∗, r0).

Fig 8.3: Regions in the (r0, v0)-plane.

For vor < v0 < ves, one may have orbital states. In these cases, the function Φ(r) has a double zero (and a minimum) in r = σ, 1

zero in r = r0, and two more roots in r = r−, and r = r+, where

r± =
(r0 � σ)v2

0r
2
0 �

q
v2

0r
3
0

�
(r0 + σ)2v2

0r0 � 4(r0 � σ)σ2
�

2
�
v2

0r
2
0 � (r0 � σ)σ

� (8.2.29)

One can show (with a quite lengthy though not too difficult computation) that r− 2 (σ, r0) iff r0 > 3σ and vor < v0 < v2, where

we set v2
3 = σ

2r0
.

Analogously, r− 2 (σ, r0) in the following cases:

— 2σ < r0 < 3σ and v3 < v0 < ves

— r0 > 3σ and vor < v0 < ves

To summarise, in the regions

— σ < r0 < 2σ and vor < v0 < ves

— 2σ < r0 < 3σ and vor < v0 < v3
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there is no zero in (σ, r0) and the particle falls in.

In the region

— r0 > 3σ and vor < v0 < v3

there are two zeros, and the particle orbits in the region (r+, r0).

In the region

— r0 > 2σ and v3 < v0 < ves

there is one zero and the particle orbits in the region (r0, r+).

For v0 = ves, the limit at infinity of the function Φ(r) becomes zero and the solutions may become unbounded. One root has escaped to infinity, so

the polynomial has only one extra zero at r− = r0
r0−1σ which, for r0 > 2σ, is in (σ, r0), while, for σ < r0 < 2σ, it is r− > r0. Then, in the first case, we

get an unbounded solution in the region (r0,+1), while, in the second case, the particle falls in. One can easily check that, in the limit case r = 2σ

and v0 = ves, the root r− = r0 = 2σ and one has a double root on r0 as well, which corresponds to an unstable circular orbit.

Finally, we are left with the region v0 > ves to be analysed. There, if r0 > 2σ, there is one zero in the region (σ, r0) and the particle escapes to infinity.

If σ < r0 < 2σ, there are two cases depending on the initial speed v0:

— σ < r0 < 2σ and ves < v0 < v3: there no zero in (σ, r0) (though one zero in (r0,+1)), and the particle falls in.

— σ < r0 < 2σ and v0 > v3, there is one zero in (σ, r0) and the particle escapes to infinity.

One can see that, even in this relatively simple situation, the discussion is quite complicated. The “relativistic effects” have been accounted exactly

and they appear to modify, also qualitatively, the Kepler situation.

For example, in Kepler, starting at any position r0 one has a fall in for small speed v0; then, after a limit vor is reached, the particle can orbit until,

finally, it escapes at infinity for v0 > ves. In Schwarzschild, this is not what happens for σ < r0 < 2σ, where there is no orbit and one passes directly

from falling in to escaping to infinity.

In Kepler, the orbits always start with perihelion closed to the ground r = σ, it grows until the orbit becomes circular, then the role of perihelion and

aphelion is exchanged and the aphelion grows to infinity. After that the solution becomes unbounded and the particle escapes to infinity. This is not

what happens in Schwarzschild, where, in the region 2σ < r0 < 3σ orbits form when they are circular. There is no orbit with a perihelion lower than

r0.

Finally, in the region r0 > 3σ, when the first orbital state is formed (i.e. for the minimal speed value v0 = vor), its perihelion is

r− =
2σr0

r0 � σ (8.2.30)

Thus, even for very big radius r0 � 3σ, one cannot get a perihelion smaller that 2σ, unlike what happens in Kepler, where, even considering a finite

central planet of radius r = σ, one can get orbits closed at will to the planet surface, i.e. as closed as one wishes to r = σ.

However, if one stays away from the BCM, say r0 � 3σ and v0 � vor (so that, r− � 3σ as well, the particle is not expected to go near the BCM

nowhere along its motion), then the two situations are, at least qualitatively, comparable. That is the parameter region where we expect to be able to

discuss the Newtonian limit of the relativistic theory.
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Orbital states in Kepler

Before going on, we can consider the Schwarzschild case as a template and repeat the same computation for Kepler. Instead of focusing on Kepler

laws, this time we focus on qualitative study of orbital states.

Fig 8.4: Regions for Kepler in the (r0, v0)-plane.

Fig 8.5: The Weierstrass function Φ for different speeds.

The function Φ(r) is

Φ(r) =
2er2 + 2βr � k2

r2 (8.2.31)

where we set E = me, K = mk, and b = mβ. As in Schwarzschild case, we can impose initial conditions (r = r0, ṙ =

0, φ = 0, φ̇ = v0
r0

) and we have

e = 1
2v

2
0 � β

r0
k = r0v0 ) Φ(r) =

r � r0
r0r2

��
v2

0r0 � 2β
�
r + r2

0v
2
0

�
(8.2.32)

which always has two zeros, namely r0 and r∗ =
r2
0v

2
0

2β−v2
0r0

.

The limit at infinity of Φ(r)

lim
r→+∞

Φ(r) =
2β � v2

0r0

r0
> 0 ) v2

0 =
2β

r0
= v2

es (8.2.33)

Let us consider a planet of radius σ, so that we say that a particle falls in every time it hits the sphere r = σ < 1.

If we set v2
1 = β

r0
= 1

2v
2
es and v2

2 = σ
σ+1v

2
es < v2

1, then we have that r∗ 2 (σ, r0) iff v2
2 < v2

0 < v2
1.

Thus for 0 � v0 < v2 the particle falls in, for v1 < v0 < v2 it orbits (and r0 is at aphelion), for v2 < v0 < ves it orbits

(and r0 is at perielion), for v0 > ves, r∗ becomes negative and the particle escapes to infinity.

Accordingly, in Kepler, the situation is much simpler than in Schwarzschild: the regions are shown in Fig. 8.x, while

the behaviours of the Weierstrass function Φ at r0 = 2 for different speed v2
0 are shown in Fig. 8.x.

Kepler laws in Schwarzschild

Let us consider an orbital state in a Schwarzschild spacetime, for example in the region r 2 [r−, r+]. As we did in Kepler, we can use r± as a

representation of initial condition and the Weierstrass functions are

Φ(r) =
((σr+ � r+r− + σr1)r + σr+r−)(r � r+)(r � r−)(r � σ)2

r5 (r+ + r−) (r+ � σ) (r− � σ)
Ψ(r) =

r (r � r+) (r � r−) ((σr+ � r+r− + σr−) r + σr+r−)

r2
+r

2
−

(8.2.34)

The second Kepler law can be stated as: the momentum conjugated to the angle φ is conserved.

As such, that is still exactly true in a Schwarzschild spacetime.
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For the third Kepler law, we can consider the Weierstrass function Φ(r), make the transformation r = aρ, r− = a(1 � ε), r+ = a(1 + ε), so that the

Weierstrass function for ρ is obtained as�
dρ

dt

�2

= Φ̂(ρ) =
((2σ + aε2 � a)ρ+ σ(1� ε2))(ρ� 1� ε)(ρ� 1 + ε)(aρ� σ)2

2a4ρ5 (a(1 + ε)� σ) (a(1� ε)� σ)
(8.2.35)

Since we expect Kepler law to hold true away from the BCM, we can expand this function in Taylor series around a = +1, obtaining

Φ̂(ρ) =
1

2

(ρ� 1 + ε)σ(1 + ε� ρ)

ρ2a3 � 3

2

(ρ� 1 + ε)σ2(1 + ε� ρ)

ρ3a4 +O(a−5) (8.2.36)

The first term of the series is exactly the Weierstrass function for the classical Kepler problem (with the substitutions r = aρ, r− = a(1 � ε),

r+ = a(1 + ε) and setting σ = 2β).

The other terms of the series are dominated by the first term and are (small) corrections to the classical Kepler problem to account for GR. Due to

corrections, the third Kepler law holds approximately away form the BCM, and it fails as we get near it.

We can play the same game with the first Kepler law and the other Weierstrass function Ψ(r). We make the same substitutions and expand in Taylor

series at a = +1 and obtain

Ψ̂(ρ) =
ρ2(1 + ε� ρ)(ρ� 1 + ε)

1� ε2 +
(1 + ε� ρ)(ρ� 1 + ε)(�2ρ� 1 + ε2)ρ

(1� ε2)2a
+O(a2) (8.2.37)

Again, the first term of the series agrees with the classical Kepler problem, the rest of the series accounts for GR corrections. In this case, the

corrections spoils the value of the integral that in Kepler was equal to π. Consequently, the orbit in GR are not closed any longer. The corrections

measure by how much the orbits fail to be closed and their integral is the angle by which semi-major axis precesses. As we shall see, this effect turns

out to be observable for the orbits of Mercury.

Dust rings in Schwarzschild

We can imagine to spray the equatorial plane in a Schwarzschild spacetime with test particles in all possible initial conditions.

To be true the situation is ill posed since it understands that the initial conditions of test particles are uniformly sampled. The intuitive realisation of that is that a

certain volume in phase space has a probability of being hit by a test particle which is proportional to its volume.

This raises two issues: which metric should I use to compute the volume in phase space (and by that we mean that, first, our metric is on spacetime, not on the phase

space, and, second, why should I use the same metric I used in dynamics to define what uniform means) and how should I normalise volumes in phase space which is

clearly non-compact.

To be true, there is nothing like a canonical uniform spray of test particles, we just pretend there is.

Then we wait for a while and check what is left.

In σ < r0 < 2σ, all particles there (or that can reach that region) have fell into or escaped to infinity. That region is thus empty.
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In 2σ < r0 < 3σ, some of the particles have fell into, some escaped to infinity. What is left are some particles orbiting, all of which have a part of the

orbit farer than r > 3σ.

In r0 > 3σ, some of the particles have fell into, some escaped to infinity. What is left are some particle orbiting. Some of them stay away of the limit

r > 3σ. Some get into the region 2σ < r < 3σ to escape out for a while.

If we have a reason to put some bound on the eccentricity of the orbits (which changes the original notion of uniform spray) the number of particles in

each region, in particular in 2σ < r0 < 3σ, is affected. For example, if we restrict to circular motions, the region 2σ < r0 < 3σ is completely deserted.

If this were a model for accretion discs, which is not since particles in accretion discs are interacting and often emitting radiations, we see that accretion

discs have a hole at the center which depends on the parameter σ.

Nothing like that in Kepler, were rings around a body have no hole at all in the center.

Of course, by now, there is no direct observation of a Schwarzschild black hole and its accretion disc. But that is another story.

Light rays in Schwarzschild

According to EPS, light rays can be chased by particles as closed as one wishes. Hence we can regard them as a limit of fast particles. When a particle

approaches the speed to light, the quantity A�Bṙ2 � r2φ̇2 ! 0 approaches zero. Consequently, e! �1 and k diverge as well. Then we cannot use

these first integrals for light rays, though we can use their ratio, which in fact stays finite

k

e
=
r2φ̇

A
) ε2 =

k2

e2 =
r4φ̇2

A2 ) φ̇2 =
A2ε2

r4 (8.2.38)

where we define ε > 0 to be positive (rather than defining it as k
e ), for later convenience.

Moreover, we also have the constraint A = Bṙ2 + r2φ̇2 = Bṙ2 + A2ε2

r2 to be satisfied. Hence we have the two Weierstrass equations

ṙ2 =
A

r2B

�
r2 � ε2A

�
=: Φ(r) φ̇2 =

A2ε2

r4 )
�
dr

dφ

�2

=
r2

ε2AB

�
r2 � ε2A

�
=: Ψ(r) (8.2.39)

which in fact describe light rays.

Let us remark how one can obtain these equations from the Weierstrass equations of a particle by taking the limit ε → −∞ and k → ∞, though keeping the ration
k
e = ±ε constant.

Also notice that equations for light rays depend on one parameter only, namely ε, as a consequence of the fact that light speed is fixed. A light ray is uniquely

determined by the initial position and spatial direction.

In Schwarzschild, we obtain

Φ(r) =
(r � σ)2

r5

�
r3 � ε2r + ε2σ

�
Ψ(r) = ε2r

�
r3 � ε2r + ε2σ

�
(8.2.40)

As for particles, the function Φ(r) has a double zero (and a minimum) at r = σ. Other zeros are driven by the polynomial p(r) = r3 � ε2r + ε2σ.
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The polynomial p(r) is positive at r = σ, in fact

p(σ) = σ3 − ε2σ + ε2σ = σ3 > 0 (8.2.41)

The limits at infinity of the polynomial p(r) are

lim
r→+∞

p(r) = +1 lim
r→−∞

p(r) = �1 (8.2.42)

and p(0) = σ > 0. Accordingly, p(r) always has a negative root r0. It also has two positive roots r± for small values of ε.

In fact, the derivative p′(r) = 3r2 − ε2 has two zeros, namely r2
∗ = ε2

3 , one positive r∗, one negative −r∗. Thus p(r) has a minimum at r∗ and its minimum value is

p(r∗) =
(
r2
∗ − ε2

)
r∗ + ε2σ = −2ε− 3

√
3σ

3
√

3
ε2 > 0 ⇒ ε <

3
√

3

2
σ (8.2.43)

Hence for ε < 3
√

3
2 σ, then p(r) has no positive roots (the light ray coming from r !1 is capture by the BCM), for ε = 3

√
3

2 σ a double root is formed

at r∗ = 3
2σ (the light ray has an asymptotic circular motion at r = r∗), and it has two positive roots r± for ε > 3

√
3

2 σ (the light ray approaches the

BCM, it reaches a minimal radius r = r+, and it is scattered away).

Fig 8.6: Light deflection (divided by π).

Since the function Φ(r) depends on one single parameter ε, it means that one can recast everything to be a function of r+

instead of ε. At r = r+, the function Φ(r) has a zero, so one obtains

ε2 =
r3

+

r+ � σ (8.2.44)

and the Weierstrass functions can be recast as

Φ(r) =
(r � σ)2

r5 (r � r+)

 
r2 + r+r �

r2
+σ

r+ � σ

!
Ψ(r) =

(r+ � σ)r

r3
+

(r � r+)

 
r2 + r+r �

r2
+σ

(r+ � σ)

!
(8.2.45)

Once we fix r+, the other roots are frozen to

r− =
�r+ + σ +

q
r2

+ + 2r+σ � 3σ2

2(r+ � σ)
r+ r0 =

�r+ + σ �
q
r2

+ + 2r+σ � 3σ2

2(r+ � σ)
r+ (8.2.46)

If we consider r+ 2
�

3
2σ,+1

�
, then r− 2 (σ, 3

2σ), r0 < �3σ, and r+ is the greatest positive root. A light ray, approaching the BCM from r ! +1,

gets to the minimal radius r = r+ and then it is scattered back.

If the light ray comes at an angular coordinate φ0, it leaves at an angular coordinate φ1, then

∆φ := φ1 � φ0 = 2

Z +∞

r+

drp
Ψ(r)

(8.2.47)

:Index: :AIndex: :Symbols: :Notation:



Stationary axisymmetric solutions 443

The result is shown in Fig. 8.6.

Also in this case, the light rays which approach the BCM nearer than certain radius, in this case r = 3
2σ, are captured and do not escape to infinity

or to our eyes. This may mean that we see a Schwarzschild black hole surrounded by a black sphere which is actually of that radius. However, before

claiming it, we should first discuss what r has to do with a distance, as well as we should discuss that what we actually see when the light rays reach

our eye (or instrument). The result of this process depends on what happens during the scattering, as well as at emission and during whole the travel

of the light.

We have to point out that ∆φ is a coordinate quantity and sooner or later one should discuss what it has to do with what one measures with a

goniometer, possibly at a single point. The same occurs for distances and times and their relations with the corresponding coordinate quantities.

3. Stationary axisymmetric solutions

For a stationary (not necessarily static) axisymmetric spacetime, the metric is

g =�A(r, θ)dt2 + C(r, θ) (dt
 d�+ d�
 dt) +B(r, θ)dr2 + r2
�

d�2 + sin2(θ)d�2
�

(8.3.1)

The static case is obtained by setting C = 0, which however reduces to the previous case.

We discussed the general form of a stationary, axisymmetric metric to be (7.2.22), which is in pseudo-cylindric coordinates.

Starting from that form, we can change coordinates (z = r̂ cos(θ), ρ = r̂ sin(θ)) and recast the metric in the form

g = −Adt2 + C (dt⊗ dφ+ dφ⊗ dt) +Bdφ2 +Ddr̂2 +Dr̂2dθ2 (8.3.2)

Then we can define

Check if the functions can depend on θ, which however disappera on equatorial plane.

The Lagrangian for it, on the equatorial plane, is

L =

s
A

�
dt

ds

�2

� 2C

�
dt

ds

��
dφ

ds

�
�B

�
dr

ds

�2

� r2

�
dφ

ds

�2

ds =

q
A(r)�B(r)ṙ2 � r2φ̇2 � 2C(r)φ̇ dt (8.3.3)

where we set A(r) := A (r, π2 ), B(r) := B (r, π2 ), and C(r) := C (r, π2 ).

Both the coordinates (t, φ) are cyclic so that one has two first integrals

e =
�A+ Cφ̇q

A�Bṙ2 � r2φ̇2 � 2Cφ̇
k =

�r2φ̇� Cq
A�Bṙ2 � r2φ̇2 � 2Cφ̇

(8.3.4)
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This can be solved for the velocities

φ̇ =
kA� eC
kC + r2e

ṙ2 = �
�
r2A+ C2

� �
(r2 + k2)(A� e2) + (ke� C)2

�
B(kC + r2e)2 = Φ(r; e, k) (8.3.5)

For initial conditions (r(0) = r0, ṙ(0) = 0, φ(0) = 0, r0φ̇(0) = v0), then one has8>>><
>>>:
k =

r2
0v0 + r0C0

v0C0 � r0A0
e = α0e α0 :=

r0v0 + C0

r0A0 � v0C0
r0

e2 =
r2

0A0 + C2
0

r2
0 � α0(α0A0 � 2C0)

(8.3.6)

We can check that, for C = 0, we obtain the results for spherically symmetric cases. In fact, in this case

α0 =
r0v0

A0
(8.3.7)

and

e = −
√
r2
0A0√

r2
0 −

r20v
2
0

A2
0
A0

= − A0√
A0 − v2

0

k = − r0v0√
A0 − v2

0

(8.3.8)

Thus we can recast the Weierstrass function in terms of the initial conditions (r0, v0) and, on circular motions, one has Φ(r;0 r0, v0) = 0, Φ′(r0; r0, v0) = 0.

One clearly has

Φ(r0; r0, v0) = �
�
r2

0A0 + C2
0

� �
(r2

0 + k2)(A0 � e2) + (ke� C0)2
�

B0(kC0 + r2
0e)

2
= �

�
r2

0A0 + C2
0

� �
(r2

0 + α2
0e

2)(A0 � e2) + (α0e
2 � C0)2

�
B0e2(α0C0 + r2

0)2
= 0 (8.3.9)

since, at initial conditions, ṙ2
0 = Φ(r0; r0, v0) = 0.

Of course, one can double check it directly as

(r2
0 + α2

0e
2)(A0 − e2) + (α0e

2 − C0)2 =r2
0A0 − r2

0e
2 + α2

0e
2A0 − α2

0e
4 + α2

0e
4 + C2

0 − 2α0e
2C0 =

=r2
0A0 + C2

0 −
(
r2
0 − α2

0A0 + 2α0C0

) r2
0A0 + C2

0

r2
0 − α0(α0A0 − 2C0)

= 0
(8.3.10)

The other condition Φ′(r0; r0, v0) = 0 reads as

Φ′(r0; r0, v0) =
2v2

0 + 2C ′0v0 �A′0r0

B0r0
(8.3.11)

Thus the velocity profile is found as a solution of

2v2
0 + 2C ′0v0 �A′0r0 = 0 ) v0 =

1

2

�
�C ′0 �

q
C ′20 + 2A′0r0

�
(8.3.12)
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Notice how this result is not symmetric: test particles orbit at a different speed depending on whether they are co-rotating or counter-rotating

(i.e. depending on the sign of C) and symmetry is recovered for C = 0.

By observing test particles along circular orbits in an stationary axisymmetric spacetime, we can determine A and C (up to an additive constant). In

order to determine B without using field equations, one needs to observe more test particles.

4. Spatially homogeneous and isotropic solutions

Searching geodesics in spatially homogeneous and isotropic spacetimes is trickier, if not for other reasons, because FLRW metrics depend on time

through a function, the scale factor a(t), which is known only after one solves Friedmann equations. The Lagrangian for geodesics depends on time,

the generalised energy is not conserved, thus, apparently, no Weierstrass analysis.

However we can exploit the invariance under reparameterisations to do something anyway.

In a spatially homogenous and isotropic spacetime, the metric can be written in FLRW form, and one can change coordinates to define r = S(χ; k),

where we set
pjkjS(χ; k) = sinh(

pjkjχ) if k < 0, χ = S(χ; k) if k = 0, and
pjkjS(χ; k) = sin(

pjkjχ) if k > 0. In coordinates (t, χ, θ, φ), defined as in

Subsection 7.2.6, the metric then reads as

g = �dt2 + a2(t)
�

d�2 + S2(χ; k)
�

d�2 + sin2(θ)d�2
��

(8.4.1)

The Lagrangian for radial time-like geodesics reads as

L =
q

(t′)2 � a2(χ′)2ds (8.4.2)

Ok, one should check that the restriction to radial directions is consistent, which is quite well supported by spatial isotropy.

This Lagrangian has a cyclic coordinate χ, thus the conjugate momentum

j =
�a2χ′p

(t′)2 � a2(χ′)2
(8.4.3)

is conserved, as well as it is invariant with respect to reparameterisations.

One can also decide to use χ as a parameter along the worldlines and use the Lagrangian

L̂ =

√(
dt

dχ

)2

− a2dχ (8.4.4)

instead. This does not depend explicitly on χ so its generalised energy is conserved, i.e.

Ê =

(
dt
dχ

)2

√(
dt
dχ

)2

− a2

−

√(
dt

dχ

)2

− a2 =
a2√(

dt
dχ

)2

− a2

= −j (8.4.5)
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Thus, either way, there is not much of a difference.

In particular, we know there is a class of parameterisations, the affine ones, for which the geodesic trajectory is in fact a geodesic motion. In (a

subclass of) such parameterisations, one also has (t′)2 � a2(χ′)2 = 1.

Then one has 8>><
>>:
χ′ = � j

a2

(t′)2 = 1 + a2(χ′)2 = 1 +
j2

a2 ) t′ =

p
a2 + j2

a

) χ̇2 =
j2

a4

a2

a2 + j2 =
j2

a2 (a2 + j2)
=

1

Φ(t)
(8.4.6)

which is, in fact, a Weierstrass equation. By separation, one directly has

χ(t)� χ0 = �
Z t

t0

Jdt

a
p
a2 + J2

(8.4.7)

where J � 0 denotes jjj. The sign in front of the integral depends on whether we are considering radial geodesics going to infinity or to the origin.

In particular, for J = 0, we obtain χ(t) = χ0, which is always (for any scale factor a(t)) a geodesic motion; such trajectories are called comoving

particles.

Unlike comoving particles, the other radial time-like geodesics bring information about the evolution of the scale factor a(t). Accordingly, observing

the radial motion of a test particle (for a significant part of the age of the universe) gives us a description of the evolution of the scale factor. That is,

of course, beyond our observational ability, however, it provides us with a way of observing scale factor in principle.

We can try to play the same game with a light ray8><
>:
χ′ = � j

a2

(t′)2 = a2(χ′)2 =
J2

a2 ) t′ =
J

a

) χ̇2 =
J2

a4

a2

J2 =
1

a2 ) χ(t)� χ0 = �
Z t

t0

dt

a
(8.4.8)

Also in this case, knowing the geodesics of a radial light ray, gives a description of the evolution of the scale factor. We have in fact many candidates

to light rays which travelled all along the visible universe (from the light of very far objects, to cosmic background radiation, to cosmological cosmic

rays). Unfortunately, we have a very limited control, if any, on their motion between emission and observation.

We have also to stress that, if we consider a projection p : M ! Σ on the space manifolds Σt0 = (t = t0), which are Euclidean manifolds with the

induced metric, the projection of a geodesic is not necessarily a geodesic. to be discussed

5. Symplectic methods for geodesics
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As we already discussed above, some of the Lagrangians for time-like geodesics are in fact non degenerate and they allow a Hamiltonian formalism.

Of course, the general Lagrangian invariant under reparameterisations is not.

Besides seeing it directly, if it were non-degenerate and allowed a Hamiltonian formulation, geodesic equations in Hamiltonian form would be a first order system in

normal form and Cauchy theorem would apply to them. That, by the hole argument, directly contradicts parameterisation invariance.

However, if we decide to use t as a parameter, the corresponding Lagrangian is non-degenerate and it induces a standard Hamiltonian system. As in

any standard Hamiltonian system, the evolution is a canonical flow, the generating function of which is a solution of the corresponding Hamilton-Jacobi

(HJ) equation. Such a generating function describes geodesics, in the sense that one can write it as a function of the position and the initial position

(type I generating function) and that computes the initial and final momenta of the geodesics passing through the two positions.

The computation involved may be difficult, though it formally defines an objects which again contains the whole information about geodesics. In any

event, one could guess that, at least on Minkowski, the situation should be easy to be computed explicitly. We shall illustrate its definition and use for

Schwarzschild spacetimes, when needed specialising to Minkowski spacetimes.

Hamiltonian formalism for geodesics

Let us consider a 2 dimensional (radial) Schwarzschild spacetime, i.e. with coordinates (t, r) and the metric

g = �A(r)dt2 +
dr2

A(r)
(8.5.1)

which defines the Lagrangian for time-like geodescis

L =

s
A(r)

�
dt

ds

�2

� 1

A(r)

�
dr

ds

�2

ds =

s
A(r)� ṙ2

A(r)
dt (8.5.2)

where the dots denote derivatives with respect to t.

That Lagrangianis has one degree of freedom and it reduces to the Minkowski case by choosing A = 1.

The momentum associated to the Lagrangian (8.5.2) is

p =
∂L

∂ṙ
= � ṙp

A(A2 � ṙ2)
() ṙ2 = � pA

p
Ap

1 +Ap2
(8.5.3)

which corresponds to the Hamiltonian

H = �
p
A
p

1 +Ap2 (8.5.4)

The corresponding (reduced) HJ equation is

�
p
A

q
1 +A (W ′)2 = E () W ′ = �

p
E2 �A
A

(8.5.5)
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where prime denotes the derivative with respect to r. The complete integral for HJ is hence

S(t, r;E) = �Et�
Z p

E2 �A
A

dr (8.5.6)

The evolution of the system is hence written as

p =
∂S

∂r
P = � ∂S

∂E
= t� ∂W

∂E
(8.5.7)

Of course, that is equivalent to know the general solution of the geodesic equations, since one knows P is a first integral, hence it is constant, hence

the corresponding equation can be used to solve for r(t;E,P ), hence the first equation gives p(t).

However, this is still not what we were looking for, since the generating function S is a function of E, not of the initial position r0.

The evolution generator

For our later convenience, we would like to have it expressed as a function of the initial position, i.e.

F = S(t, r)� S(t0, r0) = �E � (t� t0)�
Z r

r0

p
E2 �A
A

dr (8.5.8)

which will be called the evolution generator (once we eliminate E); a similar (different though equivalent) object has been introduced by Synge and

called the world function.

The evolution generator contains the information for the general solutions of Hamilton equations, i.e. general geodesic trajectories. In fact, one has

−∂F
∂E

= − ∂S
∂E

(t, r) +
∂S

∂E
(t0, r0) = P − P0 = 0 (8.5.9)

which is zero, since the momentum P conjugate to E is conserved, being S a solution of HJ equation.

In principle, one could use this equation to obtain E(t, r; t0, r0) and replace it above to obtain the evolution generator F (t, r; t0, r0).

Once the evolution generator has been determined, then if we want to determine the geodesic trajectory passing through (t, r) and (t0, r0) we can compute
p =

∂F

∂r

p0 = − ∂F
∂r0

(8.5.10)

where p0 is the initial momentum to be selected so that the geodesics will eventually pass through (t, r), while p is the momentum when it arrives at (t, r). Of course,

one can use the inverse Legendre transform (8.5.3) to obtain the initial and final velocities.

Accordingly, the flow of transformations Φt−t0 : (t0, r0) 7→ (t, r) is canonical and it completely describes the geodesic flow.

One can use this method to obtain the geodesics in Minkowski space (setting A = 1), this time without resorting to the affine structure but using the

manifold structure only.
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For Minkowski, we have

S(t, r;E) = −Et∓
∫ √

E2 − 1dr = −Et∓
√
E2 − 1 r (8.5.11)

and hence

F = −E (t− t0)∓
√
E2 − 1 (r − r0) ⇒ ∂F

∂E
= −(t− t0)∓ E√

E2 − 1
(r − r0) = 0 ⇒ E = − |t− t0|√

(t− t0)2 − (r − r0)2
(8.5.12)

Accordingly, for Minkowski, the evolution generator is

F (t, r; t0, r0) =
(t− t0)2√

(t− t0)2 − (r − r0)2
− (r − r0)2√

(t− t0)2 − (r − r0)2
=
√

(t− t0)2 − (r − r0)2 (8.5.13)

where, for simplicity, we considered t > t0 and r > r0, i.e. we are shooting the particle away from the origin, i.e. the radial speed ṙ is positive so we choose the upper

sign for W .

Thus, if we want the geodesics which connects (t0, r0) to (t, r), we have to choose

p0 = − ∂F
∂r0

= − (r − r0)√
(t− t0)2 − (r − r0)2

= − v√
1− v2

p =
∂F

∂r
=

−(r − r0)√
(t− t0)2 − (r − r0)2

= p0 (8.5.14)

where we set v = r−r0
t−t0 .

Thus we see that the momentum (or the radial velocity) is constant, at it coincides with the velocity needed to connect the points with a straight line.

In the Schwarzschild case Maple can analytically solve the integral (8.5.8), but the resulting equation (8.5.9) turns out to be too complicated to be

solved for E, so that we need to learn how to go around this issue. For our Schwarzschild–like solution, i.e. for A = 1 � σ
r , we can introduce an

adimensional variable r = σρ to obtain

F (t, r; t0, r0) = �E � (t� t0)� σ
Z ρ= r

σ

ρ0=
r0
σ

p
ρ
p

(E2 � 1)ρ+ 1

ρ� 1
dρ (8.5.15)

The limit to light-like geodesics is obtained by the limit ṙ ! �A(r), which corresponds to p! �1, which, in turn, corresponds to the limit E ! �1.

Thus, for light rays, we are interested to the solutions of (8.5.9) which diverge to �1. If we are interested in light rays from (t0, r0) to (t, r), we want

to determine a solution which, for these values, has the corresponding E(t, r; t0, r0) which diverges.

Even though the explicit form of E(t, r; t0, r0) is hard to find we can make the substitution E = 1/ε in the equation (8.5.9) and then take the limit

ε! 0.

In the Schwarzschild case, we directly obtain for (8.5.9)

(t� t0)�
�
r � r0 + 2m ln

�
r � 2m

r0 � 2m

��
+O(ε) = 0 (8.5.16)

the two signs corresponding to ingoing and outgoing light rays. This allows a divergent solution (i.e. ε = 0) iff

t� t0 = �
�
r � r0 + σ ln

�
r � σ
r0 � σ

��
(8.5.17)
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Once we fix the initial condition (t0, r0), this provides an implicit definition t(r) of the light-like geodesics trajectories through it, parameterised by r.

Thus, in view of separation of variables, HJ method provides us with an exact, analytical, description of light rays as a result of a single integral.

Moreover, before taking the limit to E ! �1, this is also a good description of test particles. For �1 < E � 0 one has bounded motions, while for

E � �1 one has unbounded motions.

The bounded motions have a maximal distance they reach before falling in again. This is obtained by conservation of E as the value of r = rM such

that

E2 = A(rM ) (8.5.18)

and then one has directly the two branches of the motion as

c = (tc, xc)

�0

t

x

�1

p1

p0

p3

p2

p5

p4

p7

1

Fig. 8.7: Particles exchanging light rays around Schwarzschild.

ṙ2 = A2

�
1� A

E2

�
() t� tM = �E

Z r

rM

drp
A
p
E2 �A (8.5.19)

This suggests to use r as a parameter along each branch and in fact it allows us to keep the result

analytic and exact.

The unbound motions can be either ingoing or outgoing. In both cases, one can use the parameter

r along the whole motion.

If we consider two test particles which exchange light rays one with the other, we can describe the

situation exactly; see Fig. 8.7. In this way we are able to find exactly the points (p0, p1, p2, p3, . . .)

at which the signals are fired by one particle to the other.

In the example in the Figure, one particle is out going along an unbound trajectory, the other is

bounded, it reaches a maximin radius and then falls in again. While they are going around they

exchange light rays back and forth, which iare drawn as red lines.

6. Special coordinates

In a relativistic theory, coordinates are irrelevant. Using one coordinate system or another is a priori irrelevant. On the other hand, exactly because

we focus on quantities which are coordinate independent, if we compute such quantities in a specific coordinate system, the result applies to all the

other coordinate systems as well.

As we already discussed, on a specific spacetime, there might be a posteriori privileged coordinate systems which make our life easier. For example, as

discussed in Section 7.2, in spacetimes with Killing symmetries, one can compute adapted coordinates, in which the metric takes a specific and simpler

form.
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However, we can also show that there are a posteriori preferred coordinate systems in any spacetime. They are still a posteriori in the sense that,

to define them in details, one needs to know the metric (or the connection—or both, of course) though their general existence is established by

non-constructive existence theorems, as, for example, Cauchy theorem.

Moreover, as we shall discuss later on, these coordinate systems are physically important (and at the same time fundamentally irrelevant) since they

are used as a bridge towards Newtonian setting. They render what it means that, locally in spacetime, one can pretend that the spacetime and its

tangent space are the same thing, i.e. one can pretend that (locally) spacetime is a vector space, as it (globally) was in Newton setting. They render

what is means that geodesics are straight lines as Galileo claimed. Moreover, they are the proper arena to discuss equivalence principle.

How can something be important for Newtonian physical intuition and, at the same time, fundamentally irrelevant?

The only answer I can think of is that Newtonian physical intuition itself is fundamentally irrelevant as well.

Normal coordinates

Let us consider a point x in a spacetime (M, g, Γ̃) described by a Weyl frame and let us denote by V = TxM the tangent space to M at x. By an

abuse of notation, let us denote by g the inner product induced on V by the metric, so that (V, g) is a (pseudo)-Euclidean vector space.

For any vector v 2 V , we can define a Γ̃-geodesic trajectory γ(s;x, v) with initial conditions (x, v). Keeping x fixed and letting v varyimg, we obtain

the family Gx of all geodesics through x.

In general, this family does all sort of bad things; geodesics can intersect with each other, fail covering some regions of spacetime, different initial

conditions can define the same trajectory. However, there is a suitable neighbourhood Ux in which the trajectories foliates Ux.

Even restricting to Ux, two parallel vectors v and αv do still define the same trajectory.

That is a consequence of reparameterisation invariance. In a nutshell, it amounts to show that if γ : R→M is a Γ̃-geodesic motion for the initial condition (x, v), then

γ̃(s) = γ(αs) is again a Γ̃-geodesic motion, though for the initial condition (x, αv). See Section 7.2.

Accordingly, the geodesics generated by the initial conditions (x, v) and (x, αv) are in fact the same submanifold in M . Thus one can use α to adjust

which point along the trajectory corresponds to γ̃(1).

If we fix a basis eµ in V , any vector v = vµeµ 2 V corresponds to its components vµ. Thus one has a correspondence between points in Ux and initial

conditions (x, v), the correspondence being

exp : V � Rm ! Ux : v 7! γ(1;x, v) (8.6.1)

which, once restricted to a suitable open set V � Rm, is one-to-one. That is, in fact, the inverse of a chart on spacetime and it defines coordinates vµ

in Ux which are called normal coordinates.

Normal coordinates vµ at a point x are one possible realisation of the intuitive idea that, in a small enough region, any manifold can be approximately

confused with its tangent space, i.e. they are an explanation of why we can approximately think to live on a flat world even though we are actually

living on a sphere. They are overloaded with some properties of the curvature, so that the metric, the connection, and the curvature have a special

simple form.
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In normal coordinates, let us consider a geodesic through x, namely γ(s;x,w). Any point y on this geodesic, e.g. y = γ(s0;x,w), can equivalently be

written as y = γ̃(1;x, αw) by setting α = s0. Thus, the point y in normal coordinates is written as αwµ and the geodesic reads as

γ : R!M : s 7! vµ = swµ (8.6.2)

for some fixed wµ. Hence geodesics in normal coordinates are straight lines.

Let us remark that “being a straight line” is a jargon expression and it can have different meanings.

On a manifold, it means to be geodesics with respect to some fixed geometry. That is already ambiguous, unless one specifies the details of the kind of geometry

used. For example, in a Weyl frame (M, g, Γ̃) one has geodesics of the metric g as well as geodesics of the connection Γ̃. It is only in view of EPS that we decided to

understand that what matters are geodesics of Γ̃. Of course, in this case, saying that γ “is a geodesic of Γ̃” is as true as obvious.

In a vector (or affine) space, being a straight line means to be linear, to be associated to a subspace. The geodesic γ is associated with a linear space in V ⊂ Rm,

though unfortunately, what happens in Rm is irrelevant, what matters is what happens on the spacetime M . There is no linearity on M , since the map defining the

chart does not preserve linearity.

What we have here is that geodesics are linear in the coordinate space, which is not a property of the line; it is a property of the coordinate system, instead. To be

honest, one should say that geodesics are simple in normal coordinates, which just mean that one should ask where the information about geodesics is hidden, the

answer being in the definition of normal coordinates. Precisely, what is hard to reconstruct, precisely as hard as solving the geodesic equations, is to find the relation

between normal coordinates and some other coordinate system.

Since we know that γ : R ! M : s 7! vµ = swµ are geodesics, they have to obey geodesic equation. Of course, in normal coordinates, one has

γ̇ = wµ∂µ and γ̈ = 0. Thus one has

Γ̃µαβw
αwβ = 0 (8.6.3)

which at x must hold for any wµ. Accordingly, in normal coordinates, one has Γ̃µαβ(x) = 0.

Of course, the geodesic equations are satisfied for any value of s; however, for s 6= 0, the curves with different values of wµ are not geodesics, and one cannot conclude

that for y along a geodesics, namely y = γ(s), the connection should be vanishing as well.

Normal coordinates are coordinates on M such that the connection Γ̃(x) = 0 at the point x ∈M .

We can also consider the derivative of the geodesic equations, always at x, from which ∂λΓ̃µαβw
λwαwβ = 0 follows and, in view of independence of w,

one gets

3∂(λΓ̃µαβ) = ∂λΓ̃µαβ + ∂αΓ̃µβλ + ∂βΓ̃µλα = 0 (8.6.4)

Another free token from normal coordinates is that covariant derivatives at x reduce to partial derivatives, and, in particular, they commute.

As a consequence of Γ̃(x) = 0, the Riemann tensor at x is simply

R̃αβµν = ∂µΓ̃αβν � ∂νΓ̃αβµ = 2∂µΓ̃αβν + ∂βΓ̃αµν ) ∂νΓ̃
α
βµ = �

�
∂µΓ̃αβν + ∂βΓ̃αµν

�
= �1

3

�
R̃αβµν + R̃αµβν

�
(8.6.5)

which is particularly easy since it involves no quadratic terms.

For example, if one wants to prove first Bianchi identities, we could start by noticing that R̃α[βµν] is a tensor, so if it vanishes at a point in one coordinate system, it

vanishes there in any coordinates.
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Then we can fix a point x and normal coordinates around it. In those coordinates, the Riemann tensor is expressed simply as in equation (8.6.5). Consequently, one

has

R̃α[βµν] = ∂[µΓ̃αβν] − ∂[ν Γ̃αβµ] = 0 (8.6.6)

which proves first Bianchi identities at x in normal coordinates, hence first Bianchi identities at x in any coordinates. Since the point x has been fixed arbitrarily, first

Bianchi identities hold true everywhere.

Notice that, once we assume that normal coordinates exist, this is much a shorter proof than the one in general coordinates (compare with Subsection 14.2.6), essentially

because we do not need to care about quadratic terms in Riemann tensor expression.

[Notice also that one should learn to prove the identity in general, just using basic tensor calculus.]

If vµ are normal coordinates at x, then also wµ = Jµν v
ν are normal coordinates at x, where Jµν is a constant matrix. We can further use this freedom

to put the metric g in normal form at x, i.e. to have gµν(x) = ηµν . That holds true in any Weyl frame (M, g, Γ̃): one can always find a system of normal

coordinates at x 2M such that Γ̃αβµ(x) = 0 and the metric is in canonical form gµν(x) = ηµν . That is exactly true at x, while is is approximately true

in a small enough neighbourhood Ux. That is the first step to show that the physics in M is locally approximately described as the physics on V , on

which the metric is constant and the connection vanishes in the same coordinates in which the metric is in canonical form. That is very similar to the

setting one has in SR, so often one says that locally on M , special relativity holds.

It is important to remark that locally means approximately in a neighbourhood, exactly at the point x. If one had observations precise enough, then

one could see that the metric fails to be exactly in canonical form around x, as well as the connection will fail to be exactly constant. As we shall see

below that appears as tidal forces as soon as one considers two particles which are not exactly at x. Moreover, that discussion is in spacetime and x is

an event, not a point in space. If we consider a particle γ through x, SR is expected to hold exactly at the event x, which it becomes approximate even

if one stays exactly on the particle γ though at time before or after x. A better discussion needs us to introduce clocks, distances and better bridge

the relativistic setting with the Newtonian one.

Fermi coordinates

Normal coordinates provide a canonical expression for the metric and connection at an event x 2 M . However, (sometimes) one can do better and

provide coordinates in which the metric and connection are in canonical form along a whole worldline of a particle, not at a single event. These

coordinates are called Fermi coordinates and they exist every time Γ̃ = fgg, i.e. on a Riemannian structure.

Fermi coordinates are a better implementation of the intuitive idea that SR exactly holds true at a spatial point (e.g. at the center of mass of a freely

falling lift) instead of holding true at a given time only. That is often considered a milestone for GR interpretation and it is interesting to notice that

it holds true only in a Riemannian structure. Most of what will follow in the next Chapters will be to verify whether this assumption is really needed

(thus potentially ruling out Palatini f(R)-theories) or one can learn to live without it (thus defining a more general framework for relativistic theories).

Let us start by considering a Weyl frame (M, g, Γ̃) on a spacetime M of dimension m = dim(M) with a torsionless connection Γ̃.

To define Fermi coordinates around a time-like geodesic γ for the connection Γ̃, we start by selecting a complement subspace W0 transverse to γ̇ at

γ(0). Let us fix a basis ei of W0 (with i = 1..(m � 1)), and by parallel transport we can define ei(s) along the curve γ such that ei(0) = ei. We can

define the subspaces Ws = Span (ei(s)) which stay transverse to γ for a while, i.e. in an interval J � I which contains 0 2 J . There is no loss of

generality to restrict I from the beginning so that I = J .
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For any vector w 2 Ws, there is a unique geodesic motion h(r) = h(r; γ(s), w) for the initial condition h(0) = γ(s) and ḣ(0) = w. If we start from a

vector w′ = αw which is a parallel to the initial condition w (i.e. α 2 R is a constant), then we simply end up with a reparameterisation of the same

line. In fact, the curve k(r′) := h(αr′) is again a geodesic motion and it corresponds to initial conditions

k(0) = h(0) = γ(s) k̇(0) = αḣ(0) = αw = w′ (8.6.7)

In other words, one has h(r; γ(s), αw) = h(αr; γ(s), w). Accordingly, one can fix the initial condition w′ so that a point x on this geodesic is obtained

for the parameter r = 1, i.e. x = h(1; γ(s), w).

By dimensional considerations, the family of geodesic motions h fills an open neighbourhood U of γ(0) which can be restricted so that none of such

geodesics intersect. Accordingly, any point x 2 U in the neighbourhood can be (uniquely) written as x = h(1; γ(s), w) and, since w = wiei(s) 2 Vs, it

can be parameterised by (s, wi) which are called Fermi coordinates.

In Fermi coordinates, the curve γ reads as γ : s 7! (s, 0, . . . , 0) while the geodesics h(r; γ(s), w) read as h(r; γ(s), w) : r 7! (s, rwi). Choosing wi = δik
one obtains coordinate curves associated to Fermi coordinates and the natural basis for vectors are tangent to them.

Hence, in Fermi coordinates, the equation for geodesics and parallel transport must be satisfied, in particular at γ(s). The curve γ : s 7! (s, 0, . . . , 0)

is a geodesic, thus Γ̃α00(γ(s)) = 0. The curve h(r; γ(s), ek(s)) : r 7! (s, rδik) is a geodesic, thus Γ̃αij(γ(s)) = 0. Finally, the vector fields ei(s) = δµi ∂µ are

parallelly transported along γ(s), i.e. Γ̃µ0i(γ(s)) = 0.

Overall, in Fermi coordinates the coefficients Γ̃µαβ of the torsionless connection Γ̃ vanish along the geodesic γ. Of course, any affine coordinate

transformation x′µ = Aµνx
ν +Bµ for constant (Aµν , B

µ) preserves the vanishing of the connection on γ.

We can find a coordinate system xµ in which the connection vanishes on γ, i.e. Γ̃µαβ(γ(s)) = 0. If we single out a point x = γ(0) on the time-like

geodesic, then we can make a coordinate change x′µ = Aµνx
ν to put g(x) in canonical form, i.e. g′µν(x) = ηµν .

If we try to repeat the procedure at any point along γ then the Jacobian Aµν would in general depend on s = x0, the transformation would not be

linear, and the non-zero Hessian would eventually spoil the vanishing of the connection.

Of course, the fact that the procedure for constructing Fermi coordinates fails, it does not prove that there is no other coordinate system, defined in

some other way, in which the conditions for Fermi coordinates hold true γ, anyway. In order to show that Fermi condition is in fact violated, one needs

a counterexample.

Let us consider the spacetime M = Rm with a standard Minkowski metric g̃ = η in Cartesian coordinates xµ and set Γ̃ = {g̃} be its Levi Civita connection. Since we

are in Cartesian coordinates, one has g̃ = η and Γ̃ = 0 everywhere, in particular on the time-like geodesic γ : R→M : s 7→ (s, 0, . . . , 0).

Then we can consider a conformal metric g = ϕ̄g̃ and we can ask if there exists a coordinate system x′µ, say in a neighbourhood of the origin, in which g(s) = η and

Γ̃(s) = 0 on γ. Assuming analytical transition functions, we can expand

x′µ = x′µ(x) = Aµ +Aµαx
α + 1

2A
µ
αβx

αxβ + . . . (8.6.8)

with constant coefficients.

Let us first determine the coordinates in which Γ̃ = 0 on γ is preserved. The expression of γ in the new coordinates is

γ′µ(s) = x′µ(γ(s)) = Aµ +Aµ0s+ 1
2A

µ
00s

2 + . . . (8.6.9)

:Index: :AIndex: :Symbols: :Notation:



Equivalence principles 455

The Jacobian is

Jµα = Aµα +Aµαβx
β + 1

2A
µ
αβγx

βxγ + . . . (8.6.10)

which, on γ, reduces to

Jµα(s) = Aµα +Aµα0s+ 1
2A

µ
α00s

2 + . . . (8.6.11)

Since the Jacobian is invertible its inverse on γ is denoted by J̄µα(s).

The second order Jacobian is

Jµαβ = Aµαβ +Aµαβγx
γ + 1

2A
µ
αβγδx

γxδ + . . . (8.6.12)

which, on γ, reduces to

Jµαβ(s) = Aµαβ +Aµαβ0s+ 1
2A

µ
αβ00s

2 + . . . (8.6.13)

Then we are ready to write the connection in the new coordinates x′µ on the time-like geodesic γ′; one has

Γ̃′αβµ(s) = Jαρ

(
Γ̃ρσν(s)J̄σβ J̄

ν
µ + J̄ρβµ

)
= −JαρσJ̄

ρ
β J̄

σ
µ (8.6.14)

Since the anti Jacobians Jσµ are invertible, then Γ̃′αβµ(s) = 0 iff Jαρσ(s), i.e. iff

Aµαβ = 0 Aµαβ0 = 0 Aµαβ00 = 0 . . . (8.6.15)

Thus the most general (analytical) coordinate system in which Γ̃(s) = 0 on γ is obtained by

x′µ =Aµ +Aµαx
α + 1

3!A
µ
ijkx

ixjxk + 1
4!A

µ
αijkx

αxixjxk + . . . = Aµ +Aµαx
α + fµijk(x)xixjxk (8.6.16)

For these coordinate systems, one has

Jµα(s) = Aµα (8.6.17)

which is constant on γ.

Accordingly, if one has a conformal factor ϕ which is not constant along γ, then the metric g cannot be set to η on γ leaving the connection Γ̃(s) = 0 on γ.

Finally, let us consider a Riemannian manifold (M, g), as in the previous case though setting Γ̃ = fgg. In this case, parallel transport preserves inner

products.

Hence, if we fix W0 to be orthogonal to γ̇ and if we fix ei to be an orthonormal basis in W0, then ei(s) are orthonormal bases as well. Moreover, all

ei(s) remain orthogonal to γ̇(s), since also γ̇(s) is paralelly transported along γ itself. Hence, being (γ̇(s), ei(s)) orthonormal basis (as one can obtain

by a reparameterisation of γ) then one has g(γ(s)) = ηµνdx
µ 
 dxν .

In a general Weyl context however, the parallel transport does not preserve orthonormal vectors, so that one cannot enforce canonical form of the

metric along the whole time-like geodesic γ.

Accordingly, Fermi coordinates always exist in a Riemannian structure, while they do not exist in general in a Weyl frame. When they do exist, we

have a coordinate systems which approximately reproduces SR in a neighbourhood, and it exactly matches it on the worldline of a time-like particles.

:Notation: :Symbols: :AIndex: :Index:



456 Geodesics in symmetric geometries

7. Equivalence principles

Let us here consider three different mathematical formulations of Equivalence Principle (EP). These three formulations are not equivalent and we

shall proceed from the weakest to the strongest one.

The weakest formulation we consider is the following:

free falling is universal.

This states that the motion of any test particle freely falling in a gravitational field is described by a unique equation independent of the specific

characteristic of the particle.

This is the key to allow geometrization of gravity: just because the free fall is independent of the particle, it can be regarded as a property of spacetime,

which affects anything in the same way.

The weak EP is encoded into EPS framework as well as in any other formulation of relativistic theory of the gravitational field. Either by an axiom

or as a theorem, in any gravitational theory, test particles moves along time-like geodesics of some connection, a single connection for all test particles.

In standard purely metric GR, they move along time-like geodesics of the Levi Civita connection of the metric g which describes the gravitational

field.

In Palatini standard GR, the gravitational field is described by a metric and an independent connection (g, Γ̃) and test particles move along geodesics

of Γ̃ which are time-like with respect to g. Then the dynamics chosen (namely the Palatini-Hilbert-Einstein action) induces field equations for the

metric and the connection, the equation for the connection implies (in vacuum and with matter, if matter does not couple to Γ̃) that Γ̃ = fgg and a

test particle moves along g-time-like Γ̃-geodesics which are also g-geodesics, on-shell.

If we choose a different dynamics, e.g. some Palatini f(R)-theory, then the field equation for the connection does not imply any longer that Γ̃ = fgg.
However, test particles still move along the geodesics of Γ̃ (which, in general, is different from fgg).
In more general theories, one has to declare how test particles fall, since the action principle is unable to determine that.

If the free fall has to be deterministic, covariant, invariant with respect to reparameterisations and the gravito-inertial field obeys weak EP then it

must be described by some connection Γ̃. Thus, in any theory describing gravitational field, one must be able to built a connection to describe free

fall, either Γ̃ is a field or a function of the fields.

Hence we can state the weak EP as:

Weak equivalence principle: there is a single projective structure which describes free falling for all test particles.

The second formulation we consider is somehow stronger:

at any event in spacetime, there exist local inertial observers for which, at that event, there is no gravitational field and SR is valid.

If there exists a coordinate system in which the metric (that defines distances) and the connection (that defines free fall) at the event x 2 M have

local expression

gµν(x) = ηµν Γαβµ(x) = 0 (8.7.1)
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it means that there is a small enough neighbourhood U of x in which the metric components are nearly constant and connection components are

negligible. Thus free falling particles follow worldlines which are almost “straight lines” and, as long as one stays in U , SR approximately holds true.

Thus we can translate this as the following mathematical principle.

Normal equivalence principle: at any event x in spacetime, there exist coordinate systems in which gµν(x) = ηµν and Γαβµ(x) = 0.

That is also called the EP at a point (or pointwise EP). Of course, if xµ is one of such coordinate systems, one can do an affine coordinate transformation

x′µ = Λµ
νx

ν + bµ (Λ, b) 2 SO(η)oR4 (8.7.2)

and, in the new coordinate system x′µ, one still has gµν(x) = ηµν and Γαβµ(x) = 0. Accordingly, the coordinate systems singled out in this way could

be called (pointwise or normal) inertial observers at x.

In the case of the lift, that means that there are freely falling observers for which the gravitational field is exactly balanced by the inertial field at an

event x in spacetime, i.e. at a center of the lift and at a given time. After and away from it, the cancellation is, in general, only approximated and it

manifests as tidal forces which, in principle, can be observed.

The normal EP is a theorem of differential geometry and it holds true for any pair (g, Γ̃) (regardless field equations). In fact, normal EP can be

rigorously stated by observing that for any metric g and any (torsionless) connection Γ̃ there exists a normal coordinate system xµ around an event

x 2M in which the metric tensor is constant and the connection vanishes at x 2M . One has

gµν(x) = ηµν Γ̃αβµ(x) = 0 (8.7.3)

Of course, this holds true, in particular when Γ̃ = fgg, as it happens off shell in purely metric standard GR, as well as on shell in its Palatini formulation.

But it is also generally true in Palatini f(R)-theory, where the connection Γ̃ is off-shell independent of the metric g and on shell it is the Levi Civita

connection of another metric g̃ conformal to the original metric g.

The third formulation is somehow stronger:

there exist local inertial observers for which, along a particle worldline, there is no gravitational field and SR is valid.

Accordingly, one can state it as

Fermi equivalence principle: given the worldline γ of a free falling particle, there exist coordinate systems in which gµν(γ(s)) = ηµν and

Γαβµ(γ(s)) = 0.

That is also called the EP along a worldline. It means, comparing with normal EP, that there are freely falling observers for which the gravitational

field is exactly balanced by the inertial field at a spatial point x, i.e. at a center of the lift, and at any time. The cancellation is, in general, only

approximated away from that spatial point, while it is exact at the center during a whole time interval.

As far as the Fermi EP is concerned, that holds true (off shell) in standard purely metric GR, as well as on shell in Palatini standard GR.

In Palatini f(R)-theories, one has on shell that the configuration is parameterised by (g, Γ̃) with

Γ̃αβµ = fg̃gαβµ = fggαβµ � 1
2

�
gαεgβµ � 2δα(βδ

ε
µ)

�
rε lnϕ (8.7.4)
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Hence, for the Fermi EP, one should choose a time-like geodesic γ of Γ̃ and find a coordinate system around it in which gµν(γ(s)) = ηµν and

Γ̃αβµ(γ(s)) = 0. One can see that there exist Fermi coordinates for which Γ̃αβµ(γ(s)) = 0, though since parallel transport along γ does not preserve inner

product with respect to g (neither off shell nor on shell, because of the relation (8.7.4)) one cannot enforce gµν(γ(s)) = ηµν along γ.

The situation is similar in any general ETG theory in which the relation (8.7.4) holds on-shell as a consequence of EPS framework.

Thus, in Palatini f(R)-theories, one cannot satisfy Fermi EP in general. However, if T = 0, as it happens in vacuum or with electromagnetic field

only, and for a generic function f(R) then the master equation has discrete solutions and hence constrains the curvature to be constant R = R0. As

a consequence one has a constant conformal factor ϕ0 = f ′(R0) and, with a constant conformal factor, one has fg̃g = fgg. Since one can always find

Fermi coordinates for (g, fgg), then one can always find Fermi coordinates for (g, fg̃g) and the Fermi EP holds true in Palatini f(R)-theories on shell

and in T -vacuum. Thus one could hope to see quantum violations of Fermi EP which, however, holds true classically, i.e. on average. Of course, we

are not able to see quantum gravity effects at all, so that is only a possibility in principle.

References
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Chapter 9. Standard clocks

Sometimes the only choices you have are the bad ones. But you still have to choose.

(The Doctor)

1. Introduction

.ClocksOriginally, we defined a clock as any parameterised worldline in spacetime.

We have to remark that, according to the definition given in Subsection 5.3.2, a clock is any parameterised worldline.

While we require the trajectory to be time-like with respect to the causal structure [g] (as a clock is a material device that, as such, cannot move faster than light),

we did not require the clock to be free falling—since, in fact, there are clocks on Earth’s surface—i.e. we did not require the trajectory to be a Γ̃-geodesics—nor we

required any notion of being, in any sense, uniform. How could we? In fact, we could not define a meaning for being uniform, not before establishing a geometry on

spacetime, either on a mathematical stance or on a physical stance, since something can be uniform only with respect to something else.

In standard GR, i.e. on a Lorentzian manifold (M, g), a free falling clock, parameterised by arc-length, is called a proper clock and the time measured

by it is called its proper time. A clock which is subjected to a non-gravitational force deviates from its free falling worldline; it is called a proper clock

anyway, if it is parameterised by arc-length. At any moment, if it is compared with a free falling proper clock passing at the same event, with the same

spatial velocity, instantaneously the two clocks have the same rate. So the notion of proper time is extended to any worldline.

Ok, there is a number to details to fix, for example: what does it mean for two clocks to have the same instantaneous rate?

Another issue is that all the standard discussion about clocks is carried over with the back-thought that we have devices which can be replicated, of which we can

produce a fleet of them, that they maintain their rate reliably. I personally do not even know what it means, though I understand the suggestion of having atomic

clocks, which can be sent around and compared when they eventually meet again. They appear to have the same rate when they are at rest with each other and at the

same point, when they move away they have different rates though these differences are well described by SR. They have different rates when compared at different

locations, even if they are at rest, though these differences are well described by different gravitational fields in the two locations. Of course, the comparison of clocks

at different events is complicated, it relies on synchronisation protocols, though these phenomena have been well within our experience for a number of decades now.

However, mathematically speaking, it is hard to imagine an absolute definition of what one should understand by taking a free falling clock and comparing it with a

different, though identical, non-freely falling clock at a distance. Of course, this is exactly what proper clocks does in the standard GR. We would like to point out only

that this is a definition within a specific gravitational theory.
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We have to remark that, if the same clock—if that had a precise mathematical meaning, though it may have a physical meaning—were not freely

falling, it can be regarded by other observers (for example, depending on the different gravitational fields they, both, are experiencing) to get slower or

faster, while, of course, any clock is uniform with respect to itself.

2. Definition of standard clocks

Let us start, by telling a short story.

We have defined different kind of geometries on spacetimes, from EPS geometries, to Weyl geometries, to Weyl frames and Riemannian structures.

These structures are different in generality, some of them being special cases of others. Eventually, we should care most of Weyl frames, since we

adopt them as fundamental fields in ETG. However, clocks come before the dynamics, so let us keep a general attitude and consider clocks in the most

general cases as well.

When we defined a clock as a time-like curve in M , i.e. a C∞ map γ : I !M : s 7! γµ(s), for a real interval I � R, such that its tangent vector γ̇(s)

is time-like for all s 2 I, that is pretty general, since time-like curves are well defined in the general EPS framework, they are well defined every time

a conformal structure g is given on M . As a particular case, they are well defined if a Lorentzian metric g 2 g is available.

Since here we aim to discuss which quantities depend on which structures, let us keep stuck for a while to a more verbose notation. In a Weyl geometry

(M, g, Γ̃), a g-clock is a parameterised g-time-like curve γ : I ! M . That definition specialises nicely to stricter structures, in which one selects a

representative g 2 g. In that case, we simply call it a g-clock, in fact meaning a [g]-clock.

Given a g-clock γ : I !M , for any event p 2 γ(I) �M there is a unique value of the parameter s such that p = γ(s); such a value of the parameter

s is called the time-reading, or simply the time, of the clock γ at the event p. The rate of a clock γ at time s (or, equivalently, at the event γ(s)) is the

number ω > 0 such that g(γ̇(s), γ̇(s)) = �ω2.

Let us stress that, given a clock γ, its time is defined on the worldline γ(I) ⊂M , only. There is still no time out of it, not yet. In order to assign a time in an open set

of spacetime, one needs a synchronisation protocol, which we are not fixing, yet.

Once a synchronisation protocol will be fixed, one is able to determine isochronous surfaces of contemporary events, at least locally on spacetime. Until then, time is

defined only along clocks, and each clock defines its own time, different clocks defining times which have a priori nothing to do one with the others.

This is a consequence of, and it expresses, the fact that in a relativistic world, at a fundamental level, there is no time. At most each particle goes around carrying

its own time which applies to itself and only to itself. There is no global time (or even local time) even though we often define coordinates or restrict to situations in

which it seems there is one, in honour to Newtonian legacy. However, one should also remark that coordinate time is quite different from an absolute time, first of all

because coordinates are completely, in principle, conventional.

If a Lorentzian metric g 2 g is available on spacetime, we can define a g-proper clock as a clock γ : I ! M such that g(γ̇, γ̇) = �ω2, with ω 2 R
constant, i.e. independent of s. Of course, there is no canonical choice on a Weyl geometry (nor in an EPS geometry), in which one has no special

representative for the conformal structure. However, there are non-canonical choices, one for each representative of the conformal structure.
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On the contrary, in a Weyl frame, as well as in a Riemannian structure, a representative g 2 g of the conformal structure has been selected precisely

to describe our operative protocols for measuring distances and time lapses. Accordingly, in these cases, one has a preferred notion of g-proper clocks.

By definition, a g-proper clock has a constant rate. Because of that, they will be assumed to model uniform clocks, i.e. they will provide us with a definition of uniform

clocks.

Of course, here as in other contexts—as, e.g., in probability theory—uniform has no absolute meaning at all. Something is uniform with respect to a measure, here

with respect to a metric g ∈ g, as it nicely rendered by the definition of g-proper clock.

Once the rate is constant, one often chooses a time unit so that the rate ω = 1. The clocks with a unit rate are called normalised proper clocks or, for short NP-clocks

with respect to g.

A g-proper clock comes with a unique parameterisation (modulo affine transformations) fixed on it.

Let γ◦ : I → M be a g-clock and φ : I → J : s′ 7→ s be a reparameterisation. The composition γ = γ◦ ◦ φ : R → M is a new clock γ(s′), which shares the trajectory

with γ◦ though it tells a different time. Given a metric g, the rate of the new clock compares with the rate of the first one as

g(γ̇(s′), γ̇(s′)) = (φ̇(s′))2g(γ̇◦, γ̇◦) = −(φ̇(s′))2ω2(φ(s′)) (9.2.1)

If we want the new clock to be g-proper, we need to require that (φ̇)2ω2 is constant, i.e.

2φ̇φ̈ω2 + 2(φ̇)3ωω̇ = 0 ⇒ φ̈ = − ω̇(φ)

ω(φ)
(φ̇)2 (9.2.2)

Being ω(φ) a known function, which depends on the old clock and on the metric, one can associate to this equation and equivalent first order system
φ̇ = ψ

ψ̇ = − ω̇(φ)

ω(φ)
ψ2

⇒ X = ψ∂φ +
ω̇(φ)

ω(φ)
ψ2∂ψ (9.2.3)

The parameterisations which make the new clock a g-proper clock are associated with integral curves of this vector field X, which hence exist as an initial condition

s0 = φ(s′0) is provided. Accordingly, any g-clock γ◦ can be reparameterised to obtain a new clock γ which is proper with respect to any metric g ∈ g one could select.

Now, if γ : I →M is a g-proper clock and γ∗ := γ ◦ φ : J →M is a reparameterisation of it for some isomorphism φ : I → J : s′ 7→ s, then one has γ̇∗(s
′) = φ̇(s′)γ̇(s).

Accordingly, γ∗ is also g-proper iff

g(γ̇∗, γ̇∗) = φ̇2g(γ̇, γ̇) = −φ̇2 = −ω2 ⇒ φ̇2 = ω2 ⇒ s = ωs′ + s0 (9.2.4)

Thus, if we want to preserve g-proper clocks, their parameterisation is frozen up to an affine transformation s = ωs′ + s0.

Accordingly, an NP-clock defines a unique way of assigning time lapses.

Given two events p, q ⊂ γ(I), there exist two times sp, sq of γ such that γ(sp) = p and γ(sq) = q. We define the time lapse with respect to the clock γ between the

events p and q as the number sq−sp. The time lapse between p and q is invariant with respect to origin translations, so two NP-clocks supported on the same trajectory

γ(I) ⊂M define the same time lapse between p and q.

This is not the case for a general clock. In general, the time lapse along an arbitrary clock is totally conventional as it depends entirely on the clock.

The time measured by a g-proper clock is called the g-proper time.
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Notice that we did not ask the g-proper clock to be freely falling, with respect to fgg or to any other connection. If the g-proper clock is affected by

any non-gravitational force, it will not be freely falling. However, at any event p 2 γ(I) on it, there will be a free falling g-proper clock γ∗, passing

through p with the same covariant velocity of γ at p (i.e. the worldline of γ and γ∗ share the same tangent vector at p) which, hence, has the same

rate at p.

Thus the g-proper time is measured instantaneously at any event by a freely falling g-proper clock, even though, if the clock motion is accelerated, the free falling

g-proper clock is always different at any event.

[I beg your pardon, it is clear that this note would not be of any use, if not to explain the description of proper time for accelerated clocks which is sometimes found

in the literature, especially discussing SR. In fact, we did not even use free fall in the definition of proper time and that should be enough to “extend” to accelerated

clocks.]

So the only issues about g-proper clocks are which metric to use to define them (especially, though, as we argued, not only, in a theory with more

than one metric) and how to check whether a clock is g-proper by means of a suitable operational protocol based only on light rays and particles.

Before proceeding, we can define a similar class of clocks, which is though well defined on a Weyl geometry, i.e. a class depending only on the conformal

structure, not on a representative for it.

When a clock γ is given in a Weyl geometry (M, g, Γ̃), it is natural to define its covariant velocity and its covariant acceleration as

v(s) = γ̇µ(s)∂µ aΓ̃(s) =
�
γ̈µ(s) + Γ̃µαβ(γ(s))γ̇α(s)γ̇β(s)

�
∂µ (9.2.5)

respectively.

Let us stress that, while the covariant velocity v depends on the curve only, the covariant acceleration aΓ̃ depends on a connection which describes

the free fall, as well. They are both tangent vectors to M at the points γ(s).

We have to check how they transform under spacetime diffeomorphisms. That is trivial for the covariant velocity, while it deserves some details for the covariant

acceleration.

Let us consider a new coordinate system x′µ = x′µ(x); the local expression for the clock γ : s 7→ γµ(s) in the old coordinates xµ, becomes γ : s 7→ γ′µ(s) = x′µ(γ(s)) in

the new coordinates x′µ.

The covariant velocity and the covariant acceleration are

γ̇′µ = Jµν γ̇
ν γ̈′µ = Jµν γ̈

ν + Jµλν γ̇
λγ̇ν ⇒ a′µ

Γ̃
= γ̈′µ + Γ̃′µαβ γ̇

′αγ̇′β = Jµν γ̈
ν +

(
Jµαβ + Γ̃′µρσJ

ρ
αJ

σ
β

)
γ̇αγ̇β = Jµν a

ν
Γ̃

(9.2.6)

Accordingly, also the covariant acceleration is a tangent vector and it depends on the connection exactly for it to happen.

Definition: a clock γ : I !M is said to be a standard clock with respect to the connection Γ̃ and a conformal structure g, if its covariant acceleration

aΓ̃ is g-orthogonal to the covariant velocity v, i.e. for any representative g 2 g one has g(aΓ̃ , v) = 0 for any s.

Notice that, if g(aΓ̃, v) = 0 for one representative g of the conformal structure, then g̃(aΓ̃, v) = 0 for any other representative. In fact, if one wants a condition which is

conformally invariant, there is not much else to try. Accordingly, the notion of a standard clock is somehow natural on a Weyl geometry.

The main good property of (g, Γ̃)-standard clocks, as of proper clocks, is that they come with a unique parameterisation (modulo affine transformations).
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Two clocks γ : I → M and γ̃ : J → M are said to be equivalent iff they are two representatives of the same (oriented) trajectory, i.e. they share the same worldline

and, in fact, they differ by a (orientation preserving) diffeomorphism φ : I → J that maps I into J , i.e. iff γ = γ̃ ◦ φ.

Given a Weyl geometry (M, g, Γ̃) and a conformal representative g ∈ g, one can always find a parameterisation for any worldline such that it is a standard clock.

Consider, in fact, two equivalent clocks

γ(s) = γ̃ ◦ φ(s) (s′ = φ(s)) (9.2.7)

Their velocities and accelerations (with respect to a connection Γ̃) are related by

vλ = φ̇ ṽλ aλ
Γ̃

= φ̇2ãλ
Γ̃

+ φ̈ṽλ (9.2.8)

where the dots denote derivatives with respect to s. The evaluation at s or s′ is understood, as it is clear from the context.

Then γ̃ is a standard clock with respect to Γ̃ and g iff, for g ∈ g, we have:

g(ãΓ̃, ṽ) = φ̇−3g(φ̇2ãΓ̃, φ̇ṽ) = φ̇−3g(aΓ̃ − φ̈ṽ, v) = φ̇−4
(
φ̇g(aΓ̃, v)− φ̈g(v, v)

)
= 0 ⇐⇒ φ̈ =

g(aΓ̃, v)

g(v, v)
φ̇ (9.2.9)

which has to be regarded as a differential equation for the unknown function φ(s). It can be equivalently regarded as a first order system, in turn, regarded as the

equation for integral curves of a vector field X on the space of (s, φ, ψ)
ṡ = 1

φ̇ = ψ

ψ̇ =
g(aΓ̃, v)

g(v, v)
ψ = F (s, ψ)

X =
∂

∂s
+ ψ

∂

∂φ
+ F (s, ψ)

∂

∂ψ
(9.2.10)

The function F (s, ψ) is regular enough, since g(v, v) never vanishes. Then the integral curve (s, φ(s), ψ(s)) is uniquely determined once the initial condition s′0 = φ(s0)

is given, and the function φ(s) defines the parameterisation on the standard clock γ̃.

Notice that the vector field X, hence also the reparameterisation it defines, is invariant under Weyl conformal transformation. Accordingly, the standard parameterisation

is in fact determined by (g, Γ̃), not by (g, Γ̃).

The solution is unique up to an affine transformation s 7→ ωs+ s′0 with constants ω, s′0 ∈ R. In fact, if we consider a standard clock γ, we change parameterisation and

we want the new clock γ̃ to be standard again, then equation (9.2.9) still hold true, this time with g(aΓ̃, v) = 0, since the first clock was originally standard. Thus we

have φ̈ = 0, the solutions of which are precisely s′ = φ(s) = ωs+ s′0.

Let us consider a clock γ : I !M , in a general Weyl geometry (M, g, Γ̃); for a representative g 2 g, one has

d
ds (g(v, v)) = (∂λgµν)γ̇

µγ̇ν γ̇λ + 2γ̈µγ̇νgµν = (r̃λgµν + 2gµρΓ̃
ρ
νλ)γ̇µγ̇ν γ̇λ + 2γ̈µγ̇νgµν = 2g(aΓ̃, v) +�(v)g(v, v) (9.2.11)

If we restrict to a Riemannian structure (M, g), then � = 0. In this case, a clock is standard with respect to [g] and fgg iff it is g-proper. Accordingly,

the concept of being standard can be regarded as a generalisation of proper clocks in Riemannian structures to Weyl geometries.

If the Weyl geometry (M, g = [g], Γ̃) is integrable, i.e. if Γ̃ is metric, i.e. one has d� = 0, then αµ = �dµ lnϕ and �(v) = �γ̇µdµ lnϕ = d
ds ln(ϕ).

Of course, because of that one has Γ̃ = fg̃g, where we set g̃ = ϕg for the usual conformal metric. Accordingly, we have

d

ds
ln (g(v, v)) = 2

g(aΓ̃, v)

g(v, v)
� d

ds
(lnϕ) () d

ds
ln (ϕg(v, v)) = 2

g(aΓ̃, v)

g(v, v)
() d

ds
g̃(v, v) = 2

g̃(v, v)

g(v, v)
g(aΓ̃, v) = 2g̃(aΓ̃, v) (9.2.12)
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Since g̃ 2 [g], we still have that the clock standard with respect to g and Γ̃ = fg̃g iff it is proper, this time with respect to g̃.

Accordingly, the concept of standard clock can be regarded as a generalisation of proper clocks in Riemannian structures (and integrable Weyl

structures) to a general Weyl geometries.

The parameterisation of a standard clock is called standard time and it coincides with g̃-proper time in integrable Weyl geometries. That is an

interesting, somehow unexpected, result, since it extends proper time to a general Weyl geometry where there is no preferred metric. However, in

integrable Weyl geometries (and, in particular, in Riemannian structures) there is no difference for clocks between being proper and being standard.

One can also regard the issue in a different way.

Consider a clock γ, which is freely falling in a Weyl geometry (M, g, Γ̃), i.e. the worldline of γ is a geodesic trajectory of Γ̃, i.e. it obeys, for some function λ(s), the

equation

γ̈µ + Γ̃µαβ γ̇
αγ̇β = λγ̇µ (9.2.13)

We already know that there is always a special parameterisation for which γ is a geodesic motion for Γ̃.

Now we know, also, that there is a special parameterisation in which γ is standard with respect to g and Γ̃.

Thus one can ask whether these two parameterisations of γ are different. For, let us start over from equation (9.2.12). If the clock is freely falling we have aΓ̃ = λv so

that the clock is standard iff g(aΓ̃, v) = λg(v, v) = 0, iff λ = 0. That is, γ is standard iff it is a geodesic motion.

Let us remark, however, that standard clock are defined also for not freely falling clocks, while, of course, geodesic motion applies to freely falling clocks only.

The notion of standard clock, as we said, applies also to non-freely falling clocks. For example, the clock γ : s 7! (s, r0, θ0, ϕ0) is standard in a

Schwarzschild metric though it is not free falling.

The covariant velocity is v = ∂0 while the covariant acceleration is

ag = {g}α00∂α = 1
2g
αλ (−∂λg00 + 2∂0g0λ) ∂α = − 1

2AA
′(r)∂r (9.2.14)

Of course, we have g(ag, v) = 0, thus the clock is standard.

Also, in this case, of course, the tangent vector v has constant length A(r0) along the worldline and the clock is parameterised by its proper time.

We have to remark that nothing of this makes any physical sense yet, it is just geometry. Here, we searched for classes of clocks which are well defined

in a Weyl geometry. If we want to define uniform clocks as a special class of clocks which are physically relevant, we need them, in view of general

covariance principle, to be covariant with respect to diffeomorphisms and reparameterisations.

For example, it makes sense to try to define them as standard clocks, though at this stage being standard (or proper) is not particularly a physical

property and it has not much to do with being “uniform” in any physical sense one could think of. We showed that proper clocks have a constant

rate, though here the rate enters as a mere mathematical property, not as a physical rate. So, if we want to be clear, we have to better ground these

definitions in a physical stance.

Let us finally restore a simpler notation for clocks, since we shall always use clocks in a specific Weyl geometry (M, g, Γ̃), a Weyl frame (M, g, Γ̃), or

a Riemannian structure (M, g).

In a Weyl geometry (M, g, Γ̃) a standard clock is understood to be standard with respect to g and Γ̃. Since we have no preferred metric selected on

M there is no notion of proper clock. The corresponding parameterisation of the standard clocks is called standard time.
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If the Weyl geometry is instead a Riemannian structure (M, g), it is understood to come from the Weyl geometry (M, [g], fgg) and a standard clock is

also g-proper and it is also called a proper clock. In this case, standard and proper clocks are synonyms and they define standard time which coincides

with proper time.

Once again, Weyl frames are richer in structure.

When dealing with a Weyl frame (M, g, Γ̃), a standard clock is understood to be standard with respect to [g] and Γ̃, again in general as in the Weyl

geometry (M, [g], Γ̃) which the Weyl frame comes from. However, now we have also selected a canonical metric g on M , so, accordingly, a proper clock

is understood to be proper with respect to g. The 1-form � measures by what extent a standard clock fails to be proper, as well as, vice versa, to what

extent a proper clock fails to be standard.

When the Weyl frame is integrable, one has Γ̃ = fg̃g for the connection and [g] = [g̃] for the conformal structure. A standard clock is standard with

respect to [g] = [g̃] and Γ̃ = fg̃g, hence it is also g̃-proper. On the contrary, we define a proper clock in an integrable Weyl frame to be a g-proper clock.

In this case, we have a standard time and a proper time which are two different parameterisations.

The 1-form � still measures by what extent a standard clock fails to be proper, and vice versa. In this case, however, d� = 0, � = �d ln(ϕ) allows

a potential (namely, � ln(ϕ)), which is essentially the conformal factor. Thus the conformal factor has a natural interpretation as the field which

measures the difference between standard and proper times in integrable Weyl frames. Of course, in a purely metric Weyl frame, standard and proper

clocks coincide, also reproducing Riemannian structures.

The case of integrable Weyl frames is specially important for Palatini f(R)-theories. In Palatini f(R)-theories, we have to declare whether atomic

clocks (or any other class of physical clocks) are proper or standard. Unless we say differently, we shall always assume atomic clocks to be proper,

i.e. to tell the g-time, not g̃-time. That is in agreement with the motivation we declared to originally single out a representative g in the conformal

structure g.

That is a potential conflict about standard GR, which is both a purely metric theory and a special Palatini f(R)-theory. In it, an atomic clock should tell g̃-proper

time since we are in a Riemannian geometry, but also proper time (which is g-proper time) as is understood in an integrable Weyl frame.

However, this is not a conflict for standard GR, since the standard dynamics constrains the conformal factor to be ϕ = 1, so g = g̃ and one has just one proper time.

This also gives a pretty simple and clear viewpoint on what novelty Palatini f(R)-theories introduce with respect to standard GR. They are precisely assuming that

the one metric g̃ that describes free fall may be not the one metric g which makes the coupling with matter simple and accounts for the rate of the atomic clocks.

Here, we are just learning to live with this.

In a Weyl frame (M, g, Γ̃), two proper clocks γ1 and γ2 are said to be identical clocks if they have the same (constant) rate. Notice that the rate is

defined only with respect to a metric, i.e. it is defined in Weyl frames and Riemannian structures only. Accordingly, all NP-clocks are identical to each

other.

Synchronisation protocols

Let us start, by telling a short story.
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Eve lives in an isolated farm, few kilometres away from a small village. She has only one clock in her farm, stuck on the kitchen wall. One day the clock stops, since

Eve forgot to wind it. That would not be a big deal, if it were not the only clock in the farm and there is no way to adjust it to the correct time, if not synchronising

it with the clock on the village’s council hall.

However, no telephone or radio communication is available in the area, nor anyone can move either of the clocks. Eve just has a scooter. She does not know the exact

speed of the scooter, nor the distance from the farm to the village, though the road connecting the farm to the village is straight, plane, and with no traffic, so that

Eve is pretty confident to be able to keep a constant speed for the scooter during her way to the village.

How can Eve synchronise her clock to the village one?

At noon, she cannot be at the village to check it is noon and at the same time in her kitchen to start her clock. And she would have no way to measure how much time

it takes to go back home, since she has no other watch. She does not know the distance to go and the speed of the scooter, so she cannot compute that time either.

However, there is a way of doing it.

She can wind her clock, set it to an arbitrary time, say 6 : 00, notice it, take the scooter and go to the village. When she get there, she notice the village clock time,

say 13 : 12, and go back to her farm. When she gets there, her clock will tell the time, say 7 : 20.

It means that it took Eve 1h20min to go back and forth to the village, allegedly 40min to go, 40min to come back. So now the clock of the village will probably tell it

is 13 : 52. Thus Eve can adjust her clock to 13 : 52 and have lunch.

Let us notice that we should doubt about the assumption that going back and forth takes the same time. It may be that the road is in a slight slope

so that it takes 35min to go and 45min to come back. In that case, it seems obvious that Eve should have set her clock to 13 : 57, instead.

On the other hand, we need to remark that while we can measure the two ways time to be 1h20min, there is no way to measure the time to return

only (which is called the one way time), if not assuming that the two clocks are synchronised.

For, we should need a watch to bring with us during the trip, or we should already know that the two clocks are synchronised (so to read the village clock when we

start coming back and the kitchen clock when we arrive). If the two clocks are not already synchronised we cannot measure the one way time.

Even if it seems obvious that the one way time is a better concept for synchronisation, the fact that it cannot be measured directly should ring a

warning bell. As a matter of fact, assuming that the one way time is half of the two ways time is a convention which cannot be falsified, and which

defines a synchronisation protocol. Without that assumption, there is no synchronisation and no time out of the clock worldline.

If we had a signal which travels faster than the scooter, then the synchronisation could be falsified.

To check that the village clock and the kitchen one are not synchronised we just need some help by someone at the village. We can agree that we shall send a signal

to the village (for example, ring a gong, which is about 20 times faster than the scooter) at 15 : 00, if the signal arrives to the village at 14 : 59 : 45, it is clear that the

two clocks are not synchronised. That is true whatever the speed of sound is. However, if the signal is received at 15 : 01 we cannot really know whether the extra

minute is, in fact, due to the time it takes to the signal to go from the farm to the village.

[Well, actually we could, if we knew the speed of the signal, the speed of sound in this case. Or, more precisely, if we knew how long does it take to sound to go from

the village to the farm, or vice versa. However, that is a one way time of sound, which cannot be measured without assuming a synchronisation. What we can easily

measure, with only one clock, is the two ways time of sound. However, this is useless for our purposes, since we would need to assume that the one way time is 1/2 of

the two ways time, which may be the case, though it is precisely what we are trying to prove.

How about if sound had two different velocities to come and go? Could we exclude it?

No, as a matter of fact, we cannot exclude it based on an experiment, not before we define a synchronisation protocol. Of course, it seems a safe assumption, once we

excluded wind effect. Still it cannot be tested. Moreover, it is a useless assumption, since we can learn to live without it.

Try and remember it, when people tell you to relax, that one needs to do some assumptions, that assuming it is a simpler description of Nature, or that there is no

experimental evidence to force us to assume it is not the case.]
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Since with a message from the farm to the village we can falsify that the clocks are synchronised, if the kitchen clock goes ahead with respect to the clock of village, we

can also agree that a signal is sent from the village to the farm at 15 : 10. If it is received at 15 : 09 is is pretty clear that the two clocks are not synchronised properly.

If it is received at 15 : 11 we cannot decide, since we do not know the one way velocity of sound.

So, we say that the two clocks are synchronised, if signals in both directions are received at a later local time than the local time they have been sent.

Now, if the sound took 90s to go from the farm to the village (something which is easy to test only by using radio signals, which drastically reduces the uncertainties

about synchronisation), as well as from the village to the farm, and the clock were off synchronisation by more than 90s, either the signal in one direction, or in the

other, would be received at an earlier local time than the local time they have been sent and we would conclude that the two clocks are not properly synchronised.

However, it is clear that, if the clocks are off synchronisation by less that 90s, the experience would be inconclusive and the synchronisation would be confirmed. In

other words, if our fastest signal takes ∆t to travel between the two clocks, we can spot mis-synchronisations by more than ∆t, while mis-synchronisations by less than

∆t cannot be detected. For this reason, in a Newtonian world, where there is no bound to the speed of signals, synchronisations are, in principle, perfectly precise.

In a relativistic world, where no signal can travel faster that light, synchronisations are affected by an uncertainty which is theoretically impossible to reduce to zero.

In Eve’s world, where the scooter is the fastest signal available, only synchronisations up to an error of 40min are available. One can go below that limit only by

convention, for example by fixing the one way time.

Let us stress once again that this has nothing to do with the fact that the speed of light is constant for all observers. One just needs to know that it is the fastest signal

available. The only difference between light and Eve’s scooter, is that there is a physical reason why the speed of light cannot be exceeded, while there is no reason to

assume that tomorrow Eve could not buy a faster scooter and consequently, improve her synchronisation.

A

B

q

p

C

D

Fig. 9.1: Isochronous surface through a point B.

If the one way time of light seems to be a reasonable assumption in every day life, it is because we know that, if we

could send a radio signal (which is approximately instantaneous on that scale), we could easily check that the two

clocks strike 14 : 00 at the same time. That, precisely, means that if the village clock broadcasted a radio signal when

it strikes 14 : 00, Eve could receive it in her kitchen, assume that she is receiving it approximately when it has been

sent, and check whether her clock is striking 14 : 00 as well (by assuming that the light received by her eyes is received

approximately at the same time it was reflected by the clock on the wall).

Of course, these approximations are, in that case, very reasonable. The time for light to go from the village to the farm is

approximately 10−4s, the time for light to go from the wall to the eyes is approximately 10−8s. Both are way shorter than the

time for neural signal to reach the brain, for the radio to transform the electromagnetic signal in an audio signal, for the sound

to go from the radio to Eve’s ear.

That is why, originally Newton assumption on absolute time seemed so natural. However, our protocol will be eventually applied

to astrophysics and cosmology, and there is no signal which can be considered approximately instantaneous from a galaxy to

another. That is why we initially mentioned that Eve has no way to travel or signal at a speed faster than the scooter.

Eve’s experiment, with the scooter replaced by a light signal, is exactly the Einstein convention for synchronisation of two far away clocks. Let

γ : I !M be a clock and B be an event on M not on the clock trajectory. We can send an echo from the clock on B, which has been sent at A 2 γ(I),

reflected at B and received at C 2 γ(I).

Since A and C are events on the clock, they correspond to clock time-readings, say sA and sC . That is the two ways time of light measured by the

clock γ. We can assume, as we did for defining a synchronisation protocol, that the one way time of light is 1/2 of the two ways time. We can define

the quantities

T =
sC � sA

2
sD = sA + T =

sA + sC
2

(9.2.15)
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Thus the signal takes a time T both to go from A to B and to come back from B to C, so that we can assume B to be synchronous to the event

D 2 γ(I) which corresponds to the time sD. Since we assigned to B a time sB = sD, and that can be done at any point in a neighbourhood of the

clock worldline, we see that the clock γ defines a family of local hypersurfaces

ΣD = fB 2M : sB = sD, D 2 γ(I)g (9.2.16)

which are called the isochronous surfaces induced by the clock γ, which locally foliate spacetime.

This is completely general. Any clock induces isochronous surfaces, at least locally. If the clock is standard (or proper) the surfaces are called standard

(or proper) isochronous surfaces.

That is the closest we can go, in general, to Newton spacetime.

Now, for any clock γ, we have, at least locally, a family of hypersurfaces Σp, with p 2 γ(I). Each such surface cuts the clock’s worldline at one point

p, which corresponds to a time-reading sp on γ, so that we can extend the parameter on the clock to a neighbourhood, by defining a local function

t : U ! R : q 7! sp, iff q 2 Σp. Of course, the surfaces Σp are also level surfaces of the function t.

However, unlike in Newton spacetime, where any (uniform) clock defines the same absolute time, here, instead, each clock defines a different time and

even different isochronous surfaces, which is precisely what one means by saying that contemporaneity is relative. Two events which are contemporary

for a clock can be seen at different times by another.

Let us stress that, until now, we did not even mentioned SR, we have derived this directly in a general spacetime, actually more general than the standard GR spacetime.

Another difference with Newton spacetime is that the isochronous surfaces Σp are not necessarily global, nor they, in general, define a global foliation.

That is a direct consequence of the locality assumed by EPS in Axioms AE and ECHO. In fact, in Minkowski, were Axioms AE and ECHO apply

globally, one, as we shall see, gets back a global foliation, though still depending on the clock.

Let us now introduce an ordering of events in spacetime.

Let us define a signal as any worldline (i.e. any trajectory which is time-like or light-like with respect to the conformal structure g defined on spacetime).

Given two events x, y 2M , we say that x causally precedes y, and write it as x � y, if one can send a signal from x to y.

If we restrict to a worldline γ, this ordering is a total order.

If we consider a worldline γ (being it a freely falling particle or not, it does not really matter here) the events on the worldline are totally causally ordered. That, if you

want, is a definition of the pointwise causal structure of spacetime, which is also encoded in EPS axioms. Events on the worldline are experienced by P in a sequence,

and P can be elected to judge about their order. According to P , they are happening at the same space point and no message is needed to be exchanged.

The essential point is that, for any pair of events x, y ∈ γ, one can always send either a signal from x to y or a signal from y to x, since γ itself is a signal through x

and y.

Out of the clock, say in a suitable neighbourhood U , the causal ordering is only a partial ordering.

Of course, there is always a message from x to itself, thus x ≤ x. The concatenation of two signals is a signal, so if x ≤ y and y ≤ z, then x ≤ z. Thus the causal

ordering is a preorder.

The events prior to x, i.e. Px = {y ∈ U : y ≤ x}, are the ones in the closed past nappe of the wavefront centred at x. In an open neighbourhood U , if we have x ≤ y

and y ≤ x, then x = y. Thus the causal order is also a partial order.
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Since the causal order is a partial order, there are points x, y, which are different and such that not (x � y or y � x), which are called contemporary

events.

The difference between a Newton spacetime and a relativistic one is not in the properties of causal ordering; in both cases, the causal ordering is a

partial order and it is not a total order. The difference is in the structure of contemporary events Cx = fy 2M : not (x � y or y � x)g.
In a Newtonian spacetime, Cx are hypersurfaces, while in EPS the set Cx is the outer region of the wavefront, which is an open set in spacetime. We

can say that the present is thin in Newton, while it is thick in relativistic theories.

This is happening every time signals have a maximal finite speed. It has not much to do with the speed of light being constant or absolute, it has to do with the fact

that no signal can travel faster than light. Every time there is a maximal speed for signals, one has a thick present.

For, let us consider again the situation of Fig. 9.1, this time from the point of view of B. Imagine B is trying to order events on the worldline through A and C. It

receives a light signal form A, thus A and all the events on the worldline before A are before B. It can also send a light signal to C, so C and all the events on the

worldline after it are after B. However, being light signals of maximal speed, B cannot say whether the events between A and C are before or after it; to do that, it

should be able to receive or send a signal to them, which would contradict that light signals are of maximal speed.

Thus all events on the worldline between A and C are neither before nor after B so they are contemporary to B. Thus, the farer one goes, the thicker the present

becomes.

If, as in Newton, we had no bound on the speed of signals, we could receive a signal from, or send a signal to, any event out of the isochronous surface through B.

Thus in Newton spacetime the present is reduced to the isochronous surface.

Let us finally remark that, while we showed that a clock locally defines a coordinate time, we did not define an observer out of it. We are able to say

when an event happens, we are not able to say where, yet. For that, we need to define a relativistic positioning system (rPS).

Synchronisations in Minkowski spacetime

We want here to give examples of synchronisation in a simple case, namely a 2 dimensional Minkowski spacetime. Thus let us fix M = R2, a metric

η = �c2dt2 + dx2 and Cartesian coordinates (x0, x) with respect to the metric η, where, as usual, we also set x0 := ct.

We can consider the Riemannian structure (M,η).

Let us consider a clock γ0 : R!M : s 7! (x0 = ct = s, 0).

The curve γ0 has a covariant velocity u = ∂0 and a covariant acceleration a = 0. Then the curve is time-like with respect to the conformal structure [η] defined by the

Riemannian structure, since η(u, u) = −1. Then γ0 are clocks in (M,η).

It is also a η-proper clock, since η(u, u) = −1, as well as standard for the geometry (M,η), since a = 0 (as well as since it is η-proper).

Since a = 0, the clock is in free fall in (M,η), and it is also a η-geodesic motion.

Let us consider an event B = (tB, xB) (say xB > 0, for simplicity) and consider the echo on B made of the two light rays

r− : σ 7! (tB + σ, xB + cσ) r+ : σ 7! (tB + σ, xB � cσ) (9.2.17)

Those hit the clock at s− = tB � xB and s+ = tB + xB so the time s for B synchronisation is

s =
s+ + s−

2
= tB (9.2.18)
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If we want the equation for the isochronous surface, we can look for all (t, x) such that s = s0. We obtain the straight lines Σ which solve the equation

tB = s0 (9.2.19)

These, of course, can be extended smoothly to xB � 0 and they provide a (in this case global) foliation of Minkowski spacetime; see Fig.9.2.a.

In the same geometry (M,η), we can also consider a different clock βγ : R ! M : s 7! (t = αs, x = cβαs), with �c < cβ =: w < c. That is again a

standard (hence proper) freely falling clock.

The curve βγ is a clock, since it has a covariant velocity u = α(∂t + w∂x) and a covariant acceleration a = 0. Then the curve is time-like with respect to [η], since

η(u, u) = α2(w2 − c2) < 0.

It is also a η-proper clock, since η(u, u) = −(c2 − w2)α2, which is constant, as well as standard for the geometry (M,η).

Since a = 0, the clocks are in free fall in (M,η), and they are also η-geodesic motions.

Notice that the clocks γ0 and βγ, even if they are both standard, have different rates, unless we set α = c−1(1− β2)−
1
2 . By setting c2α2(1− β2) = 1, instead, the two

clocks become identical proper clocks.

Let us consider an event B = (tB, xB) (say, with xB � wtB > 0, i.e. to the right of the clock) and consider the echo on B made of the two light rays

r− : σ 7! (tB + σ, xB + cσ) r+ : σ 7! (tB + σ, xB � cσ) (9.2.20)

Those hit the clock at αs− = tB + wtB−xB
c−w = ctB−xB

c−w and αs+ = tB + xB−wtB
c+w = ctB+xB

c+w so the time s for B synchronisation is

s =
s+ + s−

2
=

1

2α

�
ctB � xB

c� w +
ctB + xB

c + w

�
=

c2tB + cwtB � cxB � wxB + c2tB � cwtB + cxB � wxB
2α(c2 � w2)

=

=
ctB � βxB

1� β2

p
1� β2 =

ctB � βxBp
1� β2

(9.2.21)

If we want the equation for the isochronous surfaces, we can look for all (tB, xB) such that s = s0. We obtain the straight lines wΣ which solve the

equation

ctB = βxB +
p

1� β2 s0 (9.2.22)

These, of course, can be extended smoothly to the left of the clock and they provide a (in this case global) foliation of Minkowski spacetime; see

Fig.9.2.a.

Notice how, when the blue clock ticks, that event is considered by the red clock in the future of the corresponding tick of the red clock. Vice versa,

when the red clock ticks that event is considered by the blue clock in the future of the corresponding tick of the blue clock. Hence both clocks see the

other clock slowed down by the relative motion, which is in fact a symmetric situation.

Let us consider a clock γ̃ : R!M : s 7!
�
c−1x0 sinh

�
s
x0

�
, x0

�
cosh

�
s
x0

�
� 1
��

.
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Its covariant velocity and acceleration are

u = c−1 cosh
(
s
x0

)
∂t + sinh

(
s
x0

)
∂x a = 1

x0

(
c−1 sinh

(
s
x0

)
∂t + cosh

(
s
x0

)
∂x

)
(9.2.23)

It is a clock since its worldline is time-like

η(u, u) =
(
− cosh2

(
s
x0

)
+ sinh2

(
s
x0

))
= −1 < 0 η(u, a) = 0 (9.2.24)

and it is η-proper and, equivalently, standard.

Of course, γ̃ is not a geodesic trajectory, since the acceleration is not parallel to the velocity.

This clock, which is called a Rindler clock, is a non-freely falling proper clock, which, by the way, is identical to γ0.

Fig. 9.2: Isochronous surfaces

a) for the clocks γ0 (red) and wγ (blue) b) for the clocks γ0 (red) and γ̃ (blue) (x0 = ...) c) for the clock γ̂ (blue) (t0 = ...)

Let us consider an event B = (tB, xB) (say, in the region xB > 0 and cjtBj < xB) and consider the echo on B made of the two light rays

r− : σ 7! (tB + σ, xB + cσ) r+ : σ 7! (tB + σ, xB � cσ) (9.2.25)

Those hit the clock at s∓ = �x0 ln
�

x0
x0+xB∓ctB

�
and so the time s for B synchronisation is

s =
s+ + s−

2
=
x0

2
ln

�
x0 + xB + ctB
x0 + xB � ctB

�
(9.2.26)

If we want the equation for the isochronous surfaces, we can look for all (tB, xB) (see Fig. 9.2.b) such that

s0 =
x0

2
ln

�
x0 + xB + ctB
x0 + xB � ctB

�
(9.2.27)

which is the equation of the isochronous surfaces in implicit form.
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Let us finally consider a clock γ̂0 : R!M : s 7! (t0 ln(1 + s), 0) which shares the same trajectory of γ0, though it has a different parameterisation.

The covariant velocity and acceleration are

u =
t0

1 + s
∂t a = − t0

(1 + s)2
∂t (9.2.28)

It is a clock since it is time-like

η(u, u) = −c2 t20
(1 + s)2

< 0 η(u, a) =
c2t20

(1 + s)3
6= 0 (9.2.29)

though it is not proper or standard.

Of course, γ̂0 is a geodesic trajectory, since it is a reparameterisation of the geodesic motion γ0. The clock is hence freely falling, though it is not parameterised to be

a geodesic motion, otherwise it would be a proper clock, which it is not.

Let us stress that, not being a proper clock, we do not even have a notion of being identical to another clock, to γ0 in particular. Even if they share the same worldline,

the two clocks are different because of the parameterisation. It is precisely in view of this difference that it is interesting to compare the isochronous surfaces.

Finally, let us remark that the rate of the clock γ̂0 become singular at s = −1, which however, corresponds to the event (t =∞, x = 0).

Let us consider an event B = (tB, xB) (say, with xB > 0, i.e. to the right of the clock) and consider the echo on B made of the two light rays

r− : σ 7! (tB + σ, xB + cσ) r+ : σ 7! (tB + σ, xB � cσ) (9.2.30)

Those hit the clock at s− = exp
�

ctB+xB
ct0

�
� 1 and s+ = exp

�
ctB−xB

ct0

�
� 1 so the time s for B synchronisation is

s =
s+ + s−

2
= exp

�
tB
t0

�
cosh

�
xB
ct0

�
� 1 (9.2.31)

If we want the equation for the isochronous surfaces, we can look for all (tB, xB) such that s = s0. We obtain the lines Σ̂ which solve the equation

tB = t0 ln

0
@ s0 + 1

cosh
�
xB
ct0

�
1
A (9.2.32)

These, of course, can be extended smoothly to the left of the clock; see Fig.9.2.c.

We have shown that we can compute isochronous surfaces out of a clock and we showed it for some proper and non-proper clocks. As a consequence

locally a coordinate time is defined in a neighbourhood of a clock. That is not quite the definition of an observer, it is somehow induced by the observer,

yet. In fact we defined a time coordinate but we have no way of defining spatial coordinates, yet.

We have, however, to stress that the isochronous surfaces, as well as the coordinate time which comes with them, are a convention, they are based on

the Einstein’s synchronisation convention. They have no fundamental interest, even if they eventually will provide us with a framework that is similar

to Newtonian legacy (and its bad habits).

Before going on, let us consider also the same construction in a Weyl frame.
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Let us also consider two (inverse) conformal factors ϕ1 = e
2 ct
x0 and ϕ2 = x0

4ct (say, ϕ2 in the upper half plane t > 0), which define two metric g1 = ϕ1η

and g2 = ϕ2η, which, in turn, define two integral Weyl frames W1 = (M, g1, fηg) and W2 = (M, g2, fηg).
Let us consider a clock γ0 : R!M : s 7! (t = c−1s, 0), which we know is η-proper and hence standard.

The curve is time-like with respect to the conformal structure g = [gi], since gi(u, u) = −ϕi, then it is a clock, both in W1 and in W2. It is also a η-proper clock, since

η(u, u) = −1. The clock γ0 is standard for both W1 and W2, since a = 0, as well as since it is η-proper.

Of course, the clock γ0 is not gi-proper. However, we can reparameterise it to be gi-proper, namely defining two other clocks

γ1 : s 7!
�
t =

x0

c
ln

�
x0 + s

x0

�
, x = 0

�
γ2 : s 7!

 
t =

s2

cx0
, x = 0

!
(9.2.33)

In fact, we have the velocities

u1 =
c−1x0

x0 + s
∂t u2 =

2s

cx0
∂t (9.2.34)

and we have then

g1(u1, u1) = −c2e
2
cx0

cx0
ln
(
x0+s
x0

)
c−2x2

0

(x0 + s)2
= −1 g2(u2, u2) =

x0

4c

cx0

s2

(
−c2 4s2

c2x2
0

)
= −1 (9.2.35)

i.e. the clock γi is gi-proper.

Since the acceleration ai is parallel to the velocity ui, as well as they are reparameterisations of a η-geodesic motions γ, the clocks γi are in free fall,

both in W1 and W2, though they are not η-geodesic motions. All that is in complete agreement with the theory, of course.

Let us consider an event B = (tB, xB) and compute the isochronous surfaces of the clocks γi. We shall show the isochronous surfaces at the events

(1, 0), (2, 0), (3, 0), (4, 0), in red for the clock γ0, in blue for the clock γ1, in green for the γ2.

Fig. 9.3: Isochronous surfaces for γ0 (red), γ1 blue, γ2 (green)

For the clock γ1, we can do the usual computation for the message to obtain

sB = x0

�
cosh

�
xB
x0

�
e

ctB
x0 � 1

�
(9.2.36)

which provides the implicit equation for the isochronous surfaces, which reproduce the results for the clock γ̃.

For the clock γ2, we obtain

sB =
p
x0(ctB � xB) +

p
x0(ctB + xB) (9.2.37)

which accounts for the green lines in Fig. 9.3.

Let us stress that the green lines intersect and they do not define a foliation. However, if we consider a minimum

sm > 0 and we consider only surfaces for s > sm, the region within the parabola corresponding to the value

s = sm is free of intersection. Hence, the isochronous surfaces define a good foliation in the neighbourhood of

the clock, defined inside the parabola corresponding to s = sm.

As the point sm gets near the axis t = 0 the corresponding parabola gets tighten up around the clock and the region becomes smaller and smaller.
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Synchronisations in Schwarzschild spacetime

Fig. 9.4: Isochronous surfaces for Schwarzschild (t, r)

We want to compute the isochronous surfaces in a (2d) Schwarzschild induced by a freely falling NP-clock. We

already discussed time-like geodesics in a two dimensional Schwarzschild, which are obtained by setting k := 0

and A = B−1 := 1 � σ
r in equation (8.2.15). Let us choose as a clock the time-like geodesic which arrives

at r = 1 with zero kinetic energy (which corresponds to e = �1) and through the event (tc = 0, rc = 5σ).

Although in Schwarzschild the orbit is not a parabola, we call it a parabolic trajectory, meaning the first escaping

trajectory.

We also have an explicit formula for light-like geodesics through an event (t0, r0), given by equation (8.5.17).

The parameterisation of the clock is not proper with respect to the Schwarzschild metric. In fact, the clock

rate is g(γ′, γ′) = �r. However, we can reparameterise r = r(s) by choosing

γ̇ = γ′
dr

ds
) g(γ̇, γ̇) = �r

�
dr

ds

�2

= �1 ) s =

Z r

rc

p
rdr = 2

3

�
r

3
2 � r

3
2
c

�
(9.2.38)

where the dots denote the derivative with respect to proper time s, the primes the derivatives with respect to r.

The parameter rc enters as an integration constant and it corresponds to the parameter at the event in which

the clock is set to s = 0.

It is definitely inconvenient to try to use proper time parameterisation from the beginning. To obtain geodesics, one needs to integrate the corresponding Weierstrass

equation (8.2.15). Being a Weierstrass equation, it is an easy differential equation. It is separable, thus it reduces to an integral. Still, if one wants to integrate it

explicitly, one parameterisation is not as good as any other one.

If you write down the equation using proper time s, instead of r, the integral one gets is considerably more difficult to do (meaning to do it otherwise than changing

integration variable back to r, of course). The parameter r is as beautiful as it allows an explicit integration. Accordingly, one has a parameterisation of the geodesics

γ(s) = [t(r), s(r)] in its proper time. Moreover, the worldline parameterised according to proper time—as one would get doing all of it in terms of proper time—would

be t(s) = t(r(s)) which, in fact, depends on the inverse of the parameterisation s(r), which is not always even possible to express in terms of elementary functions.

In this case, the function s(r), which is given by the condition (9.2.38), is simple and can be inverted to

r = r(s) =

(
3
2s+ r

3
2
0

) 2
3

(9.2.39)

However, we shall not use the inverse function r(s), but always the direct one s(r).

It is relatively easy to fix an event b = (tb, rb), not on the clock worldline, computing light rays through it and their intersection with the clock. That

gives the values of the parameter r = r± at intersection, as well as, by using the expression for the clock worldline, the corresponding coordinate times

t±. Finally, equation (9.2.38) gives the corresponding proper times s± at the intersections. Then one has the synchronisation time sb = 1
2 (s+ + s−)

which, in fact, selects the isochronous surface on which b is.

However, drawing the surface itself is a completely different story. To do that, one needs to be able to do the integrals for a generic event (leaving its

coordinates unknown, so no numeric method is allowed). Then, one has to fix a value for the synchronisation time s0 and find all points b for which

sb = s0.
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In this specific case, leaving (tb, rb) unknown, the equation for the intersection is too hard to be solved analytically and the intersection with the clock cannot be

determined (since, in the example, the zeros r± were found numerically).

For that reason, one needs a certain amount of prestidigitation to go around this issue. As a matter of fact, if we want to find the surface for s = s0, we already know

a point of it, namely the event on the clock worldline corresponding to the proper time s = s0, call it p0 = (t(s0), r(s0)). Then, whatever a point b on the surface is,

the intersections of an echo with the clock will be at s± = s0 ± ρ (otherwise b would not be on the surface corresponding to the proper time s0) and ρ is a parameter

along the surface (which, of course, in this case is a line).

Hence we can proceed backwards, from s± to the intersections p±, back to the light rays through them, and to their intersection b. In this way, one finds b = (tb(ρ), rb(ρ))

which is a parameterisation of the isochronous surface s0.

From the Fig. 9.4, one can see that the isochronous surfaces are almost like the ones in Minkowski (which are straight lines, not the vertical ones,

since the clock is moving). One can see that they significantly deviate from the straight lines near the horizon and, less significantly, away from the

clock on the side away of the horizon. One also expects the surfaces to approach vertical lines as the clock goes away from the horizon, since its speed

approaches zero.

As a second thought to this issue, one should notice that comparing what happens on Schwarzschild with what would happen in Minkowski is much less trivial than

it seems. The two spacetimes (R2, η) and (M, g) are two different manifolds. Also if one regards M as a subset of R2, it is definitely unclear how to compare what

happens in the two different models.

On the other hand, the difference between the two models has to be physically relevant, otherwise we could model the solar system by Minkowski as well as by

Schwarzschild. The only way in which one can mathematically compare two different spacetimes (M, g1) and (M ′, g′) is by selecting a map Φ : M →M ′ and consider

the spacetime (M, g2 = Φ∗g), i.e. comparing a single manifold M with two different metrics (g1 and g2) on it.

Once we have two different metrics on the same manifold, then we can fix coordinates, e.g. (t, r), and have two local expressions of the two metrics in the same

coordinates, namely

g1 = −A(r)dt2 +B(r)dr2 g2 = −dt2 + dr2 (9.2.40)

Out of this setting, one cannot even define what happens to a test particle, one single test particle, assuming either of the two spacetimes. If we compare two different

manifolds, one cannot know what it means for a test particle to be prepared with the same initial conditions. It becomes hence impossible to compare the observations

in the two models.

Of course, there may be more then one map Φ : M →M ′ which makes the trick. And in those cases, one has different models to compare, one for each of such maps. By

selecting a different map, one induces a different correspondence between initial conditions of the test particles and ends up comparing different pairs of test particles.

Also in view of this remark, one should also notice that the freely falling clock in Schwarzschild is not freely falling in Minkowski, it is not even an NP-clock in Minkowski

spacetime, the light rays are definitely different in the two cases. Depending on the experimental setting, one may mean that the clock is left freely falling staring form

the same (i.e. the corresponding with respect to the map Φ) initial conditions or that it moves along the same worldline (and, of course, in this case it may be freely

falling in one model, not in the other, so we need to imagine to apply forces to maintain it on the desired worldline).

Synchronisations in FLRW spacetimes

In a spatially homogeneous and isotropic spacetime, one can set coordinates (t, χ, θ, φ) as in Section 8.4 and restrict to the radial direction, so that

the metric becomes

g = �c2dt2 + a2(t)d�2 (9.2.41)

The scale factor a(t) is determined by Friedman equation and it depends on the matter content of the universe.
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a) dust

b) cosmological constant

Fig. 9.5: Isochronous surfaces for a FLRW spacetime.

Here we shall discuss, in particular, a spatially flat universe with dust or cosmological constant. The corresponding

Friedman equation being

ȧ2 = αa−1 + βa2 =
α+ βa3

a
=: Φ(a) (9.2.42)

The methods discussed here, however, generally apply to cosmological solutions, except that computations soon becomes

quite difficult to be carried over analytically.

Timelike geodesics are described by equation (8.4.7), the comoving case being obtained by setting J = 0. Light

rays through the event (t0, χ0) are described by equation (8.4.8).

Let us consider a comoving NP-clock γ : R!M : s 7! (t0 + s, χ0).

There is no loss of generality in setting t0 = 0 and χ0 = 0 so that the clock is set to zero here and now.

One has γ̇ = ∂0 and g(γ̇, γ̇) = −1, so in fact it is an NP-clock.

Let us then consider an event b = (tb, χb) and light rays through it.

The intersections of light rays and the comoving clock (in an expanding universe) areχ(t) = χb ±
∫ t

tb

dt

a(t)

χ(t) = χ0 = 0

⇒ χb = ∓
∫ t∓

tb

dt

a(t)
= ∓

∫ a∓

ab

da

a
√

Φ(a)
(9.2.43)

Let us assume χb > 0; thus, as usual, the upper sign is for outgoing light rays, the lower sign is for incoming.

If we consider an event b closed enough to the clock, we have χb ' 0, t± = tb ± ε, and a± = a(t±) = ab ± ȧbε + O(ε2).

Accordingly, we have

χb = ∓
∫ ab∓ȧbε

ab

da

a
√

Φ(a)
=

ȧbε

ab
√

Φ(ab)
+O(ε2) (9.2.44)

Thus, at first order, one has

ε '
√

Φ(ab)
χb
Hb

(9.2.45)

where we set Hb := ȧb
ab

for the Hubble parameter at time tb. Hence we have

s± = t0 + s± = t± = tb ± ε ' tb ±
√

Φ(ab)
χb
Hb

⇒ sb '
s+ + s−

2
= tb (9.2.46)

The isochronous surface through b is tangent to the coordinate surface t = tb, obviously in b.

Let us, however, stress that this is valid at first order and, unless some (really) magic cancellation occurs, in general, it is lost as we are allowed to go

far away from the clock. Moreover, once again, it seems reasonable to assume that the way the isochronous surfaces get away from the surfaces t = tb
is something which remembers about the functional form of the scale factor a(t), i.e. of the matter content of the Friedman model.

If we are considering a Palatini f(R)-cosmology, that means to depend on the specific model as well, i.e. that is a potential way to observe the effects

of the function f(R) one selects.
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For showing that cancellations do not occur in general, all we have to do is computing an example exactly. In Fig. 9.5 some isochronous surfaces are

presented for a spatially flat, dust universe (see Fig. 9.5a) and for an empty universe with a cosmological constant (see Fig. 9.5b). We see that near

the clock at χ � 0 they are tangent to the coordinate surfaces t = tb, though, going away from the clock, events in coordinate past are regarded as

synchronous.

Practically speaking, the Einstein synchronisation in cosmology is only of theoretical interest. To actually synchronise an event on a far galaxy we should echo that

event with a comoving NP-clock here, which means we should wait few billion years for the message to go and some further billion years for it to come back. At that

point, and only at that point, we would be able to synchronise the event to the clock.

However, it is interesting to notice that, since the universe in the meanwhile is expanding, it is reasonable to assume that the message takes less time to go than to

come back. However, in Einstein synchronisation, we assume the one way time to be half of the two ways time, anyway.

Also notice that, if we had two comoving clocks quite far away, they see each other going slower than when they are closed. That will be the basis for

discussing Hubble law.

Spatial distances by a clock

As we discussed in the previous Subsection, a clock induces, through its isochronous surfaces, a (local) notion of time lapse.

We define the time lapse between two events a, b in a clock neighbourhood to be the number sb � sb, if the events a and b lie on the isochronous

surfaces labelled by sa and sb, respectively. In particular, that applies if the two events lie on a nearby worldline of a particle P .

Accordingly, by assuming a reference clock, we have a specific (local) time ordering of events. That is similar to what absolute time does in a

Newtonian setting, though here it is just local and it depends on the reference clock. Even two identical NP-clocks, which are moving one with respect

to the other or they simply lie in two different positions, thus in general experiencing different gravitational fields, they do define different time lapses

between the same events. In particular, the time lapse between two different ticks of two identical NP-clocks, reciprocally determined on the other

clock, are not generally the same.

That may sound strange, though it is something one should learn to live with. It is the main (or one of the main) facts to get along in a relativistic

theory.

A similar situation occurs for spatial distances, though, if possible, there the issue is even more involved. In fact, as long as times are considered, at

least in some cases, judging the time lapse between two events on a particle is something that one does at a spatial point. The particle on which the

events lie does that without referring to anywhere away. If it carries a clock (or receives a clock signal) it has all it takes. On the contrary, defining a

spatial distance always extends in space and that makes everything more difficult.

We shall consider two situations: a first simple situation in which one has to judge the spatial distance between two particles, P and Q, at a given

time; the second, considerably trickier, in which we want to define the spatial distance between two events.

In the first setting, we have two worldlines, σP and σQ, and a reference clock γ near them and we want to define the spatial distance between P and

Q at a time t0 with respect to the reference clock γ. Here the most relevant remark is that the very same notion of spatial distance is inextricably tied

to time: the spatial distance is a distance between two points at the same time.
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If we want to measure the length of a train during its motion, we have to single out the position of its extremal points at the same given time and then measure the

distance between these two points.

It is exactly because of this fact that the spatial distance will eventually depend of the observer (or, here, on the reference clock). Two different clocks define two

different families of isochronous surfaces and, consequently, they single out two different pairs of events on the worldlines. Then, even though we define the spatial

distance by a geometric quantity, still the result is not absolute because each observer measures a different geometric quantity.

That is not different from what happens with covariant conserved quantities. When one defines the energy as the integral of the superpotential associated to the

symmetry generator ξ = ∂0, the integral is a geometric quantity, still different observers define different generators ξ, thus different energies.

Hence it is clear how to proceed in our setting: we have two worldlines and a family of isochronous surfaces defined by the reference clock γ. If we fix

a isochronous surface Σt0 for the time t0 of the reference clock, the two worldlines single out two points p0, q0 on the surface Σt0 . Then we have two

possibilities:

i) if we have a metric g (as we have in a Weyl frame) that induces a spatial metric ∗g on the isochronous surface Σt0 . We can consider a geodesic

σ on the surface with respect to the induced metric ∗g, which is space-like, and compute its length.

If there are more than one geodesic on the surface joining the points p0, q0, we select the one (or one of the ones) for which the distance is

minimal. This is called the geometric distance.

ii) Since the two points are on Σt0 , it means they echo a message from the reference clock. The two echoes identify the clock readings s±(p0) for

p0 and s±(q0) for q0 such that

t0 =
s+(p0) + s−(p0)

2
t0 =

s+(q0) + s−(q0)

2
(9.2.47)

Thus let us define

ρ(p0) :=
s+(p0)� s−(p0)

2
ρ(q0) :=

s+(q0)� s−(q0)

2
) s±(p0) = t0 � ρ(p0) s±(q0) = t0 � ρ(q0) (9.2.48)

Accordingly, 2ρ(p0) is the two ways time for p0 and, by convention, ρ(p0) is its one way time. Of course, if ρ(p0) is a time, then d = cρ(p0) is a

distance: it is the distance light would travel in vacuum (in Minkowski spacetime) in a time ρ(p0). Thus it is (somehow conventional) distance

associated to p0 from the reference clock γ.

At this point, in dimension 2, it is not a surprise to define the relative distance between p0 and q0 as d(p0, q0) = cjρ(q0)� ρ(p0)j.
While the geometric distance depends on a metric, the relative distance seems, at first glance, more physically founded. It depends on a reference

clock, which, at least, is a physical device. It is conventional but, al least, it depends on conventions on the physical stance, not on a mathematical

convention as choosing a metric. Although any clock defines (locally) a distance, of course, one can restrict to proper clocks—even better to NP-clocks.

On the other hand, following the EPS discussion, the physical clock does determine a metric. Hence one can ask what is the relation between the

relative distance and geometric distance with respect to the metric induced by the reference clock.

Go back to EPS, to equation (5.6.7), and use that to show that, if we use a clock to define the metric following EPS prescription, then the clock is proper with

respect to such a metric. This now makes it clear, how a clock defines, in EPS framework, a metric (i.e. a specific representative of the conformal structure) and what

representative is selected.

In other words, EPS always produces metrics with respect to which the clock is proper. (up to a factor to be corrected in EPS, an NP-clock)

:Index: :AIndex: :Symbols: :Notation:



Definition of standard clocks 479

We would like to discuss whether the relative distance with respect to a clock and the geometric distance with respect to the corresponding metric

define the same quantity. Of course, we cannot be too demanding. In EPS, given a clock, one can define a metric on its worldline, only (in fact, to

define the metric everywhere, one needs a congruence of clocks). Accordingly, given a clock, one can modify the metric at will out of the worldline, for

example by a conformal factor which is 1 on the worldline, still having a NP-clock. This affects the geometric distance, not the relative distance. Hence

it seems unreasonable to try to identify the two distances. However, it may be that relative distance and geometric distance of two infinitesimally

closed particles can be identified (which is perfectly fine to determine for example the relative speed).

Let us consider a clock γ(t), its isochronous surfaces Σt0 , and a local vector field ζ which is tangent to the isochronous surfaces.

Anything which lives on a isochronous surface, as ζ or the geometric distance, is the closest thing we can have in homogeneous formalism to a spatial quantity. One can

regard to the isochronous surface as a copy of space which flows in spacetime, the only differences with Newtonian framework being that it is local and each observer

defines space in a different way.

Because of this reason, all spatial quantities are not absolute, they are irrelevant at a fundamental level (that is why they come here in Chapter 9 after we covered most

of the covariant description of a relativistic world). We have to stress that they come for satisfying our relative inability to get rid of Newtonian legacy and embrace a

covariant reality. In particular, we still need a (pseudo)-Newtonian framework to project and interpret experiments and observations.

Let P be a time-like worldline, which cuts each isochronous surface (once and only once). Hence the clock induces a parameterisation through its

isochronous surfaces and we have a parameterised curve σ(t) which, by the way, is a clock and it is synchronised to the clock γ.

One could think to be able to fill in spacetime with such synchronised clocks and replace Newtonian absolute time after all. That is partially true: we can fill in a

region of spacetime with a fleet of synchronised clocks. However, that is nothing like Newtonian absolute time.

In particular, the clock σ(t) is not proper, even when γ(t) was. Moreover, even in Minkowski spacetimes, the isochronous surface defined by σ(t) do not coincide with

the ones defined by γ, as one could tend to believe.

For example, in Minkowski, one can consider γ : t 7→ (t, 0) (which is a proper freely falling clock and it defines t = t0 as isochronous surfaces) and σ : t 7→ (t, x+ vt) as

a synchronised clock.

The rate of the clock σ is

−ω2 = −c2 + v2 = −c2
(

1−
(
v
c

)2)
(9.2.49)

Thus σ is not proper (unless v = 0). Moreover, one can easily show (by using what we did in Subsection 9.2.2) that the isochronous surfaces of σ are the lines

Σ′t0 = {(t, x) : c2t = vx+
√

c2 − v2 t0} (9.2.50)

which differ from the isochronous surfaces defined by γ.

Thus, unfortunately, two synchronised clocks do not share the same notion of contemporary events. That is true in particular in Minkowski, thus more generally in

any EPS spacetime. We need extra conditions for the clock for being synchronised and share the same contemporaneity.

If Φε denotes the flow associated to ζ, then we can define the time-like worldlines σ(t; ε) = Φε � σ(t). Consider a family of time-like curves σ(t; ε) and

define the two generators of the family

σ̇ =
dσ

dt
ζ =

dσ

dε
(9.2.51)

The curves σ(t; ε) are integral curves of σ̇ and the flow of ζ sends one curve of the family into the others. The family foliates a two dimensional surface

and both the generators σ̇ and ζ are vector fields on that surface.
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One can expand (possibly, though not necessarily, setting ε0 = 0 and hence σ(t; ε0) = σ(t))

σ(t; ε0 + ε) = σ(t; ε0) + εζ(t; ε0) +O(ε2) (9.2.52)

and we understand ζ(t; ε0) := ζ(σ(t; ε0)). The quantity ~D := εζ(t; ε0) is a tangent vector at the point σ(t; ε0), it is tangent to the isochronous surface,

and it is called the infinitesimal displacement at time t.

Unlike in Newtonian framework, in general spacetime has no structure of an affine space, thus finite displacements are considerably less trivial to be defined. In a

sense, in a relativistic setting, it is more fundamental to define finite spatial distances (as the integral of the norm of infinitesimal displacements), while in a Newtonian

setting one obtains them as the norm of finite displacements.

Again, one just needs to get rid of bad habits coming from a Newtonian worldview.

There is a geodesic on the isochronous surface Σt (with respect to the induced metric ∗g induced on the surface) joining the points σ(t; ε0) and

σ(t; ε0 + ε). Its initial conditions are not (σ(t; ε0), ζ(t; ε0)), though the difference with (σ(t; ε0), ζ(t; ε0)) is infinitesimal.

Essentially, we have two curves, the curve σ(ε) = σ(t; ε0 + ε) and the geodesic, joining the two points. The curve σ(ε) has initial conditions (σ(t; ε0), ζ(t; ε0)) and as

long as we let ε→ 0, the two points get nearer and the tangent to the geodesics approaches the tangent to the curve σ(ε).

The length of the geodesic at first order is

d := ε
q
gµν (σ(t; ε0)) ζµ(t; ε0)ζν(t; ε0) +O(ε2) ' εjζ(t; ε0)j = j~Dj (9.2.53)

The fact that we are integrating along a geodesics is irrelevant since the geodesic equation constrains second derivatives of the curve, though the length, at first order,

only depends on the first derivatives.

Thus the quantity D := εjζ(t; ε0)j is the infinitesimal geometric distance and it coincides with the length of the infinitesimal displacement.

On the other hand, if we set ε0 = 0 and σ(t; 0) = γ(t), i.e. we consider σ(t; 0) as the reference clock, then we have the infinitesimal displacement

between σ(t; 0) and σ(t, ε) and we can stay around the point σ(0; 0), where for example normal coordinates exists.

In this situation we have that the relative distance is a first order approximation of the geometric distance.

To see that, we can fix normal coordinates around the point σ(0; 0). The two light rays echoing on the event p = σ(0; ε) are approximately as the light rays in Minkowski.

They approximately hit the clock γ = σ at p± = (±ε|ζ|, 0). Consequently, the relative distance will be approximately ρ = ε|ζ|.
To be rigorous one only needs to show that this result is true at order 1, i.e., for example, the “difference” between the clock readings in Minkowski and in the original

spacetime are infinitesimal of order 2, as ε→ 0.

Hence d is also the infinitesimal relative distance D. Accordingly, the relative distance is to be identified with the first order geometric distance. The

two distances are the same for infinitesimally closed particles, while the geometric distance is defined for finite distances, as far as one can define a

isochronous surface foliation.

Even for having Cauchy theorem, one sometimes restricts to globally hyperbolic spacetimes, which allow by definition a global ADM foliation.

Most of the construction above can be repeated for any space-like foliation, being it or not the isochronous foliation for a clock. Also in that case we define a spatial

distance (with respect to the ADM foliation) which is global, although one may loose contact with an operational protocol associated to some physical clock. In fact,
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an ADM foliation does transform any worldline in a clock, although the ADM leaves are not necessarily isochronous surfaces for the endowed clock, and in general, the

clock is not a proper clock.

If this is the case, even though we do define a good notion of spatial distance with respect to an ADM foliation, it is not clear its relation with what one does in practice

when everything is done by using an atomic clock.

In SR all the subtleties about definition of time lapses and distances are replaced by a an observer-dependent definition which at least is easy to

compute thanks to the affine structure of spacetime. In a more general spacetime, unfortunately, the corresponding definitions are in general quite

difficult to compute, since they require quite a precise account of how light rays move around. Just for that, thanks to normal coordinates, one

recovered the same notion for infinitesimal displacements. Unfortunately, one cannot simply integrate the infinitesimal result to obtain a finite result;

in fact, when we consider an infinitesimal displacement which is finitely far away from a clock γ (as we would do above considering the displacement

from σ(t; ε0) and σ(t; ε0 + ε), though not setting ε0 = 0 or idetifying γ(t) = σ(t; ε0)) We still should follow echoes from σ(t; ε0 + ε) to γ, i.e. following

light rays form a finite step. Or equivalently, one would need to change the reference clock from step to step, thus obtaining a quantity which does not

even depend on a single clock.

3. Spatial kinematics

Now that we have a definition for spatial distance we can define the covariant counterparts of speed, velocity and acceleration. Once again the issue

is not straight forward, indicating once again how fundamentally poor is our spatial intuition.

First of all, one can easily get convinced that as long, as velocities are concerned, infinitesimal displacements are more relevant than distances.

Unfortunately, easily does not mean truly; the displacements itself is a distance measurement after all (with an extra information about the direction).

Here after we shall define the displacement itself as the vector field which infinitesimally accounts for dragging one worldline into another and such

that its norms accounts for the distances as defined above.

As a notation, we devote vectors as ~v whenever they happen to be tangent to isochronal surfaces. They are spacetime vectors, though quite close to what a spatial

vector would be.

Derivative of a scalar function

Let us consider a Weyl geometry (M, g, Γ̃), a scalar function f : M ! R, and a clock γ(t). The function can be restricted to the clock and define a

function fγ : R! R : t 7! f(γ(t)).

For later convenience, we want to expand the function fγ in Taylor series around the value t = 0.
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For the coefficients of the Taylor expansion we need to compute the time derivatives of the scalar function fγ . Since fγ is a scalar the time derivative is definitely given

by γ̇α(t)
∗
∇α, where the covariant derivative can be consider with respect to any connection, depending on convenience. We have

fγ(t) =f(γ(t))

ḟγ(t) =γ̇α(t)∂αf(γ(t)) = γ̇α(t)
∗
∇αf(γ(t))

f̈γ(t) =γ̈α(t)∂αf(γ(t)) + γ̇α(t)γ̇β(t)∂αβf(γ(t)) =
(
γ̈λ(t) + Γ̃λαβ γ̇

α(t)γ̇β(t)
)
∇̃λf(γ(t)) + γ̇α(t)γ̇β(t)∇̃αβf(γ(t))

⇒ fγ(0) = f(x)

⇒ ḟγ(0) = vα∇̃αf(x)

⇒ f̈γ(0) = aλ
Γ̃
∇̃λf(x) + vαvβ∇̃αβf(x)

(9.3.1)

where we set x = γ(0) and v = γ̇ := γ̇(x).

Thus the Taylor expansion of the function fγ reads as

fγ(t) = f(x) + vαr̃αf(x)t+ 1
2

�
aλ

Γ̃
r̃λf(x) + vαvβr̃αβf(x)

�
t2 +O(t3) (9.3.2)

A special case of interest is expanding the norm of a vector field ζ, i.e. choosing the scalar function fγ(t) = g(ζ(t), ζ(t)) = gµν(γ(t))ζµ(γ(t))ζν(γ(t)).

Let us here introduce some short notation. We shall set ∇̃ := vα∇̃α, ∇̃2 := vα∇̃α
(
vβ∇̃β

)
, and α := α(v). Also remember that, because of EPS-compatibility,

∇̃gµν = αgµν . In this case, we have

f(x) =g (ζ, ζ)

∇̃f(x) =2g
(
∇̃ζ, ζ

)
+ αg (ζ, ζ) = 2g

(
∇̃ζ + 1

2αζ, ζ
)

⇒ Dζ := ∇̃ζ + 1
2αζ

(9.3.3)

where we set x = γ(0) and ζ = ζ(γ(0)) = ζ(x).

As long as the second coefficient is concerned, we have that aλ = vα∇̃αvλ = γ̈λ + Γ̃λαβ γ̇
αγ̇β so that one has

aβ∇̃βf + vαṽβ∇̃αβf = vα∇̃αvβ∇̃βf + vαṽβ∇̃αβf = vα∇̃α
(
vβ∇̃βf

)
= ∇̃2f (9.3.4)

Hence the second coefficient is

∇̃2f(x) =2g
(
∇̃2ζ + 1

2α∇̃ζ + 1
2∇̃αζ, ζ

)
+ 2g

(
∇̃ζ + 1

2αζ, ∇̃ζ + 1
2αζ

)
+ 2αg

(
∇̃ζ + 1

2αζ, ζ
)
− αg

(
∇̃ζ + 1

2αζ, ζ
)

=

=2g
(
∇̃2ζ + α∇̃ζ + 1

2∇̃αζ + 1
4α

2ζ, ζ
)

+ 2g (Dζ,Dζ) ⇒ D2ζ := ∇̃2ζ + α∇̃ζ + 1
4α

2ζ + 1
2∇̃αζ

(9.3.5)

Since the second coefficient reads as ∇̃2f(x), the third one is obtained from

˙̈
fγ(t) =∇̃

(
∇̃2f(x)

)
= 2g

(
∇̃3ζ + ∇̃α∇̃ζ+α∇̃2ζ + 1

2∇̃
2αζ + 1

2∇̃α∇̃ζ + 1
4α

2∇̃ζ + 1
2α∇̃α∇̃ζ, ζ

)
+ 6g

(
∇̃2ζ + α∇̃ζ + 1

2∇̃αζ + 1
4α

2ζ, ∇̃ζ + 1
2αζ

)
+

− 2g
(
α∇̃ζ + 1

2α
2ζ, ∇̃ζ + 1

2αζ
)

+ g
(
α∇̃2ζ + 1

2α∇̃αζ + α2∇̃ζ + 1
4α

3ζ, ζ
)

+ 2g
(
α∇̃ζ + 1

2α
2ζ, ∇̃ζ + 1

2αζ
)

=

=2g
(
∇̃3ζ + 3

2∇̃α∇̃ζ + 3
2α∇̃

2ζ + 1
2∇̃

2αζ + 3
4α

2∇̃ζ + 3
2α∇̃αζ + 1

8α
3ζ, ζ

)
+ 6g

(
D2ζ,Dζ

)
⇒ D3ζ := ∇̃3ζ + 3

2∇̃α∇̃ζ + 3
2α∇̃

2ζ + 1
2∇̃

2αζ + 3
4α

2∇̃ζ + 3
2α∇̃αζ + 1

8α
3ζ

(9.3.6)
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Thus we can define the Taylor expansion of the vector field

ζ(γ(t)) := ζ + tDζ + 1
2t

2D2ζ + 1
3!t

3D3ζ +O(t4) (9.3.7)

so that
g(ζ(t), ζ(t)) =gµν(x)ζµ(t)ζν(t) = g

�
ζ + tDζ + 1

2t
2D2ζ + 1

3!t
3D3ζ, ζ + tDζ + 1

2t
2D2ζ + 1

3!t
3D3ζ

�
+O(t4) =

=g(ζ, ζ) + 2g(Dζ, ζ)t+ 1
2t

2
�

2g(D2ζ, ζ) + 2g(Dζ,Dζ)
�

+ 1
3!t

3
�

2g(D3ζ, ζ) + 6g(D2ζ,Dζ)
�

+O(t4)
(9.3.8)

Actually, we are more interested in the distance D = εjζj, rather than the norm jζj2. Of course, we have

D =εjζ(t)j = ε
p
g(ζ(t), ζ(t)) = εjζj

�
1 +

g(Dζ, ζ)

jζj2 t+
4
�
g(D2ζ, ζ) + g(Dζ,Dζ)

� jζj2 � (g(Dζ, ζ))2

8jζj4 t2+

+
8jζj4 �g(D3ζ, ζ) + 3g(D2ζ,Dζ)

�� 12g(Dζ, ζ)
�
g(D2ζ, ζ) + g(Dζ,Dζ)

� jζj2 + 3 (g(Dζ, ζ))3

48jζj6 t3
�

+O(t4)

(9.3.9)

In the case of a Riemannian structure, i.e. when � = 0, that reduces to

ζ(t) := ζ(γ(t)) := ζ + trζ + 1
2t

2r2ζ + 1
3!t

3r3ζ +O(t4) (9.3.10)

and

g(ζ(t), ζ(t)) = g(ζ, ζ) + 2g(rζ, ζ)t+ 1
2t

2
�

2g(r2ζ, ζ) + 2g(rζ,rζ)
�

+ 1
3!t

3
�

2g(r3ζ, ζ) + 6g(r2ζ,rζ)
�

+O(t4) (9.3.11)

so that the corrections in α which appear in the definition of Dkζ take full care of Weyl structure. Such corrections may be a bit tedious to compute

though it is clear that they can be obtained by iteration.

In fact, the whole computation can be regarded as a way to define the expansion of the displacement ζ from the expansion of its norm jζj2, which in

some sense, is physically more fundamental. In particular, we shall obtain a covariant expression for velocity and acceleration from the expansion of

the displacement.

Relative velocity and acceleration

Let γ be a reference clock in a Weyl geometry (M, g, Γ̃), Σt0 its isochronous surfaces, σ : t 7! σ(t; ε0) a particle P , ζ a vector field tangent to the

surfaces Σt0 and σ(t; ε0 + ε) a dragging of the particle P along the vector field ζ.

The particles σ(t; ε0 + ε) are parameterised by t which, by construction, is the clock reading of the reference clock γ. As we discussed, the spatial

infinitesimal displacement between two particles σ(t; ε0) and σ(t; ε0 + ε) is ~D(t) = εζ(t). As we discussed, that is the closest thing to a spatial distance

we can define, it depends on the reference clock, though it is canonically constructed with it.

We have the infinitesimal displacement (which is a spatial length) in time (which is a clock-defined time).
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Thus we can define the relative velocity as the derivative of space with respect to time, nemaley

~V (t) = εDζ(t) = ε
�
γ̇λr̃λζ + 1

2�(γ̇)ζ(t)
�

(9.3.12)

The relative acceleration is defined as

~A(t) =ε
�
γ̇αr̃α

�
γ̇βr̃βζ

�
+�(γ̇)γ̇αr̃αζ + 1

4�(γ̇)2ζ + 1
2 γ̇

αr̃α (�(γ̇)) ζ
�

=

=ε
�
γ̇αγ̇βr̃αβζ +

�
γ̈α + Γ̃αµν γ̇

µγ̇ν
�
r̃αζ +�(γ̇)γ̇αr̃αζ + 1

4�(γ̇)2ζ + 1
2 γ̇

αr̃α (�(γ̇)) ζ
� (9.3.13)

Both the relative velocity and the relative acceleration are vectors tangent to the surfaces Σt.

Notice that, if the clock is not freely falling, it is affected by external forces which affects the acceleration aα
Γ̃

= γ̈α + Γ̃αµν γ̇
µγ̇ν and consequently the

relative acceleration. The contribution from external forces is of the same type of the one coming from the possible effects of the clock not being

standard, namely the terms depending on �(γ̇), which in fact vanishes in a Riemannian structure, in particular in standard GR. It will not be a surprise

to see that the fact that the clock is not standard could be modelled as the action of an effective external force acting universally on all particles.

In a Palatini f(R)-theory, the exact expression of the effective force acting depends on the conformal factor—which encodes �—i.e., ultimately,

depends on the specific model f(R) one is considering.

In a Riemannian structure, i.e. when � = 0 and, consequently, Γ̃ = fgg, both the relative velocity and acceleration reduce to the corresponding

quantities used in standard GR, namely

~V (t) = εγ̇λr̃λζ ~A(t) = ε
�
γ̇αγ̇βr̃αβζ + aα

Γ̃
r̃αζ

�
= γ̇αrα

�
~V (t)

�
(9.3.14)

These further specialise to SR, if one considers Minkowski spacetime.

The relative velocity and acceleration defined in (9.3.13) accounts for the spatial quantities measured between two nearby particles. The corrections

in � accounts for the effect of atomic reference clock possibly being not standard.

As it happens in Newtonian framework, one can also define a velocity and an acceleration for one particle, by using the clock itself as a reference point,

i.e. specialising for γ(t) = σ(t; ε0).

Let us remark that in a Newtonian reference frame, one defines the velocity and the acceleration with respect to the (inertial) frame, which are the quantities with

respect to a particles which did not experience forces. In an electromagnetic situation one would define the acceleration of a charge with resect to a neutral particle

which, not being affected by the electromagnetic field, would move in a uniform straight motion.

That is possible because one has neutral particles in the first place, i.e. particles which are not affected by the electromagnetic field. That is not what happens with

the gravitational field, which is universal, i.e. it affects any particle—and any particle in the same way.

On the other hand, in a gravitational theory, one has the gravitational field which acts on any particle, no neutral charges. However, we can take advantage of the other

part of the weak equivalence principle: the gravitational field acts in the same way on any particle, any particle has the same free fall. Hence also in a gravitational

theory one has a well-defined family of motions (actually better defined than inertial motions): the free falling motions. Accordingly, one can define the velocity and

acceleration of a particle with respect to a freely falling one, i.e. a particles with aγ̃ = λv, which in fact moves along a geodesic motion.
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Hence we have the definition of the velocity and acceleration of a particle near a reference clock γ

~V (t) = εγ̇λ∇̃λζ ~A(t) = ε
(
γ̇αγ̇β∇̃αβζ

)
(9.3.15)

where now ζ is the infinitesimal displacement from the clock to the particle.

The acceleration is related to the “external forces” (all forces other than the gravitational field) acting on the particle (though not on the freely falling reference clock).

Of course, the gravitational field itself cannot be associated with an external forces. That is what they mean saying that gravity is not a force.

Of course, different clocks define different external forces, thus external forces are not an absolute notion, they are conventional. That is what they mean when they

say that forces (as well as the electric field, velocities, accelerations) are vectors in space, not in spacetime, hence they do not exist in a covariant theory.

Let us remark that both external forces and deviation from proper clocks produce non-zero acceleration, so that it will not be a surprise that regarding

a clock as a proper clock as a standard one can be confused with an extra effective force acting on the clock.

Again, notice that here we did not even mention SR or Minkowski spacetime (if not as a source of counter examples which are easy to compute). Traditionally, these

protocols specialise to the definition of spatial distance with resect to an inertial observer in SR, and then are generalised somehow to standard GR. Here we are giving

the protocols essentially in a general Weyl frame (and then specialise them to simple situations) as one should always do.

From an equivalent viewpoint, we considered a clock γ an event b (out of its worldline) and defined two quantities

sb =
s+ + s−

2
ρb =

s+ � s−
2

(9.3.16)

These are somehow associated to a time and a distance.

Let us remark that we can compute the quantity

−s2
b + ρ2

b = 1
4

(
−(s+ + s−)2 + (s+ − s−)2

)
= 1

4 (−4s+s−) = −s+s− = G(p) (9.3.17)

which somehow clarifies the definition of the function G defined in EPS, as well as why one should expect a relation with the metric.

In general, the two quantities (s+, s−), as well (sb, ρb) are not coordinates on spacetime; they are on two dimensional spacetimes. Accordingly, a

clock defines an observer on two dimensional spacetimes, not on general spacetimes, yet. On the other hand, from EPS we know that in general, using

n-clocks one can define a coordinate system, hence an obvserver. In order to do that in detail, we need to discuss relativistic positioning systems.

Examples of accelerated motions

We already considered special test particles in some spacetimes and, as an example, we are now able to discuss their velocity and acceleration.

We considered a Minkowski spacetime (Rm, η) and freely falling test particles (also known as uniform straight motions) on it. In Cartesian coordinates

xµ = (t, xi), straight motions are σ : R!M : s 7! (s+ s0, x
i
0 + wis) for some 0 � j~wj < c.

In dimension m = 2, if we consider an NP-clock γ : R ! M : s 7! (s, 0), it induces isochronous surfaces Σt0 = f(t, x) : t = t0g. Let us consider a

different straight motion σ : t 7! (t, wt) as the worldline of a particle P . One can regard σ(t) as a deformation of the clock worldline, i.e. embed it into

a 1-parameter family of particles

σε : R!M : t 7! (t, εwt) (9.3.18)
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This dragging induces space curves

σt : R!M : ε 7! (t, εwt) (9.3.19)

which should be integral curves of the infinitesimal displacement ζ to be defined. In fact, defining the dragging is equivalent to defining the infinitesimal

displacement ζ(t, x) = wt∂x.

The curves (9.3.19) foliates a region in spacetime. Let us consider a point (t0, x0). There is a curve σt(ε) through it, namely the one with t = t0 and ε = ε0 = x0

wt0
. Its

tangent vector σ̇t(ε0), which coincides with the generator ζ(t0, x0), is

ζ(t0, x0) = σ̇t(ε0) = wt0∂x0 (9.3.20)

By focusing on the region t � 0, x � 0, assuming w � 0 and ε � 0, the relative distance, the relative velocity, the relative acceleration of P from the

clock γ are defined as

D(t) = εwt ~V (t) = ∂0(εwt) = εw ~A(t) = 0 (9.3.21)

In this case, the geometric distance between the points γ(t) and σ(t) is easy to be determined

d(t) = wt ) v(t) = ∂0(wt) = w a(t) = 0 (9.3.22)

Taking into account that the infinitesimal displace is defined to measure the distance between γ(t) and σε(t) the two notions, in this case, essentially

coincide and they both coincide with what we are used to take as the physical distance. Moreover, they certainly account for the name uniform straight

motions.

However, before considering less trivial cases, let us point out that the agreement between infinitesimal displacement and geometric distance is just

apparent in general. In fact, unlike the geometric distance, the infinitesimal displacement depends on the dragging one chooses in the beginning to

connect the two particles.

To see that, let us consider a different dragging

σε̂ : R→M : t 7→
(
t,
(
eε̂ − 1

)
wt
)

= σt(ε̂) (9.3.23)

which also connects γ(t) and σ(t), though, instead of with ε ∈ [0, 1], this time with ε̂ ∈ [0, ln(2)].

As in the previous case, one can fix a point (t, x) and find an integral curve σ(t,x)(ε̂) through it, namely

σ(t,x)(ε̂) =
(
t, x+

(
eε̂ − 1

)
wt
)

σ(t,x)(0) = (t, x) (9.3.24)

These integral curves define a different generator ζ̂(t, x) := (x+ wt) ∂x, which is still tangent to the isochronous surfaces. Its integral curves define the flow

Φε̂ : M →M : (t, x) 7→
(
t, eε̂x+

(
eε̂ − 1

)
wt
)

(9.3.25)

which in fact is a flow and it drags the reference clock γ into the curves σε̂(t) =
(
t,
(
eε̂ − 1

)
wt
)

which are (uniform straight) motions (through the origin) with speed

ŵ :=
(
eε̂ − 1

)
w.

Thus we have the infinitesimal displacement D(t) to be
~D(t) = ε̂ζ̂ ◦ γ ⇒ D(t) = ε̂|wt| (9.3.26)
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The corresponding relative velocity and relative acceleration are

~V (t) = ε̂|w| ⇒ ~A(t) = 0 (9.3.27)

We also have the geometric distance between γ(t) and σε̂(t), namely

d(t) = |σε̂(t)− γ(t)| =
(
eε̂ − 1

)
wt = ŵt ' ε̂wt+ 1

2 ε̂
2wt+O(ε̂3) = D(t) +O(ε̂2) (9.3.28)

Hence, in this case, geometric distance and infinitesimal displacement coincide only at first order (i.e. with small ε̂).

Let us stress that the motion we are considering, which is x(t) = ŵt, supports the fact that the geometric distance is, in fact, a better physical

distance, also in SR. In the first example, the two distances agree, just because the dragging is linear in the parameter ε meaning that ε is the ratio

between the geometric distance between γ(t) and σε(t) and the geometric distance between γ(t) and σ(t). The dragging is defined taking ε constant

with respect to time. Once again, geometric distance is more fundamental than the infinitesimal displacement.

The second example we would like to discuss is the kinematics of Rindler particles

σα : R!M : t 7!
�
t, 1
α

�p
1 + α2t2 � 1

��
= σt(α) (9.3.29)

with respect to the same freely falling NP-clock γ(t).

The Rindler particle through the point (t0, x0) is obtained for t = t0 and α = α0 = 2x0

t20−x2
0
. The tangent vector is

dσt
dα

(α0) =
1

2

(t20 � x2
0)2

t20 + x2
0

∂x ) ζ(t, x) =
1

2

(t2 � x2)2

t2 + x2 ∂x (9.3.30)

The infinitesimal displacement and the relative quantities are

D(t) = 1
2αt

2 ~V (t) = αt ~A(t) = α (9.3.31)

The corresponding geometric quantities are

d = 1
α

�p
1 + α2t2 � 1

�
' 1

2αt
2 +O(α3) v =

αtp
1 + α2t2

' αt+O(α3) a =
α

(1 + α2t2)3/2
' α+O(α3) (9.3.32)

Again the infinitesimal quantities agree with the geometric ones at first order in α. In Minkowski, a uniformly accelerated motion does not make

sense (a constant acceleration would imply a linear velocity, which sooner or later will bring the velocity to exceed the speed of light). In any event,

the Rindler particle is always time-like, which supports once again that the geometric quantities are better physical quantities than the infinitesimal

quantities.

Then we can assume the Rindler particle

σ(s) : R!M : s 7! �
1
α sinh(αs), 1

α (cosh(αs)� 1)
�

(9.3.33)
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as a reference clock and discuss the kinematics of the particle γ in the reference frame defined by σ.

Notice that this is not SR any longer. In SR only inertial observers are allowed. The observer defined by the Rindler clock is not inertial; if it were with would move

along a uniform straight motion with respect to γ which, as we discussed, is not the case.

Let us also remark that σ(s) is an NP-clock, identical to the clock γ we used until now.

The isochronous surfaces for the clock σ are not the same though. We already computed them (see (9.2.27)) to be

α sinh(αs)x = α cosh(αs)ct� sinh(αs) (9.3.34)

This intersects the axis γ at

t(s) =
sinh(αs)

cα cosh(αs)
= s� 1

3s
3α2 +O(α4) (9.3.35)

The geometric distance is then

d2(s) = �sinh2(αs)

α2

�
cosh(αs)� 1

cosh(αs)

�2

+
(cosh(αs)� 1)2

α2 =
(cosh(αs)� 1)2

α2 cosh2(αs)
) d = 1

2αs
2 +O(α3) (9.3.36)

so that the geometric velocity and acceleration are

v(s) =
sinh(αs)

cosh2(αs)
= αs+O(α3) a(s) = �α

�
sinh2(αs)� 1

�
cosh3(αs)

= α+O(α3) (9.3.37)

As one could expect, they do agree as the leading term is concerned though they differ at higher orders. Hence if we measured the acceleration (for

different values of α) we could detect if the clock is inertial or the not by considering how the geometric quantities depart from the leading term.

Now let us consider what happens in a Weyl frame (which is not trivially a Riemanniann structure). That is a toy example, though it contains the

most important aspect of the whole point we are making here. To make computation easier, let us consider the integrable Weyl frame (M, g, Γ̃) with

Γ̃ = fηg and g = ϕ−1(t)η.

We already discussed that we can look at these examples in two equivalent ways.

From a mathematical perspective, we can say that the geometry of spacetime is described by a Weyl frame, not by a Riemannian structure. The metric accounts for

distances, the connection describes the free fall. These two structures needs to be compatible, which partially fixes the connection in terms of the metric. The residual

degrees of freedom are described in general by a 1-form α or, if the Weyl frame is integrable, by a conformal factor ϕ so that α = d ln(ϕ). Given the conformal factor

we can define the parameterisation on the reference clock so that it turns out to be proper with respect to the metric g.

Equivalently, from a physical perspective, we can say that atomic clocks are not standard. As we shall see in a while they though define a representative g in the

conformal structure with respect to they are proper. Accordingly, we can start the examples below, either by assigning the conformal factor ϕ, or by assigning the

clock parameterisation so that the clock is not standard and then define the conformal factor from the parameterisation.

The difference between the two scenarios is just a matter of tastes.

We already considered few such cases. We know that isochronous surfaces become curvilinear in these cases.
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For example, for ϕ = e
2 ct
x0 , we have a proper clock (see Subsection 9.2.2, here and here)

γ : s 7!
�
t =

x0

c
ln

�
x0 + s

x0

�
, x = 0

�
(9.3.38)

The isochronous surfaces defined by γ are

s = x0

�
cosh

�
x
x0

�
e

ct
x0 � 1

�
(9.3.39)

Again we consider γ and σ : s 7! (s, ws) for some 0 < jwj < 1. Both are freely falling with respect to Γ̃. Let us fix x̂ on the position axis. To that it

corresponds the time t̂ = x̂
w so that the point (̂t, x̂) is on the particle σ. Hence by using the isochronal surface (9.3.39), we have a clock parameter

ŝ(x̂;w, x0) = x0

�
cosh

�
x̂
x0

�
e

ct̂
x0 � 1

�
(9.3.40)

singled out. Our duty is to compute the length of the isochronal line from the event corresponding to the reading ŝ to the event (̂t, x̂) which lies on

the same isochronous line.

Let us first consider an event (t, x) along the isochronous line. Because of the equation (9.3.39) we have

t(x; x̂, w, x0) =
x0

c
ln

0
@ x0 + ŝ

x0 cosh
�
x̂
x0

�
1
A , (9.3.41)

Fig. 9.6: The geometric distance (a), geometric velocity (b)), geometric acceleration (c) (x0 = 100, w = 0.5) as functions of the clock reading.

Accordingly, the length of the line is

d(x̂) =

Z x̂

0

s
1�

�
dt

dx

�2

dx =

Z x̂

0

dx

cosh
�
x
x0

� (9.3.42)
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That is the geometric distance between the reference clock γ and the particle σ, though as a function of x̂ instead of as a function of the clock reading

ŝ, which is known as a function of x̂ as well. Accordingly, the pair (ŝ(x̂), d(x̂)) is a parametric representation of the function d(ŝ).

Then we have
dd

ds
=
dd

dx̂

dx̂

ds
=: v(x̂)

dv

ds
=
dv

dx̂

dx̂

ds
=: a(x̂) (9.3.43)

from which we obtain a parametric representation of velocity (ŝ(x̂), v(x̂)) and of acceleration (ŝ(x̂), a(x̂)).

In this case, the analytic expressions of these functions can be computed, though they are quite complicated and uninformative. More interesting are

their series expansions

d(ŝ) =wŝ� w(w2 + 1)

2x0
ŝ2 +O(ŝ3)

v(ŝ) =w � w(w2 + 1)

x0
ŝ+

w(3w4 + 2w2 + 2)

2x2
0

ŝ2 +O(ŝ3)

a(ŝ) =� w(w2 + 1)

x0
+
w(3w4 + 2w2 + 2)

x2
0

ŝ� w(15w6 + 10w4 + 5w2 + 6)

x3
0

ŝ2 +O(ŝ3)

(9.3.44)

From these we see that, as an effect of the clock being non-standard, the particles gets an effective acceleration. The effective acceleration vanishes

in the limit x0 ! +1, in which the clock becomes standard. Hence for a clock which is slightly non-standard the particle gets a small effective

acceleration (as in MOND theories, though here the effects is near the observer, not away from it).

The current example is a toy model exactly because the conformal factor is never well approximated by ϕ = 1, as one would expect to happen locally.

Finally, let us point out that the effective acceleration is universal. It effects in the same way any test particle, it depends on position only. Thus, for

us by definition, it will be confused with an extra gravitational field acting. If we insist that standard GR is valid, an extra effective gravitational field

will need an effective source which will be defined through its gravitational effects alone. Let us call these effective sources dark sources.

Depending on the model, these effective dark sources can be all al just contribute to dark matter and dark energy. Here, at this stage we are just claiming we need to

consider this effect, not that it explains all dark matter and dark energy phenomenology.

Of course in Palatini f(R)-theories, this effect is there whenever f(R) is not αR+ β. On the other hand, since these models depend on a function f(R) it is hard to

think of a prove that can exclude that whatever function one selects then some extra dark matter (and or dark energy) will be needed. That is true at least to the

same extent in which it is hard to find such a particular function which would account for all dark sources as a purely metrological effect.

Anyway, it is quite encouraging that, at least in principle we are able to compute these effects exactly.

Rigid rulers

Rigid rulers in relativistic theories had a long and difficult life. The Newtonian idea of reference frame follows Descartes and imagines to use a rigid

ruler to establish a coordinate system in space, not differently from what one does on the floor of the room. Galileo transformations fix the length of

the ruler so that different inertial observers define different though equivalent coordinate systems.

A rigid ruler has been used to keep a sample of the unit of length for a long time.
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Now the official sample is defined in terms of the space travelled by light in a certain time. Originally it was defined as some fraction of a specific meridian on Earth.

It is quite interesting to notice that originally, when they had to select a unit of length, they discussed a while whether to define the fundamental unit as a fraction of a

meridian or as the length of a pendulum which has a period of a second (of course in some fix location). One of the arguments used in favour of the geodesic definition

was not define length as a unit derived from time but keep length and time fundamental on an equal footing.

That is quite peculiar in view of a modern perspective. In homogeneous systems units are derived from universal constants so that essentially any unit is derived from

time. That is true also because we have grown damn good in measuring times.

Metrologists are working in optical atomic clocks which are expected to be precise to the order of 10−18s. That is enough to appreciate the gravitational red shift on

Earth surface for different altitudes of the order of few centimetres. It corresponds to the time in which light travels for 0.3 · 10−9m = 0.3 · 10−6mm.

In SR it was soon realised that rigid bodies have a problem in definition.

If one considers a stick of 1m, travelling (along its axis) at a speed 1ms−1, and hitting a thick wall, then, in view of rigidity, the two endpoints of the stick should stop

simultaneously. Unfortunately, there is a upper bound in propagation of a physical signal, so that the endpoint far from the wall cannot be informed that the other

endpoint hit the wall and stop accordingly.

At most it can stop after 3.3 · 10−9s that the other end point hit the wall. In this time it travels unaware for 3.3 · 10−9m, in fact affecting the length of the ruler which,

hence in principle, cannot be rigid.

From a theoretical viewpoint, the definition of a rigid ruler has the same difficulties of defining a uniform clock. To know what rigid means one should

be able to measure distances, thus one cannot use rulers to define distances to avoid loopholes. Said that, after one define distances, e.g. geometric

distance, it is possible to define a rigid ruler as a ruler having a constant length.

Let us define a ruler as a worldsheet in spacetime, i.e. the image of an embedded time-like surface i : R� [0, 1]!M . The boundaries γ0 : t 7! i(t, 0)

and γ1 : t 7! i(t, 1) are called endpoints and they are assumed to be time-like worldlines.

If we now fix a clock χ, it defines isochronous surfaces and we can define the length of the ruler to be the geometric distance computed on the surface

corresponding to time t. The ruler is rigid with respect to the reference clock χ if its length, measured by χ, is constant in time.

That has nothing to do with (non-)existence of rigid bodies. The endpoints can be two satellites which are maneuvered so that their distance stays constant, so that

they define a rigid ruler.

The argument about non-existence of rigid bodies in SR just shows that a stick is not a physical device which realises a rigid ruler.

Of course, we should remark that, for a ruler, being rigid with respect to a reference clock does not imply being rigid with respect to other clocks.

That was true also in Minkowski spacetime if we considered accelerated clocks. At different times, the clock moves at different speed, seen different length contractions.

A ruler which is rigid for an inertial clock is not for an accelerated one.

This definition makes sense in a Weyl frame (M, g, Γ̃). Of course, in that case distances are computed by g, by construction.

Distances of two events

If we now consider two events, instead of two worldlines, given a reference clock γ they may or may not lie on the same isochronous surface. If they

do, we can proceed as we did above and define the relative distance as well as the geometric distance between them.
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If they do not, there is not much we can do. There is no canonical way to map one isochronous surface into another. In order to define the

relative distance between two general events one needs to select a further structure which enables to do that, defining isomorphisms between different

isochronous surfaces.

Now, whatever continuous family of isomorphisms Φt1
t0

: Σt0 ! Σt1 one had, whatever point x0 2 Σt0 one fixed, then a family of curves σx0
: R !

M : t 7! Φt
t0(x0) would be identified and each curve σx0

in the family is transverse to all isochronous surfaces. The isomorphisms Φt1
t0

can be further

restricted so that the associated curves σx0
are time-like (with respect to some Weyl frame (M, g, Γ̃)) and, accordingly, each of them can be considered

as the motion of a test particle.

Hence we have a congruence of worldlines which foliates a region of spacetime M . Of course, giving such a congruence of worldlines is, in fact,

equivalent to give the original family of isomorphisms, since one can set Φt1
t0

: Σt0 ! Σt1 : x0 7! x1 iff the two events x0 2 Σt0 and x1 2 Σt1 belong to

the same worldline.

Moreover, we can immagine an observer which considers all test particles in the curve congrunce to be at rest, i.e. using them as a (sort of curvilinear)

reference frame. Hence we call such a congruence σx0
: R ! M of time-like curves a rest motion in the Weyl frame (M, g, Γ̃). A rest motion can be

made, in particular, of time-like geodesics, in which case it is called a free fall.

Of course, fixing a rest motion on a spacetime is a convention, it is not canonical (even free falls are not), different observers in general fix different

rest motions. That is not a surprise any longer.

In particular, in a spacetime with a particular rest motion fixed on it, one can define the distance between two different events. One can use the rest

motions to map both events on a particular isochronous surface Σt∗ and define the geometric distance of them on that surface. Such a notion depends

on the clock which defines the isochronous surfaces, on the rest motion fixed on them, and on the selected surface Σt∗ .

As one might comment, these definitions are getting less and less absolute. They depend on more and more structures, conventional structures to be fixed on a

spacetime. We agree. Let us however, stress that it is important to keep track of all structures one needs to fix to reproduce a Newtonian-like framework. It is

important both to stress that Newtonian frameworks are a bad thing (even though we might be forced to use them in real science) and to be able to bridge the covariant

theory with observations.

On the other hand, rest motions may be naturally selected on some spacetimes, due to extra structure they may have. For example, we already

selected one rest motion on spatially isotropic and homogeneous spaces. The comoving motions are in fact a rest motion in FLRW spacetimes.

4. Congruences of clocks

We are now ready for a further step. Until now, we considered a single clock and we used it to define a local foliation of isochronous surfaces and

their (local) coordinate time.

We now want to define a congruence of clocks, i.e. a family of clocks which locally foliates an open region and which is regular, so that the time-reading

is smooth even when we go from one clock to another.
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In fact, we have a canonical prescription to build such a structure in a Weyl geometry (M, g, Γ̃), which is eventually used as a definition. Let us

consider U � M an open set in spacetime, and X a local time-like vector field defined on U (not necessarily outside U) which never vanishes (in U).

Let γ be an integral curve of X, which is called the reference clock. As we discussed, the reference clock γ defines a family of space-like isochronous

hypersurfaces Σt0 which foliates a neighbourhood of the clock. There is no loss in generality by assuming that the isochronous surfaces foliate U .

Since the vector field X is time-like and the hypersurfaces Σt0 are space-like, then X is necessarily transverse to the surfaces. Being space-like means that all tangent

vectors to Σt0 are space-like, hence X cannot be tangent to Σt0 .

This construction is uniquely singled out by the data (U, X̂, x0), where x0 are initial conditions for the reference clock γ.

Now let us consider another integral curve σ̂ of X̂ and consider its trajectory [σ̂]. That is also a time-like curve so it is also transverse to the

isochronous surfaces. This trajectory gets a parameterisation by synchronisation with the reference clock: any event y 2 [σ̂] on the trajectory also lies

on an isochronous surface y 2 Σt0 and we can choose a parameterisation σ : R ! M : t0 7! y, which is only another representative of the trajectory

σ 2 [σ̂]. Hence we have a family of clocks σ which also foliates U and such clocks are synchronised, by construction, with the reference clock γ.

Accordingly, we have an open set U which comes with two transverse foliations on it: one is a space-like hypersurface foliation, the other is a clock

foliation, as well as a rest motion.

The clocks σ defined in the structure are synchronised to the reference clock γ. However, as we pointed out, they may not coincide with the integral curves σ̂ of X̂.

On the other hand (as well as just because of that), there are different vector fields X̂ which produce the same congruences. For example, any X = ϕ(x)X̂ share with

X̂ the same integral trajectories.

Thus, once we defined the clock congruence σ, we can go back and define X as the generator of foliation, so that now σ are integral curves of the vector field X.

Accordingly, there is no loss in generality assuming that, when we select (U,X, x0), the clocks σ are synchronised to γ and integral curves of X.

Definition: let us define a congruence of clocks on U as a family of clocks for which there exists (U,X, x0) as above.

When we do it in a Weyl frame (though having a metric structure g 2 g is, in fact, enough), the quantity ω =
p�g(X,X) coincides with the rate of

the clock through the point. Accordingly, the field X is also called the rate field.

Although that may sound satisfactory, we already noticed that the isochronous surfaces of a clock σ in the congruence do not need to agree with the

isochronous surfaces of the reference clock.

Hence if we considered a different reference clock in the same congruence, the hypersurface foliation would end up to be different. This happens also in SR, so it has

nothing to do with curvature, it is just a consequence of relativity of contemporaneity.

However, in Minkowski spacetime, one can consider orthonormal coordinates (t, x), and the clock congruence defined by (Rm, ∂0, 0) in which the hypersurfaces

Σt0 = {(t, x) : t = t0} are isochronous surfaces of all the clocks of the congruence. Hence, at least in that case there are better behaving clock congruences, which are

called isochronal congruences.

Also in a general spacetime, isochronal counguences do exist. In a spacetime of dimension 2, a reference clock γ(t) defines two quantities

s(p) =
s+(p) + s−(p)

2
ρ(p) =

s+(p)� s−(p)

2
(9.4.1)

which are in fact coordinates around the reference clock.
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We can use ρ to define a congruence of clocks σ out of the reference clock γ, by requiring ρ(σ(t)) being constant. We can show that in a congruence

so defined, any clock shares with γ its isochronous surfaces, i.e. if two events P and Q are isochronous for γ, then thay also are for the congruence

clock passing through P .

p q

p-

p+

s-(q)=s-(p-) 

s+(q)=s+(p+) 

s-(p+) 

s+(p-) 

s-(p) 

s+(p) 

x

Fig. 9.7: Construction of an isochronal clock congruence.

Let us consider the reference clock γ(s) and two points p, q on the isochronal surface Σs0 (in green) defined by γ through a point

x = γ(s0).

Being p and q on the same isochronal surface, means that the echo a message from the reference clock. The message echoed by p is

emitted at s−(p) and received back at s+(p). Analogously, the message echoed by q is emitted at s−(q) and received back at s+(q).

Since p, q ∈ Σs0 we have

s(p) =
s+(p) + s−(p)

2
= s0 =

s+(q) + s−(q)

2
= s(q) (9.4.2)

When we define the clock congruence, in particular, we have a clock σp through p and a clock σq through q. The message echoed by

q singles out on the clock σp two further events p±.

Both p± also echo a message from the reference clock, emitted from γ at s−(p±) and received back to γ at s+(p±). Of course we

have s+(p+) = s+(q) and s−(p−) = s−(q).

Since the clocks in the congruence are synchronised, the readings of the clock σp at the events p± are

s(p+) =
s+(p+) + s−(p+)

2
=
s+(q) + s−(p+)

2
s(p−) =

s+(p−) + s−(p−)

2
=
s+(p−) + s−(q)

2
(9.4.3)

and when the clock σp tries to give a time to the event q the result is

sp(q) =
s(p+) + s(p−)

2
=
s+(q) + s−(p+) + s+(p−) + s−(q)

4
=
s−(p+) + s+(p−)

4
+ 1

2s(q) (9.4.4)

Again in view of the synchronisation, the congruence is isochronal iff one has sp(q) = sp(x) = s(p) = s0, which is in general false.

However, if we require ρ(σp(s)) to be constant we also have ρ(p) = ρ(p±), i.e.

ρ(p+) =
s+(p+)− s−(p+)

2
= ρ(p) =

s+(p−)− s−(p−)

2
= ρ(p−) (9.4.5)

from which one gets s−(p+) = s+(q)− 2ρ(p) and s+(p−) = s−(q) + 2ρ(p), hence s−(p+) + s+(p−) = s+(q) + s−(q). Then in this case we have

sp(q) =
s−(p+) + s+(p−)

4
+ 1

2s(q) =
s+(q) + s−(q)

4
+ 1

2s(q) = 1
2s(q) + 1

2s(q) = s(q) (9.4.6)

and the congruence is isochronal.

In this case we can also easily obtain the distance ρp(q) of q measured by the clock σp as

ρp(q) =
s(p+)− s−(p−)

2
=
s+(q) + s−(p+)− s+(p−)− s−(q)

4
= 1

2ρ(q) +
s−(p+)− s+(p−)

4
= 1

2ρ(q) +
s+(q)− s−(q)− 4ρ(p)

4
= ρ(q)− ρ(p) (9.4.7)

This foliation grid is similar to the one in Minkowski spacetime obtained by clock at rest (though, of course, it is obtained in general on a curve

spacetime—of dimension 2). In higher dimensions, the situation gets trickier. The two quantities s(p) and ρ(p) are not enough to define a coordinate

system, one needs more than one clock for that. Accordingly, the system becomes more similar to a relativistic positioning system rather than to
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a radar as it is here. The good news with it is that, we remark that once again, in astrophysics and cosmology one cannot realistically use echoes,

anyway, so positioning systems need to be preferred.

Breaking the conformal invariance

We already proved that, if we fix g and Γ̃, then there exists a parameterisation for which any worldline is a standard clock with respect to (g, Γ̃).

Thus given a clock congruence on U we can always reparameterise the clocks so that they are standard clocks with respect (g, Γ̃). A clock congruence

in which each clock is standard is called a standard clock congruence.

Of course, in general, there is nothing like a standard isochronal congruence. The condition ρ(σ(s)) = ρ0, used to define isochronal congruences, defines the clock

worldline out of γ. There is no reason, even in standard GR, for these trajectories to be geodetics (of g, even less of Γ̃). ????

Let us now show that, if we consider a clock congruence and we fix the parameterisation and the conformal structure g, then there exists a connection

Γ̃ which is EPS-compatible to g and for which the clocks (with their fixed parameterisations) are standard with respect to (g, Γ̃).

A connection which is EPS-compatible to g is necessarily in the form (5.9.13), namely, for any representative g ∈ g there exists a 1-form α = αεdx
ε such that

Γ̃αβµ = {g}αβµ + 1
2

(
gαεgβµ − 2δα(βδ

ε
µ)

)
αε (9.4.8)

One can select any representative g ∈ g of the conformal structure, though, of course, the 1-form α will depend on the choice. Thus we claim that we can fix α so that

any clock γ : I →M : s 7→ γµ(s) in the congruence is standard with respect to Γ̃ and g. For, the covariant acceleration of the clock is

aµ
Γ̃

= γ̈µ + Γ̃µαβ γ̇
αγ̇β (9.4.9)

so the clock is standard with respect to Γ̃ and g iff

g(aΓ̃, v) = γ̈µγ̇µ + Γ̃µαβ γ̇
αγ̇β γ̇µ = γ̈µγ̇µ +

(
{g}αβµ + 1

2

(
gαεgβµ − 2δα(βδ

ε
µ)

)
αε

)
γ̇β γ̇µγ̇α = g(ag, v)− 1

2α(v)g(v, v) = 0 (9.4.10)

i.e. iff

α(v) = 2
g(ag, v)

g(v, v)
⇐ αε =

2

g(v, v)
(ag)

λgλε (9.4.11)

Since we have a clock of the congruence through any point in U , that is sufficient to fix α in U so that (locally) there always exists a connection Γ̃, EPS-compatible

with g, for which the whole clock congruence is standard.

That, essentially, also shows that there is not much essential with standard clocks, since any family of clocks can be made standard by changing the connection in a

Weyl geometry. It also points out that, if there is something special about standard clocks, it must be in relation with their free fall. For example, if we have a clock

congruence and we fix their free fall, then we are not allowed any longer to change the connection (since that would change the free fall worldlines). Thus what is really

special are clocks which are standard with respect to the connection which describe their free fall.

Now let us show that, given a clock congruence, we can select a representative g 2 g of the conformal structure such that the congruence is g-proper,

i.e. each clock in the congruence is g-proper.
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Let us first consider a clock γ in the congruence and a representative ĝ 2 g. In view of equation (9.2.12), the clock γ is proper with respect to

the metric ĝ iff ĝ(v, v) is constant along the curve γ, which in general is not the case. However, one can always choose a conformal factor Φ and,

consequently, a conformal metric g by

Φ(γ(s)) = � a2

ĝ(v,v) ) g = Φ ĝ 2 g

so that g(v, v) = �a2 along the curve γ. Then, for such a conformal representative g 2 g, the clock γ is proper with respect to g. Let us stress that

this result is achieved without changing the clock parameterisation.

Without loss of generality, one can also fix a = 1 and obtain NP-clocks.

Of course, this procedure does not fix the representative g of the conformal structure, since we have no information about the value of the conformal

factor outside the worldline of γ. However, we have a congruence of clocks which fills (an open set of) the spacetime M , then the conformal factor and

the metric g will be (locally) fixed uniquely (up to affine transformations) by the requirement of the clocks to be proper (or NP-) clocks.

Thus the main idea is that, if we start from a Weyl geometry (M, g, Γ̃), possibly a solution in a Palatini f(R)-theory or a more general ETG, and we

want to provide a class of clocks (e.g. atomic clocks) with a special physical status we can always promote the congruence to be proper with respect

to a suitably chosen representative g 2 g of the conformal structure.

If the connection Γ̃ is metric, i.e. Γ̃ = fg̃g for some metric g̃ which, because of EPS-compatibility, is hence a conformal representative g̃ 2 g, and the

atomic clocks are standard, then they are also g̃-proper. Then, by the procedure describe above, the conformal invariance is broken by selecting g̃ as

a representative for the conformal structure g.

That is exactly what is assumed to happen in standard GR: an atomic clock is standard (hence proper) with respect to the metric which describes free fall. EPS did

discuss this possibility in their original project, just they called gravitational time that measured by standard clock, and atomic time that measured by atomic clocks.

They questioned how strong is the evidence that atomic clocks are standard.

We have to remark that in standard GR this is assumed in principle, i.e. it extends to all scales. It means that we imagine to check that an atomic clock is standard

on the scale up to 15BY . No need to say that nobody ever observed an atomic clock for 15BY to check it is exactly standard.

Notice that it is not even clear what exactly one needs to observe and how (if not whether) a non-standard behaviour of a clock can be observed in principle. Thus we

need to go in greater detail and consider the issue from scratch.

However, it may not be the case. If atomic clocks are not standard, we can easily imagine to consider a congruence of atomic clocks, and this

congruence do break the conformal invariance by selecting a conformal representative g 2 g with respect to which the atomic clocks are g-proper.

This is what is assumed in ETG: we go from a Weyl geometry to a Weyl frame (M, g, Γ̃) by selecting a representative g ∈ g which is precisely selected to described a

preferred class of clocks, e.g. atomic clocks as proper clocks.

As a special case, it may happen that the atomic clocks are already standard, hence the selected representative will be g = g̃. However, in general, we assume they are

not necessarily standard, so to be able to discuss the issue on a physical stance.

Once again, Weyl geometries show to be less strict than Lorentzian geometries. We have just shown that considered a representative of the conformal

structure g, a connection for free fall Γ̃ and a clock congruence γ, one can keep fixed two of them and modify the third to obtain a proper clock

congruence.
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5. Observing Curvature

.Next SectionAs it happens in Riemannian geometries, in a Weyl geometry (M, g, Γ̃) the curvature cannot be observed directly, though it becomes manifest through

its action on test particles. Tracing how these effects appear is important to give a physical interpretation of the Weyl frame and the conformal factor

when the Weyl frame is integrable.

Let us consider a Weyl geometry (M, g, Γ̃) and two non-parallel tangent vectors (v, w) at x0 2M .

x0

v
w

w(t)

v(s)

x(s)

!(t) !(t, s)

x(s, t)

Fig. 9.8: Curvature from geodesic circuits.

Let us first consider a geodesic motion γ(t) (obviously, with respect to Γ̃) with initial conditions γ(0) = x0 and

γ̇(0) = v. Accordingly, we have

γ̈µ + Γ̃µαβ γ̇
αγ̇β = 0 γµ(0) = xµ0 , γ̇µ(0) = vµ (9.5.1)

where dots denote derivative with respect to t. Let us also consider a geodesic motion x(s)

x′′µ + Γ̃µαβx
′αx′β = 0 xµ(0) = xµ0 , x′µ(0) = wµ (9.5.2)

where primes denote derivative with respect to s.

Then let us define a family of vectors v(s) defined along the curve x(s), which is parallely transported along x(s)

with initial condition v(0) = v

v′µ + Γ̃µαβx
′αvβ = 0 vµ(0) = vµ, (9.5.3)

as well as a family of vectors w(t) defined along the curve γ(t), which is parallely transported along γ(t) with initial

condition w(0) = w

ẇµ + Γ̃µαβ γ̇
αwβ = 0 wµ(0) = wµ, (9.5.4)

Then we have two families of initial conditions (γ(t), w(t)) and (x(s), v(s)) which can be used to define two families of geodesics, namely γ(t, s) and

x(s, t) such that

γ̈µ + Γ̃µαβ γ̇
αγ̇β = 0 γµ(0, s) = xµ(s), γ̇µ(0, s) = vµ(s), (9.5.5)

and

x′′µ + Γ̃µαβx
′αx′β = 0 xµ(0, t) = γµ(t), x′µ(0, t) = wµ(t), (9.5.6)

Let us remark that there is no reason to assume that the curves γ(t, s) and x(s, t) lie (exactly) on the same surface; as far as one knows, the two lines

γ(t, s) and x(s, t) can be skew. Also, in any case, there is no reason to have that γ(t, s) = x(s, t) for their endpoints. Thus we (pretend not to notice

that such a quantity does not make any sense and we) wish to express γ(t, s)� x(s, t), to measure how much the curves fail to be closed. Since we do

not have a general analytic expression for the curves, but we only know the equations they obey, it is a good technique to expand in Taylor series and

check for the first non-zero term, which unfortunately is the third order term.

We could try to simplify the computation a bit, for example by somehow restricting the initial directions. However, this computation is as beautiful as it is general. So

take it easy and do it in general.
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Let us start with γ. Keep constantly in mind that γ(0, s) = x(s), γ̇(0, s) = v(s).

γµ(t, s) =xµ(s) + vµ(s)t+ 1
2 γ̈

µ(0, s)t2 + 1
6

˙̈γµ(0, s)t3 +O(t4) =

=
(
xµ0 + wµs+ 1

2x
′′µ(0)s2 + 1

6x
′′′µ(0)s3

)
+
(
vµ + v′µ(0)s+ 1

2v
′′µ(0)s2

)
t− 1

2 Γ̃µαβ(x(s))vα(s)vβ(s)t2+

+ 1
6

(
2Γ̃µεβ(x(s))Γ̃εαλ(x(s))− ∂λΓ̃µαβ(x(s))

)
vλ(s)vα(s)vβ(s)t3 +O4 =

=
(
xµ0 + wµs− 1

2 Γ̃µαβw
αwβs2 + 1

6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
wλwαwβs3

)
+
(
vµ − Γ̃µαβw

αvβs+ 1
2

(
Γ̃µελΓ̃εαβ + Γ̃µαεΓ̃

ε
βλ − ∂βΓ̃µαλ

)
wβwαvλs2

)
t+

− 1
2

(
Γ̃µαβv

αvβ +
(
−2Γ̃µεβΓ̃ελα + ∂λΓ̃µαβ

)
wλvαvβs

)
t2 + 1

6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
vλvαvβt3 +O4

(9.5.7)

where we used the derivative of the geodesic equation x′′µ(0) = −Γ̃µαβw
αwβ and

x′′′µ(0) =
(

2Γ̃µελΓ̃εαβ − ∂λΓ̃µαβ

)
wλwαwβ v′′µ(0) =

(
Γ̃µελΓ̃εαβ + Γ̃µεαΓ̃ελβ − ∂βΓ̃µαλ

)
vλwαwβ (9.5.8)

Thus we obtain

γµ(t, s) =xµ0 + (wµs+ vµt)− 1
2

(
Γ̃µαβw

αwβs2 + 2Γ̃µαβw
αvβst+ Γ̃µαβv

αvβt2
)

+ 1
6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
wλwαwβs3+

+ 1
2

(
Γ̃µελΓ̃εαβ + Γ̃µαεΓ̃

ε
βλ − ∂βΓ̃µαλ

)
wαwβvλts2 + 1

2

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
wλvαvβt2s+ 1

6

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
vλvαvβt3 +O4

(9.5.9)

Analogously, for xµ(s, t) we get

xµ(t, s) =xµ0 + (vµt+ wµs)− 1
2

(
Γ̃µαβv

αvβt2 + 2Γ̃µαβv
αwβts+ Γ̃µαβw

αwβs2
)

+ 1
6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
vλvαvβt3+

+ 1
2

(
Γ̃µελΓ̃εαβ + Γ̃µαεΓ̃

ε
βλ − ∂βΓ̃µαλ

)
vαvβwλst2 + 1

2

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
vλwαwβs2t+ 1

6

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
wλwαwβs3 +O4

(9.5.10)

For the difference, which makes sense (only) in a fixed coordinate system, we get

γµ(t, s)− xµ(t, s) = 1
6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
wλwαwβs3 − 1

6

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
wλwαwβs3 − 1

6

(
2Γ̃µεβΓ̃εαλ − ∂λΓ̃µαβ

)
vλvαvβt3 + 1

6

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ

)
vλvαvβt3+

+ 1
2

(
Γ̃µελΓ̃εαβ + Γ̃µαεΓ̃

ε
βλ − ∂βΓ̃µαλ − 2Γ̃µεβΓ̃ελα + ∂λΓ̃µαβ

)
vλwαwβs2t+ 1

2

(
2Γ̃µεβΓ̃ελα − ∂λΓ̃µαβ − Γ̃µελΓ̃εαβ − Γ̃µαεΓ̃

ε
βλ + ∂βΓ̃µαλ

)
vαvβwλst2 +O4 =

= 1
2

(
∂λΓ̃µαβ − ∂βΓ̃µαλ + Γ̃µελΓ̃εαβ − Γ̃µεβΓ̃ελα

)
vλwαwβs2t+ 1

2

(
∂βΓ̃µαλ − ∂λΓ̃µαβ + Γ̃µεβΓ̃ελα − Γ̃µελΓ̃εαβ

)
vαvβwλst2 +O4 =

= 1
2 R̃

µ
αβλ

(
wλvαvβt2s− vλwαwβts2

)
+O4

(9.5.11)

Thus, as a first result, the evolution of the “displacement” γ � x (if it made any sense as a finite quantity) is controlled by the curvature, and it is in

fact a definition of the curvature—or, at least, of its symmetric part R̃µ(αβ)λ.

Unfortunately, the (finite) displacement is not particularly relevant since, in general, spacetime has no affine structure. What is definite the infinitesimal

displacement though it is a tangent vector. That is not even the worse thing about this example! Since we constrained the sides of the “quadrilateral”

to be geodesics, in general, the two families of curves do not even lie on the same surface.

So let us rewind and do it again in a slightly different way.
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Jacobi fields

Let ζ be a vector field and let x(s; p) be the integral curve of ζ through the point p. Of course, the integral curves define the flow Φs(p) = x(s; p) of ζ.

One can drag the geodesic γ along the vector field ζ and define a family of curves

γ(t; s) := Φs � γ(t) = x(s; γ(t)) (9.5.12)

Notice that the curves γ(t; s), for how we defined them, do not foliate the manifold M , though, this time, they foliate a two dimensional surface in it.

x0

v
w

w(t)

v(s)

x(s)

!(t) !(t, s)

x(s, t)

Fig. 9.9: Geodesic deviation.

First of all, let us consider two curves in the family, namely γ(t, s) and γ(t), and consider the infinitesimal displacement

D = sζ. One has that γ(t; s)� γ(t) = sζ(γ(t)) +O(s2), i.e. the displacement is a tangent vector. It is not a physical distance

as we would like, though, however, it is geometrically well defined, as a tangent vector, and, in Minkowski, it reduces (as

other quantities do) to the usual displacement.

We define the relative covariant velocity as well as the relative covariant acceleration, as

U(t) = sγ̇µr̃µζε∂ε A(t) = s
�
γ̇ν γ̇µr̃νr̃µζε

�
∂ε (9.5.13)

Again, one should not be too confident in the physical meaning of these quantities. However, they are covariant and they reduce to the

usual physical quantities on Minkowski spacetime.

Let us stress that these can be interpreted as defining acceleration of a motion γ(t, s) with respect to a freely falling motion γ(t). That

makes sense since gravity is universal, i.e. it acts on anything.

For electromagnetism, since we know there are neutral particles, we can define the acceleration of a charge relative to a neutral particle

with the same initial conditions. In gravity, this would not be a good idea, though, just in view of universality of gravity, it makes a

better sense to define the acceleration of a particle with respect to a freely falling one.

Of course, because of that, the acceleration of a freely falling particle is zero, and, as we shall see in a while, there is a relative acceleration between

two nearby freely falling particles, which is called the tidal force and it is related to the curvature. That is the only remnant of gravity as a force and

it is what people mean by saying that in GR gravity is not a force (understanding that it is exactly true at a point only).

In general, there is no reason to believe that the dragged curves γ(s; s) are also geodesic motions. If that is the case, then the vector field ζ is called

a Jacobi field.

We have γs(t) := γ(t; s) = γ(t) + sζ(γ(t)) +O(s2) and

γ̇µs = γ̇µ + sγ̇α∂αζ
µ(γ(t)) +O(s2) γ̈µs = γ̈µ + s

(
γ̈α∂αζ

µ + γ̇αγ̇β∂αβζ
µ
)

+O(s2) (9.5.14)

Hence we have(
γ̈µs (t) + Γ̃µαβ(γs(t))γ̇

α
s (t)γ̇βs (t)

)
−
(
γ̈µ + Γ̃µαβ γ̇

αγ̇β
)

= s
((
γ̈α + Γ̃αρσγ̇

ργ̇σ
)
∂αζ

µ + γ̇αγ̇β
(
∂αβζ

µ + 2Γ̃µαρ∂βζ
ρ − Γ̃ραβ∂ρζ

µ + ∂λΓ̃µαβζ
λ
))

+O(s2) =

=sγ̇αγ̇β
(
∇̃α∇̃βζµ + ∂σΓ̃µαβζ

σ − ∂αΓ̃µσβζ
σ − Γ̃µσβ∇̃αζ

σ + Γ̃µαρ∇̃βζρ − Γ̃µεαΓ̃εσβζ
σ + Γ̃µσεΓ̃

ε
αβζ

σ
)

+O(s2) =

=sγ̇αγ̇β
(
∇̃α∇̃βζµ − R̃µαβσζσ

)
+O(s2)

(9.5.15)

:Notation: :Symbols: :AIndex: :Index:



500 Standard clocks

Then ζ is a Jacobi field iff it satisfies the equation:

ξαξβ∇̃α∇̃βζµ = R̃µαβλξ
αξβζλ (9.5.16)

This equation is also called the geodesic deviation equation.

The left hand side is the relative covariant acceleration, thus the right hand side is the force acting which is called the tidal force.

Notice that the tidal force is a function of the curvature.

Of course, Jacobi fields do exist. If we consider a geodesic flow γ(t; s), the infinitesimal generators are

ζ(γ(t; s)) =
dγα

ds
(t; s)∂α ξ(γ(t; s)) =

dγα

dt
(t; s)∂α (9.5.17)

The field ζ is, by construction, a Jacobi field and ξ is a geodesic field, ξµ∇̃µξα = 0.

Sectional curvature

Let us now consider a family of g-time-like Γ̃-geodesic motions γ(t; ε) though an event x0 2 M , so that we have γ(0, ε) = x0 for all ε. We can define

the “vector fields”

x0

!(t) !(t;")

#(!(t;"))
$(!(t;"))

[#,$]=0
u

# w

Fig. 9.10: Sectional curvature.

ξ(γ(t, ε)) =
dγα

dt
(t; ε)∂α ζ(γ(t, ε)) =

dγα

dε
(t; ε)∂α (9.5.18)

The geodesics γ(t; ε) are integral curves of ξ and ζ is a Jacobi field which commutes with ξ, i.e. [ξ, ζ] = 0.

Then we can compute the expansion of the infinitesimal displacement D = ε
pjg(ζ, ζ)j which, informally, is the separation

between the two geodesics.

Let us consider the geodesic γ(t) = γ(t; 0), restrict to it the Jacobi field ζ(t) = ζ(γ(t)), and set ξ(ε) = ξ(γ(0; ε)) =: w; then we have

ζµ =ζµ(γ(0)) =
dγµ

dε
(0; ε) = 0

Dζµ :=∇̃ζµ + 1
2αζ

µ = ∇̃ζµ = ζα∇̃αξµ = ξα∇̃αζµ = ζ̇µ(0) =: uµ
(9.5.19)

Here we considered that γ(t; ε) = γ(t) + εζ(t) +O(ε2), taking the derivative with respect to t at t = 0, dividing by ε, and taking the limit

to define u := limε→0
w−ξ
ε = ζ̇(0) = ξα∇̃αζ, i.e. w = ξ + εu+O(ε2). Then we can consider the following derivatives:

D2ζµ :=r̃2ζµ + αr̃ζµ + 1
4α

2ζµ + 1
2r̃αζµ = r̃2ζµ + αr̃ζµ = R̃µαβλξ

αξβζλ + αuµ = αuµ

D3ζµ :=r̃3ζµ + 3
2r̃αr̃ζµ + 3

2αr̃2ζµ + 1
2r̃2αζµ + 3

4α
2r̃ζµ + 3

2αr̃αζµ + 1
8α

3ζµ = R̃µαβλξ
αξβuλ + 3

2r̃αuµ + 3
4α

2uµ
(9.5.20)

where we set α = �(γ̇) and r̃ = γ̇αr̃α as in Subsection 9.3.1.

Then the field ζ can be expanded as

ζµ(t) = tuµ + 1
2t

2αuµ + 1
3!t

3
�
R̃µαβλξ

αξβuλ + 3
2r̃αuµ + 3

4α
2uµ
�

+O(t4) (9.5.21)
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and its norm is expanded as

jζj2 = g(ζ(t), ζ(t)) = t2 (1 + tα) juj2 +
�

1
3uµR̃

µ
αβλξ

αξβuλ + 1
2

�
r̃α+ α2

�
juj2
�
t4 +O(t5) (9.5.22)

Let us set

K(u, ξ) := �u
µgµνR̃

ν
αβλξ

αξβuλ

juj2jξj2 � g(u, ξ)2 (9.5.23)

for the sectional curvature in the plane (u, ξ)—which is a plane in the tangent space.

The sectional curvature in fact depends on the plane only and it is independent of the particular vectors used to span it. For example, let us define u′ = au+ bξ and

ξ′ = cξ; then, generically, (u′, ξ′) spans the same plane as (u, ξ). Then we have

K(u′, ξ′) = a2c2
|u|2|ξ|2 − g(u, ξ)2

|u′|2|ξ′|2 − g(u′, ξ′)2
K(u, ξ) = a2 |u|2|ξ|2 − g(u, ξ)2

(a2|u|2 + 2abg(u, ξ′) + b2c2|ξ|2)|ξ|2 − (a2g(u, ξ)2 + b2c2|ξ|4 + 2abg(u, ξ′)|ξ|2)
K(u, ξ) = K(u, ξ) (9.5.24)

Accordingly, we can always consider u′ to be a unit vector orthogonal to ξ and ξ′ the unit vector parallel to ξ.

Then the infinitesimal displacement D = εjζj is expanded as

D = εjζj =εjujt
r

1 + αt+
�
� |u|2|ξ|2−g(u,ξ)2

3|u|2 K(u, ξ) + 1
2

�
r̃α+ α2

��
t2 +O(t3) =

=εjuj
�
t+ 1

2αt
2 + 1

2

�
� |u|2|ξ|2−g(u,ξ)2

3|u|2 K(u, ξ) + 1
2r̃α+ 1

4α
2
�
t3
�

+O(t4)

(9.5.25)

That is pretty general, though let us now specialise a bit the family of geodesics. Let us fix x0 and the time-like geodesic through it from initial

conditions (x0, γ̇(0) = ξ). One can always use the affine freedom of parameterisation along geodesic motions to set jξj2 = �1.

In a Riemannian structure the norm of the tangent vector to a geodesic motion is constant so one would have |ξ(t)|2 = −1 as well. That is not the case in a Weyl

frame though, so we require ξ(0) to be a unit vector; ξ(t) will be not unit in general.

The we can fix u to be a unit vector normal to ξ and set w = ξ+εu. Thus we can define the geodesic flow by γ(t; ε) being the geodesic corresponding to

the initial conditions (x0, w). That flow defines the geodesic vector field ξ and the Jacobi field ζ as above. Accordingly, we can specialise the discussion

above to thel case in which w = ξ + εu with jξj = �1, juj = 1, and ξ � u = 0. Consequently, the infinitesimal displacement is

D = ε
�
t+ 1

2αt
2 +

�
1
6K(u, ξ) + 1

4r̃α+ 1
8α

2
�
t3
�

+O(t4) (9.5.26)

In the Riemannian case, we have α = 0 and D = ε
�
t+ 1

6K(u, ξ)t3
�

+O(t4), where K(u, ξ) is now the sectional curvature of the Levi Civita connection

fgg. The corrections to the displacements are controlled by the Riemannian sectional curvature alone.

Thus in a Weyl frame, the corrections in α are further corrections to the displacement which makes potentially observable the fact that the clock is

not standard. Once again we see that they enter at second order in t, i.e. as an acceleration, even when there is curvature at all. That accounts once
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again of the effective acceleration we already discussed above in a special case, also showing that to be a general effect. The initial relative acceleration

is controlled purely by the clock being not standard, it is a signature of this effect.

Somewhere in between a general Weyl frame and a Riemannian structure we have an integrable Weyl frame, which is an interesting case for the

Palatini f(R)-theories. In an integrable Weyl frame (M, g, Γ̃) we have α = �γ̇α
∗
rα ln(ϕ) = � d

dt ln(ϕ � γ(t)), where ϕ is the conformal factor. Hence α

measures the change of the conformal factor ϕ along the geodesic γ.

Even if the normalise the conformal factor to be ϕ(x0) = 1, we still have α = �d ln(ϕ◦γ)
dt (0) = �ξα

∗
rαϕ. Then we have α2 = ξρξσrρ ln(ϕ)rσ ln(ϕ) and

r̃α = �
�
ξβr̃βξα

� ∗
rα ln(ϕ)� ξαξβr̃αβ ln(ϕ) = �ξαξβr̃αβ ln(ϕ) = �ξρξσrρσ ln(ϕ) + ξρξσrρ ln(ϕ)rσ ln(ϕ) + 1

2rρ ln(ϕ)rρ ln(ϕ) (9.5.27)

For the curvature (see (2.7.150)), we know that

R̃αβµν = ϕ
�
Rαβµν + 2δε[αgβ][µrν]ε ln(ϕ) +

�
δρ[αgβ][νδ

σ
µ] � 1

2g
ρσgν[βgα]µ

�
rρ ln(ϕ)rσ ln(ϕ)

�
(9.5.28)

and, consequently, (always in the case ϕ(x0) = 1, g(ξ, ξ) = �1, g(u, u) = 1, and g(u, ξ) = 0) the sectional curvature is

K(ξ, u) =uλgλαR̃
λ
βµνξ

βξµuν = ϕ−1uλg̃λαR̃
λ
βµνξ

βξµuν = ϕ−1
�
uαR̃αβµνξ

βξµuν
�

= ϕ
�
ũαR̃αβµν ξ̃

β ξ̃µũν
�

= ϕK̃(ξ̃, ũ) (9.5.29)

where K̃(ξ̃, ũ) is the sectional curvature for the metric g̃.

The unit vectors ũ = ϕ−
1
2u, ξ̃ = ϕ−

1
2 ξ are now normalised with respect to the metric g̃.

Let us, however, remark that eventually we shall compute everything at x0 where ϕ(x0) = 1.

We can also write the sectional curvature in terms of the metric g:

K(ξ, u) =ϕ−1
�
uαR̃αβµνξ

βξµuν
�

= K(ξ, u) + uα
�

2δε[αgβ][µrν]ε ln(ϕ) +
�
δρ[αgβ][νδ

σ
µ] � 1

2g
ρσgν[βgα]µ

�
rρ ln(ϕ)rσ ln(ϕ)

�
ξβξµuν =

=K(ξ, u)� 1
2u

ρuσrρσ ln(ϕ) + 1
2ξ
ρξσrρσ ln(ϕ) + 1

4u
ρuσrρ ln(ϕ)rσ ln(ϕ)� 1

4ξ
ρξσrρ ln(ϕ)rσ ln(ϕ)� 1

4rρ ln(ϕ)rρ ln(ϕ)
(9.5.30)

Hence the infinitesimal displacement is

D =ε
�
t� 1

2ξ
αrα ln(ϕ)t2 +

�
1
6K(u, ξ) + 1

4r̃α+ 1
8α

2
�
t3
�

+O(t4) =

=ε
�
t� 1

2ξ
αrα ln(ϕ)t2 +

��1
4ξ
ρξσrρσ ln(ϕ) + 1

4ξ
ρξσrρ ln(ϕ)rσ ln(ϕ) + 1

8rρ ln(ϕ)rρ ln(ϕ) + 1
8ξ
ρξσrρ ln(ϕ)rσ ln(ϕ)

�
t3+

+ 1
6

�
K(ξ, u)� 1

2u
ρuσrρσ ln(ϕ) + 1

2ξ
ρξσrρσ ln(ϕ) + 1

4u
ρuσrρ ln(ϕ)rσ ln(ϕ)� 1

4ξ
ρξσrρ ln(ϕ)rσ ln(ϕ)� 1

4rρ ln(ϕ)rρ ln(ϕ)
�
t3 +O(t4)

�
=

=ε
�
t� 1

2ξ
αrα ln(ϕ)t2 + 1

6

�
K(ξ, u) +

��ξρξσ � 1
2u

ρuσ
�rρσ ln(ϕ) +

�
1
4u

ρuσ + 2ξρξσ
�rρ ln(ϕ)rσ ln(ϕ) + 1

2rρ ln(ϕ)rρ ln(ϕ)
�
t3 +O(t4)

�
(9.5.31)

And that is where the discussion is getting interesting. In a Palatini f(R)-theory, we obtain from dynamics an integral Weyl frame (M, g, Γ̃).
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If we show that |εζ| has anything to do with acceleration of freely falling particles starting at the same event with different velocities, then α = α(ξ) = −ξµdµ ln(ϕ) =
d
dt ln(ϕ(γ(t))) measures the variation of the conformal factor experienced by the particles during their motion.

That term kicks in quadratically with t, before the curvature effects which kick at third order in t. Of course the variation of the conformal factor could easily be tiny

on astronomical scales, e.g. in the solar system, which may though become relevant at galactic up to cosmological scales.

That will be our main road to discuss the observability of conformal factor.

We can also try to express, for future reference (and just to check we can), D in terms of the metric g̃, obtaining

D =ε
�
t� 1

2ξ
αrα ln(ϕ)t2 +

�
1
6K(u, ξ) + 1

4r̃α+ 1
8α

2
�
t3
�

+O(t4) =

=ε
�
t̃� 1

2 ξ̃
αr̃α ln(ϕ)̃t2 +

�
1
6K̃(ũ, ξ̃)� 1

4 ξ̃
ρξ̃σr̃ρσ ln(ϕ) + 1

8 ξ̃
ρξ̃σr̃ρ ln(ϕ)r̃σ ln(ϕ)

�
t̃3
�

+O(̃t4) =
(9.5.32)

where we set t̃ =
p
ϕt.

Let us remark that these quantities are computed at x0 where the conformal factor is normalised to ϕ(x0) = 1 so that there we have t̃ = t, ξ̃ = ξ, and ũ = u.

Let us also stress that D is anyway the infinitesimal displacement in the (integral) Weyl frame (M, g, {g̃}), even if we decided to express everything in terms of g̃ or g.

In other words, the clock is anyway considered non-standard.

Focusing of geodesics

!("(t;#))

x0

"(t)
"(t;#)

$("(t;#))

[!,$]=0
! $

Fig. 9.11: Tidal forces.

Let us here consider another setting to connect the curvature to physical quantities in a Weyl geometry (M, g, Γ̃).

To be explicit, the attempt is for implementing more physical setting requirements.

We would like to express mathematically the following setting: an observer prepares two test particles, leaving them at the same time,

initially at rest one with respect to the other, from two nearby spatial points and it observes them freely falling, measuring their relative

displacement in time, so measuring their relative velocity and acceleration.

If the initial displacement is infinitesimal, relative quantities are a good indication at first order of the corresponding geometric quantities.

We still cannot identify an observer with a clock, unless we restrict to dimension 2. So we consider a two dimensional

spacetime and a clock γ(t). The first test particle will be the clock itself. Accordingly, let us consider a g-time-like Γ̃-geodesic

motion γ(t).

The clock defines a foliation of isochronous surfaces and be Σ0 the leaf where the clock is set to t = 0. Let x(ε) be a line on

Σ0, hence x(ε) is g-space-like.

Let us denote by v the initial covariant velocity at x0 = γ(0) = x(0) for the geodesic γ(t) and by (x(ε), v(ε)) the initial

condition for the Γ̃-geodesic γ(t; ε). This defines a family γ(t; ε) of time-like geodesics starting from initial conditions

(x(ε), v(ε)). Let us define as usual the generators

ξ(γ(t; ε)) =
dγ

dt
(t; ε) ζ(γ(t; ε)) =

dγ

dε
(t; ε) (9.5.33)
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The geodesics γ(t; ε) are integral curves of ξ, which is hence a geodesic field (ξαr̃αξµ = 0), ζ is a Jacobi field ξαξβr̃αβζµ = R̃µαβλξ
αξβζλ. Since

we want the particle γ(t; ε) to be initially comoving with the particle γ(t) their relative velocity should be initially zero, i.e. we should have V (0) =

ξαr̃αζ + 1
2αζ = 0 at x0.

Let us remark that in standard GR, one usually say that two particles are initially comoving if their initial conditions are parallelly transpronted. That us because in

a Riemannian frame α = 0 and the condition becomes V (0) = ξα∇̃αζ = 0 which is precisely the condition for which ζ is parallelly transported along x(ε). Since the

relative velocity gets corrections in a Weyl frame, the conditions needs to be generalised properly in that case.

We want now again to expand the quantity D = jεζj, this time to second order in t, so let us start to expand the field ζ(t; 0) = ζ(γ(t; 0)).

In this case, we have

ζ =
dγ

dε
(0; 0) = x′(0) =: w Dζ = r̃ζ + 1

2αζ = 0 D2ζµ = R̃µαβλξ
αξβwλ + 1

4α
2wµ + 1

2r̃αwµ (9.5.34)

The expansion of the vector field is

ζµ(t; 0) = wµ + 1
2

�
R̃µαβλξ

αξβwλ + 1
4α

2wµ + 1
2r̃αwµ

�
t2 +O(t3) (9.5.35)

and, expanding the infinitesimal displacement, we have

D2 =jεζj2 = ε2jwj2
 

1 +

 
wλgλµR̃

µ
αβλξ

αξβwλ

jwj2 + 1
4α

2 + 1
2r̃α

!
t2 +O(t3)

!
=

=ε2jwj2
 

1 +

 
�jwj

2jξj2 � g(w, ξ)2

jwj2 K(w, ξ) + 1
4α

2 + 1
2r̃α

!
t2 +O(t3)

!

D =jεζj = εjwj
 

1 +

 
�jwj

2jξj2 � g(w, ξ)2

2jwj2 K(w, ξ) + 1
4r̃α+ 1

8α
2

!
t2 +O(t3)

! (9.5.36)

To simplify the setting we can further specialise it: the isochronous surface is orthogonal to the clock at x0 (i.e. g(ξ, ζ) = 0) and we can use the affine

freedom for geodesic motions to set jξj2 = �1, again at x0. Accordingly, we have

D(t) = εjwj
�

1 +
�

1
2K(w, ξ) + 1

4r̃α+ 1
8α

2
�
t2 +O(t3)

�
(9.5.37)

The infinitesimal displacement is initially D = jεζ(0)j = εjwj and later on it becomes

D(t) = D + ∆D ∆D(t) =
εjwj

2

�
K(w, ξ) + 1

2r̃α+ 1
4α

2
�
t2 +O(t3) (9.5.38)

Thus
∆D

D
=
�
K(w, ξ) + 1

2r̃α+ 1
4α

2
�
t2 +O(t3) (9.5.39)
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which is once again controlled by the sectional curvature, with corrections in α, which, in integrable Weyl frames, are ruled by variations of the

conformal factor.

Notice that in ∆D
D there is no linear term in t (initially comoving particles) and that the second derivative 2

(
K(w, ξ) + 1

2∇̃α+ 1
4α

2
)

is the initial acceleration, which

is a force (called the tidal force) acting between the two particles.

The tidal force gets a contribution from the curvature, which is there in standard GR as well. This is pretty easy to guess. Consider two particles left freely falling,

initially at rest, from a height near the Earth, i.e. in a Schwarzschild spacetime. The two particles will fall radially, thus they will get closer as they fall. Tidal force is

responsible for the relative acceleration that will get the two particles to collide as they arrive to the center of the the Earth.

In a Weyl frame though, the tidal force also gets a contribution from α, i.e. just because the reference clock is non-standard but an NP-clock with respect to g.

6. Cosmological distances

As we said, some of the protocols discussed above to define distances have an application to astrophysics and cosmology which is academic, only.

Though in principle we could wait for a light signal to go back and forth to the center of the galaxy, it is not very practical, to be euphemistic.

In these areas, we often rely on what we receive only, with no possibility of sending messages. Accordingly, we use different protocols to define

synchronisation and distances, which often depend on the relativistic theory one assumes. Cosmology is a paradigmatic example.

The new protocols are similar to the old ones, though they use different foliations. We already discussed that spatially homogeneous and isotropic

spacetimes come to us with two foliations singled out on them by the Killing algebra: the space foliation of the hypersurfaces t = t0 (in adapted

coordinates, i.e. the ones in which the metric is written in FLRW form) and the foliation of comoving motions (r = r∗, θ = θ∗, φ = φ∗).

Comoving motions can be parameterised so to be NP-clocks (with respect to the metric g on spacetime). Since in adapted coordinates (t, r, θ, φ)

the metric is in FLRW form, the comoving NP-clocks are γ∗ : s 7! (t = s, r = r∗, θ = θ∗, φ = φ∗) and they do foliate the spacetime. However, if we

consider a space surface t = t0, that is not isochronous with respect to a comoving clock, although it is approximately, in a region near the clock. As

we discussed, when we go away from the clock, the sphere (t = t0, r = r∗) is not isochronous to (t = t0, r = 0), it stays in its future by an offset which

is dynamically determined by the Friedman equation, i.e. by the matter content of the universe.

On the other hand, the comoving clocks stay synchronised with respect to the space foliation, i.e., if they are synchronised on the surface t = t0, they

are on any other space surface t = t1.

Notice that an observer sitting at r = 0, having its clock could define synchronisations using Einstein convention in a neighbourhood of itself. Such a synchronisation

agrees only approximately with the one used by comoving clocks. For such an observer, a far away comoving clock is speeding up with respect to its clock.

Is it a surprise if such a mismatch could be interpreted as an extra gravitational field which needs extra sources to be created?

That has nothing to do with extended theories, though it is similar to what happens in a Weyl frame due to the conformal factor. The effect we mentioned here exists

only if one defines the distance on the surface t = t0 and erroneously mixes that with the geometric distance defined on the isochronous surfaces. Unlike in extended

theories, where the mismatch between g and g̃ is from a physical hypothesis and hence it is determined by the dynamics, here the effect is produced by a mistake and

can be removed by doing things properly.
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In view of this remark, consider an event (t0, χ0) and a comoving observer sitting at the origin with an atomic clock which is proper with respect to

g; let us define the proper distance δ(t0, χ0) (with respect to a metric g) to be the geometric distance on the surface t = t0 with respect to the metric
∗g induced by g on that surface.

Finally, we need to show that the geometric distance and the proper distance are different, i.e. that the foliation used matters.

For, let us consider spatially homogenous and isotropic spacetime (M, g). In adapted coordinates (t, χ, θ, φ) the metric is in FLRW form. For the sake

of simplicity, let us consider a universe containing only dust and evolving in standard GR. Friedman equation determines the evolution of the scale

factor as �
da

dt

�2

=
1

3

ρ0

a3a
2 =: Φ(a) ) t� t0 =

Z a

a0

dap
Φ(a)

) t = t(a) (9.6.1)

where we can fix t0 = 0 (today) and a0 = 1 for the usual scale factor normalisation. The function t(a) provides us with a parametric representation of

the evolution of the scale factor.

Now let us consider an NP-clock at the origin, γ : R ! M , where γ(s) is represented by (t = s, χ = 0), as well as an event p at (t = t∗, χ = χ∗, θ =
π
2 , φ = 0). For the proper distance between the clock γ and p, we consider the surface Σ at t = t∗, and a line σ : R! Σ : s 7! (t∗, χ = s, π2 , 0) which, in

fact, connects the origin (t = t∗, χ = 0) with the event p at (t = t∗, χ = χ∗), for s 2 [0, χ∗].

The curve σ is a geodesic trajectory for the metric ∗g induced on Σ by g.

We have σ̇ = ∂χ and σ̈ = 0 so that the covariant acceleration reads as

a = σ̈α + {∗g}αµν σ̇µσ̇ν = {∗g}αχχ (9.6.2)

That is parallel to the covariant velocity σ̇; in fact, for i = (θ, φ) one has

ai = {∗g}iχχ = 1
2g
ij (−∂jgχχ + 2∂χgjχ) = 0 (9.6.3)

The radial component is

aχ = 1
2g
χχ∂χgχχ = 0 (9.6.4)

so, parameterised in χ, that is also a geodesic motion. Since the second derivative a, as well as the connection’s coefficients {∗g}αχχ, are not a vector, this, of course,

does not mean that, for example, ar = 0, which in fact is false.

If we repeat the same discussion in the spacetime M with its metric g, the χ-component of the geodesic equation is still satisfied, however, the geodesic equations has

also a t-component to be satisfied. The time component at = 0 also vanishes, so the equation reads as

0 = at = {g}tχχ = − 1
2g
tt∂tgχχ = aȧ 6= 0 (9.6.5)

Accordingly, the curve σ is a geodesics in (Σ, ∗g), not in (M, g).

The length of the curve σ is hence

δ(t∗, χ∗) = a(t∗)

Z χ∗

0
dχ = a(t∗)χ∗ (9.6.6)
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which is the (exact) proper distance at time t∗. Let us remark that no approximations have been made.

One can see that proper distance of comoving points changes in time solely due to the scale factor. The quantity

χ∗ =

∫ χ∗

0

dχ =

∫ r∗

0

dr√
1− kr2

=
δ(t∗, χ∗)

a(t∗)
(9.6.7)

is called the comoving distance and it is independent of time for comoving particles at χ = χ∗.

As far as the geometric distance is concerned, we need to define the isochronous surfaces Σ̂; see (9.2.43). For an event b at (tb, χb), we have two radial

light rays, which hit the clock γ at t±; the clock readings t± (and tb, respectively) correspond, in view of the solution t(a) of Friedman equation, to the

scale factors a± (and ab, respectively).

Then, by using equation (9.2.43) for light rays in FLRW, we have

χb = �
Z a−

ab

da

a
p

Φ(a)
=

Z a+

ab

da

a
p

Φ(a)
(9.6.8)

From these two equations, we can solve for ab = ab(a+, a−) as well we can define χb = χb(a+, a−).

In other words, fix a± and one can find ab (and, consequently, tb = t(ab)) and χb, i.e. determining the event (tb, χb) at which the light rays hitting the clock γ at t±

intersect points.

The echo event (tb, χb) determined in this way corresponds to the clock readings s± = t±, i.e. it is synchronised with

sb =
t(a+) + t(a−)

2
=: sb(a+, a−) (9.6.9)

If we fix the surface Σ̂ passing here through today, its equation sb(a+, a−) = 0 determines a+ = a+(a−).

Now, if we fix a−, then we can compute a+ so that the echo event singled out by a± is synchronised to here today. Then, in view of the previous remark, we can

determine the event (tb, χb) which, by construction, is on Σ̂.

The quantity a− then parameterises the radial line σ on Σ̂ linking γ(0) to (tb(a−, t0), χb(a−, t0)) on the comoving particle P . The length of σ is then

given by

d(t0) =

Z a∗

a0

s
�
�
dtb
da−

�2

+ a2(t0)

�
dχb
da−

�2

da− (9.6.10)

and it is the geometric distance.

In the case of a dust, spatially flat universe, we can compute this all. For a∗ = 1
2 , a0 = 1, t∗ = t0 = 0, we obtain the proper distance δ ' 0.733 and the geometric

distance d ' 0.6838. Hence the geometric distance is different, in general, from the proper distance.

While the geometric distance is perhaps more covariant, the proper distance is more practical, as well as easier to compute. Let us remark once again,

we did no approximation until now. To summarise, we defined defined proper distance and showed that it is δ(t∗, χ∗) = a(t∗)χ∗.
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For later convenience, let us remind that, depending on the spatial curvature k, we defined a specific relation between r and χ, namely

r∗ =


1
λ sin(λχ∗)

χ∗
1
λ sinh(λχ∗)

k > 0

k = 0

k < 0

(9.6.11)

where we set λ =
√
|k|.

Of course, for small comoving distances χ∗, all three right hand sides expand to χ∗, meaning that for nearby objects r∗ ' χ∗ independently of the the space curvature

k. However, if we consider far away objects, as we do sometimes in cosmology, one needs to keep track of the deviation of χ∗ from r∗, which is precisely ruled by the

spatial curvature k.

The Hubble parameter and red shift

In an integrable Weyl frame (M, g, Γ̃ = fg̃g) one has two conformal metrics. If one metric is spatially homogeneous and isotropic, i.e. it obeys

cosmological principle, then the other is as well, though with respect to a different time coordinate t̃ and scale factor ã. The two conformal metrics

have two scale factors, a and ã, and one can define two different Hubble parameters, namely:

H(a) :=
1

a

da

dt
=

p
Φ(a)

a
H̃(ã) :=

1

ã

d ˙̃a

dt̃
=

q
Φ̃(ã)

ã
(9.6.12)

where we assumed an expanding universe, i.e. ȧ > 0 or, equivalently, ˙̃a > 0.

These two quantities are different.

In fact, we have

H̃(t̃) =
˙̃a(t̃)

ã(t̃)
=
dã(t̃)

dt

dt

dt̃

1√
ϕ(t)a(t)

=
d(
√
ϕ(t)a(t))

dt

1√
ϕ(t)

1√
ϕ(t)a(t)

=

(√
ϕ(t)ȧ+

ϕ̇(t)

2
√
ϕ(t)

a(t)

)
1

ϕ(t)a(t)
=

1√
ϕ(t)

H(t) +
ϕ̇(t)

2ϕ(t)
3/2

(9.6.13)

Even if we evaluate that today (when ϕ(t0) = 1), the difference is still non-zero

H̃(t̃0) =H(t0) + 1
2 ϕ̇(t0) (9.6.14)

and it is ruled by the rate of change of the conformal factor which, in a generic Palatini f(R)-theory, is non-zero.

Of course, if we measure the red shift of a far away, comoving source, then that is either associated to H or to H̃. It cannot fit both, just because they

are different. Thus we need to discuss which Hubble parameter is correlated with red shift of distant sources and how. According to our interpretation

of Weyl frames, we shall here assume that free fall is described by g̃ and atomic clocks are described by g.

Let us consider a light ray starting at comoving coordinates (̃te, χe, θ∗, φ∗) and travelling radially towards the origin, arriving at (̃to, χo = 0, θ∗, φ∗).

Its trajectory in spacetime is parameterised as

t̃ = t̃(s) χ = χ(s) (9.6.15)
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and, being a light ray, its covariant velocity must be light like, i.e.

c2
�

˙̃t
�2

= ã2(̃t)
(ṙ)2

1� kr2 = ã2(̃t) (χ̇)2 ) �cdt̃ = ã(̃t)
drp

1� kr2
= ã(̃t)dχ (9.6.16)

Since g is conformal to g̃, let us remark that the light ray is a light-like geodesics trajectory for g as well, since

−c
√
ϕ(t)dt =

√
ϕ(t)a(t)

dr√
1− kr2

=
√
ϕ(t)a(t)dχ ⇒ −cdt = a(t)

dr√
1− kr2

= a(t)dχ (9.6.17)

Now let us consider a second light ray starting at the same comoving spatial coordinates at a time t̃e + δt̃e and being received at the origin at time

t̃o + δt̃o. It follows the geodesics trajectory

c

Z t̃o+δt̃o

t̃e+δt̃e

dt̃

ã(̃t)
=

Z χe

0
dχ

(9.6.17)

= c

Z to

te

dt

a(t)
(9.6.18)

Setting F (̃t) for a primitive of cã−1(̃t), one has

c

Z t̃o+δt̃o

t̃e+δt̃e

dt̃

ã(̃t)
= F (̃to + δt̃o)� F (̃te + δt̃e) ' F (̃to)� F (̃te) + F ′(̃to)δt̃o � F ′(̃te)δt̃e =

Z χe

0
dχ+ c

�
δt̃o

ã(̃to)
� δt̃e

ã(̃te)

�
(9.6.19)

This is, of course, an approximation. We are expanding in series the primitive F between t̃o and t̃o + δt̃o and between t̃e and t̃e + δt̃e. These intervals are for as long

as the time between a front wave and the following one at emission or observation. Unless we are talking about wavelengths of light years, that seems really a safe

approximation.

It is quantitatively different with respect to the approximation that we shall consider later for Hubble law, in which we shall expand between t̃o and t̃e. If we are

observing the closest galaxies, such an interval can easily span 2 · 106 years (e.g. for Andromeda galaxy). And it can be as far as 13 · 109 years for the farthest objects,

where the linear approximation certainly fails.

Of course, one should refer to adimensional variables when expanding. In this case we should compare the time scale with the timescale at which one can appreciate

the second derivative of a(t), which is what rules the estimate of the approximation error. That scale, in fact, depends on the model. What we are saying is that in

any reasonable model such approximations are good or bad.

In view of equations (9.6.18) and (9.6.19), one obtains
δt̃o

ã(̃to)
' δt̃e

ã(̃te)
(9.6.20)

which, in fact, determines the delay δt̃o at receiving as a function of the delay δt̃e at emission.

Let us stress that both the quantities δt̃o and δt̃e are not physical quantities, they are coordinate differences, not physical times.

In order to transform them into physical times we need to introduce atomic clocks and use them to measure the corresponding relevant distances on spacetime. Of

course, the difference can be tiny, though there is always time to neglect it later. Even when the difference is in fact negligible, it should not make any difference to

keep track of it and then neglect it later.
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An atomic clock is measuring the interval δt̃e at emission and the corresponding frequency is

νe = 1
∆te

(9.6.21)

where c∆te is the length of the vector ξe = δt̃e∂̃0 measured by g, namely

�c2∆t2e = g(ξe, ξe) =
g̃(ξe, ξe)

ϕ(t1)
= �c2 δt̃2e

ϕ(te)
) ∆te =

δt̃ep
ϕ(te)

(9.6.22)

Analogously, the frequency at absorption (or observation) is

νo = 1
∆to

∆to =
δt̃op
ϕ(to)

=
δt̃ep
ϕ(to)

δt̃o

δt̃e
=

δt̃ep
ϕ(te)

p
ϕ(te)p
ϕ(to)

ão
ãe

=
ao
ae

∆te (9.6.23)

Thus the observed wavelength shift z is

z :=
∆λ

λe
=
λo � λe
λe

=
c
νo
� c

νe
c
νe

=

�
νe � νo
νoνe

�
νe =

νe � νo
νo

=
∆ν

νo
=

1
∆te
� 1

∆to
1

∆to

=
∆to �∆te

∆te
=
ao
ae
� 1 =

ao � ae
ae

(9.6.24)

Thus we measure the wavelength shift z for some line of hydrogen and this is the prediction of our model.

For an expanding universe, ao > ae, since absorption is at later time than emission, one has to − te > 0, thus z > 0 meaning that ∆λ > 0, i.e. the light ray is absorbed

with a longer wavelength than the wavelength at emission. Accordingly, one has red shift.

The point here is that each model is capable of deciding if the observed red shift is represented by z or by z̃, provided one declares which metric

describes atomic clocks. One should only repeat the argument to decide, for each quantity, if it has to be computed with g or g̃ (or never mind).

Let us stress again that we made no approximation (with the exception of keeping wavelengths reasonably short). If we consider an observer measuring red shifts of

different sources at a given time to, then the measured red shifts z define a function of emission time, and consequently of the source distance. Once again, one can use

emission time, emission scale factor, or the red shift, to quantify distances. In any event, one has

z(a) =
ao − a
a

(9.6.25)

This relation between the red shift and the scale factor is relatively independent of the model; it certainly does not depend on the dynamics (i.e. on Friedmann equation).

Still it relies on the assumptions that spacetime is spatially homogeneous and isotropic and that light rays move along light like geodesics of FLRW metric.

Luminosity distance

Let us consider a star (as a comoving test particle, since we do not have an exact solution for a pointlike source in an asymptotically FLRW spacetime,

furthermore emitting an electromagnetic radiation preserving spatial isotropy) in the origin of a FLRW spacetime, emitting photons isotropically,

namely the number of photons emitted is equal in each direction.
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Let us also consider a sphere S = ft = t∗, r = r∗g. Since the FLRW metric is pulled-back on S to ∗g = a2r2dΩ2, the submanifold S � M is a metric

sphere of radius ρ = a(t∗)r∗, just embedded in a curved manifold M instead of in an Euclidean space. The induced metric ∗g defines a volume element

on S and its area is AS = 4πρ2.

Emitted photons go away along light like worldlines and they reach a (spatial) sphere S at r = r∗ (or, equivalently, χ = χ∗); in view of symmetries,

two photons, emitted at the same time, reach the sphere S at the same time t = t∗ each carrying its energy.

In view of what we discussed in the previous Subsection, we can argue that n photons are emitted during the time ∆te, each carrying an energy

E = h̄νe, for a total emitted power

Pe =
nh̄νe
∆te

(9.6.26)

The same photons go through the sphere S in a time ∆to each carrying an energy E′ = h̄νo. The power flow through the sphere is

Po =
nh̄νo
∆to

=
nh̄νe
∆te

∆te
∆to

νo
νe

=

�
∆te
∆to

�2

Pe =

�
ae
ao

�2

Pe (9.6.27)

If we consider a detector on the sphere S measuring the energy flow per unit of time through a small area AD, we know that the energy through the

detector is proportional to its area, that is

PD =
AD
AS

Po =
AD

4πa2
or2∗

�
ae
ao

�2

Pe =
ADPe
4πr2∗

a2
e

a4
o

=
AD

4πd2
L

Pe ) dL :=
ao
ae
aor∗ = (1 + z)aor∗ (9.6.28)

where dL :=
q

Pe
4π

AD
PD

is here defined and it is called the luminosity distance. The luminosity distance would be the length of the radius of the sphere

in an Euclidean space in which the detected power flow were the same as observed, assuming of course the same emitted power flow.

I know it is not particularly geometric or elegant as a definition, though it is a standard distance used in astrophysics or, more generally, whenever one has a standard

candle, i.e. a source of known emitted power flow Pe.

There are different classes of astrophysical objects which are considered good standard candles, among which the Cepheids and supernovae Ia. Of course, standard

candles introduce a posteriori scales, due simply to the fact that (luckily) we have no Cepheids or supernovae on the scale of kilometers, or we cannot see Cepheids on

the scales of 109 light years when they become to faint to be observed. Accordingly, we practically cannot measure distances on Earth with standard Cepheids, even if

in principle we could.

We also have the proper distance, which for a comoving source is δ(re, to) = aoχ∗, as well as the relation between r and χ, namely r∗ = S(χ∗; k).

These provide us with a relation between proper distance, red shift, and luminosity distance:

dL
(1 + z)ao

= r∗ = S(χ∗; k) = S

�
δ(re, to)

ao
; k

�
(9.6.29)

Again there are a lot of very reasonable approximations, which simplify this expression in some regimes, making difficult to keep track of hypotheses under which easy

formulae are valid. This is one of the reason why we decided to keep approximation separate from the fundamental theory.
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For example, in spatially flat case k = 0, we have exactly

dL = (1 + z)δ(re, to) (9.6.30)

Moreover, if we restrict to not too far away objects, then this relation is approximately true, since S(χ∗; k) ' χ. How far the approximation goes, it depends on how

small k is.

On the other hand, the spatial curvature is measured by observations, which also rely on some estimate of distances, so one needs to watch out for circular reasoning.

Or one avoids approximations and embraces the exact, more complicated formulae.

To summarise, we introduced (the Hubble parameter as well as) the red shift and the luminosity distance, which are easily (in the sense of clearly)

measured and precisely correlate to theoretical quantities (as the emission time, the scale factor, the proper distance) which are instead difficult to be

measured directly, though they have a clearer and direct geometric meaning.

As we did in Palatini f(R)-cosmologies, the game we shall play will be to find parametric relations among these quantities, precisely finding them as

functions of the scale factor a. This will also clearly single out which quantities and relations depend on the dynamics (i.e. on Friedmann equation),

and which do not.

On the other hand, these relations depending on dynamics contain through Friedmann equation, the possible deviations from standard GR, so they

will allow to discuss the possibility of distinguishing modified theories from standard GR.

Of course, in Palatini f(R)-theories, one has to pay attention to how the quantities are measured. One could also define a tilde proper distance

δ̃(re, t̃) := ã(t̃)

∫ re

0

dr√
1− kr2

=
√
ϕ(t)a(t)

∫ re

0

dr√
1− kr2

=
√
ϕ(t)δ(re, t) (9.6.31)

a tilde red shift

z̃ =
ão
ãe
− 1 =

√
ϕo√
ϕe

(z + 1)− 1 ⇒ √
ϕe(1 + z̃) =

√
ϕo(z + 1) (9.6.32)

a tilde luminosity distance

d̃L = (1 + z̃)ãor∗ =

√
ϕo√
ϕe

(1 + z)
√
ϕoaor∗ =

ϕo√
ϕe
dL (9.6.33)

as well as a tilde Hubble parameter

H̃(t̃) =
1√
ϕ(t)

H(t) +
ϕ̇(t)

2ϕ(t)
3/2

(9.6.34)

As a general rule, the conformal factor rules on the transformations between quantities related to g and g̃.

Hubble law and approximations

All the quantities introduced above correlate with distances, thus also among each other. Hubble law is the relation between proper distance and red

shift.

Let us consider a source and measure its red shift. If the source is too near we have two issues. First, at small scales, the proper velocity predicted by

the model is very small and any peculiar velocity an object may have is not negligible if the object is too near. In other words, it is difficult to check

that a specific source is comoving. As the distance increases, the proper velocity increases and soon any peculiar velocity can be neglected.
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The second reason, is even more important: at small scales (e.g. the scale of solar system) the actual gravitational field is not well modelled by a

FLRW metric. The sun gravitational field, seen from the Earth, is not at all isotropic or homogeneous, since the sun is actually in some direction at a

given distance. The same applies to the Milky Way galaxy which has a preferred center in a given direction.

The universe is spatially homogeneous and isotropic only at a big enough scale, i.e. the Killing vectors are locally only approximated. This is not a

mathematical approximation, it is a physical one. The cosmological model is a well-defined and precise mathematical framework which sometimes can

be exactly solved. At the same time, the mathematical model is an approximated account of the real gravitational fields just because the symmetry

assumptions are only approximated in practice.

That is not different of what happens with quantum gravity. Of course, the gravitational field will sooner or later exhibit a quantum behaviour which is not caught by

the classical theory. However, at all scales we actually see, the gravitational field is a classical object, the classical gravitational theory, being it standard GR or some

extended theory, is a self contained, well-defined and mathematically exact framework, which has a definite behaviour we slowly unravel analysing field equations and

the geometry of solutions.

In fact, for example, one can prove as a theorem that the classical model, for a wide class or physically meaningful initial conditions, predicts singularities, i.e. the

appearance of actual infinites in classical quantities. Now, besides the fact that one may have some hard time to figure out what does even mean for a gas density (or

temperature, or curvature) to become actually infinite at a point (not very big, infinite!), these are real predictions of the model and one should argue what they say

about the real world.

And once and for all, we should say: not much. As a matter of fact, today we do not know if the universe was born in the Big Bang. Of course we do not know it

because we are not absolutely certain that standard GR is a good physical model (actually we know it is not since it predicts infinite quantities). But we do not know

it, also because, even if standard GR were a good description of classical regime, it neglects other effects, e.g. quantum effects.

In our experience, quantum effects from gravitational field are negligible, the classical framework matching perfectly fine with observations (all the observations we are

currently able to make), which, however, does not prove that they are irrelevant also near the Big Bang. Accordingly, we cannot exclude (and somehow we expect)

that getting near the Big Bang, sooner or later the quantum effects will become relevant and, even if classical model is still well defined mathematically, it stops be

physically accurate.

So, does the infinite actually develop? We do not know until we have a better theory able to deal with the effect we classically neglected. As a matter of fact, the

universe can be still emerged from nothing at the Big Bang, even if the process may be completely finite, or may come from a pre-existing universe, possibly a universe

which has always existed, as predicted by the models of Big Bounce.

So, please, let us embrace our ignorance about it. Maybe it will not last for long, though we are very much in the dark now.

More or less the same argument applies to cosmology on the small scale. Does the expansion of the universe mean that we are all getting taller

even after puberty? Does it mean that the area of our houses is increasing with time? And the answer is, we do not know. On human scale, the

approximation of cosmology are certainly violated, and in the theory we have no implementation of what is a rigid body, should it maintain spatial

distances with respect to the spatial metric or the comoving spatial metric. That is something simply beyond the possibility of out mathematical

framework, just as matter is beyond the framework of SR.

The bug is not (necessarily) in the mathematics of the model, it may not be something one could correct by changing the Lagrangian to kick off.

Almost certainly (i.e. maybe), it is (or it is also) in the relation of mathematical models with real world:

Insofern sich die Sätze der Mathematik auf die Wirklichkeit beziehen, sind sie nicht sicher, und insofern sie sicher sind, beziehen sie sich nicht auf die Wirklichkeit.

In so far as theories of mathematics speak about reality, they are not certain, and in so far as they are certain, they do not speak about reality.

Geometrie and Erfahrung (1921), (A.Einstein)
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So let us consider a source far enough to be described as a comoving test particle in a FLRW spacetime. It emits a light ray at time te which travels

to us and it is received at time to. The scale factor at time te is (usually) analytical and it can be expanded in Taylor series around to.

If the linear approximation does not break before the cosmological principle becomes accurate, there exists a scale at which one has

a(te) ' a(to) + ȧ(to)(te � to) = a(to)
�

1 +H(to)(te � to)
�

= a(to)
�

1�H(to)(to � te)
�

(9.6.35)

Compute in the ΛCDM model how much the scale factor has changed in the last million and billion years.

...

This is just to show that one needs a model to check if the approximation is accurate.

If the linear approximation holds true at some scale then, for sources at that scale, one has

1 + z ' a(to)

a(to) (1�Ho(to � te)) =
1

1�Ho(to � te) ' 1 +Ho(to � te) z ' Ho(to � te) (9.6.36)

so that z is proportional to the look back time to � te.
In the same regime, one has

δ(to, χe) =a(to)

Z χe

0
dχ = c

Z to

te

dt

a(t)
' c

Z to

te

dt

1 +Ho(t� to) ' �c

Z te−to

0
(1�Hot)dt = �c(t� 1

2Hot
2)
���te−to
0

=

=� c
�

(te � to)� 1
2Ho(te � to)2

�
= c(to � te) + c

2Ho(to � te)2

(9.6.37)

Thus, in this approximation, one has

z ' 1
cHoδ(re, to) (9.6.38)

which is a form of the Hubble law: the red shift is proportional to the proper distance and the proportionality coefficient is the Hubble parameter at

observation time.

This is more or less how the value of the Hubble parameter today was first established. One measures the red shift and the proper distance of some not-too-far sources,

and computes the linear fit restricting to the first data.

On the other hand, in the higher order terms there is information about how the linear approximation eventually fails thus, equivalently, about the evolution of the

scale factor. Let us remark that discussing whether the linear approximation holds true at some scales is quite difficult, since it depends on at what scale there are

structures that spoil homogeneity and isotropy. The prediction of structure formation is not exactly easy to obtain: it depends on perturbation theories, as well as

many details about the model.

If we want to compute tilde quantities in a Palatini f(R)-cosmology, we can remark that, today, the conformal factor is exactly ϕ(t0) = 1, since its

value has been hidden within the value of the universal constants. If we consider observation today (i.e. to = t0) and emissions far enough so that the

scale factor growth becomes relevant (and, e.g., it is not masked by the peculiar velocities the sources may have) but near enough so that the linear

approximation holds true, then we can imagine the conformal factor to be almost constant, thus

ϕ(te) ' ϕ(to) + ϕ̇(to)(te � to) = 1 + ϕ̇(to)(te � to) = 1� ϕ̇(to)(to � te) (9.6.39)
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Of course, today one has
p
ϕ(t) = 1 and δ̃(re, t̃0) = δ(re, t0). However, at later times one has

δ̃(re, t̃) =
p
ϕ(t)δ(re, t) ' c (1 + ϕ̇(to)(t� to))

�
(t� to) + 1

2H(t)(t� t0)2
�
' c

�
(t� to) +

�
ϕ̇(to) + 1

2H(to)
�

(t� to)2
�

(9.6.40)

At small distances, one also has

δ̃(re, t̃) ' c(t� to) (9.6.41)

thus the difference with standard GR being encoded in mid distances, in the rate of changes of the relation between proper distance and (te� to). One

needs to be extra careful to discuss whether different estimates of proper distance in GR need to be represented by δ or δ̃.

If the linear approximation is in general quite doubtful, we can go after the exact Hubble law, i.e. the exact relation between z and the proper distance

δ(to, χe). As now usual, we can look for expressing both z and δ(to, χe) as functions of the scale factor, so to have a parametric representation of the

exact Hubble law and, at the same time, avoiding formal inversion of functions.

The red shift z is already known as a function of the scale factor a; see equation (9.6.25). As for the proper distance we have

δ(to, χe) = a(to)

Z χe

0
dχ = c

Z to

te

dt

a(t)
= c

Z ao

a

da

a
p

Φ(a)
=: δ(a) (9.6.42)

If we expand δ(a) as a Taylor series around a = ao = 1 we obtain

δ(a) ' δ(ao)−
1

ao
√

Φ(a0)
(a− ao) =

1

Hoa2
o

(ao − a) =
1

H0
(1− a) (9.6.43)

For the redshift we have

z(a) ' z(ao)−
1

ao
(a− ao) =

1

ao
(ao − a) = (1− a) (9.6.44)

Thus we have

z ' 1− a ' H0δ(a) (9.6.45)

which reproduces the approximated Hubble law.

Thus the exact Hubble law contains the approximated one. Moreover, it contains extra information about the evolution of the scale factor, through

the dynamics which is encoded by Φ(a) which, we remark, is the Friedmann equation.

As a matter of fact, if we consider a particular Palatini f(R)-theory, the exact Hubble law (as well as the evolution of the Hubble parameter H(a))

contains information about the f(R) used to define the dynamics and consequently observations put constraints to the parameters which parameterise

the deviation from standard GR.

Cosmographic parameters

As we remarked, the evolution of the scale factor contains all informations about the theory. We already considered the Hubble parameter today H0

as a partial description of the scale factor, in the sense it is the first coefficient of the Taylor expansion of a(t) around t0.
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Hubble parameter is the first in a sequence of quantities which altogether contain information about the evolution of the scale factor, called the

cosmographic parameters. After the Hubble parameter H = ȧ
a we define the deceleration parameter

q := � 1

H2

ä

a
(9.6.46)

the jerk (or statefinder) parameter

j :=
1

H3

˙̈a

a
(9.6.47)

the snap parameter

s :=
1

H4

¨̈a

a
(9.6.48)

and so on.

Here the pattern is clear: besides some manipulations, the cosmographic parameters are the derivatives of the scale factor, i.e., if we measure them

today, they are the Taylor coefficients of its expansion. Each of them gives a better accurate description of the evolution of the scale factor. Measuring

the cosmographic parameters is equivalent to measuring the derivatives of the scale factor today, which determines the Taylor expansion, so in principle

the evolution a(t).

7. Relativistic positioning system

It is time now to show how a number of clocks (depending on the dimension of spacetime) can define an observer. Actually, to some extent, everything

is already contained in EPS, in axiom DTS. Given m clocks, whatever near enough clocks, they define through their time-readings of messages sent to

an event the coordinates of such an event in a region of spacetime, i.e. they define an observer. That is more or less the end of the story, in a sense.

On the other hand, they define GPS coordinates (si), which have not much to do with the ordinary coordinates one usually uses, for example (t, xi)

in Minkowski or (t, r, θ, φ) in Schwarzschild spacetimes. In GPS coordinates, just to mention one odd feature, one determines the position of an event

in spacetime by means of 4 times, not 1 time and 3 positions.

One can decide, in fact with some right, that GPS coordinates are more fundamental than the ones we are used to, define the metric directly in that

coordinates and keep stuck to them everywhere. Or, one can ask the GPS to determine the transition functions from GPS coordinates to ordinary

coordinates.

Currently, there are a number of positioning systems: the two bigger systems are NAVSTAR-GPS and Galileo Global Navigation Satellite System

(Galileo-GNSS) which is becoming fully operational in the next years.

Actually, there also exists a Russian Global Navigation Satellite System (GLONASS), which is not maintained since the year 2000 so that it fails to cover the whole

surface of Earth, as well as other local positioning systems covering specific regions on the surface, which to some extent are similar to GPS in design.
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All these systems are designed to work near the Earth surface, and they all take advantage of the specific conditions one has in that weak-field region.

To some extent, they are all essentially built to be compliant to our Newtonian intuition: they define position in space of events assuming that we can

put a synchronised clock anywhere.

On Earth, we have an international system of atomic clocks which maintains and broadcasts an international atomic standard time, called Coordinated Universal Time

(UTC), to which, once in a while, we add spare seconds to match astronomical (UT0) and solar motion (UT1) (so that daytime first and then seasons do not shift as

time passes by): that is called Universal Time. The universal time is then adjusted to local times in different time zones, sometimes adding daylight saving time (DST)

in certain seasons.

The definition of such UTC is quite ugly, plagued with historical motivations, and approximations.

Besides that, NAVSTAR–GPS is based of a fleet of atomic clocks on satellites which broadcast their time to a client so that it can determine its

coordinates, usually latitude, longitude, sometimes altitude, sometimes the velocity, sometimes just an offset position.

Actually, the NAVSTAR–GPS is based on the assumption that the time signals received by the client from different satellites have been emitted at

the same time; they are synchronised at emission. The client receives them at different times (because of different distances to travel) and it determines

its position by using the time delay of one signal with respect to the other. The system in fact does not deal with times, only with differences of time

which are easier to be measured.

As a rough idea, by measuring the time delay of two signals from two different satellites, the client has information about the difference in the distance of the two

satellites; thus it is able to get a hyperboloid which it lies on (which in fact is the locus on which the difference of distances from two “fixed” points stays constant)

with foci in the broadcasting satellites. By considering three pairs of satellites, it knows it lies in the intersection of three hyperboloids, and such an intersection is

generically made of a finite number of points. If we add one more pair, always generically, each client is able to select at which point of the intersection it is.

One could not insist enough on how exquisitely such a derivation relies on Euclidean geometry, which we know is, in principle, violated (slightly

violated) in the space around the Earth, actually in spacetime around the Earth. Moreover, such a construction relies on two other assumptions

(besides the assumption of the gravitational field being weak so that the space is approximately Euclidean): that the signals are synchronously emitted,

and that the clients knows where the satellites are in space.

We know that both of these assumptions are quite unnatural in a relativistic theory: the satellite clocks are moving around, they are quite fast with respect to the

surface, as well as one with respect to the other, and, moreover, in a time dependent gravitational potential (they are not geostationary satellites), usually at different

altitudes and along quasi-elliptic orbits. The real orbits have usually a small eccentricity, so they are quasi-circular, though, because of “relativistic corrections”, they

are not even closed curves; they are not even exactly ellipses.

Then the satellites broadcast a fake signal which is based on their local atomic time, though corrected so that the various satellites in the fleet are artificially kept

synchronised by correcting all sort of “relativistic effects” which should force them to loose synchronisation.

As far as the satellites positions are concerned, essentially each satellite maintains its orbital data which are transmitted to the clients. Again, the orbital parameters

are maintained in a fairly traditional way as “relativistic corrections” to the Keplerian orbit. Moreover, of course each satellites is not precisely along a Keplerian orbit

(due to the Earth not being a point-like source, perfectly spherically symmetric, as well as, e.g. because of gravitational perturbations from the other astronomical

bodies, . . . ), it is not exactly freely falling (due to remnants of the atmosphere, solar wind, manoeuvring, . . . ).

Because of these and other limitations, the NAVSTAR–GPS clients can determine their position with a precision ranging from 3m down to something

of the order of 15m.
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The Galileo system, is not qualitatively different in design, though at least it deals a relativistic model of gravitational field. Hence, Galileo system is expected to be

about 10 times more precise than NAVSTAR–GPS.

All existing GPS are essentially Newtonian in design. They work quite well near the surface of the Earth and are based on a long series of

approximations. Here we want to discuss the issue of relativistic positioning systems (rPS) from a more fundamental viewpoint. The more fundamental

our attitude, less approximations we are allowed. From a fundamental viewpoint a positioning system precedes any observation other than coincidences

(i.e. events happening at the same event in spacetime). When one designs it, in principle, one has no way of obtaining specific knowledge of the physical

situation in the desired spacetime region. On the contrary, in many cases a GPS is a prerequisite to make observations, to obtain detailed descriptions

of the physics in a region.

As usual, we shall assume we have a theoretical idea of how gravity works in general, and we plan to use the GPS to obtain information about client

positions, the gravitational field, the motion of satellites. Our rPS should fully be compliant to relativistic theories, possibly not restricted to standard

GR. It should work near a planet surface as well near a black hole, it should be able in principle to cover (patchwise) the whole spacetime. It should

learn to live with the facts we learnt about spacetime geometry: it should not assume synchronisations at a distance at all, less than ever it should not

assume the synchronisation is artificially maintained among clocks at a distance. It should define the position of events in spacetime, not in space. If

we guess, as we shall do, a geometry of spacetime, the system should be able to detect if such an assumption turns out not to be accurate, which is as

to say that a rPS can be used to measure the gravitational field.

Since we do not want to model too precisely the motion of the satellites, their orbital data should be part of the unknowns of the problem. A client

should be able to determine its positions as well as the orbits of the satellites, detecting for example if they happen not to be freely falling. Also, we

should assume a model for gravity (in the form of a specific relativistic theory) and the rPS should be able to detect if the model fails to be a good

description of gravity as well as, in principle, to fix parameters in the theory. After all, a rPS is a way of producing observables in a gravitational theory,

not absolute observables though observables, anyway. They are the natural framework to discuss equivalence and observability of different theories.

The design we have in mind is not particularly original. It is similar to models which have been proposed, for reasons which have been discussed.

Here we just want to repeat the discussion, obtaining maximal simplifications (after all we are interested in discussing feasibility in principle more than

in practice). We shall also focus on some aspects of the systems which, to the best of our knowledge, are original.

The basic composition is that we have a fleet of (identical) atomic clocks going around in spacetime, e.g. freely falling. They broadcast their time,

e.g. by means of an encoded radio signal.

If we want the client to be able to determine the trajectories of the satellites together with its position in spacetime, we need to allow the satellites

to receive messages from other satellites.

If we are in a spacetime of dimension m, we have n satellites, and all that the client receives is the time-reading of each satellite, then the client will have n messages

at any time, which may even be dependent.

On the other hand, we have m unknowns for the position of the client, mn unknowns for the positions of the satellites, (m − 1)n for the velocity of the satellites

(only the direction of the covariant velocity matter for the trajectory), for a total of m+ (2m− 1)n unknowns. That is essentially always greater than the number of

conditions (n) that we have.

Of course, the client could remember a sequence of past readings, so having kn messages. That is fair and should be investigated. Actually, it has been investigated.

For the sake of simplicity, we could think that the client has a clock itself and describes the messages it receives as functions ψi(s) meaning that it received the reading
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s from the clock i at client’s local time σ = φi(s). Still we will have m+ (2m− 1)n functions to determine with n conditions. The conditions are not linear, so some

miracle may happen (x2 + y2 = 0 is one condition with allows to determine two real variables), though in practice it does not.

In view of these reasons, we have to say that there are many designs worth discussing, with different features. We are just choosing one. Again we are interested in

feasibility.

Hence we imagine the satellites also receive the broadcasted signals from the other clocks and mirror them to the clients, so that a client receives a

signal from each satellite, encoding the time-reading of the clock on the satellite, as well as the time-reading that the satellite received from the other

clocks around when the message was sent, for a total of (n � 1) + 1 = n time-readings per message. This procedure can be nested at will: now each

satellite receives from the others n(n�1) time-readings, instead of only (n�1). Then the client will receive n2(n�1) +n = n3�n2 +n = n(n2�n+ 1)

messages.

Going back one more step: each satellites will receive (n � 1)((n � 1)2 � (n � 1) + 1) = (n � 1)(n2 � 3n + 3) messages to mirror together with its

current time. Then the client will have n[(n� 1)(n2 � 3n+ 3) + 1] = n[n3 � 4n2 + 6n� 2] time-readings to play with. It will have the time-readings of

the clocks at emission, together with the emission time-readings of the clocks for the messages which were received by the satellites when they emitted

the message to the client, together with the emission time-readings of the clocks when they sent the message, received by the other satellites, then

mirrored to the other satellites, then mirrored to the clients.

Hence the time-reading received by a client are naturally divided in generations: the first generation of data are time-readings at emission. The second

generations are data which were mirrored once. The nth-generation messages are the ones which have been mirrored (n� 1)-th times.

Thus, at each step, the client potentially receives an infinite sequence of times reading bringing information about the past of the system. The number

of data grows as nk if we go back (k � 1) generations so that we may have enough conditions to determine all unknowns we may have.

It is not difficult to guess that as the number of clocks and the dimension of spacetime grows we need a handy notation to trace where each data comes from, its

generation, among which satellites it has been mirrored to us.

What we need is a systematic notation to trace messages of different generations and their way to the client. Let us suppose we are dealing with n+ 1 clocks χi, with

i = 0..n, and a client C, which is an event, not a worldline. There are a number of light worldlines bouncing back and forth between them.

We represent the whole exchange history by a graph: each node represents an event pa on the clock χi or the client C, each (oriented) link in the graph represents a

light signal. A link from χi to χj (or C) represents a light signal emitted by the clock χi and received by the clock χj (or the client C). Of course, the client receives

signals though it does not emit anything; clients are passive and the node C is final in the graph.

Each link singles out an emission event pa on the worldline χi, as well as an absorption event pb on the worldline χj . The absorption events on the clients are at C.

The client has no memory other than the one which is continuously refreshed by the messages mirrored to it. The time-reading of the clock χi at the event pa which

is on the worldline χi is denoted by sa.

Thus, on the other hand, we have an (infinite) sequence of events (pa1 , pa2 , . . . , pah , . . .) on the worldline χi, and, consequently, an (infinite) sequence of time-readings

(sa1 , sa2 , . . . , sah , . . .) on the clock χi. Since we have one infinite sequence of events for each clock, we need to know which event is in which worldline: let us agree

upon the notation that pa is on χi iff amod n = i, n+ 1 being the number of clocks around.

For example, if we have 3 clocks around, then the events (p1, p4, p7, . . .) are on χ1, (p0, p3, p6, . . .) are events on χ0. Thus the graph accounts for the information we

need. Always for 3 clocks we have
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Fig. 9.12: GPS setting with 3 flying clocks: a) by graph b) spacetime diagram (up to second generation).

In general, we also need to notice that we can know in advance that the positioning in some cases has no unique solution. If our spacetime allows

Killing vectors, it is easy to get that an isometry dragging the clients, the clocks, as well as the light signals, will preserve the whole sequence of

time-readings. Accordingly, for example in Schwarzschild, we could never determine the absolute angles of rotation of the system or the time offset,

since the solution is static and spatially spherically symmetric.

This can be cured by imagining that some of the clocks are partially known: for example, on Earth, one of the clocks can be set on the surface at known coordinates.

It can be regarded at rest and the others are determined with respect to it. In the specific case of Schwarzschild spacetime, also after fixing a clock on the surface, one

is left with isometries (rotations) which fix the reference clock, so that, to fix the system, one needs two clocks fixed on the surface.

When one introduces fixed clocks, we can imagine that the client still receives messages from them, or that, as it reasonable on the Earth, that the ground clocks

cannot in general be seen by the client though they can exchange messages with flying satellites (and the client gets information about the reference clocks only in

messages of generation higher that 1). The number of messages is slightly diminished, in the sense that one has less messages of a given generation, though of course

the total sequence of messages is still infinite.

The position of the client is determined by 1st generation messages, so we need to assume that the client sees at least m flying clocks at any moment.

If χ0 is a reference clock and it is allowed to exchange messages with χ1 and χ2 but not with the client, we have that we have to remove the message from p0 to C, the

graph disconnects in two components. One component has the final event in p0, and the messages represented in it are irrelevant for the client, they will be broadcasted

to the satellites and used for later clients.

We could rename the events on the other clocks to account for the cancelled events, though we actually did not require a specific order for pa on a clock, hence we can

leave them unchanged as well so that comparison between the two situations are easier.

Thus with one clock on the ground the situation is described as
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Fig. 9.13: GPS setting with 2 flying clocks and 1 at rest: a) by graph b) spacetime diagram (up to second generation).

Due to all these remarks, we can guess that a general discussion of these systems becomes difficult, due to varying details. Thus let us present some

simple examples. After that we shall discuss the features of this model of positioning and compare with some other proposals.

As usual, before going into higher dimensions and more general geometries, let us consider a quite trivial example: Minkowski in dimension 2. In this

case, we already know that one clock defines an observer, though that is a radar observer, i.e. to find the position of an event we need an echo message

to go back and forth from te clock to the event. If we are considering an event on another galaxy, waiting for a message to come back may be a bit

boring, so in general, using more clocks, allows the client to determine everything as they receive the messages, without waiting any longer.

Minkowski case in dimension 2

Let us assume the spacetime M to be in dimension 2 and flat. Although what we shall discuss is intrinsic, let us use a system of Cartesian coordinates

(t, x) to sketch objects.

Since there is no gravitational field, particles move along geodesics which are straight lines

x� x∗ = cβ(t� t∗) � 1 < β < 1 (9.7.1)

while light rays have jβj = 1, i.e. they move along

x� x∗ = �c(t� t∗) (9.7.2)

In view of covariance, what we are saying is that free fall is expressed by first order polynomials in the given coordinates (t, x). If we used polar coordinates (r, θ) free

fall would not be given by first order polynomials (such as r − r∗ = γ(θ − θ∗)). It would be rather given by the same straight lines (e.g. x− x∗ = β(t− t∗)) expressed

in the new coordinates, i.e.

r sin(θ)− r∗ sin(θ∗) = β (r cos(θ)− r∗ cos(θ∗)) (9.7.3)

which are in fact the same curves.
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It is precisely because of this that in fact here we are not using coordinates in an essential way (and thus not spoiling covariance). We instead are just selecting a class

of intrinsic curves to represent free fall.

A standard clock is a clock χ : R ! M : s 7! (t(s), x(s)) for which the covariant acceleration aµ := ẍµ + Γµαβẋ
αẋβ is perpendicular to its covariant

velocity ẋα; in this case, and in Cartesian coordinates, the acceleration is given by the second derivative (since Γµαβ = fggµαβ and Christoffel symbols

are vanishing). Since a freely falling clock is moving along a straight line, then it is standard iff the functions t(s), x(s) are linear in s. Hence the most

general standard clock is

χ∗ : R!M : s 7! (t = t∗ + αs, x = x∗ + αβs) (9.7.4)

For later convenience, let us set ζ := αβ. Since we are in a Riemannian geometry, a standard clock is also proper and we can set α as

α =
1p

1� ζ2
(9.7.5)

so that is a NP-clock.

An NP-proper clock has 3 degrees of freedom, since it is uniquely determined by 4 parameters (t∗, x∗, α, ζ) with the relation (9.7.5).

Let us consider two proper clocks (χ0, χ1) in M corresponding to the parameters (t0, x0, α0, ζ0) and (t1, x1, α1, ζ1). As we anticipated above the whole

system has a Poincaré invariance which can be fixed by setting χ0 : R!M : s 7! (t = s, x = 0) (which still leaves an invariance with respect to spatial

reflections, which will be eventually used) and consequently, χ1 : R!M : s 7! (t = t1 + αs, x = x1 + ζs).

Before proceeding on, let us once again explain which problem we want to consider herefter. Usual PS would assume (t1, x1, α, ζ) to be known

parameters fixed during the calibration of the system. A client receiving the values of si (with i = 0, 1) from the clocks at an event c = (tc, xc) is able

to compute its position (tc, xc) as a function of the signals (s0, s1).

That is essentially assumed as an axiom in EPS framework. The signals (s0, s1) are assumed to be coordinates on the spacetime manifold and one can prove that the

transition functions ϕ : (s0, s1) 7→ (t, x) are smooth, so that also (t, x) are good coordinates on spacetime as well .

This case is particularly simple. The situation is described in Fig. 9.14.
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Fig. 9.14: rPS in Minkowski 2d.

a) messages (s0, s1) exchanged from the clocks to the client. The empty circles are the events when the clocks have been reset.

b) past messages (s0, s1, s2, s3, s4, . . .) exchanged from the clocks to the client.

c) Graph representing the message exchange history.

One can readily compute that

s0 = tc − xc s1 =
(x1 − xc) + (t1 − tc)

α+ ζ
(9.7.6)
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which can be readily solved for (tc, xc) to get

tc = 1
2 ((α+ ζ)s1 + s0 + t1 + x1) xc = 1

2 ((α+ ζ)s1 − s0 + t1 + x1) (9.7.7)

Accordingly, one can define the coordinates (t, x) := (tc, xc) as above. The maps (9.7.7) are in fact transition functions between coordinates (s0, s1) and (t, c), which

are regular being polynomial.

Let us remark that here (t1, x1, α, ζ) are treated as known parameters.

Our problem hereafter, will be to show that, if we promote (t1, x1, α, ζ) to be unknowns of the problem together with (tc, xc) and we add a whole past

sequence of readings (see Fig. 9.14.b), then we are still able to solve the system and use the infinite redundancy to check the assumptions of the model

(e.g. that the gravitational field is vanishing, that the clocks are free falling, that the clocks are identical NP-clocks, . . . ).

Before sketching the solution, we are better to introduce some notation which will be useful later in higher dimensions when drawing diagrams as in

Fig. 9.14.a and 9.14.b will become difficult. We shall use the affine structure on Minkowski space, so that the difference P �Q of two points P,Q 2M
denotes a vector (tangent to M at the point Q) leading from Q to P . On the tangent space the Minkowski metric induces inner products so that we

can define a pseudonorm (P �Q) � (P �Q) = jP �Qj2 so that the vector P �Q is light-like iff jP �Qj2 = 0.

Then the segments c� p0, c� p1, p2 � p1, p3 � p0, . . . are all light rays so that one has

jc� p0j2 = 0 jc� p1j2 = 0 jp2 � p1j2 = 0 jp3 � p0j2 = 0 . . . (9.7.8)

as dictated by Fig. 9.14.c.

Now one can check that equations

jp2 � p1j2 = 0 jp3 � p0j2 = 0 jp4 � p3j2 = 0 jp5 � p2j2 = 0 (9.7.9)

allows to solve for

α = α(si) ζ = ζ(si) t1 = t1(si) x1 = x1(si) (9.7.10)

with i = 0, 1, 2, 3, 4, 5 and that one has α2 � ζ2 = 1. Then, one can use the first two equations

jc� p0j2 = 0 jc� p1j2 = 0 (9.7.11)

to solve for

tc = tc(si) xc = xc(si) (9.7.12)

Actually, by solving the system, one gets 8 solutions. If our assumptions (e.g. about free fall) are accurate, the remaining equations are identically

satisfied.

Four of the 8 solutions are spurious solutions since they do not satisfy the equations

|p4 − p7|2 = 0 |p5 − p6|2 = 0 (9.7.13)

The remaining 4 solutions then identically satisfy all the following equations.
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To be precise one obtains multiple solutions (as we discussed above we are left with 4 solutions) but the correct solution can be selected by checking

that all the vectors

c� p0, c� p1, p1 � p2, p0 � p3, p3 � p4, p2 � p5, . . . (9.7.14)

are future directed. This reduces the solutions to 2.

To find the unique solution then, we can resort back to Poincarè invariance. We already used the boost invariance to adjust the clock χ0. However,

we have a residual invariance with respect to spatial reflections. We could have originally used that to keep x1 � 0. This condition can be effectively

used to select a unique solution between the 2 residual solutions of the system.

In other words, by using the signals (s0, . . . , s5), one is able to uniquely determine both the clock parameters (α, ζ, t1, x1) and the client position in

spacetime (tc, xc). No need of clocks calibration or synchronisation. Of course, this means that the infinite sequence (s0, s1, s2, . . .) is not independent.

Actually, we can compute allowed sequences in a simulation phase in which we assume (α, ζ, t1, x1, tc, xc) as parameters, and we compute the signals

(s0, s1, s2, . . .) by using equations (9.7.9), (9.7.11), (9.7.13).

Then we start the positioning phase, in which we consider those time-readings as parameters, and we determine the unknowns (α, ζ, t1, x1, tc, xc), so

that the positioning phase essentially deals with the inversion of what is done in simulation mode.

Let us finally remark that when we prove that the particular system of inertial coordinates (t, x) is allowed, then consequently, any other inertial

coordinate system is allowed as well.

We can also add an unexpected acceleration a to the clock χ1 = (t1 +αs, x1 + ζs+ 1
2as

2) while computing the signals to be transmitted to the client. If the client does

not know about the acceleration and it keeps assuming (wrongly this time) that the clocks are freely falling, then one can show that the client can still determine the

parameters of the clock, but this time the constraint α2 − ζ2 = 1 and the redundant equations cannot be identically satisfied. This shows that the client is potentially

able to test the assumptions we made and to self-diagnose their break down.

If the acceleration dies out, as soon as the transmitters exchange few signals the system manage to satisfy the constraints and it becomes operational again. That

shows the rPS to be self-calibrating.

Minkowski case in dimension 3

As far as we go to Minkowski spacetime in dimension 3, the situation becomes more complicated and one needs to think about what is going on in

order to apply the simple program we presented in dimension 2.

In dimension 3, we consider 3 proper clocks χi, with i = 0, 1, 2. Each has 5 degrees of freedom, an initial position (ti, xi, yi) and an initial direction

given by (αi, ζi, ξi) obeying the constraint α2
i �

�
ζ2
i + ξ2

i

�
= 1.

One can still use the Poincaré invariance to set the first clock to be χ0 : s 7! (s, 0, 0), though one still has two clocks χ1, χ2 and will have to deal with

signals back and forth between them (which will turn out to be coupled quadratic equations, while in dimension 2 each equation contained only the

parameters of one clock at a time). Moreover, while in dimension 2 one has only two light rays through any event and each of them goes to a clock, in

dimension 3, one has infinitely many light rays through an event and one has to select the ones hitting a clock.
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Finally, in dimension 2, when Poincaré invariance is used to fix the 0th clock, we are left with a discrete residual invariance with respect to spatial

reflections. On the contrary, in dimension 3, one is left with a 1-parameter rotation group (as well as spatial reflections), i.e. with O(2), which can be

used to set y1 = 0 and x1 � 0.

However, by applying extra care to these facts, one can still show that the unknowns which in our case are now (t1, x1, y1, α1, ζ1, ξ1, t2, x2, y2, α2, ζ2, ξ2)

can be computed out of signals and the constraints α2
i �

�
ζ2
i + ξ2

i

�
= 1. The redundancy and the Poincaré fixing described above can be used to select

a unique solution and further redundancy to check assumptions.

To do that, let us use the scheme of signals shown in Fig. 9.12.a. We first use the equations

jp0 � p4j2 = 0 jp1 � p3j2 = 0 jp4 � p9j2 = 0 jp3 � p10j2 = 0

jp6 � p16j2 = 0 jp7 � p18j2 = 0 α2
1 �

�
ζ2

1 + ξ2
1

�
= 1

(9.7.15)

which just depend on (t1, x1, y1, α1, ζ1, ξ1), to determine the parameters of the first clock. Since three of them are not independent, one has two extra

parameters ε1 = �1 and an angle ω1 which are left undetermined and will be fixed later on. Similarly, we used equations

jp0 � p5j2 = 0 jp2 � p6j2 = 0 jp5 � p12j2 = 0 jp3 � p11j2 = 0

jp8 � p15j2 = 0 jp6 � p17j2 = 0 α2
2 �

�
ζ2

2 + ξ2
2

�
= 1

(9.7.16)

which just depend on (t2, x2, y2, α2, ζ2, ξ2), to determine the parameters of the second clock, leaving two parameters ε2 = �1 and an angle ω2

undetermined due to relations of the equations.

Then one has the extra equations representing signals between the clocks χ1 and χ2

jp1 � p8j2 = 0 jp2 � p7j2 = 0 jp4 � p14j2 = 0

jp5 � p13j2 = 0 jp8 � p19j2 = 0 jp7 � p20j2 = 0
(9.7.17)

Using these equations (and depending on the four possibilities for (ε1, ε2)), we can determine ω1�ω2, thus leaving only ω2 undetermined, which in fact

accounts for the residual Poincaré invariance and can be fixed to have y1 = 0 and x1 � 0. In the meanwhile, two of the four possibilities for (ε1, ε2)

needs to be abandoned because they are incompatible with these equations.

Eventually, two solutions are found, only one of which agrees with the gauge fixing x1 � 0 we did for fixing spatial reflection invariance. Accordingly,

also in this case the client is able to determine the parameters of the clocks uniquely.

Then, once clocks are known, one can use the equations

jC � p0j2 = 0 jC � p1j2 = 0 jC � p2j2 = 0 (9.7.18)

to determine the client position (tc, xc, yc). Using Maple, one needs to solve equations on a one by one basis to control the process in details.

Minkowski case in general dimension
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In a Minkowski spacetime of dimension m we consider m proper clocks (χ0, . . . , χm−1) and we fix Poincaré invariance setting the first clock to be

χ0 = (s, 0, . . . , 0). We are left with a spatial residual invariance parameterised by O(m� 1) which we still have to gauge fix somehow.

Each clock exchanges (m � 1) signals with the other clocks and the graph analogous to that in LinkAnchorGPS1Fig. 9.12.a becomes of order m

(i.e. each node receives m� 1 edges, plus one edge out, except the client node which receives m signals from the clocks).

Thus the graph accounts for

σ := m+m(m� 1) +m(m� 1)2 = m(m2 �m+ 1) (9.7.19)

signals. To each of these signals there is associated an equation.

The signals exchanged between χ0 and χi are in fact 2m (for any i = 1..m) which, together with the constraint α2
i �

�
ζ2
i1 + ζ2

i2 + . . .+ ζ2
i(m−1)

�
= 1,

partially fixes the parameters of the clock χi.

Then one has 2m equations for any pair (χi, χj) to freeze the relative parameters.

Thus one has

m+ 2m

(
m

2

)
= m+ 2m

m(m− 1)

2
= m(m2 −m+ 1) ≡ σ (9.7.20)

signals as discussed above.

The client position will be computed once the parameters of the clocks have been determined by the equations corresponding to the m signals emitted

from χi to the client C.

Measuring the conformal factor

Let us now consider a Weyl frame (M, g, Γ̃ = fηg) where (M,η) is Minkowski spacetime in dimension 2, (t, x) are Cartesian coordinates for it, and

g = ϕ−1(t)η is a conformal metric for the conformal factor ϕ(t) = exp
�

2ct
x0

�
. We already did some of the computation in Subsection 9.2.2 to which we

refer.

If one restricts to now (t = 0) the conformal factor is 1. If we consider big values for x0 the interval in which the conformal factor is almost 1 is expanded.

Let us repeat the setting in Subsection 9.7.1, with two freely falling clocks χ0 and χ1, which moves along the Γ̃-geodesics x = 0 and x = x∗+cβ(t� t∗),
respectively, this time though parameterised to be proper clocks for g, i.e.

χ0 : R!M : σ 7! (s(σ), 0) χ1 : R!M : σ 7! (αs(σ) + t∗, ζs(σ) + x∗) (9.7.21)

where we set s(σ) := x0 ln
�
σ+x0
x0

�
, ζ := αβ, and α := (1� β2)−

1
2 in order of having two identical NP-clocks.

By comparing with the Riemannian case, one sees that even though the parameterisation here is different, due to the conformal factor, the parameterisation in s used in

the Riemannian case arises spontaneously. One can compute events along the clocks by using s and then associate to them their time-reading as σ = x0

(
exp

(
s
x0

)
− 1
)

.

That gives a simple parametric expression for the clocks χi : σ 7→ (t(σ), x(σ)).
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Simulation phase is identical to the Riemannian case, except that in the end one computes the signal as σn = x0

�
exp

�
sn
x0

�
� 1
�

and forgets about

sn, which would be the signal in the Riemannian case.

In the positioning phase, we have unknowns (tc, xc, α, ζ, t∗, x∗, x0), i.e. one more than in the Riemannian case. As in that case, we used some of the

equations to determine the parameters

jp0 � p3j2 = 0 jp2 � p5j2 = 0 jp1 � p2j2 = 0 jp3 � p4j2 = 0 (9.7.22)

which in fact determine (t∗, x∗, α, ζ) as (quite complicated) functions of x0. Actually, one gets 4 solutions.

For one of these, we can use the equation jp4 � p7j2 = 0 to determine the value of x0 and check that the constraint as well as the other equations

α2 � ζ2 = 1 jp5 � p6j2 = 0 jp6 � p9j2 = 0 jp7 � p8j2 = 0 (9.7.23)

are satisfied. Once we know the value of the orbital parameters, we can use the equations

jC � p0j2 = 0 jC � p1j2 = 0 (9.7.24)

to determine the client position (tc, xc).

Actually, we get 2 solutions which are compatible with the equations, though only one of them has the vectors C − p0 and C − p1 which are future directed.

Of course, the survivable solution is the one assumed in simulation mode.

Hence we see that in a Weyl frame, the rPS is also able to detect (and check) the conformal factor. In other words, that shows that the conformal

factor (or, better, its variation) is, in fact, in principle, observable.

Let us remark that the parameter x0 is, in fact essentially, the value of ∂0 ln(ϕ) and it completely determines the variation of the conformal factor

which, as we discussed above, then is responsible for the effective anomalous accelerations.

Once again, the rPS is self-calibrating; if, for some reasons, the approximations which fixes the conformal factor to be in the form ϕ = exp
�

2ct
x0

�
, or

the value of x0 is changed, the rPS actually can detect the breaking down of the assumptions by detecting violations in the redundant equations.

Let us also remark that, in a Palatini f(R)-theory, the conformal factor is determined by the choice of the function f(R). Being able to check the

value of the conformal factor means that the function f(R) itself can be, in principle, observed. If there are parameters in it, they can be fixed by

observations.

Schwarzschild case in dimension 2

As we discussed, the dimension should not introduce difficulties other than making computations more involved. However, we discussed Minkowski

case only. Let us here try to introduce a rPS on a curved spacetime. In order to keep the discussion simple, we shall consider Schwarzschild spacetime

in dimension 2. We are not endowing the model with a physical meaning since gravity in dimension 2 is trivial (Einstein equations are identically

satisfied) even though probably one could argue for a meaning as radial solutions in Schwarzschild 4d.
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In fact, the Minkowski cases we studied above are exposed to two different concerns:

1) we extensively used the affine structure of Rn to write the equations to identify light rays;

2) the metric is flat, thus, e.g. the Lagrangian for geodesics has an extra first integral (the conjugate momentum to x which is cyclic).

In both cases, we should check that we are able to perform the computation on a more general curved spacetime, otherwise what we have done above

would be restricted to SR.

Let us try the metric

g = �A(r)dt2 +
dr2

A(r)
A(r) := 1� 2m

r
(9.7.25)

We already covered a lot in this case: we already have a good description of time-like worldlines (see Subsection 8.5.1) to describe satellites, a good

description of light rays (see equation (8.5.17))) to trace messages. The symplectic method we introduced in Subsection 8.5.2 suggests to use r as a

parameter along worldlines and in fact it allows us to keep the result analytic and exact.

Thus we can fix two transmitters (let us consider, e.g., a bound clock χ0 and an unbound outgoing clock χ1) and a client in between them; e.g. as

shown in Fig. 8.7. We can trace back light rays exchanged by clocks and in this way we are able to find exactly the points (p0, p1, p2, p3, . . .) at which

the signals are fired by the clocks and the corresponding clock readings (s0, s1, s2, s3, . . .). In other words, we can, also in this case, exactly model the

simulation phase in the 2d Schwarzschild case.

In the positioning phase, we can instruct the client that it is in a Schwarzschild spacetime (and to be nasty not to inform it of the actual value of m),

that the first clock is bounded and the second is outgoing and unbounded, that the clock χ0 was outgoing when it was reset the last time (while of

course χ1 is always outgoing). We need it to know for each signal generated by χ0 whether it is generated on the outgoing or ingoing branch, which we

can imagine to be an information broadcast by the transmitters together with the sequence of readings. As we discussed, we do not provide the client

with more detailed information about the transmitters, in particular the position and energy of the transmitters worldlines are part of the unknowns.

That is a bit too much for Maple to solve the system by brute force. We can still check that what described in simulation mode is a solution of the equations of

positioning mode. Just the generic numeric method seems to be be unable to find it.

Of course there are better numerical methods, more dedicated and adapted to the current situation, to try. Here, we are more or less satisfied with checking that

one can write down the equations for positioning and that they have the solution found in simulation phase. Actually instructing the clients to find the solution is a

numerical issue, which is interesting for application, less for a fundamental perspective.

The client is, in principle, able to find the parameters for the clocks, namely (t0, r0, E0) and (t1, r1, E1), its position in spacetime (tc, rc) and the value

of m. It is also able to validate the result by verifying that the constraints are satisfied this time.

Features of relativistic positioning systems

Coll et al. analysed rPS and they proposed a classification for them depending on their characteristics. In their classification, a rPS is generic if can

be built in any spacetime, it is gravity free if one does not need to know the metric field to built it, it is immediate if any event can compute its position

in spacetime as soon as it receives the data from transmitters.
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Another important characteristic of rPS is being auto-locating, meaning that the user is able not only to determine its position in spacetime, but also

the position of the transmitters.

The basic design they investigated is a cluster of atomic clocks based on satellites which continuously broadcast the time-reading of their clock together

with the readings they are receiving from the other clocks. Sometimes they argue the transmitters may be also equipped with accelerometers or the

users can be equipped with a clock themselves. In these rPS the user receives the readings of the transmitters’ clock, together with the readings which

each transmitter received from the others, for a total of m2 readings for m transmitters. In these systems, the user may have no a priori knowledge of

transmitter trajectories which are determined by received data (sometimes assuming a qualitative knowledge of the kind of gravitational field in which

they move or whether they are free falling or subject to other forces). As a matter of fact, one can define many different settings and investigate what

can be computed by the user depending on its a priori knowledge and assumptions. More generally, it has been shown that these rPS can be used to

measure the gravitational field.

These rPS define a family of basic null coordinate systems (in dimension m an event receiving the readings of m clocks can directly use, in some

regions of spacetimes, these readings as local coordinates). Coll et collaborators showed that one can consider settings so that the rPS is at the same

time generic, gravitational free and immediate. The user in these rPS is potentially able to define familiar (i.e. more or less related to the Earth)

coordinates, as well.

In view of what we did, we can propose to extend the classification of rPS. In particular we say that a rPS is chronometric if it only uses clocks, simple

if it is chronometric and users have no clock but they uniquely rely on transmitters’ clocks.

We can here argue that being simple is important from a foundational viewpoint. Atomic clocks are already complicated objects from a theoretical perspective. They

can be accepted as an extra structure but that does not mean that one should accept other apparata (e.g. accelerometers or rulers) as well. They sometimes can be

defined in terms of clocks, sometimes are even more difficult to be described theoretically, sometimes, finally, they are simply ill-defined in a relativistic setting (as

rulers are). Moreover, atomic clocks are complex (as well as expensive) technological systems; while it is reasonable to disseminate a small number of them keeping

their quality high, it is not reasonable to impose each client to maintain one of them without increasing costs and worsening quality.

We also say that a rPS is instantaneous if a user is regarded as an event, not as a worldline, and it is still able to determine immediately its position

in spacetime. In an instantaneous rPS the clients have no memory, they need to determine their position and other parameters by relying on the data

that they receive in that precise moment.

There is another reason why one should like instantaneous rPS. They do not depend on what the gravitational field was in the past. Earth gravitational field is not

Schwarzschild, it is a quite complicated perturbation of it, instead, which in fact depends on the exact shape of the Earth, as well as its inhomogeneities. There are

quite precise numerical models fo the exact Earth gravitational field, which in fact are a small though accurate perturbations of the spherically symmetric solution.

If we rely on a long series of data in positioning phase, the gravitational model should be accurate, since small perturbations produce small deviations which though

accumulate in time. If they are neglected, soon the rPS will produce inaccurate results. On the contrary, if we know that positioning uses data more recent that some

time, than we know that small effects have not much time to accumulate. In the design we described above, the clients uses up to 3rd generation messages; on Earth

one could imagine that it takes less than a second, in the very worse scenario.

If we decide to neglect non-sphericity of Earth’s gravitational field, we need to discuss if we are even able to see the error due to the approximation. If we are, it means

that we can measure the perturbations of Earth gravitational field with less than a second of observation.

In any event, as we said, here are have a more fundamental attitude, so we are more interested in computability in principle to be used to compare different gravitational

theories.
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Moreover, we say that a rPS is discrete if the signals used by the user are a discrete set of clock readings (as opposite to a continuous stream of them).

Of course, not being discrete implies not be instantaneous.

Studying instantaneous and discrete rPS is interesting because it keeps the information used to define the system finite. In other settings, the clock readings are

described by functions. This does not really affect the analysis as long as the positioning is done in null coordinates, but it essentially enters in the game when

one wants to transform null coordinates in more familiar ones (e.g. inertial coordinates in Minkowski spacetime). We have to remark that clocks are essentially and

intrinsically discrete objects. Regarding them as continuous objects can be done by interpolation, which partially spoils their physical direct meaning, as well as it

introduces approximation biases. As long as it is possible, also in this case as for simple rPS, we prefer to keep stuck to simplicity.

Finally, we say that a rPS is self-calibrating if it can function without a calibrating phase, just as soon as it has broadcasted some few generations of

clock readings, in particular without synchronising clocks sometime in the past, without tuning initial conditions, without tracing transmitter geodesics

by a mission control.

Finally, self-calibrating rPS are a natural extension of self-positioning systems. If one has a self-positioning systems there should be no need to trace back the trajectories

of transmitters back in time. We believe it is interesting to explicitly keep track of how long back the user needs to know the transmitters, both for a fundamental

viewpoint and for later error estimate, e.g. in case one wanted or needed to keep into account anisotropies of Earth gravitational field. Of course, a self-calibrating rPS

is also auto-locating. We can assume though that a self-calibrating system, if temporarily disturbed by a perturbation (e.g. a transient force acting for a while), will

detect the perturbation and go back operational automatically and with no external action as soon as the perturbation has gone.

The settings we discussed are simple, instantaneous, discrete, and self-calibrating (as well as general, immediate, and self-locating) rPS. We also

discussed how the users can explicitly find the coordinate transformation to familiar systems (e.g. inertial coordinates in Minkowski, or (t, r) in

Schwarzschild) since, even though null coordinates are more fundamental one cannot pretend users to adapt to them (as well as, doing that, one also

proves that those classes of coordinates are also admitted by spacetime differential structure axiomatised in EPS).
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.Next Section

Part IV

Mathematical background

Kale pe a

Go slowly, if you want to be back

(Tibetan farewell to the expeditions to the highest picks)
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IV. Introduction to Part IV

We shall here briefly review the mathematical background and fix notation. As usual, for applications in physics, mathematics is a language and one

has to decide how to be strict on it.

The relation between differential geometry and GR is however stricter than usual. Most of the topics treated in the last century are really entangled

and often it is difficult to say what came (or should have come) first. There is also a good reason for this to be: as a matter of fact, differential geometry

and relativistic theories did (and do) study the same problem.

In relativistic theories one is studying the properties of spacetime which are independent of the observer, which, as we discussed above, for us is

identified with local coordinate charts. Unfortunately, one cannot describe locally a spacetime without fixing an observer. Thus physical quantities

must be covariant with respect to changes of observers. As a matter of fact, one can define physical objects as the equivalence class of observer

dependent descriptions. One has a quotient space with respect to such an equivalence relation which provides an absolute description of physics. In

fact, physical quantities live in (or on) this quotient space (covariance is in fact the compatibility with the projection to the quotient) and observers

only provide convenient and conventional local descriptions of the absolute physical world.

In differential geometry, one is studying properties of surfaces (or higher dimensional manifolds). Unfortunately, to describe a surface one usually

needs a parameterisation (which is just the inverse map with respect to a chart). For example, let S = f(x, y, z) 2 R3 : z = x2 + y2g be a paraboloid

surface. A parameterisation is a map

ϕ : R2 ! R3 : (u, v) 7! (x = u, y = v, z = u2 + v2) (9.1)

The parameters (u, v) can take any value in U1 := R2. Notice how the parameterisation ϕ factorises through the canonical embedding i : S ! R3 to

define a one-to-one map ϕ̂ : R2 ! S such that

R2 R3

S

.......................................................................................................................................... ............
ϕ

...................................................................................
.....
.......
.....

ϕ̂

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
....................
............

i

(9.2)

The inverse map ϕ̂−1 : S ! R2 is a chart on the surface.

A different parameterisation of the same surface is ψ : R2 ! R3 : (r, θ) 7! (x = r cos θ, y = r sin θ, z = r2). To be precise, the map ψ is defined for

r > 0 and θ 2 (0, 2π), i.e. on U2 � R2 out of a ray in R2. One has transition functions

γ : U2 ! U1 : (r, θ) 7! (r cos θ, r sin θ) (9.3)

and
U1 R3

U2

ψ = ϕ � γ
.......................................................................................................................................... ............

ϕ

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
....................
............

ψ

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..................

............

γ

(9.4)
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The same point p = (x, y, z) 2 S can be represented by coordinates (u, v) 2 U1 using the parameterisation ϕ or by (r, θ) 2 U2 using the parameterisation

ψ.

By using the transition function, one can define an equivalence relation on X = (f1g � U1) [ (f2g � U2)

(2, r, θ) � (1, u, v) () (u, v) = γ(r, θ) (9.5)

One can consider the quotient M = X/ � and a point [1, u, v] 2 M has different representatives, namely (1, u, v) and (2, r, θ) which both represent

the same point on S in the two different representations. Actually, one can show that the quotient space M is diffeomorphic to S. Accordingly, one

can use local representations of S to define an absolute representation of the surface, i.e. the class of S modulo diffeomorphisms.

This construction is general and provides an equivalent definition of manifolds modulo diffeomorphisms which is independent of the choice of a local

parameterisation. One has then local parameterisations as representatives of absolute manifolds. Quantities defined using a parameterisation are, in

fact, defined on the abstract manifold iff they are compatible with the quotient and they hence define quantities on the quotient. This is quite the

same as one defines physical quantities as the quantities measured by observers which do not depend on the observer, i.e. covariance principle.

This analogy between relativistic theories and differential geometry is quite deep and provides a reason why methods developed in one area apply so

well to the other area.

In order to make this book self contained, we shall hereafter review basic notions in algebra, topology, differential geometry, bundle theory, as well as

we shall fix notation. Most of what follows should be known to readers with some background. They can just go through what follows to check that

notation agrees.

Physics can in principle avoid (most of) mathematics or defines mathematics along the way when it becomes necessary. This approach has some

advantage, one for all mathematics is introduced once physical motivations for it are clear. However, this approach forces the readers to continuous

detours. Moreover, it makes the language imprecise since often one discusses a topics without having created the language needed to discuss about

that properly.

We here prefer to introduce some basic mathematics and language on their own and took them for granted when discussing physics.
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Chapter 10. Algebraic constructions

.Next Chapter

I’ll always take the roundabout way

(Marillion, Bitter Suite)

1. Sets, maps and functions

.Next Section
‘Obvious’ is the most dangerous word in mathematics.

(E.T. Bell)

We shall take sets for granted as primitive objects. The essential thing for a set is that one can always decide whether something belongs or not to

the set.

It is too bad that even this apparently innocent claim does not make sense.

In a town there is only one chef who cooks for all those who do not cook for themself. Does the “set” C of citizens who the chef cook for include the chef himself?

A relation between two sets A and B is any subset R in the Cartesian product A � B (i.e. the set of pairs (a, b) with a 2 A and b 2 B). Given a

relation R � A�B and a point (a, b) 2 R we also write a �R b and we say that the element a is in relation R with the element b.

A relation f between A and B is called a map iff 8a 2 A, 9!b 2 B such that (a, b) 2 f , and in this case we write f(a) = b. The element b = f(a) 2 B
is unique and it is called the image of a 2 A. If f is a map between A and B, we write f : A! B : a 7! f(a).

The set A is called the domain of f , B the codomain. The image of f is the set Im(f) = fb 2 B : 9a 2 A : f(a) = bg � B.

A map is surjective iff Im(f) = B, i.e. 8b 2 B : 9a 2 A : b = f(a). A map is injective iff f(a) = f(a′)) a = a′. A map f is one-to-one (or bijective)

iff it is both injective and surjective, i.e. 8b 2 B, 9!a 2 A such that f(a) = b.

One can always define the identity map id : A! A : a 7! a, which is one-to-one.

Given a map f : A ! B and a map g : B ! C one can define a map g � f : A ! C : a 7! g(f(a)) which is called the composition map. A map

f : A ! B is invertible iff there exists a map f−1 : B ! A such that f � f−1 = id : B ! B and f−1 � f = id : A ! A. In this case, the map f−1 is

called the inverse of the map f . One can easily show that a map f : A! B is invertible iff it is one-to-one.
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We shall reserve function for the map between a set A and the special set R (or C, as well as any other field). One can associate to any element α 2 R
a constant function α : A! R : a 7! α. Given two real functions f, g : A! R one can define the sum function

f + g : A! R : a 7! f(a) + g(a) (10.1.1)

the product function

f � g : A! R : a 7! f(a) � g(a) (10.1.2)

and, for any α 2 R, the function

α � f : A! R : a 7! α � f(a) (10.1.3)

The constant function 0 is the neutral element for the sum, the constant function 1 is the neutral element for the product. Being R a field, the set

F(A) of all functions over A inherits from R the structure of a ring and a R-module. Unfortunately, F(A) is not a field itself, since functions with

zeroes do not allow inverse with respect to the product, even if they are not the constant 0 function.

If a map f : A! B is not surjective and a set C is such that Im(f) � C B, we can define a map f jC : A! C : a 7! f(a). By an abuse of notation

the map f jC , which is not even a restriction of f , is denoted by f = f jC , anyway.

2. Disjoint union of sets

.Next SectionConsider a circle S1 embedded in a plane R2 in the canonical way i : S1 ! R2. Let x 2 S1 be a point and TxS
1 the tangent line at x. The tangent

line TxS
1 is canonically realized as a line in R2. Unfortunately, the tangent lines at two different points, namely TxS

1 and TyS
1, generically intersect.

Let z be the intersection point fzg = TxS
1 \ TyS1. Even if the z is one single point in R2, it also has two quite different meanings when considered as

a tangent vector to S1; it is tangent vector at x when considered as an element of TxS
1 and a tangent vector at y when considered as an element of

TyS
1. Accordingly, if one considers the union of the two tangent lines, one has only one element z in the union to denote two different tangent vectors.

For this reason, we define the disjoint union of two sets A and B to be the union of the sets f1g �A and f2g �B. The disjoint union is denoted by

A
a

B := (f1g �A) [ (f2g �B) (10.2.1)

A point in the disjoint union is a pair (n, x). If n = 1 then x 2 A, if n = 2 then x 2 B.

If the sets A and B are not disjoint sets and x ∈ A∩B, then in the disjoint union A
∐
B has two different elements (1, x) and (2, x). We say that (1, x) represents the

element x as an element of A, while (2, x) represents the element x as an element of B.

Disjoint unions can be easily generalised to families of sets. Let Ai be a family of sets labelled by indices i 2 I, in the label set I. The disjoint union

of the family is defined as a
i∈I

Ai := [i∈I (fig �Ai) = f(i, x) : x 2 Ai, i 2 Ig (10.2.2)
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In the example above, one has now two different elements (x, z) and (y, z) in the disjoint union TxS
1`TyS

1 to denote the two tangent vectors at x

and y.

3. Quotient sets

.Next SectionAn equivalence relation is a special relation E � A�A, which obeys the following three properties:

(1) 8a 2 A, a �E a (reflexive property)

(2) 8a, b 2 A, a �E b) b �E a (symmetric property)

(3) 8a, b, c 2 A, a �E b and b �E c) a �E c (transitive property)

For any equivalence relation � on A, one can define the equivalence class of an element a 2 A to be the subset [a] = fb 2 A : b � ag of all elements of

A which are equivalent to a.

By means of the reflexive property, each equivalence class [a] is not empty, it always contains a. By the symmetric property, if b 2 [a] then a 2 [b],

and, by the transitive property, if b 2 [a]) [b] = [a]. Then the original set A is partitioned into disjoint equivalence classes.

The quotient Q = A/ � is the set of all possible equivalence classes in A. One can define a surjective map p : A ! Q : a 7! [a] which is called the

projection to the quotient.

Given a map φ : A! B and an equivalence relation � on A, we say that φ is compatible with the equivalence relation � iff

a � a′ ) φ(a) = φ(a′) (10.3.1)

Then one can define the quotient set Q = A/ � and a map φ̂ : Q! B : [a] 7! φ(a) such that

A B

Q

.......................................................................................................................................... ............
φ

...................................................................................
.....
.......
.....

p

...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
.............
............

φ̂

(10.3.2)

Notice that the map φ̂ is well defined just as φ is compatible with the quotient.

Analogously, if one considers two sets A and B, each with an equivalence relation defined on it, and hence defines two quotient sets QA = A/ �A and

QB = B/ �B and their projections πA : A! QA and πB : B ! QB, then a map φ : A! B is said to be compatible with the equivalence relations iff

a �A a′ ) φ(a) �B φ(a′) (10.3.3)

:Notation: :Symbols: :AIndex: :Index:



538 Algebraic constructions

In this case, one can define a map φ̂ : QA ! QB : [a] 7! [φ(a)] such that

A B

QA QB

.......................................................................................................................................... ............
φ

...................................................................................
.....
.......
.....

πA

...................................................................................
.....
.......
.....

πB

............. ............. ............. ............. ............. ............ ............
φ̂

(10.3.4)

4. Ordering relations

.Next SectionMaps and equivalence relations are not the only interesting relations.

A relation (A,�) on the set A is called a preorder order iff it has the following properties:

(i) x � x (reflexive)

(ii) x � y and y � z, then x � z (transitive)

A preorder is called a partial order iff it has the property

(iii) x � y and y � x, then x = y (antisymmetric)

A partial order is called a (total) order iff it has the property

(iv) for any x, y 2 A, x � y or y � x (comparability)

The subsets of a set A are partially ordered by inclusion. The set of real numbers are totally ordered.

Given two vectors v, w 2 V define the relation

v < w () jvj2 � jwj2 (10.4.1)

where jvj2 = v � v is the norm induced by a definite positive inner product. One can easily show that it defines a preorder which is not a partial order.

Abstract simplices

Let us consider a set V . Elements of V are called vertices.

Given n+ 1 (different) vertices xi, with i = 0, 1, . . . , n, an (oriented) abstract n-simplex is a finite ordered set which is denoted by [x0, x1, x2, . . . , xn].

That means that we defined an order on the set X = fx0, x1, x2, . . . , xng according to which xi < xj when (i < j).
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Just look ahead for the defini-

tion of Z-module and check it.

An n-chain is a finite linear combination with integer coefficients of n-simplices. The set of all n-chains is denoted by Cn and it is a Z-module (and

in particular an abelian group).

We can define a linear operator ∂ : Cn ! Cn−1, which is called the boundary operator, which is defined on abstract simplices σ = [x0, x1, . . . , xn], and

then extended by linearity to n-chains.

The boundary of the simplex σ is a (n� 1)-chain ∂σ given by

∂σ =
nX
k=0

(�1)k[x0, x1, x2, . . . , x̂k, . . . , xn] (10.4.2)

where [x0, x1, x2, . . . , x̂k, . . . , xn] denotes the (n� 1)-simplex obtained from σ by removing the vertex xk, as it is indicated by the hat.

For example, given a 2-simplex σ = [a, b, c], its boundary is the 1-chain

∂σ = [b, c]− [a, c] + [ab] (10.4.3)

By extending by linearity the boundary operator to the n-chains, we mean to define the boundary of a n-chain � =
P

i ciσi as

∂� =
X
i

ci ∂σi (10.4.4)

Hence we have a family of chain Z-modules Cn and a family of operators ∂ : Cn ! Cn−1, i.e. a sequence

. . . Cn Cn−1 . . . C3 C2 C1
........................................................................................ ............ ........................................................................... ............

∂
........................................................................... ............ ........................................................................................ ............ ........................................................................................ ............

∂
........................................................................................ ............
∂

(10.4.5)

which is called a chain complex, since one has ∂ � ∂ = 0.

It is sufficient to prove that ∂ ◦ ∂σ = 0 for any n-simplex σ = [x0, x1, . . . , xn]. The general statement follows by linearity.

When computing ∂ ◦ ∂σ we obtain an (n− 2)-chain made of simplexes σij = [x0, x1, . . . , x̂i, . . . , x̂j , . . . , xn] in which we removed two vertices, xi and xj , from σ.

Each of the simplex σij appears in the boundary ∂ ◦ ∂σ twice, once when we remove xi first and then xj , once when we remove xj first and then xi. Let us assume

that i < j, then the two contributions are

(−1)i(−1)j−1[x0, x1, . . . , x̂i, . . . , x̂j , . . . , xn] and (−1)j(−1)i[x0, x1, . . . , x̂i, . . . , x̂j , . . . , xn] (10.4.6)

respectively, i.e. the two contributions cancel out.

For example, let us consider a 3-simplex σ = [a, b, c, d]. Its boundary is

∂σ = [b, c, d]− [a, c, d] + [a, b, d]− [a, b, c] (10.4.7)

and the boundary of this 2-chain is

∂ ◦ ∂σ = ∂[b, c, d]− ∂[a, c, d] + ∂[a, b, d]− ∂[a, b, c] = ([c, d]− [b, d] + [b, c])− ([c, d]− [a, d] + [a, c]) + ([b, d]− [a, d] + [a, b])− ([b, c]− [a, c] + [a, b]) = 0 (10.4.8)
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Given an n-simplex σ = [x0, x1, . . . , xn], a (n � 1)-simplex σi = [x0, x1, . . . , x̂i, . . . , xn] is called a face of σ; hence an n-simplex has (n + 1) faces,

and the boundary ∂σ is a linear combination of the faces of σ. More generally, for any subset fy0, y1, . . . , ykg � fx0, x1, . . . , x̂i, . . . , xng, the k-simplex

[y0, y1, . . . , yk] is a k-face of σ iff i < j, according to the ordering defined by σ, implies yi < yj . Thus a face of an n-simplex is a (n� 1)-face.

Given two chain complexes, (Cn, ∂) and (Dn, ∂), a morphism, denoted by f : (Cn, ∂) ! (Dn, ∂), is a family of maps fn : Cn ! Dn such that

fn−1 � ∂ = ∂ � fn, i.e. the following diagram is commutative

. . . Cn Cn−1 . . . C3 C2 C1

. . . Dn Dn−1 . . . D3 D2 D1

........................................................................................ ............ ........................................................................... ............
∂

........................................................................... ............ ........................................................................................ ............ ........................................................................................ ............
∂

........................................................................................ ............
∂

........................................................................................ ............ ......................................................................... ............
∂

......................................................................... ............ ........................................................................................ ............ ........................................................................................ ............
∂

........................................................................................ ............
∂

...................................................................................
.....
.......
.....

fn

...................................................................................
.....
.......
.....

fn−1

...................................................................................
.....
.......
.....

f3

...................................................................................
.....
.......
.....

f2

...................................................................................
.....
.......
.....

f1

(10.4.9)

A family ∆ of simplices is called a simplical complex iff, for any σ 2 ∆ and any k-face ρ of σ, then ρ 2 ∆. One can adapt the definition of chains,

boundary, and morphism to a simplicial complex. The corresponding chain complex is denoted by (Cn(∆,Z), ∂).

Given a simplicial complex ∆, a n-cycle is an n-chain σ 2 Cn(∆,Z) such that ∂σ = 0. The space of n-cycles is denoted by Zn(∆,Z) � Cn(∆,Z) and

it is an abelian group and a Z-module.

An n-boundary σ is an n-cycle such that there exists a (n+ 1)-chain θ 2 Cn+1(∆,Z) such that σ = ∂θ. In view of the property ∂2 = 0, a boundary is

necessarily a cycle. The space of n-boundaries is denoted by Bn(∆,Z) � Zn(∆,Z) and it is an abelian group and a Z-module.

We can define an equivalence relation σ � σ′ between cycles iff σ′ � σ 2 Zn(∆,Z). The quotient

Hn(∆,Z) =
Zn(∆,Z)

Bn(∆,Z)
(10.4.10)

is canonically an abelian group and a Z-module which is called (the nth) homology group.

The most important property of homologies group, is that if two complexes are isomorphic ∆ ' ∆′, then their homology groups are isomorphic,

i.e. Hn(∆,Z) ' Hn(∆′,Z). Accordingly, homology groups can be used to disprove isomorphisms between complexes.

We define a n-cochain as a linear map α : Cn ! G for some abelian group G. The space of n-cochains is denoted by Cn(∆, G), which is also an

abelian group (and Z-module). We define the coboundary operator δ : Cn(∆, G)! Cn+1(∆, G) as

(δα)(σ) = (∂σ) (10.4.11)

Of course, one has δ2 = 0.

Cocycles are cochains such that δα = 0 and the space of cocycles is denoted by Zn(∆, G). A coboundary is an n-cocycle α such that there exists a

(n� 1)-cochain β such that α = δβ. The space of coboundary is denoted by Bn(∆, G) � Zn(∆, G). The quotient group

Hn(∆, G) =
Zn(∆, G)

Bn(∆, G)
(10.4.12)
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is called (the nth) cohomology group and it also is invariant under isomorphisms.

Given a (p + q)-simplex σ = [x0, x1, . . . , xp+q] we define the front p-face of σ to be p(σ) = [x0, x1, . . . , xp] and the back q-face of σ to be (σ)q =

[xp, . . . , xp+q−1, xp+q].

Then we can define the cup product of a p-cochain α and a q-cochain β to be the (p+ q)-cochain α [ β defined to act on the (p+ q)-simplex σ as

(α [ β) (σ) = α (p(σ)) � β ((σ)q) (10.4.13)

then extended by linearity to chains. The product α (p(σ)) � β ((σ)q) is the product in the group G.

The cup product extends to H•(∆, G) = �nHn(∆, G) which can be shown to become a ring with it.

5. Categories and functors

.Next SectionA category is a set (though it can be relaxed to be a class) of objects together with a set of morphisms. A morphism φ : A! B is an arrow between

two objects and whenever one has two morphisms φ : A ! B and ψ : B ! C, then one also has the composition morphism ψ � φ : A ! C. The

composition is associative.

In any category, for any object A, there always exists a special morphism idA : A ! A (which is the neutral element—both on the right and on the

left—with respect to composition) called the identity.

It is standard to call endomorphisms the morphisms from an object into itself, isomorphisms the morphisms with an inverse (which needs to be a

morphism as well), automorphisms the maps which are both isomorphisms and endomorphisms. In the category of sets and its subcategories, morphisms

are maps and they are called epimorphisms if they are surjective, monomorphisms if they are injective.

An example of category is Set, which is formed by the sets together with the maps. Despite categories are more general, we shall always considers

subcategories of the Set; accordingly, morphisms will always be, for us, maps between objects, taking elements of one object and returning elements

on the target object.

The reader already knows many categories besides Set. Let us considers vector spaces together with linear maps; they form a category which will be

denoted by Vect. Groups together with group homomorphisms form a category denoted by Group.

Some more will be introduced below. At the very least, categories are a notation to be clear on which maps one is allowed to use with objects. Of

course, a group, say R2 with the sum, is a group, but it is also a set and a vector space (as well as a topological space, a manifold, and a bundles over

R). Hence it is an object of Set, Vect and Group. As a matter of fact, they must be regarded as three different objects when regarded in different

categories, even if they are the same set R2. Here one should notice that on the set R2 one can use any map, on the vector space R2 one can use any

linear map, on the group R2 one can use any group homomorphism. On the same object one is allowed to use different classes of morphisms depending

on the category one is considering.
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Every time we shall hereafter introduce new classes of objects, they will always be introduced together with a class of allowed morphisms (with identities

and closed under compositions) which, in fact, defines a category. Besides being a good habit, we shall show that sometimes very general results can

be proven only in view of the properties of category (and functor below). Moreover, relativistic theories are quite deeply related to transformations

among observers and covariance principle; accordingly, it will be good to have a control and general notation to consider allowed transformations which

may change in different situations.

A functor is a kind of map between categories. Let A and B be two categories; a covariant functor Φ : A ! B maps any object A of A to an

object Φ(A) of B and any morphism φ : A ! A′ to a morphism Φ(φ) : Φ(A) ! Φ(A′). A covariant functor must send identities into identities

(i.e. Φ(idA) = idΦ(A)) and it preserves compositions, i.e.

Φ(φ � ψ) = Φ(φ) � Φ(ψ) (10.5.1)

Analogously, a a controvariant functor Φ : A ! B maps any object A of A to an object Φ(A) of B and any morphism φ : A ! A′ to a morphism

Φ(φ) : Φ(A′) ! Φ(A). (Notice the reversal of the morphism.) A controvariant functor must preserve identities (i.e. Φ(idA) = idΦ(A)) and it reverses

compositions, i.e.

Φ(φ � ψ) = Φ(ψ) � Φ(φ) (10.5.2)

An example of covariant functor

A subcategory B of a category A can be embedded by a covariant functor F : B! A which sends any object of B into the same object as an object

of the category A, and each morphism Φ : B1 ! B2 into the same morphism.

For example, the category Vect of vector spaces with linear maps is a subcategory of the Set category. The covariant functor F : Vect! Set forgets

the linear structure and considers the objects as bare sets and the morphisms as general maps. For this reason, the covariant functor F which embeds

a subcategory into a category is called the forgetful functor.

The dual functor

Let us give an example of a controvariant functor ()∗ : Vect ! Vect from the category Vect of vector spaces and linear maps into itself. We know

from linear algebra that, for any (finite dimensional) vector space V (which is an object in Vect), one can define the dual vector space (V )∗ of linear

forms α : V ! R.

Moreover, for any linear map φ : V1 ! V2 one can define a dual map

(φ)∗ : (V2)∗ ! (V1)∗ : α 7! (φ)∗(α) 8v 2 V1 : (φ)∗(α)(v) = α(φ(v)) (10.5.3)

One can easily check that (10.5.3) defines a good linear map (φ)∗ : (V2)∗ ! (V1)∗. Moreover, one has (idV )∗ = idV ∗ and it reverses compositions,

i.e. (φ � ψ)∗ = (ψ)∗ � (φ)∗. Hence ()∗ : Vect! Vect is a controvariant functor.
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Of course, the bidual ()∗∗ : Vect! Vect is another example of a covariant functor.

6. Groups and actions

.Next Section

Def: Group

A group is a set G with an operation � : G�G! G : (h, k) 7! h � k such that

a) 8a, b, c 2 G, a � (b � c) = (a � b) � c =: a � b � c (associative)

b) 9e 2 G, e � a = a � e = a (neutral element)

c) 8a 2 G, 9b 2 G, a � b = b � a = e (inverse)

If for any a, b 2 G one has a � b = b � a, then the group (G, �) is called commutative.

The neutral element is also denoted by e = I and the inverse of a 2 G by a−1. In general, a group will be denoted by (G, �).
Sometimes, usually for commutative groups, one uses the so-called additive notation. In additive notation, the operation is denoted by +, the neutral element is denoted

by 0 and the inverse of a is denoted by −a and it is also called the opposite element.

A morphism Φ : (G, �)! (H, �) is a map which preserved the group operation

a) Φ(IG) = IH
b) Φ(a � b) = Φ(a) � Φ(b)

Group morphisms are also called homomorphism. The category of groups with homomorphisms is denoted by Group.

Let us consider a finite set A = {a1, a2, . . . , an}. A permutation of A is an (ordered) sequence σ = (aσ(1), aσ(2), . . . , aσ(n)) with no repetitions. Let us denote by Π(A)

the set of all permutations of A.

Each permutation can be denoted by

σ =

(
1 2 . . . n

σ(1) σ(2) . . . σ(n)

)
(10.6.1)

The composition of two permutations is defined as

σ ◦ ρ =

(
1 2 . . . n

σ(1) σ(2) . . . σ(n)

)
◦
(

1 2 . . . n

ρ(1) ρ(2) . . . ρ(n)

)
=

(
1 2 . . . n

σ(ρ(1)) σ(ρ(2)) . . . σ(ρ(n))

)
(10.6.2)

which defines an operation in the set of permutations. This defines a group (Π(A), ◦).
For example, let us consider a set A = {a, b, c}. The group Π(A) has 6 elements, for example

() :=

(
1 2 3

1 2 3

)
(123) :=

(
1 2 3

2 3 1

)
(10.6.3)

The operation defined in (10.6.2) is associative and the permutation () is the neutral element.
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One can show that

(123) ◦ (123) =

(
1 2 3

3 1 2

)
=: (132) (123) ◦ (132) = (132) ◦ (123) = () (10.6.4)

so that, for example, (123)−1 = (132). Let us define

(12) :=

(
1 2 3

2 1 3

)
(10.6.5)

One can easily compute

(12) ◦ (123) =

(
1 2 3

3 2 1

)
=: (13) (123) ◦ (12) =

(
1 2 3

1 3 2

)
=: (23) (10.6.6)

so that the group Π(A) is not commutative.

The set Π(2) = {().(12)} is a subgroup and the canonical embedding is a group homomorphism. Notice that in Π(2) one has

() ◦ () = (12) ◦ (12) = () () ◦ (12) = (12) ◦ () = (12) (10.6.7)

Accordingly, (12)−1 = (12) and the map Φ : Π(2)→ Z2 defined by

Φ() = 1 Φ(12) = −1 (10.6.8)

is a group homomorphism into the group (Z2, ·).
The group (Z2, ·) can be also given in additive notation by setting Z2 = {0, 1} and defining the operation +2 as the sum modulo 2, which is another example of

isomorphism from Z2 into itself.

Def: left actionA left action of a group G on a set M is a map λ : G�M !M : (g, x) 7! gx such that

a) λ(I, x) = x (Ix = x)

b) λ(k, λ(h, x)) = λ(k � h, x) (k(hx) = (k � h)x)

If M carries some structure (e.g. it is a vector space, a group, a manifold, . . . ) then the map λ(g, �) : M ! M is required to be a morphism of the

corresponding category (i.e., e.g., it is required to be a linear map, a homomorphism, a smooth map, . . . ). For example, a linear left action is also

called a representation of G on the vector space V = M .

The automorphisms of an object M in a category A form a group with composition, denoted by Aut(M).

Accordingly, a left action can also be considered as a map λ̂ : G! Aut(M) : g 7! λ(g, �) which, in fact, is a group homomorphism. Often, by an abuse

of language, the maps λ, λ(g, �), and λ̂ will be all denoted by λ and they will all be referred to as a left action.

The map L : G�G! G : (h, g) 7! h�g is called the left translation and it defines a canonical left action of G onto itself. The maps L(h, �) =: Lh : G! G

are not group homomorphisms; accordingly, the left translation is an action on the set G, not on the group G.

Another example of left action is the map Ad : G�G! G : (g, h) 7! (g �h �g−1), which is called the adjoint action. The maps Ad(g, �) := Adg : G! G

are group homomorphisms and the adjoint action is an action of G onto the group G itself.

A subgroup H � G is normal iff it is invariant with respect to the adjoint action, i.e. iff for all h 2 H and for all g 2 G one has

Adg(h) := g � h � g−1 2 H (10.6.9)
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Def: right actionSimilarly, a right action of a group G on a set M is a map ρ : M �G!M : (x, g) 7! xg such that

a) ρ(x, I) = x (xI = x)

b) ρ(ρ(x, h), k) = ρ(x, h � k) ((xh)k = x(h � k))

For example, there is a canonical right action R : G�G! G : (h, g) 7! h � g = Rg(h) of the group G onto itself which is called the translation on the

right. As it happens for the left translation, this action does not preserve the group structure since it does not act by group homomorphisms.

If λ : G�M !M is a left action, then we can define a canonical right action ρ : M �G!M : (x, g) 7! λ(g−1, x). Vice versa, if ρ : M �G!M is

a right action one can define a canonical left action by λ : G�M !M : (g, x) 7! ρ(x, g−1).

An action on M is called trivial if λ : G ! Aut(M) : g 7! idM . It is called faithful if, whenever λ(g) = idM , then g = e. It is called free if whenever

9x 2M : λ(g, x) = x then g = e. It is called transitive iff for any x, y 2M there always exists a g 2 G: λ(g, x) = y.

We can define an equivalence relation in M associated to any action λ as

x � y () 9g 2 G : gx = y (10.6.10)

One can easily check that the relation � is an equivalence relation (due exactly to the property of the action). The equivalence class [x] � M of a

point x 2M is called an orbit of the action. The associated quotient space is also denoted by M/G for left actions (and MnG for right actions).

If M is an object of a category with structure (e.g. a group, a manifold, . . . ) the quotient space is not always in the same category. Usually, extra

conditions have to be enforced on the action for it to be true.

Let us remark that an action is transitive iff the quotient is made of one single orbit.

7. Rings and modules

.Next SectionA ring is an additive group (R,+) equipped with a further operation called the product, denoted by � : R � R ! R, which is associative, i.e. for all

a, b, c 2 R one has

associative: a � (b � c) = (a � b) � c (10.7.1)

it has a unit element 1 2 R such that

1 � a = a � 1 = a (10.7.2)

and distributive with respect to the sum

a � (b+ c) = a � b+ a � c (a+ b) � c = a � c+ b � c (10.7.3)

Smooth functions on a (smooth) manifold M form a ring denoted by F(M), as well as Ck(M) denotes the ring of Ck-functions on a Ch-manifold M

for any k � h. Polynomials on R also form a ring, denoted by R[x].
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Given two rings R and R′, a homomorphism Φ : R! R′ is a map which preserves neutral elements

Φ(0) = 0 Φ(1) = 1 (10.7.4)

and the operations

Φ(a+ b) = Φ(a) + Φ(b) Φ(a � b) = Φ(a) � Φ(b) (10.7.5)

Notice that even though we did not distinguish between the neutral elements on R and the neutral elements on R′, nor between the operations on R

and the operations on R′, there is only one meaning for these properties which is syntactically correct.

The homomorphism Φ takes elements in R and maps them in elements in R′. Hence, when we write Φ(a+ b) = Φ(a) + Φ(b), a and b are necessarily elements in R and

their sum in R is denoted by a+ b on the left hand side. The images Φ(a) and Φ(b) are necessarily R′ and Φ(a) + Φ(b) necessarily denotes the sum in R′.

That defines the category of rings and all standard notation applies to it. An isomorphism f : R! R′ is a homomorphism which as an inverse which

is a homomorphism, a homomorphism Φ : R ! R is an endomorphism, and it is an automorphism iff it is also an isomorphism. Also for any subring

R′ � R (which is a subset which is closed by sum and product, it contains the neutral elements, so that it is a ring on its own with the restrictions of

the operations of R to R′ � R) one has the canonical embedding ι : R′ ! R which is a monomorphism.

Also a representation of a ring R is a homomorphism into another ring R′, usually a ring End(V ) or a ring of matrices, which is more or less the same

thing, since matrices are local expressions of endomorphisms of a vector space (or and R-module).

A corp is a ring K in which all elements are invertible with respect to the product, i.e., for any a 2 K, there exists the inverse element a−1 such that

a � a−1 = a−1 � a = 1 (10.7.6)

A field is a commutative corp, i.e. a � b = b � a.

The real numbers R, as well as the complex numbers C, form a field. Quaternions H are a corp. The integers numbers Z, quotiented by the ideal pZ
of all multiples of a number p, is denoted by Zp. It inherits a sum and a product (mod p) and it is a field iff p is prime.

A (left) module over a ring R (or an R-module) is an additive group V , together with an operation � : R�V ! V which obeys the following properties

i) a � (v + w) = a � v + a � w
ii) (a+ b) � v = a � v + b � v

iii) a � (b � v) = (a � b) � v
iv) 1 � v = v

Given an R-module V , one can associate to any a 2 R a map fa : V ! V : v 7! a � v. Consequently, the map which is group homomorphism in view

of property (i).

Since End(V ) forms a ring (with composition) as well, the properties (ii–iv) simply state that the map f : R ! End(V ) : a 7! fa is a ring

homomorphism.
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Accordingly, one often says that an R-module is a representation of the ring R over the commutative group V . In fact, given a representation

f : R ! End(V ) of the ring R over the commutative group V , one can define the operation � : R � V ! V : (a, v) 7! a � v = f(a)(v) and V becomes

with it an R-module.

Real vector spaces

If the ring R = K is a field, then K-modules are also called vector spaces over the field K. The vector space which has only the zero vector is denoted

by V = f0g, or simply by 0, is called trivial.

For K = R, we get a real vector space V . Elements of V are called vectors. Given a (possibly infinite) set of vectors S = fe1, e2, . . .g a (finite) linear

combination is a vector v obtained as

v =
nX
i=1

viei vi 2 R, ei 2 S (10.7.7)

Let us stress that at this stage infinite linear combinations cannot be given a defined meaning. Infinite linear combinations are a kind of series and one needs a topology

to give meaning to them. Here in an algebraic context, one can only make finite linear combinations.

A map Φ : V !W between two vector spaces is linear if it preserves linear combinations, i.e. if

Φ

 
nX
i=1

viei

!
=

nX
i=1

viΦ (ei) (10.7.8)

Real vector spaces together with linear maps defined the category Vect(R).

Given a subset U � V which is closed with respect to linear combinations is a vector space on its own and it is called a subspace. The canonical

embedding ι : U ! V is a linear map. In a vector space V there always are two subspaces, namely 0 and V itself, which are called the trivial subspaces.

The set of all finite linear combinations of vectors in S is a subspace, denoted by Span(S) � V . Since any vector in Span(S) can be obtained as a

linear combination of vectors in S, we say that the vectors in S are generators of Span(S).

The set of all linear maps from V to W is denoted by Hom(V,W ), the endomoprhisms are denoted by End(V ), automorphisms are denoted by Aut(V ).

One can easily define linear combinations of linear maps, so that End(V ) and Aut(V ) are vector spaces themselves.

A set of vectors S are independent if any finite linear combination of them is zero iff all coefficients are zero, i.e.

nX
i=1

viei = 0 () vi = 0 (10.7.9)

A set of independent generators is called a basis. If S is a basis of V then any vector v 2 V has a unique decomposition along S. If S = (e0, ei) is

a basis of V , then e0 is not a linear combination of the other ei. If it were, then e0 =
P
viei, and (1,�vi) would be non-zero coefficients for a linear

combination of the elements of the basis which sum to the zero vector. That contradicts the independence of S.

:Notation: :Symbols: :AIndex: :Index:



548 Algebraic constructions

w

v

Fig. 12.1: components of v along w depending on

the complement space.

If v, w ∈ V are vectors, there is no way, without fixing an inner product, to compute the component of v along

w. Such a component depends on a subspace transverse to w; you change the subspace, the components of v

along w change as well.

If (E1, . . . , En) is a basis of V and v ∈ V a vector, we can look for the components vi of v along vectors

S = (e1, . . . , ek) without fixing an inner product. That corresponds to look for solutions of the linear system
v1e1

1 + v2e1
2 + . . .+ vke1

k = V 1

v1e2
1 + v2e2

2 + . . .+ vke2
k = V 2

. . .

v1en1 + v2en2 + . . .+ vkenk = V n

(10.7.10)

where v =
∑
V iEi, and ei =

∑
ejiEj . These are n equations for k unknowns vi.

If k = n and the coefficient matrix |eji | is non-degenerate there is one and only one solution. Accordingly, the

vectors ei form a basis and the decomposition of v along that basis is unique. In other words, one can find the

components of v along n independent vectors, not along a single vector.

If the matrix is degenerate, generically there is no solution. The vectors ei are dependent, some of them are redundant since they can be expressed as linear combinations

of the others. There are vectors v which are not in the image Span(ei), hence they are not generators.. When v ∈ Span(ei), the system has infinite solutions, so the

vectors ei are not independent.

If k < n, there are less unknowns than equations. One can always find vectors which are not generated by ei. The system S cannot generate the whole vector space V .

If k > n, there are more unknowns than equations, then solutions cannot be unique. The vectors ei cannot be independent.

Accordingly, if there is a basis of n elements, then any basis has n elements as well.

A basis S has also a sort of universal property; if we consider a map f : S !W which associates a vector wi = f(ei) 2W to any element of the basis

S � V then there exists a unique linear map f̂ : V !W such that

S V

W
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..............

..............
..............
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..............
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..............

..............
..............
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..............
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............

f

.......
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.......
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.......

......

............

............

f̂

(10.7.11)

The map f̂ so defined is called the linear extension of the map f . That means that if we defined a map on the elements of a basis S, then that map

uniquely extends by linearity to the whole space V .

Theorem: Any (non-trivial) vector space allows a basis.

Proof: In the finite dimensional case, one can prove the theorem directly. However, there is a general proof, which works on any vector space, and it uses the choice axiom.

Consider subsets S ⊂ V of independent vectors, partially ordered by inclusion. A subset of a single non-zero vector is independent, so such subsets exist.

Then consider a totally ordered sequence Sα (S0 ⊂ S1 ⊂ . . . ⊂ Si ⊂ . . .) of independent subsets. In view of being totally ordered, S = ∪αSα is an independent subset of V as

well. By construction, S is an upper bound of the totally ordered chain Sα. By Zorn lemma, the set of independent subsets has then a maximal element Σ.
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Finally, we need to prove that Σ is a basis for V . It is independent, by construction. If Σ were not a generator system, then it would exist a vector w ∈ V which is not spanned

by vectors in Σ. Then Σ ∪ {w} would be independent, and Σ would not be maximal.

Then Σ does generate V and it is a basis.

The proof relies on the choice axiom (through the Zorn lemma) and it is not constructive at all. For example, it shows that R, which is a vector space

over Q, has a basis, i.e. one can find a set S of real numbers such that any real number can be uniquely expressed as a rational linear combination of

numbers in S � R. However, nobody has a characterisation of such a basis S, other than the proof of existence.

A vector space is called finite dimensional if it allows a finite basis. If a vector space V is finite dimensional, S is a finite basis and S′ is another basis,

then S′ has the same number of vectors as S.

As we already discussed, if S′ had less elements than S it cannot generate the whole space. If S′ had more elements than S, it cannot be independent.

Since any other basis needs to be independent generators, it can only have n elements.

Thus we say that V has dimension n iff one of (hence all) its bases are made of n vectors. The trivial space 0 is finite-dimensional and it has dimension

0, by convention.

Operations and Subspaces

Given two subspaces Wi � V , we shall define the intersection as the subspace

W1 \W2 = fw : w 2W1 and w 2W2g (10.7.12)

i.e. the set intersection. However, if Wi are subspaces, then the intersection W1 \W2 is also a subspace. As such, it always contains the zero vector.

Hence when the two subspaces intersection is trivial, namely when W1 \W2 = f0g, the two subspaces are said to be disjoint.

Let us also define the sum V1�V2 of two vector spaces which is the vector space of pairs (v, w) 2 V1�V2, on which a canonical sum and multiplication

by a scalar is defined as

(v1, w1) + (v2, w2) = (v1 + v2, w1 + w2) λ(v1, w1) = (λv1, λw1) (10.7.13)

By these definitions, V1 � V2 is a vector space which is called the direct sum. We have two embeddings ji : Vi ! V1 � V2. For example, j1 : V1 !
V1 � V2 : v 7! (v, 0) and j2 : V2 ! V1 � V2 : v 7! (0, v). Thus both the original vector spaces can be regarded as two disjoint subspaces of their direct

sum.

The universal property of direct sum holds true and it says that if we fix fi : Vi ! U , then there exists a unique linear map f̂ : V1�V2 ! U such that

Vi V1 � V2

U
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f̂

(10.7.14)

Again, universal property says that if we fix the maps fi : Vi ! U on Vi then there is a unique extension to the direct sum.
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Later on we shall define other operations on vector spaces, namely, the dual V ∗ := Hom(V,R), the tensor product V1 
 V2 := Hom(V ∗1 , V2).

If we consider a vector space V and two subspaces Wi � V then we can define the sum

W1 +W2 = fw = w1 + w2 : wi 2Wig � V (10.7.15)

The sum is naturally a subspace as well.

The sum of two subspaces is called the direct sum, and it is denoted by W1 �W2, if W1 \W2 = f0g.
Notice that the direct sum of two vector spaces is the direct sum of them regarded as disjoint subspaces of their direct sum and it coincides with it.

Given a subspace W � V , one can consider a basis ei of it. Then we can iteratively complete the basis to a basis of V . In fact, either W = V (so

there is nothing to complete) or one can find a vector ε1 2 V which is not in W . Then (ei, ε1) are independent. Thus either (ei, ε1) spans the whole V ,

or one can find ε2 out of the span of that and (ei, ε1, ε2) are independent.

By iteration one can go on until a full basis of (ei, εA) is obtained. In these bases, the first elements are a basis of the subspace, while the rest of the

basis spans a complement of it. Thus these bases are said to be adapted to the subspace.

If we consider the intersection W1 \W2 we can adapt a bases to it, complete it to W1, then complete it to W1 +W2 and finally to V . Analogously, if

we consider W1 + W2, we can consider ei a basis of W1, fi a basis of W2. The system (ei, fi) generates W1 + W2, though they can be dependent. In

fact, they are independent iff W1 \W2 = 0 and the sum is direct. Once we have a basis of W1 +W2, we can complete it to have a basis of V adapted

to the sum.

Inner products

For us an inner product η is a bilinear form η, non-degenerate, symmetric, of signature (r, s).

For any inner product, one can define orthonormal bases which are proven by iteration. At each step, one can find a vector e 2 V such that η(e, e) is

not zero (otherwise η would be null, hence degenerate) and, without loss of generality, v can be normalised to be η(e, e) = �1.

Then we define the orthogonal complement V1 = fv 2 V : η(v, e) = 0g and restrict η to V1. One can easily show that such a restriction is again an

inner product η1 on V1 and repeat the process each time obtaining a space Vi of dimension one lower. If the initial space V is finite dimensional, after

a finite number of steps one obtains a basis of V .

In an orthonormal basis, the inner product is expressed as

η(u, v) =
X

vaubηab ηab = diag(�1, . . . ,�1| {z }
s times

, 1, . . . , 1| {z }
r times

) (10.7.16)

Also the other way around, if we consider any basis ea, we can define an inner product η of signature (r, s) by using (10.7.16).

If we have two vector spaces, each with their inner product, (V, η) and (W, η), for any linear map Φ : V ! W , we can define the transpose map

Φ† : W ! V given by

η(v,Φ†(w)) = η(Φ(v), w) (10.7.17)
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A linear map Φ : V ! V is called an orthogonal transformation iff

η(Φ(v),Φ(u)) = η(v, u) (10.7.18)

i.e. iff it preserves inner products.

The vector spaces with an inner product of a given signature (r, s) are denoted by (V, η).

More generally, if we consider two vector spaces (V, η) and (V ′, η′) with inner products (of the same signature) a map Φ : (V, η) → (V ′, η′) is called orthogonal (or an

isometry) iff

η′(Φ(v),Φ(u)) = η(v, u) (10.7.19)

Vector spaces with an inner product of a given signature (r, s) together with isometries form a category.

From now on, by an abuse of notation, we denote by η the inner product, the signature (r, s) as well as the canonical for of the inner product ηab.

Orthogonal transformations map orthonormal bases into orthonormal bases. Since during normalisation of vectors one cannot change the sign of the

inner product η(e, e), if Φ : (V, η)! (V ′, η′) is an isometry, two orthonormal bases ei and e′i share the same signature and the orthogonal transformation

maps positive (negative) vectors into positive (negative) vectors.

Notice that in the category of vector spaces (V, η) with an inner product, sometimes we can do things that cannot be done in Vect(R). For example, given two vectors

v and w (with η(w,w) 6= 0) we can define the component of v along w as

α =
η(v, w)

η(w,w)
(10.7.20)

while, as we discussed above, there is no way of doing something like that with no inner product.

This is because, using the inner product, we can select a single complement Vw := {v ∈ V : η(v, w) = 0}, called the orthogonal complement, to the space generated by

w.

Let us also list here a number of abuses of notations which are usual when dealing with vector spaces with an inner product. The inner product of a

vector with itself η(v, v) is often called the norm or (the norm squared) and it is often denoted by jvj2, even if it can be negative.

A vector of positive norm is often called a spacelike vector, a vector of zero norm is called lightlike, a vector of negative norm is often called timelike.

Let us remark that a lightlike vector is orthogonal to itself, even when it is different from zero.

Let us also remark that one cannot define angles as usual, since, in general, the quantity

η(v, w)p
η(v, v)

p
η(w,w)

(10.7.21)

is not guaranteed to be in (�1, 1) so that it cannot be generally set to cos(α). Also the radicands are not guaranteed to be positive, so one usually

consider their absolute values.
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Complex vector spaces

Under many viewpoints, the theory of vector spaces on a field K is analogous to the real case. All theorems about linear maps, bases, subspaces

are unchanged on any vector space. The only difference about that is when one uses a finite field (e.g. Zp). In that case the situation is odd since a

finite dimensional vector space contains a finite number of vectors. Other differences (which will not be discussed here) are introduced allowing infinite

dimensional vector spaces, where a reasonable theory for bases needs a topology to be provided.

However, also in the finite-dimensional complex case some differences are introduced by the fact that one has an involution † : C ! C : z 7! z† on

the field given by the complex conjugation. This seems a small thing, though we shall see that it will grow to impact quite a lot of things in a not

completely trivial way.

Let us consider a complex vector space V with a finite complex basis ea. The vectors of the basis are independent over complex coefficients, i.e. any

complex linear combination of them is zero iff the coefficients are all zero.

However, C itself is a real vector space of dimension 2; a basis of C over R is (1, i) and any complex number can be written as x+ iy. Accordingly, ei
and iei are dependent over complex numbers, independent over R. Hence, if ei is a complex basis, (ei, iei) is a real basis. In other words, a complex

vector space V of dimension n is also a real vector space of dimension 2n too, which is called the underlying real vector space and it is denoted by VR.

Also, if we start from a real vector space V of dimension n, with a basis ei, we can define V 
C the space of complex linear combinations of ei. That

is a complex vector space of dimension n called the complexification of V .

One could wish to go the other way around, i.e. starting from a complex vector space V of dimension n with a basis ei and define a real vector space of dimension n

(not 2n as for the underlying real vector space) considering real linear combinations of ei.

Unfortunately, this vector space depends on the basis, not only on the original vector space, as it happens in the previous cases.

Already when we define maps, one has two options: linear and anti-linear maps, namely

Φ(λv + µu) = λΦ(v) + µΦ(u) Φ̂(λv + µu) = λ†Φ̂(v) + µ†Φ̂(u) (10.7.22)

That makes, for example, isomorphisms more complicated and richer. In real vector spaces, we have isomorphisms which can be canonical or not. Usually if two

spaces are canonically isomorphic we identify their elements. That is why for example we identify polynomials with polynomial functions, convergent power series with

analytic functions. On the other hand, if two spaces are isomorphic though in a non canonical way we keep elements distinct. For example, since the matrix associated

to linear map depends on the basis we do not identify matrices and linear maps.

Given two vector spaces V and W , we write V ' W iff the are canonically isomorphic to each other. We write V ≈ W iff they are canonically anti-isomorphic and

V ∼W iff they are non-canonically isomorphic.

When it comes to define an inner product on V , one has 3 options: a bi-linear form, a sequi-linear (linear in the second argument, anti-linear in the

first), or a bi-anti-linear form. In all cases, we ask the inner product to be non-degenerate. In the first and third case, we can ask it to be symmetric,

in the second, we need to ask to be hermitian, i.e.

δ(v, w) = δ(w, v) η(v, w) = η(w, v)† δ̄(v, w) = δ̄(w, v) (10.7.23)
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When looking for an orthonormal basis for δ or δ̄, whaterver vector v can be normalized so that δ(v, v) = 1 or δ̄(v, v) = 1. Hence the inner product in an orthonormal

basis ea is given by

δ(v, w) =
∑

vawbδab δ̄(v, w) =
∑

(va)†(wb)†δab (10.7.24)

In other words, for symmetric inner products there is no signature to be taken into account.

Instead, if we have a hermitian inner product η and a vector v ∈ V , we have

η(v, v) = η(v, v)† (10.7.25)

i.e. |v|2 := η(v, v) is real. Thus if η(v, v) < 0 is negative, there is no way to make it positive. In other words, signatures are back for sesqui-linear inner products.

For traditional reasons, a hermitian inner product is a sesqui-linear, non-degenerate, definite positive, hermitian tensor η : V � V ! C. It is given by

η(v, w) =
X

(va)†wbδab (10.7.26)

while, more generally, a prseudo-hermitian inner product is

η(v, w) =
X

(va)†wbηab (10.7.27)

If we have two vector spaces, each with a hermitian inner product, (V, η) and (W, η), for any linear map Φ : V ! W , we can define the adjoint map

Φ† : W ! V given by

η(v,Φ†(w)) = η(Φ(v), w) (10.7.28)

A linear automorphism Φ : V ! V is called unitary iff

η(Φ(v),Φ(w)) = η(v, w) (10.7.29)

The group of unitary transformations is denoted by U(V, η) � Aut(V ).

8. Lie algebras

.Next SectionA Lie algebra g is a vector space with an additional operation [�, �] : g� g! g, called the Lie bracket (or commutator), with the additional properties

(a) antisymmetry: [ξ, ζ] = �[ζ, ξ]

(b) bilinearity: [λξ + µη, ζ] = λ[ξ, ζ] + µ[η, ζ] and, of course, one also has [ζ, λξ + µη] = λ[ζ, ξ] + µ[ζ, η]

(c) Jacobi identity: [ξ, [η, ζ]] + [η, [ζ, ξ]] + [ζ, [ξ, η]] = 0

Let us stress that in view of Jacobi identity a Lie algebra is not associative, then one cannot unambiguously define the product of three elements

without specifying the order of the operations, and that is why the product is usually denoted by some sort of bracket.
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We shall see below some examples of Lie algebras; vector fields on a manifold form a Lie algebra. Observables in Hamiltonian mechanics with Poisson

brackets form a Lie algebra. Matrices with the commutator [A.B] := AB�BA form a Lie algebra as well. Vectors of R3 with the vector product form

a Lie algebra.

A special Lie algebra is associated to all Lie groups. There is a complete classification of (semisimple) Lie algebras and their representations.

Classification of representations of sl( 2 ,C)

The Lie algebra sl(2,C) is made of traceless 2� 2 complex matrices, which in fact forms a complex three dimensional algebra. One can easily check

that the commutator of two matrices in sl(2,C) is still in sl(2,C).

Of course, a linear combinations of traceless matrices is still traceless. Thus they form a vector space.

If we trace the commutator, any commutator, it is traceless by the cyclic property of the trace Tr(AB) = Tr(BA).

A (complex) basis of such matrices are Pauli matrices

σ1 :=

�
0 1

1 0

�
σ2 :=

�
0 �i
i 0

�
σ3 :=

�
1 0

0 �1

�
(10.8.1)

and S 2 sl(2,C) iff it is a complex linear combination of τi = � i
2σi, i.e. S = ζiτi.

For future reference, let us remark that the products of Pauli matrices are

σiσj = δijI+ iεij
kσk ⇒ τiτj = − 1

4δijI+ 1
2εij

kτk (10.8.2)

which are equivalent to the pair of conditions

{σi, σj} = 2δijI [σi, σj ] = 2iεij
kσk ⇒ {τi, τj} = − 1

2δijI [τi, τj ] = εij
kτk (10.8.3)

Now we want to classify irreducible representations of sl(2,C), which has real dimension 6, 3 complex dimension, and it is explicitly spanned over C
by the matrices σi (or, equivalently, by τi = � i

2σi, or Li = 1
2σi).

Let us consider an irreducible representation λ : sl(2,C)! End(V ) over a finite dimensional complex vector space V .

A Lie algebra representation is irreducible iff it has no invariant sub-spaces other than {0} and V itself. An invariant sub-space is obviously a sub-space W ⊂ V such

that, for any S ∈ sl(2,C), λ(S)(W ) ⊂W .

We first look for a maximal commuting Lie sub-algebra.

The sub-space L3 := Span(iσ3) ⊂ sl(2,C) is of course a commuting sub-algebra. If we try to add something else to it we have

[iaiσi, iσ3] = −2aiεi3
kiσk = −2a1ε13

2iσ2 − 2a2ε23
1iσ1 = 2a1iσ2 − 2a2iσ1 (10.8.4)

Thus, a1 = a2 = 0, and any element a = a3iσ3 commuting with L3 is already in L3, which is hence maximal.
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The basis of sl(2,C) can be adapted to the maximal commuting Lie sub-algebra, in the form which is called ladder form. In this case, we define

τ± := iτ1 � τ2 = 1
2 (σ1 � iσ2) = L1 � iL2 and h := iτ3 = 1

2σ3 = L3 so that the commuting relations become

[τ∓, h] = [iτ1 � τ2, iτ3] = [iτ1, iτ3]� [τ2, iτ3] = τ2 � iτ1 = �(iτ1 � τ2) = �τ∓
[τ+, τ−] = [iτ1 � τ2, iτ1 + τ2] = 2i[τ1, τ2] = 2iτ3 = 2h

(10.8.5)

If we consider an eigenvector h(v) = λv, then we have

τ− � h(v)� h � τ−(v) = τ−(v) ) h � τ−(v) = (λ� 1)τ−(v) (10.8.6)

τ+ � h(v)� h � τ+(v) = �τ+(v) ) h � τ+(v) = (λ+ 1)τ+(v) (10.8.7)

τ+ � τ−(v)� τ− � τ+(v) = 2h(v) = 2λv (10.8.8)

In view of these conditions, τ−(v) is an eigenvector of h for the eigenvalue (λ� 1), while τ+(v) is an eigenvector of h for the eigenvalue (λ+ 1).

Since V is finite dimensional, the set of eigenvalues of h is discrete. One can pick one eigenvector w0, go back τ−(wi) = wi+1 to an eigenvector wk
such that wk+1 = 0. Then set v0 = wk and α0 for its eigenvalue, i.e. let α0 be the minimal eigenvalue and v0 (one of) its corresponding eigenvector.

Let us set vi+1 = τ+(vi). Since eigenvectors of different eigenvalues are independent, sooner or later one gets vn+1 = 0 for some finite positive n. One

has h(vk) = αkvk = (α0 + k)vk. Then αn = α0 + n is the maximal eigenvalue.

Then let us prove the following:

Lemma: τ−(vk+1) = �(k + 1)(2α0 + k)vk

Proof: For, k + 1 = 0, we obtain τ−(v0) = 0 which is true due to minimality of α0.

For k = 0, we obtain τ−(v1) = −2α0v0 which is true due to the following:

τ−(v1) =τ−(τ+(v0)) = τ+(τ−(v0)) + [τ−, τ+](v0) = −2h(v0) = −2α0v0 (10.8.9)

Now let us suppose the thesis is true for k and let us prove it for k + 1:

τ−(vk+1) =τ−(τ+(vk)) = τ+(τ−(vk))− 2h(vk) = −k(2α0 + k − 1)vk − 2(α0 + k)vk = −(k + 1)(2α0 + k)vk (10.8.10)

which proves the lemma by finite induction.

As a corollary, we can set k = n and obtain

0 = τ−(vn+1) = �(n+ 1)(2α0 + n)vn (10.8.11)

Since vn 6= 0, we necessarily have α0 = �n
2 .

Thus Span(v0, . . . , vn) is an invariant sub-space of V . Since the representation is irreducible, it is either f0g or the whole V . Since it contains a

non-zero (eigen)vector v0, it cannot be f0g, thus it is Span(v0, . . . , vn) = V and dim(V ) = n+ 1 =: m. Also all eigenspaces are one dimensional.
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j=0

j=1/2

j=1

j=3/2

Fig. 12.2: Root graphs of representations of sl(2, C)

To summarize, one writes everything in term of m, n := m� 1, or j := n
2 = m−1

2 .

For m = 1 (n = 0, j = 0), one has V = C, one only eigenvalue α = 0.

For m = 2 (n = 1, j = 1
2), one has V = C2, and two eigenvalues α0 = �1

2 , α1 = 1
2 .

For m = 3 (n = 2, j = 1), one has V = C3, and three eigenvalues α0 = �1, α1 = 0, α2 = 1
2 .

For m = 4 (n = 3, j = 3
2), one has V = C4, and four eigenvalues α0 = �3

2 , α1 = �1
2 , α2 = 1

2 , α3 = 3
2 .

And so on.

We usually use j (thus n = 2j and m = 2j + 1) which is a positive semi-integer to label irreducible

representations λ(j) of sl(2,C). The representations are graphically represented in the space of eigenvalues

by noting the multiplicity of each eigenvalue.

In irreducible representations the multiplicity is always one. More generally, we can represent a representation by noting the multiplicity of eigenvalues,

which easily guide to the decomposition of the representations as a sum of irreducible representations. That is called a root graph. For example, in

Fig. 12.2 we have the representation λ(3/2) � λ(1/2) � λ(1) � λ(0) � λ(0).

Given an irreducible representation λ(j), we know quite a lot about it. In particular, we can reconstruct the matrices to represent S 2 sl(2,C) in the

basis of eigenvectors (v0, v1, . . . , v2j) of C2j+1.

Let us start quite trivially from j = 0. We know that λ(0)(S) : C ! C with the basis v0. We have h(v0) = 0, τ+(v0) = 0, τ−(v0) = 0. Accordingly,

λ(0)(S) = 0. That is called the trivial representation and any element S 2 (2,C) is mapped to the 0 (1� 1) matrix.

Next case is j = 1
2 which is called the fundamental representation and denoted by λ(1/2). At the level of algebra, we have S = ibiσi 2 sl(2,C) and

λ(1/2)(S) : C2 ! C2. In C2 we have two eigenvectors v± of the eigenvalue α± = �1
2 . We have

h(v−) = �1
2v− τ+(v−) = v+ τ−(v−) = 0

h(v+) = 1
2v+ τ+(v+) = 0 τ−(v+) = v−

(10.8.12)

Then accordingly we have
σ3(v−) = �v− σ1(v−) = (τ+ + τ−)(v−) = v+ σ2(v−) = �i(τ+ � τ−)(v−) = �iv+

σ3(v+) = v+ σ1(v+) = (τ+ + τ−)(v+) = v− σ2(v+) = �i(τ+ � τ−)(v+) = iv−
(10.8.13)

and in the basis (v+, v−) we have the matrices

σ1 =

�
0 1

1 0

�
σ2 =

�
0 �i
i 0

�
σ3 =

�
1 0

0 �1

�
(10.8.14)

This is called fundamental representation since one has

λ(1/2)(S) = i~a � ~σ = S (10.8.15)

:Index: :AIndex: :Symbols: :Notation:



Lie algebras 557

Let m = 3 (hence j = 1); we have eigenspaces E−1, E0 and E1 and eigenvectors e− 2 E−1, e0 2 E0 and e+ 2 E1. We know that:

h(e−) = �e− h(e0) = 0 h(e+) = e+

τ+(e−) = e0 τ+(e0) = e+ τ+(e+) = 0

τ−(e−) = 0 τ−(e0) = 2e− τ−(e+) = 2e0

(10.8.16)

Thus we have (by ordering the basis as (e+, e0, e−))

h =

0
@ 1 0 0

0 0 0

0 0 �1

1
A τ+ =

0
@ 0 1 0

0 0 1

0 0 0

1
A τ− =

0
@ 0 0 0

2 0 0

0 2 0

1
A (10.8.17)

Accordingly we obtain:

σ1 =

0
@ 0 1 0

2 0 1

0 2 0

1
A σ2 = i

0
@ 0 �1 0

2 0 �1

0 2 0

1
A σ3 =

0
@ 2 0 0

0 0 0

0 0 �2

1
A (10.8.18)

One can check that those matrices obey the required commutation relations. An element in sl(2,C) is any complex combination of these matrices.

This representation is called the adjoint representation.

Let us denote by symn the following algebra representation

symn(S)ψA1A2...An = n!S
(A1
B1

ψB1A2...An) (10.8.19)

In particular, by setting S = h = i
2σ3 we obtain (n = 2j)

sym2j(σ3) =

0
BBBBB@
j 0 0 . . . 0

0 j � 1 0 . . . 0

0 0 j � 2 . . . 0
...

...
... . . .

...

0 0 0 . . . �j

1
CCCCCA (10.8.20)

Hence the representation sym2j is of rank m = n + 1 and has m = 2j + 1 eigenspaces of dimension 1. Consequently, the representation symn is

irreducible and thence sym2j ' λ(j).

Classification of representations of su( 2)

The Lie algebra su(2) is made of anti-Hermitian, traceless 2� 2 complex matrices, which in fact forms a real three dimensional algebra.

One can easily check that the commutator of two matrices is su(2) is still in su(2).
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Of course, a linear combinations of traceless and anti-Hermitian matrices is still traceless and anti-Hermitian. Thus they form a vector space.

If we consider complex conjugation of a commutator of matrices in su(2) we have

[U1, U2]† = (U1U2 − U2U1)† = U†2U
†
1 − U

†
1U
†
2 = −(U1U2 − U2U1) = −[U1, U2] (10.8.21)

which is still anti-Hermitian.

A (real) basis of such matrices are Pauli matrices and U 2 su(2) iff it is a real linear combination of τi = � i
2σi, i.e. U = θiτi.

A representation of su(2) defines the matrices for the generators σi exactly as for sl(2,C). A representation if su(2) is just obtained by restricting to

real linear combinations. Accordingly, irreducible representations for su(2) are labelled by spin j as λ(j) : su(2)! End(V ) with V = C2j+1.

9. Affine spaces

.Next SectionAffine spaces have a great importance in gravitational theories, mainly because connections are naturally elements of an affine space. Also, in general

field theories, affine spaces are important since jet bundles JkC of order k are affine bundles over Jk−1C. This is the reason why one can define

quasilinear equations on manifolds, essentially regardless the geometric character of fields.

D: affine space on VAn affine space modelled on a vector space V is a set A together with an operation

µ : A� A! V : (P,O) 7! µ(P,O) =: P �O (10.9.1)

(1) 8P,R,Q 2 A : µ(P,Q) = µ(P,R) + µ(R,Q) (P �Q = P �R+R�Q)

(2) 8Q 2 A, 8v 2 V : 9!P 2 A such that P �Q = v

In view of axiom (2) one can also define a map

ν : V � A! A : (v,Q) 7! P := v +Q (10.9.2)

where, 8Q 2 A and v 2 V , P = ν(v,Q) is the point in A for which v = P �Q. Then one has P = ν(µ(P,Q), Q) or, equivalently, v = µ(ν(v,Q), Q) (or,

shortly, P = (P �Q) +Q). This map ν : V � A! A turns out to be an action of the additive group V on A, i.e.

ν(u+ w,Q) = ν(u, ν(w,Q)) ν(0, Q) = Q (10.9.3)

One can easily check it by setting P = ν(u+ w,Q) and R = ν(w,Q) so that u+ w = µ(P,Q), w = µ(R,Q), and u = µ(P,R) and (10.9.3) reads as axiom (1).

For the second condition, one can simply set R = Q in axiom (1) to obtain µ(Q,Q) = 0, which, in turn, reads as ν(0, Q) = Q.

Thus affine spaces naturally carry an action of an additive group V .
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For any given point O 2 A, one can also define a map iO : A! V : P 7! P �O = µ(P,O). This map is bijective and it induces a linear structure on

A. Unfortunately, the linear structure defined on A does depend on O. Let us denote by AO the vector space structure defined on A in this way. Then

iO : AO ! V becomes an isomorphism of vector spaces.

This is the origin of the naive description of affine spaces as a vector space which forgot about its origin which is sometimes given in the literature as

an intuitive description of affine spaces. Often, affine spaces are regarded as vector spaces, i.e. one works on AO instead of on A, using the maps iO and

checking that results are independent of the choice of O. For example, this is how defines the dimension, a reference frame and Cartesian coordinates

on affine spaces. However, this is, from our perspective, a mistake since affine spaces should be regarded as manifolds, not as vector spaces.

D: affine combinationsThere is also another operation that one can define on affine spaces, called affine combinations. Let us consider n points Ai 2 A and n real numbers

si 2 R and an origin O 2 A; let us define the affine combination as the point A = ν(v,O) 2 A where

v =

Pn
i=1 siµ(Ai, O)Pn

i=1 si
(10.9.4)

This is also called the weighted average of the points Ai with respect to the weights ti := si/s, where we set s :=
Pn

i=1 si. Notice that one hasPn
i=1 ti = 1 as the sum of weights. This affine combination is also denoted by

A =
nX
i=1

tiAi =

 
nX
i=1

ti(Ai �O)

!
+O (10.9.5)

The main property of affine combinations is that they do not depend on the choice of the origin O.

Let in fact O′ be another origin and(
n∑
i=1

ti(Ai −O′)

)
+O′ =

(
n∑
i=1

ti((Ai −O) + (O −O′))

)
+O′ =

(
n∑
i=1

ti(Ai −O)

)
+ (O −O′) +O′ =

(
n∑
i=1

ti(Ai −O)

)
+O = A (10.9.6)

Accordingly, the affine combination is also denoted by

A =
nX
i=1

tiAi (10.9.7)

which is however just a short hand notation for (10.9.4).

In particular, for two points A = A1 and B = A2, one has the weights t and 1� t; the affine combination reads as

C = (t(A�O) + (1� t)(B �O)) +O =: �t(A,B) (10.9.8)

and it is independent of the choice of O.

The map �t : A� A! A is also denoted by

�t : A� A! A : (A,B) 7! �t(A,B) =: tA+ (1� t)B (10.9.9)
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and it denotes a point on the line through A and B.

From a more fundamental point of view, one should define an affine space to be a set A, together with an (one parameter) operation:

µt : A× A→ A : (P,Q) 7→ µt(P,Q) (10.9.10)

which satisfies the following properties ∀A,B,C ∈ A and ∀r, s, t ∈ R
(1) µ0(A,B) = B

(2) µ1(A,B) = A

(3) µrt(1−t)(µs(C,B), A) = µt(µrs(1−t)(C,A),µrt(1−s)(B,A)).

This approach is more fundamental, since it does not assume the vector space V from the beginning and defines the affine structure on A alone. One can show that,

for any origin O ∈ A, one can endow A with a linear structure, denoted by AO, and that the vector spaces AO are all canonically isomorphic as the origin is changed.

Then one defines V as an abstract copy of such vector spaces and one has canonical isomorphisms iO : AO → V . Thus one can define the map µ : A× A→ V as

µ : A× A→ V : (P,O) 7→ µ(P,O) := iO(P ) (10.9.11)

and consequently

ν : V × A→ A : (v, P ) 7→ ν(v, P ) := (iP )−1(v) (10.9.12)

However, this way is particularly hard in the beginning and quite long. It shows that, given an affine space, it can always be defined as an affine space modelled on a

suitable vector space V . For this reason and for the sake of simplicity, we defined directly affine spaces modelled on a vector space.

Now that we defined affine spaces as objects, we have to define morphisms between affine spaces, namely affine maps. Let A and B be two affine

spaces. A map Φ : A! B is called an affine map iff it preserves affine combinations, i.e.

Φ(tP + (1� t)Q) = tΦ(P ) + (1� t)Φ(Q) (10.9.13)

Affine automorphisms on A form a group with respect to composition, which is denoted by GA(A).

Affine spaces with affine maps form a category that we shall denote by Aff.

Let us fix an origin O 2 A; then all points in A can be represented by vectors in V , i.e. for any P 2 A there is one and only one v = P �O 2 V and

then P = v +O.

Let us now consider an affine map Φ : A ! B : A 7! B := Φ(A). Let us set O′ = Φ(O). Let us set A = v + O and B = w + O′. Then the map Φ

induces a map Φ̂ : V !W : v 7! w = Φ̂(v) such that

A B

V W

Φ̂ := µ(�, O′) � Φ � ν(�, O)

.......................................................................................................................................... ............
Φ

...................................................................................
.....
.......
.....

µ(�, O)

.............................
......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......
........
........................................ ............

ν(�, O)

.......................................................................................................................................... ............
Φ̂

...................................................................................
.....
.......
.....

µ(�, O′)
(10.9.14)

We can easily show that the map Φ̂ : V !W is linear.
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Let us consider two vectors v1, v2 ∈ V , the corresponding points A1 = v1 +O and A2 = v2 +O), and a scalar α ∈ R. If we wanted to define a linear structure on A we

should define A1 +A2 and αA1 as points in A, i.e.

(v1 + v2) +O = (A1 −O) + (A2 −O) +O = A1 +A2 −O (αv1) +O = α(A1 −O) +O = αA1 + (1− α)O (10.9.15)

respectively. Of course, both of these points do actually depend on the origin O and that is why the linear structure on A is not canonical.

Accordingly, let us denote by B1 = Φ(A1) and B2 = Φ(A2) the corresponding images. Then one has

B1 = Φ(A1) = Φ(v1 +O) = Φ̂(v1) +O′ (10.9.16)

and define accordingly w1 := Φ̂(v1) = B1 −O′ and w2 := Φ̂(v2) = B2 −O′.
Let us first show that the map Φ̂ does not depend on the choice of the origin. Let us consider a different origin Ô := δ + O ∈ A and, consequently, Ô′ := Φ(Ô) ∈ B.

Then, by using the new origins we would define a new map Φ̂′ : V →W . If one has Φ̂′ = Φ̂, then it must be again Φ̂′(v1) = w1 iff

Φ̂(v1) = Φ(v1 + Ô)− Ô′ = Φ(v1 + δ +O)− Ô′ = Φ̂(v1 + δ) +O′ − Ô′ = Φ̂(v1) + Φ̂(δ) +O′ − Ô′ = Φ̂(v1) (10.9.17)

which is satisfied since Φ̂(δ) = Ô′ −O′ = Φ(Ô)−O′ = Φ(δ +O)−O′.
Then one has:

Φ̂(αv1 + βv2) =Φ ((αv1 + βv2) +O)−O′ = Φ ((αv1 +O) + (βv2 +O)−O)−O′ =

=Φ ((αA1 + (1− α)O) + (βA2 + (1− β)O)−O)−O′ = Φ (αA1 + βA2 + (1− α− β)O)−O′ =

=αB1 + βB2 + (1− α− β)O′ −O′ = α(Φ̂(v1) +O′) + β(Φ̂(v2) +O′) + (1− α− β)O′ −O′ =

=αΦ̂(v1) + βΦ̂(v2)

(10.9.18)

Thus we defined a covariant functor Λ : Aff ! Vect which takes an affine space A and gives its model V = Λ(A) and it takes an affine map Φ and

gives its linear map Λ(Φ) := Φ̂. None of these depend on the origin one may set.

Let us finally consider an affine endomorphism Φ : A! A. Since any point in A can be represented (uniquely) by a vector in V , we can describe the

map Φ as a (non-linear) map Φ̂

Φ̂ : V ! V : v 7! Λ(Φ)(v) + δ

where we set δ = Φ(O)�O. Then we see that an affine map is obtained as a composition of a linear map Λ(Φ) and a translation by an element δ 2 V .

Thus, in components the most general affine endomorphism reads as Φ̂ : V ! V : vi 7! Φi
jv
j + δi. The composition of two affine maps reads as

Ψ̂ � Φ̂ : V ! V : vi 7! Ψi
j(Φ

j
kv
k + δj) + δ′i (10.9.19)

Accordingly, the first map is expressed as a pair (Φj
i , δ

j), the second map is expressed as (Ψj
i , δ
′j) and the composition is (Ψj

iΦ
j
i ,Ψ

i
jδ
j + δ′i). This

expresses the group GA(A) as the semi-direct product GA(A) ' GL(V )nV .

Let (G, •) and (H, ·) be two groups and ρ : G×H → G a right action of H on G such that the maps ρ(·, h) are group homomorphisms of G onto itself; the semi-direct

product of G by H (on the right) is denoted by GoH and it has as elements the pairs (g, h) and the product defined as

(g1, h1) ∗ (g2, h2) = (ρ(g1, h2) • g2, h1 · h2) = ((g1 / h2) • g2, h1 · h2) (10.9.20)
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This product is associative

((g1, h1) ∗ (g2, h2)) ∗ (g3, h3) =(h1 · h2, (g1 / h2) • g2, h1 · h2) ∗ (g3, h3) = (((g1 / h2) • g2) / h3) • g3, (h1 · h2) · h3) =

= (((g1 / (h2 · h3)) • (g2 / h3))) • g3, h1 · (h2 · h3)) = (g1, h1) ∗ ((g2 / h3) • g3, h2 · h3) =

=(g1, h1) ∗ ((g2, h2) ∗ (g3, h3))

(10.9.21)

the element (eG, eH) is the neutral element, and the inverse is given by (g, h)−1 = (g−1 / h−1, h−1) = (g−1, eH) ∗ (eG, h
−1) since one has

(g−1 / h−1, h−1) ∗ (g, h) = ((g−1 / h−1 / h) • g, h−1 · h) = (eG, eH)

(g, h) ∗ (g−1 / h−1, h−1) = ((g / h−1) • (g−1 / h−1), h · h−1) = ((g • g−1) / h−1, eH) = (eG, eH)
(10.9.22)

If H acts on the left on G by λ : H × G → G so that the maps λ(h, ·) are group homomorphisms, then one can define the semi-direct product (on the left) which is

denoted by HnG and it is formed by pairs (h, g) such that

(h1, g1) ∗ (h2, g2) = (h1 · h2, λ(h2, g1) • g2) = (h1 · h2, (h1 . g2) • g1) (10.9.23)

This product is associative

((h1, g1) ∗ (h2, g2)) ∗ (h3, g3) =(h1 · h2, (h1 . g2) • g1) ∗ (h3, g3) = ((h1 · h2) · h3, ((h1 · h2) . g3) • ((h1 . g2) • g1)) =

=(h1 · (h2 · h3), (h1 . ((h2 . g3) • g2)) • g1) = (h1, g1) ∗ (h2 · h3, (h2 . g3) • g2) = (h1, g1) ∗ ((h2, g2) ∗ (h3, g3))
(10.9.24)

the element (eH , eG) is the neutral element, and the inverse is given by (h, g)−1 = (h−1, h−1 . g−1) = (h−1, eG) ∗ (eH , g
−1) since one has

(h, g) ∗ (h−1, h−1 . g−1) = (h · h−1, (h . (h−1 . g−1)) • g) = (eH , eG)

(h−1, h−1 . g−1) ∗ (h, g) = (h−1 · h, (h−1 . g) • (h−1 . g−1)) = (eH , eG)
(10.9.25)

For example, a vector space is an additive group denoted by (V,+) and GL(V ) is a group which in fact acts on V by a left action. Because of linearity, the action is

by group homeomorphisms. Then, one can define the semi-direct product GL(V )nV on the left for which the product is defined as

(φ, v) ∗ (ϕ, u) = (φ ◦ ϕ, φ(u) + v) (10.9.26)

10. Exact sequences

.Next SectionA sequence is a (finite or infinite) chain of vector spaces and linear maps (or groups and homomorphisms, or objects in a category with kernels and

images and its morphisms). By an abuse of language, we denote by 0 the object made of the only zero element. The map 0 : 0 ! V is the zero map

which sends the zero element ~0 2 0 into the zero element ~0 2 V1 and it is usually understood.

0 V1 V2 V3
. . . Vk−1 Vk . . ......................................................................................... ............ ........................................................................................ ............

φ1
........................................................................................ ............
φ2

........................................................................................ ............
φ3

.............................................................................. ............
φk−2

.............................................................................. ............
φk−1

........................................................................................ ............
φk

(10.10.1)
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Notice also that there exists only one map 0 : V → 0 which sends all vectors in V in the zero vector ~0 ∈ 0. By an abuse of language, it is also denoted by 0 : V → 0

and it is usually understood as well.

Accordingly, it is customary to simply write

. . .→ V →W → 0 (10.10.2)

when the sequence truncates at a point.

A sequence is said to be exact at a point Vk iff Im(φk−1) = ker(φk). A sequence is called an exact sequence if it is exact at all points.

In the beginning of a sequence

0 U V . . ......................................................................................... ............ ........................................................................................ ............
φ

........................................................................................ ............ (10.10.3)

it is exact at the point U iff the map φ is injective.

The image of the map 0 : 0→ U is trivially Im(0) = {~0} ⊂ U . Then exactness at U is equivalent to ker(φ) = {~0}, which is equivalent to require that φ is injective.

In the end of a sequence

. . . V W 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............ (10.10.4)

it is exact at the point W iff the map φ is surjective.

The kernel of the map 0 : W → 0 is trivially ker(0) = W . Then exactness at W is equivalent to Im(φ) = W , which is equivalent to require that φ is surjective.

An exact sequence of only two objects is called a very short exact sequence.

0 V W 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............ (10.10.5)

In view of the two comments above, exactness of this sequence is equivalent to require that the map φ is bijective. Writing a very short exact sequence

is thence a way to state that the morphism φ is an isomorphism.

An exact sequence of only three objects is called a short exact sequence.

0 U V W 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............
π

........................................................................................ ............ (10.10.6)

One can also define a long exact sequence to be an exact sequence of four objects.

0 V1 V2 V3 V4 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............
ψ

........................................................................................ ............
π

........................................................................................ ............ (10.10.7)

We shall not get involved into long exact sequences here.

Exactness of a short sequence amounts to require that φ is injective, π is surjective and Im(φ) = ker(π). It is impressive how much information is

encoded in exactness and how much of it one can be dug out also without knowing any detail about the objects and maps involved.
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Let us first define a splitting of a short exact sequence to be a map α : W ! V such that π � α = idW We shall represent a splitting by the diagram

0 U V W 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............
π

........................................................................................ ............

.......
......

............
.....................................................

.....................
.....
.......
.....

α

(10.10.8)

Let us stress that this is not a commutative diagram. We are not assuming or requiring that α ◦ π = idV . If we did then α = π−1 and π would be bijective. Then, in

view of exactness, U = 0 and the sequence would be very short.

Let us first show that given a splitting α : W ! V , there exists a unique map β : V ! U such that

8v 2 V : v = φ � β(v) + α � π(v) (10.10.9)

The map β has the property β � φ = idU .

0 U V W 0........................................................................................ ............ ........................................................................................ ............
φ

........................................................................................ ............
π

........................................................................................ ............

.......
......

............
.....................................................

.....................
.....
.......
.....

α

.............
....................................................

...........
..

.......
...................
............

β (10.10.10)

For any v ∈ V , we want to first to define an element β(v) =: u ∈ U . Let us consider α ◦ π(v) ∈ V and the element v⊥ := v − α ◦ π(v) ∈ V .

One can easily show that π(v⊥) = π(v) − π ◦ α ◦ π(v) = π(v) − π(v) = 0, i.e. that v⊥ ∈ ker(π) = Im(φ); then there exists an element u ∈ U such that φ(u) = v⊥.

However, the map φ is injective, thus u is also the unique element in U such that φ(u) = v⊥.

Then we can define β : V → U : v 7→ u, where u is the only element such that φ(u) = v − α ◦ π(v), or, equivalently, v = φ ◦ β(v) + α ◦ π(v).

On the other hand, the map β is unique. For, let us suppose that there is another map β′ with the same property (10.10.9). Then one has φ ◦ β′(v) + α ◦ π(v) =

φ ◦ β(v) + α ◦ π(v) and φ(β(v)− β′(v)) = 0. Then β(v)− β′(v) ∈ ker(φ) = {0}, and consequently β′ = β.

Now that we showed that a map β : V → U exists (and it is unique), we can check that for any v = φ(u) one has

β ◦ φ(u) = u (10.10.11)

In fact, one has v⊥ = φ(u)− α ◦ π(φ(u)) = φ(u) = v (notice that π ◦ φ(u) = 0, by exactness) and its (unique, since φ is injective) φ-preimage is u. Then β ◦ φ(u) = u,

as claimed.

If one assumes a short exact sequence with a map β : V ! U such that β � φ = idU , then the sequence splits, i.e. one can define the split map

α : W ! V .

Let us consider w ∈ W and we wish to identify an element α(w) ∈ V such that π ◦ α(w) = w. Let us first consider v ∈ V , which is a π-preimage of w, i.e. such that

π(v) = w. The element v exists since π is surjective, though of course it is not unique. The elements in the form ṽ = v + v̄ with v̄ ∈ ker(π) are the ones and the only

ones such that π(ṽ) = w. These are the elements among which α(w) has to be searched.

Then we can define v′ = φ ◦ β(v) ∈ V and check that π(v′) = π ◦ φ ◦ β(v) = 0. Then v′ ∈ ker(π) and one can define

α : W → V : w 7→ v − v′ (10.10.12)
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Let us suppose that in the beginning we chose another π-preimage of w, namely ṽ = v+ v̄ with v̄ ∈ ker(π) = Im(φ). Then we would set ṽ′ = φ ◦ β(ṽ) ∈ V which is also

in ker(π). One can easily check that

ṽ − ṽ′ = (v + v̄)− φ ◦ β(ṽ) = v + v̄ − φ ◦ β(v + v̄) = v + v̄ − φ ◦ β(v)− φ ◦ β(v̄) = v + v̄ − v′ − v̄ = v − v′ (10.10.13)

where we used the fact that v̄ ∈ Im(φ), hence there exists a u ∈ U such that v̄ = φ(u) and φ ◦ β(v̄) = φ ◦ β ◦ φ(u) = φ(u) = v̄. Hence it does not really matter which

preimage one initially selects, in the end the same element v − v′ ∈ V is finally picked up. Then we can set α(w) := v − v′ and check that

π ◦ α(w) := π(v)− π(v′) = w ⇒ π ◦ α = idW (10.10.14)

Thus the map α is a splitting of the sequence.

Then, as a matter of fact, one could define a splitting of a short sequence either by the map α or the map β.

We can also prove the following:

Theorem (10.10.15): If a short exact sequence splits then V ' φ(U) � α(W ).

Proof: Let us consider an element v ∈ V , set u := β(v) ∈ U and w := π(v) ∈W and define v‖ := φ(u) = φ ◦ β(v) and v⊥ := α(w) = α ◦ π(v).

We have first to show that any element v ∈ V can be split as V = φ(U) + α(W ). For,

v‖ + v⊥ = φ ◦ β(v) + α ◦ π(v) = v (10.10.16)

where we used the property (10.10.9) of the map β.

Then we have to show that the sum is direct. Let us suppose that v = α(w) = φ(u) and apply π on the left to obtain

π(v) = π ◦ α(w) = π ◦ φ(u) = 0 ⇒ π ◦ α(w) = w = 0 (10.10.17)

If one applies β on the left, one has

β(v) = β ◦ α(w) = 0 = u ⇒ u = 0 (10.10.18)

Since one has v = v‖ + v⊥ = 0, then v is necessarily zero and the sum is direct.

A short exact sequence splits iff one can find a complement W̃ � V to the subspace φ(U) � V . Since one can always find complements to linear

subspaces, then short exact sequences of vector spaces always splits.

Let us stress that given a subgroup H ⊂ G one in general cannot find a complement subgroup K ⊂ G such that G = H ⊕K. Thus short exact sequences of groups do

not in general split.

Given a short exact sequence that splits we can consider the split sequence

0 U V W 0.................................................................................................... ....................................................................................................

β
.................................................................................................... α

....................................................................................................

(10.10.19)

One can show that also the split sequence is exact.
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First of all, let us show that β ◦ α = 0. Let us consider w ∈W and set v := α(w) and u = β(v). Then one has

φ(u) = v − α ◦ π(v) = α(w)− α ◦ π ◦ α(w) = α(w)− α(w) = 0 ⇒ u ∈ ker(φ) = {0} ⇒ u = 0 (10.10.20)

Then we have β ◦ α = 0.

The map α has to be injective. We know that π ◦ α = idW . If one supposes that α is not injective, then the composition on the left with any map cannot be injective.

Hence it cannot be π ◦ α = idW , since idW is injective, which is a contradiction.

The map β has to be surjective. We know that β ◦ φ = idU . If one supposes that β is not surjective, then the composition on the right with any map cannot be

surjective. Then it cannot be β ◦ φ = idU , since idU is surjective, which is a contradiction.

Finally, one has to have ker(β) = Im(α). We already showed that Im(α) ⊂ ker(β) which is a consequence of β ◦α = 0. Then we just have to show that ker(β) ⊂ Im(α).

Let us consider v ∈ ker(β), β(v) = 0. However, v = α ◦ π(v) + φ ◦ β(v) = v = α ◦ π(v). Then v is the α-image of the element π(v) = w.

Moreover, the split sequence does, in fact, split by the split map φ : U !W , since one has β � φ = idU .

If you want to practice further with diagram chasing and exact sequences watch this.

References

add
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Chapter 11. Topological spaces

.Next Chapter

1. Topological spaces

.Next SectionLet X be a set and τ(X) be a collection of subsets of X. We say that τ(X) is a topology of X if the following properties holds true:

(1) ∅, X 2 τ(X)

(2) For any (possibly infinite) collection I of subsets Ui 2 τ(X) then the union [i∈IUi 2 τ(X)

(3) For any finite collection I of subsets Ui 2 τ(X) then the intersection \i∈IUi 2 τ(X)

The sets U 2 τ(X) are called open sets. The complement of an open set is called a closed set (thus ∅ and X are both closed and open).

On any space X, the collection τ(X) = f∅, Xg is a topology which is called the trivial topology. Also the set of all possible subsets of X is a topology

τ(X) = P(X), which is called the discrete topology. A set X together with a topology τ(X) is called a topological space.

A subset Y ⊂ X of a topological space (X, τ(X)) is a topological subspace if we define the induced topology on Y

τ(Y ) = {U ∩ Y : U ∈ τ(X)} (11.1.1)

Then (Y, τ(Y )) is again a topological space.

All possible topologies on a set X are a partially ordered set by inclusion of τ1(X) � τ2(X). In that case, we say that τ1(X) is coarser (or weaker)

topology than τ2(X) or that τ2(X) is finer (or stronger) than τ1(X). Of course, there are topologies on X that cannot be compared. The trivial

topology is weaker than any other topology, the discrete one the strongest.

Let us now consider a map φ : X ! Y between two topological spaces. We say that the map is continuous iff for any open set U 2 τ(Y ), the preimage

φ−1(U) 2 τ(X) is an open set of X.

If (X, τ(X)) is a topological space and a subset Y ⊂ X is endowed with the induced topology τ(Y ), then the canonical embedding i : Y → X is continuous, since the

preimage of an open set U ∈ τ(X) is exactly U ∩ Y ∈ τ(Y ).

Moreover, the induced topology on Y is the weakest topology on Y for which the inclusion i : Y → X is continuous. If one removes an openset from τ(Y ) then

i : Y → X become discontinuous.
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Since the identity map is always continuous, topological spaces and continuous maps form a category which is denoted by Top. A map which is

continuous with continuous inverse is called a homeomorphism (which is also a isomorphism of Top).

The space R is endowed with the standard topology of open sets U such that each point x ∈ U is contained in U with a whole open interval (x− δ, x+ δ) for some δ > 0.

Let us consider a map f : R→ R and let us endow R with its standard topology. Let U = Bε(f(x)) be an open set of R and f−1(U) its preimage.

The map is continuous iff f−1(U) is an open set of R, which in the standard topology means that it is a union of balls. Let us consider a point x ∈ f−1(U) then there

must exist a ball Bδ(x) ⊂ f−1(U), i.e.

∀Bε(f(x)),∃Bδ(x) such that f(Bδ(x)) ∈ Bε(f(x)) (11.1.2)

i.e.

∀ε > 0,∃δ > 0 such that |x′ − x| < δ ⇒ |f(x′)− f(x)| < ε (11.1.3)

Thus the standard definition of continuity is recovered.

Continuity for functions f : R→ R with respect to the standard topology reduces to the usual definition of continuity, though this definition is simpler and a bit more

general. For example, it provides a good control of continuity at isolated points in the domain. For, let us consider D = (0, 1) ∪ {2} ⊂ R and C = (0, 1] ⊂ R both

endowed with the induced topology by the standard topology in R. Then consider the map f : D → C defined as

f(x) =

{
x 0 < x < 1

1 x = 2
(11.1.4)

One can check that the map is continouus, it is one-to-one, thus invertible. The inverse map is f̄ : C → D defined by

f̄(y) =

{
y 0 < y < 1

2 y = 1
(11.1.5)

That is the inverse, though it is not continuous, since {2} is open in D and its preimage is f̄−1(2) = {1} which in fact is not open in C. In fact, C and D are not

homeomorphic, not by f anyway.

For any point x 2 X, an (open) neighbourhood of x is an open set Ux 2 τ(X) which contains x.

A family of open neighbourhoods Bx = fUi 2 τ(X) : i 2 I, x 2 Uig is called a neighbourhood basis for the point x iff for any open neighbourhood

Ux 2 τ(X) of x there exists a neighbourhood Vx 2 Bx such that Vx � Ux.

Given a neighbourhood basis Bx at any point x, then open sets are defined as arbitrary unions of elements in B = [x∈XBx.

Of course, arbitrary unions of elements in B are open sets, since B ⊂ τ(X).

On the other hand, let U ∈ τ(X) and x ∈ U . Then U is a neighbourhood of x and there exists Vx ∈ Bx such that Vx ⊂ U . Thus one can define W = ∪x∈UVx.

Obviously, W ⊂ U and U ⊂W , hence W = U , i.e.

U = ∪x∈UVx (11.1.6)

Given a subset V � X a point x 2 V is called an interior point if there exists an open neighbourhood Ux such that Ux � V . It is called an exterior

point if there exists an open neighbourhood Ux such that Ux \ V = ∅. It is called a boundary point otherwise, i.e. if all open neighbourhoods contain

both points which are in V and points which are not in V .
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The interior of a set V is the set of all interior points, it is denoted by V ◦, and, since it is the union of open neighbourhoods, it is an open set. The

exterior of a set is the set of all exterior points and it is an open set. The boundary ∂V is the set of all points which are not interior points nor exterior

points. The union of the interior and the boundary is called the closure and it is denoted by V̄ . Both the boundary and the closure are closed sets,

since their complements are open.

On Rn one can define open sets to be union of arbitrary collection of balls, a ball of center x 2 Rn and radius r > 0 being the subset

Br(x) = fy 2 Rn : d(x, y) < rg (11.1.7)

where d(x, y) = jx � yj denotes the distance on Rn induced by the standard strictly Riemannian inner product. This topology is called the standard

topology on Rn (induced by the standard metric). Then Rn with the standard topology is a topological space. Balls in Rn are an example of a

neighbourhood basis for the standard topology.

Let now (Y, τ(Y )) be a topological space and φ : X ! Y a map. By getting inspiration from the definition of the induced topology, one can define a

topology on X by

τ(X) = fφ−1(U) : U 2 τ(Y )g (11.1.8)

Of course, if U ⊂ Y is not in the image of the map φ then its preimage is empty.

That is a topology on X and the map φ is continuous once one sets τ(X) as a topology on X. The topology τ(X) is called the topology induced by φ.

The induced topology is the weakest topology on X for which the map φ is continuous.

Analogously, if (X, τ(X)) is a topological space and π : X ! Y is a surjective map one can define on Y a topology

τ(Y ) = fπ(U) : U 2 τ(X)g (11.1.9)

which is called the quotient topology. Also in this case the map π turns out to be continuous. The quotient topology defined on Y is the strongest

topology for which π is continuous.

Notice that a map φ : X ! Y is a homeomorphism iff the open sets of X are mapped onto the open sets of Y .

A topological space (X, τ(X)) is compact if from every open cover [i∈IUi = X one can extract a finite open subcover J � I such that [j∈JUj = X.

A topological space is connected iff the only subsets which are both open and closed are ∅ and X.

A topological space (X, τ) is called T0 if for any two points x, y,2 X (x 6= y) there exists an open set U 2 τ such that U contains either x or y. Of

course, a topological space with the trivial topology is not T0.

A topological space (X, τ) is T1 iff there exist two open neighbourhoods Ux 2 τ and Uy 2 τ such that y 62 Ux and x 62 Uy.
In a T1 topological space (X, τ), any point singleton fxg is a closed subset.

Consider Cx = {y ∈ X : y 6= x} = X − {x}. Then for any y ∈ Cx there exists a neighbourhood Vy such that x 6∈ Vy, hence Vy ⊂ Cx.

Accordingly, the set Cx = ∪y∈CxVy is open. Hence {x} is closed.

In a T1 space a subset of a finite number of points U = fx1, . . . xng is closed, since it is the union of a finite number of closed singletons.
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A topological space (X, τ) is T2 iff there exist two open neighbourhoods Ux 2 τ and Uy 2 τ such that Ux \ Uy = ∅. The standard topology on Rn

makes it a T2 topological space.

Two topological spaces (X, τ) and (Y, τ ′) are locally homeomorphic if for any point x 2 X there exists an open neighbourhood Ux � X and a

homeomorphism φ : Ux ! V � Y . Of course, V must be an open set in Y .

If (Y, τ ′) is T2 and (X, τ) and (Y, τ ′) are locally homeomorphic, then (X, τ) is T2.

Consider two (different) points x1, x2 ∈ X.

Since X is locally homeomorphic to Y there exists a neighbourhood U1 (and U2) of x1 (and x2) and two local homeomorphisms φ1 : U1 → V1 and φ2 : U2 → V2.

If both x1 and x2 belong to either U1 or U2 then there exists an open set U which contains both points and a homeomorphism φ : U → V ⊂ Y . Let us denote by

yi = φ(xi) ∈ V ⊂ Y . Since Y is T2, there exists two disjoint neighbourhoods V̄i each containing one and only one point, namely yi ∈ V̄i. Hence consider the open sets

Wi = φ−1(V̄i ∩ V ) ⊂ U which are disjoint neighbourhoods of xi, since φ restricted to U is a homeomorphism.

If xi do not belong to the intersection U1 ∩ U2 then we can consider U ′1 = U1 ∩ (X − Ū2) and U ′2 = U2 ∩ (X − Ū1). Of course, one has xi ∈ U ′i and

U ′1 ∩ U ′2 = U1 ∩ (X − Ū2) ∩ U2 ∩ (X − Ū1) (11.1.10)

Let us suppose for the sake of argument that z ∈ U ′1 ∩ U ′2; hence in particular z ∈ U1 and z ∈ X − Ū1. That is impossible and hence U ′1 ∩ U ′2 = ∅, by contradiction.

Accordingly, U ′i are disjoint neighbourhoods as required.

Thus, X is T2.

Partitions of unity

Let C = fUi : i 2 Ig be an open cover of X. A refinement of the cover C is an open cover D = fVj : j 2 Jg such that for any j 2 J there exists an

i 2 I such that Vj � Ui.
That is not a subcover as in the definition of compact set. Here we discard some elements of original cover as we did there. However, here we can also shrink the

remaining ones.

An open cover D = fVj : j 2 Jg is locally finite if any x 2 X belongs to a finite number of elements of the cover D, namely K = fk 2 J : x 2 Vjg � J
is a finite set for any x 2 X.

A topological space (X, τ) is paracompact iff any open cover has a refinement which is locally finite.

For a continuous function α : X ! R the support of α is the subset supp(α) = S̄ � X, where the set S � X is defined as

S = fx 2 X : α(x) 6= 0g (11.1.11)

A partition of unity subordinate to a locally finite open cover B = fUi : i 2 Ig is a collection of (continuous) functions αi : X ! [0, 1] � R (i 2 I)

such that

(1) supp(αi) � Ui
(2) at any point x 2 X there are only a finite number of functions αi which are non-zero.
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(3) at any x 2 X,
P

i∈I αi(x) = 1

Notice that, since the cover is locally finite, the sum in (3) is a finite sum at any x.

Theorem: Let (X, τ) be a T2 topological space; X is paracompact iff for any open cover B = fUi : i 2 Ig there exists a partition of unity subordinate

to B.

We shall often use the theorem to have the existence of a partition of unity on manifolds. Usually we shall use it for a smooth partition of unity on a smooth manifold.

The manifolds Rn are T2, paracompact and hence, for any open cover, there exists a partition of unity (both a continuous one and a smooth one)

subordinate to the open cover.

The partition of unity is often used to build global objects on (topological and differential) manifolds. In those cases, usually one starts from local

objects g(α) defined on a coordinate patch, and then considers an affine combination as

g =
X
α∈I

ϕ(α)g(α) (11.1.12)

using the partition of unity (U(α), ϕ(α)) as weights.

The object g defined in this way is continuous (or differentiable) since the weights ϕ(α) go to zero before the corresponding g(α) become discontinuous.

In this construction we shall use pretty much all we said until now: we need the cover defining coordinates to be locally finite, which can be done on

manifolds, which for this reason will be required to be paracompact, we need a smooth partition of the unity (which can be achieved by a series of

theorems which show how one can smooth continuous objects to become differentiable), we need fields g which are sections of suitable bundles, with

local representations which can be glued together to obtain a global section.

Using these techniques, we shall show, for example, that any manifold allows a global Euclidean metric on it.

2. Topological manifolds
.Next Section

A topological space (X, τ(X)) is called a topological manifold if it is locally homeomorphic to Rn (with the standard topology). That means that one

can cover X with open sets Ui (i 2 I) and for each such open set Ui there exists a homeomorphism ϕi : Ui ! ϕi(Ui) � Rn.

Since X is locally homeomorphic to Rn, it is necessarily paracompact and T2.

A point x 2 X corresponds to a point ϕi(x) 2 Rn, i.e. an n-tuple xµ of real numbers. The map ϕi is called a chart and the numbers xµ are called

the coordinates of the point x. A collection of charts (Ui, ϕi)i∈I which covers the whole X is called an atlas. The inverse of a chart is called a (local)

parameterisation.
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Generally, a point x 2 X can belong to more than one chart. Let us supose that x 2 Ui \Uj so that it can be represented by two different coordinate

sets, namely xµ = ϕi(x) and x′µ = ϕj(x). Of course, one has

x′µ = ϕj(x) = ϕj � ϕ−1
i (ϕi(x)) = ϕj � ϕ−1

i (xµ) (11.2.1)

Let us set Uij = Ui \Uj and ϕji = ϕj �ϕ−1
i : ϕi(Uij)! ϕj(Uij) which are local homeomorphisms of Rn and are called the transition maps between the

charts i and j. By construction, transition maps are continuous with continuous inverse (i.e. they are a composition of homeomorphisms) and they

have the following properties

(1) ϕii = id

(2) ϕij � ϕji = id

(3) ϕij � ϕjk � ϕki = id

which are called cocycle identities.

Now suppose one has a family of patches Vi 2 Rn (with i 2 I), i.e. open sets, ideally homeomorphic to balls. For any pair of patches Vi and Vj , one

can have two subsets Vji � Vi and Vij � Vj and a homeomorphism ϕij : Vij ! Vji. If one has no such homeomorphism, one can set Vji = Vij = ∅. Let

us also suppose that the family of homeomorphisms ϕij (when they are defined, i.e. when Vij 6= ∅) obeys cocycle identities.

Thus we can build a topological manifold X, which is unique modulo homeomorphisms. Let us start by defining the disjoint union of the patches Vi,

i.e.

X̂ =
a
i∈I

Vi = [i∈I (fig � Vi) (11.2.2)

A point of X̂ is in the form (i, x) with i 2 I and x 2 Vi. We can define an equivalence relation � on X̂ by setting

(i, x) � (j, y) () y = ϕji(x) (11.2.3)

This is an equivalence relation and we can define the quotient space X = X̂/ �. A point in X is an equivalence class [(i, x)] which, besides the

representative (i, x), contains all the other equivalent representatives (j, y) with y = ϕji(x), if any.

Let us show that X is a topological manifold.

Let us set Ui = {([(i, x)] : i ∈ I, x ∈ Vi} and define the map ϕi : Ui → Vi : [(i, x)] 7→ x. The sets Ui are an open covering of X (in the quotient topology induced by the

projection π : X̂ → X) and the charts ϕi are homeomorphisms. Thus X is a topological manifold.

Transition maps between the charts ϕi and ϕj are by construction the maps ϕji.

Let us now suppose there is another topological manifold Y with an atlas (Wi, ψi) with transition maps ϕji and let us show that Y is homeomorphic to X.

One can define the maps ψ−1
i ◦ ϕi : Ui →Wi. They do not depend on the chart since in a nearby chart j one has the map

ψ−1
j ◦ ϕj : Uj →Wj (11.2.4)

which glue together since p = [(j, y)] = [(i, ϕij(y))] ∈ Ui

ψ−1
j ◦ ϕj(p) = ψ−1

j ◦ ϕj [(j, y)] = ψ−1
j (y) = ψ−1

i (ϕij(y)) = ψ−1
i ◦ ϕi[(i, ϕij(y))] = ψ−1

i ◦ ϕi(p) (11.2.5)
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and thus they define a global homeomorphism φ : X → Y .

Then one can define topological manifolds by glueing together patches (any topological manifold can be constructed in this way) modulo homeomor-

phisms. Notice that the topological manifold is an intrinsic object defined independently of charts and its points can be defined as equivalence classes

of coordinate representations. This provides an equivalent definition of manifold which is particularly insightful for physics, though it defines the same

objects as the intrinsic definition.

3. Čech cohomology

.Next SectionLet G be an Abelian group and X a topological space with a locally finite open cover [i∈IUi = X. Of course, on topological manifolds one always

has locally finite open coverings. The Abelian group can be written in additional (G,+) or multiplicative (G, �) notation.

Given a locally finite open covering of X let us set Uij = Ui \ Uj , Uijk = Ui \ Uj \ Uk whenever such sets are non-empty. Being the covering locally

finite sooner or later these intersections will become all empty.

Let us define a 0-cochain a function associating at each Ui an element of G, denoted by (g) : Ui 7! (g)i.

A 1-cochain a function associating at each intersection Uij an element of G, denoted by (g) : Uij 7! (g)ij .

A 2-cochain a function associating at each intersection Uijk an element of G, denoted by (g) : Uijk 7! (g)ijk and so on for k-cochains.

The set Ck(U, G) of k-cochains is a group with the product

(g + h)i0i1...ik = (g)i0i1...ik + (h)i0i1...ik (g � h)i0i1...ik = (g)i0i1...ik � (h)i0i1...ik (11.3.1)

Here everything depends on the cover one chooses in the beginning. For that reason one should consider finer and finer coverings and compute some sort of limit with

respect to the cover. One can show, that at some point, the objects we are going to define will become constant with respect to further refinements, and they become

associated to the space X more than to its cover U.

We can define the coboundary operator δ taking k-cochains and returning (k + 1)-cochains. For k = 1, one sets

(δg)ijk = (g)ij � (g)ik + (g)jk (δg)ijk = (g)jk � (g)−1
ik � (g)ij (11.3.2)

For k = 0, one sets

(δg)ij = (g)i � (g)j (δg)ij = (g)i � (g)−1
j (11.3.3)

One can easily show that δδ(g) = e; for a 0-cochain (g), one has (δg)ij = gi + gj (or (δg)ij = gi � g−1
j ) and

(δδg)ijk =(δg)jk � (δg)ik + (δg)ij = gj � gk � gi � gk + gi � gj = gj � gk + gk � gi + gi � gj = 0

(δδg)ijk =(δg)jk � (δg)−1
ik � (δg)ij = gj � g−1

k � (gi � g−1
k )−1 � gi � g−1

j = gj � g−1
k � gk � g−1

i � gi � g−1
j = 1

(11.3.4)
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We say that a cochain (g) is a cocycle iff (δg) = 1. It is a coboundary iff there exists a chain (h) such that (δh) = (g). In view of the identity δ2 = 1,

any coboundary is also a cocycle, though not the other way around.

Let us denote by Zk(U, G) the set of k-cocycles and by Bk(U, G) the set of k-coboundaries, which inherit a group structure from cochains, since one

can show that δ(g + h) = δg + δh. Two k-cocycle are said to be cohomologically equivalent (g) � (h) iff (g−1 � h) is a coboundary.

This is an equivalence relation on Zk(U, G) and we define the quotient Hk(U, G) = Zk(U, G)/ �= Zk(U, G)/Bk(U, G) which inherits a group structure

from Zk(U, G). The group Hk(U, G) is called the k-cohomology Čech group.

One can extract some information about a topological space X from these cohomology groups Hk(U, G) (once one suitably gets rid of the dependence

of the open covering).

This structure is quite flexible, even though one should apply extra care when allowing more general stuff. One can repeat the discussion for the

group G = fγ : U ! Gg of point dependent group elements, with the pointwise sum inheredit from G. One can choose a different group for any open

set (e.g. homotopy groups based at a point). Some of the discussion above can be even adapted to non-commutative groups, though in that case a lot

of the structure is eventually lost due to non-commutativity. However, the framework in that case can be applied to manifolds to classify inequivalent

transition functions.

Classification of manifolds

The whole construction of Čech cohomology relies on the fact that the group G is commutative. Let us keep the terminology also for the case in

which the group is non-commutative, a case in which things are much more difficult to be treated in this generality. We shall consider some simple

cases which do not misbehave too wildly taking the (pseudo)group Homloc(X) of local homeomorfisms on X.

The transition maps (ϕ) : Uij 7! (ϕ)ij can be regarded as a 1-cochain. The coboundary of such a cochain is

(δϕ)ijk = (ϕ)jk � (ϕ)−1
ik � (ϕ)ij = id (11.3.5)

Thus (ϕ) is in fact a cocycle in view of cocycle identities (which are called in that way because of it).

Let us consider a homeomorphism φ : X ! Y between two topological manifolds and consider two coverings Ui of X and Vi = φ(Ui) of Y . Let

(ϕ)ij be the cocycle of transition maps on X and (ψ)ij be the cocycle of transition maps on Y . The homeomorphism φ : X ! Y restricts to local

homeomorphisms φi = ψi � φ � ϕ−1
i : ϕi(Ui)! ψi(Vi) and hence defines a 0-cochain (φ)i = φi.

One has

φj = ψj � φ � ϕ−1
j = ψji � φi � ϕij ) ψij � φj = φi � ϕij (11.3.6)

We say that the 1-cocycles (ϕ)ij and (ψ)ij are cohomologically equivalent iff there exists a 1-cochain (φ)i such that ψij � φj = φi �ϕij (notice that for a

commutative group this reduces to the notion of coboundaries, namely in additive notation to (ψ)� (ϕ) = δ(φ), in standard Čech setting). However,

this defines an equivalence relation between 1-cocycles and it defines a cohomology class H1 = Z1/B1. One immediately has that topological manifolds

modulo homeomorphism are in one-to-one correspondence with H1 defined in this way.

Notice also that X is homeomorphic to Rn iff its transition cocycle is a coboundary (as one obtains just setting ψij = id).
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The same consideration can be done to classify isomorphic bundles. We shall do it in due time.
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Chapter 12. Smooth Manifolds

.Next Chapter

1. The category of smooth manifolds

.Next SectionWe defined the category of topological manifolds C0(M).

It may happen that a space M can be covered with an atlas such that its transition functions ϕij : Rm ! Rm are not only homeomorphisms, but

they turn out to be more regular. For example, if all transition functions are of class Ck then we say that M is a manifold of class Ck.
On a Ck-manifold, one can define Ck-maps. In fact, let us consider two Ck-manifolds, namely M and N , and a map Φ : M ! N . Let us consider a

pair of charts, one (Uα, ϕα) around x 2M and another (Vα, φα) around y = Φ(x) 2 N . The local expression of the map Φ is given by local maps as

Φα = φα � Φ � ϕ−1
α : Rm ! Rn (12.1.1)

In another pair of charts (Uβ, ϕβ) and (Vβ, φβ), one has another local expression for the same map, namely

Φβ = φβ � Φ � ϕ−1
β = φβ � φ−1

α � φα � Φ � φα � φ−1
α � ϕ−1

β = φβα � Φα � �ϕ−1
βα (12.1.2)

Of course, if this local expression is of class Ck in a pair of charts, it has the same regularity in any pair of charts. Being of class Ck thus does not

depend on the charts and it is a feature of Φ.

Here, of course, we take for granted the notion of a Ck-map from Rm to Rn and we define a Ck-map Φ between manifolds as a map with local expressions Φα given by

(12.1.1) which are Ck-map from Rm to Rn.

Notice that, on C3 manifolds, one cannot define C4 maps, since a map which is C4 in a pair of charts is not necessarily C4 in other charts, since transition functions are

C3 only.

Let us also remark, once and for all that, by an abuse of language, when we write Φα : Rm → Rn we actually mean that the map is defined on some open set Uα ⊂ Rm

onto some open set Vα ⊂ Rn. In fact, to be precise, we should write Φα : Uα → Vα, instead.

The category of Ck-manifolds with Ck-maps is denoted by Ck(M). Analogously, we can define the category of C∞-manifolds with C∞-maps which is

denoted by C∞(M)=Man, and analytic manifolds with analytic maps which is denoted by Cω(M).
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Diffeomorphisms

On a smooth manifold M , one can define smooth maps Φ : M ! N , endomorphisms Φ : M ! M , and isomorphisms Φ : M ! M , which are also

called diffeomorphisms.

A C∞-map can be one-to-one, so having an inverse map, and still the inverse function fail to be continuous. In these cases of course the morphism is

not invertible as such. It has an inverse in the category of sets, not in the category of manifolds.

A C∞-map can be one-to-one, so having a continuous inverse map, and still failing to be invertible in the category of smooth manifolds. That happens

when the inverse map exists, it is continuous (thus it is invertible in the category of topological manifold), though the inverse in not smooth.

The function f : R→ R : x 7→ x3 is one-to-one and it has a continuous inverse f−1 : R→ R : y 7→ 3√y. However, the inverse is not smooth, since its derivative is

(f−1)′(y) = 1
3y
−2/3 =

1

3 3
√
y2

(12.1.3)

which, of course, fails to be defined at y = 0.

A global endomorphism is a diffeomorphism is has a Jaconian which is anywhere non-degenerate on M . The set of maps which are isomorphisms

in the category of smooth manifolds, form a group by composition, the identity being the neutral element, and it is denoted by Diff(M). That is a

pretty bad group. It is infinite dimensional and very little is known in general about it. Unfortunately, it is a fundamental structure of spacetimes in

relativistic theories.

Let us also mention a bit of abuse of notation which is sometimes common about smooth manifolds. Mathematicians usually refer to a manifold as a

particular object of the category of smooth manifolds. Two spheres of different radius are two different manifolds, and one, for example, can map one

into the other.

Physicists, often mean by manifold the equivalence class of objects modulo diffeomorphisms. When they say that spacetime is a manifold, actually

they often mean that spacetime is a particular manifold, or any manifold which is diffeomorphic to it. In other words, they often identify diffeomorphic

manifolds. This is due to the covariance principle and the associated hole arguments which is discussed in Chapter 2.

Functions and curves on a manifold

Since R (and C) is a smooth manifold itself we have smooth maps F : M ! R (F : M ! C) which are called (real) functions (or complex functions)

on M . The set of (real or complex) functions on M form an algebra (and a ring) denoted by F(M) (or F(M ;C)).

Even if R and C are fields, F(M) and F(M ;C) are not, since there exist functions with zeros for which 1/F is not a function, since it is not defined

on the zeros of F .

Also maps γ : R!M are provided with a special name. They are called (parameterised) curves on M . The set of all parameterised curves is denoted

by Γ(M), they are also sections of a special bundle π : R�M ! R.

As for maps, when we write γ : R→M we do not really mean that the map is defined on the whole R, we just what it to be defined on some interval I, being it open

or closed depending in the context, usually at least such that 0 ∈ I.
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2. Examples of smooth manifolds

.Next SectionLet us give some examples of manifolds.

Generally speaking, to prove that something is a manifold, we shall define a cover by charts and check that transition functions are smooth. This

is a bit awkward with respect to the mathematical definition on books, which usually requires to start from quite a special topological space (T2,

paracompact) and then to define on it a canonical maximal atlas.

The two definitions turn out to be equivalent since, in view of the atlas one eventually has, the original space turns out to be locally homeomorphic to

Rm (hence T2 and paracompact, since these properties are preserved by local homeomorphisms) and any finite atlas defines a maximal atlas (essentially

by adding all compatible charts, or by Zorn lemma, even if in this case one does not really need it).

For us, a manifold is a set which allows an atlas, so a set with two atlases may be regarded as the same manifold if the two atlases are compatible,

i.e. if the union of the two atlases is still an atlas of the same regularity class.

Vector spaces

Any vector spaces V of dimension n is a manifold. If one fixes a basis ei of it then one can define a global chart

c : V ! Rn : v 7! vi v = viei (12.2.1)

Being global, this chart forms an atlas on its own.

Such coordinates are called Cartesian coordinates. Given two systems of Cartesian coordinates transition functions takes the form wi = Λi
jv
j , where

Λi
j is the transition matrix between the two bases. If one forms an atlas with all possible Cartesian coordinates on V then transition functions take

values in GL(V ), which of course is a much smaller group than Diff(Rm).

Of course, on the manifold R2 we can use Cartesian coordinates (x, y) as well as any other coordinate system which is compatible with it. For example,

polar coordinates (r, θ) are C∞-compatible since transition functions

ϕ : (r, θ) 7! (x = r cos θ, y = r sin θ) (12.2.2)

are C∞ maps defined on the plane except a semi line. By using two distinct origins and two different semi-lines, one can cover R2 with polar charts

only.

Although polar coordinates are perfectly fine on R2 as a manifold, they do not preserves linear structure (transition functions are in Diff(Rm), not in

GL(R2)). In some sense, Cartesian coordinates are characteristic of vector spaces.

Affine spaces

Cartesian coordinates can be extended on affine spaces as well. Let A be an affine space of dimension n and consider a reference frame, i.e. an origin

and a basis (O, ei) in the model V . A global chart is associated to the reference frame as

c : A! Rn : A 7! vi A = viei +O (12.2.3)

:Index: :AIndex: :Symbols: :Notation:



Examples of smooth manifolds 579

Again this chart is global and it forms an atlas on its own. Given two systems of Cartesian coordinates transition functions takes the form

wi = Λi
jv
j + δi (12.2.4)

where Λi
j is the transition matrix between the two bases and δi are the components of the vector O � O′. If one forms an atlas with all possible

Cartesian coordinates on A then transition functions take values in GA(A).

Also in this case, since affine spaces are also manifolds, one can consider more general coordinates on them. However, on affine spaces one can always

restrict to special atlases which have transition function valued in GA(A), only.

Projective spaces

Let us here consider (real) projective spaces Pn = P(Rn+1). Points in Pn denote directions in Rn+1.

For, let us consider Rn+1 � f0g and define the equivalence relation

x � y () 9λ 2 R� f0g : y = λx (12.2.5)

The quotient space Pn := (Rn+1�f0g)/ � is called the n-th (real) projective space. A point p 2 Pn is a class p = [x0, x1, . . . xn] = f(λx0, λx1, . . . λxn) :

λ 2 R� f0gg, where xµ cannot be all simultaneously zero. We shall here show that the projective space Pn is a manifold and build an atlas for it.

Let us consider the points U(0) = fp = [x0, x1, . . . , xn] : x0 6= 0g � Pn and define the map

ϕ(0) : U(0) ! Rn : p = [x0, x1, . . . , xn] 7! (x
1

x0 , . . . ,
xn

x0 ) (12.2.6)

The map ϕ(0) is obviously one-to-one on U(0). Since xµ cannot be all simultaneously zero, we can cover the whole Pn with n + 1 charts (U(µ), ϕ(µ))

defined as above. The charts induce a topology on Pn which makes Pn a (topological) manifold.

Let us compute transition functions between ϕ(0) and ϕ(1). The point (x1, . . . , xn) 2 Rn is mapped by ϕ−1
(0) to [1, x1, . . . , xn] = p. Let us now suppose

that p 2 U(1) (i.e. x1 6= 0) so that ϕ(1)(p) = ( 1
x1 , . . . ,

xn

x1 ). Thus the transition function ϕ(10) is defined over V(i) = f(x1, . . . , xn) : xi 6= 0g � Rn and it is

ϕ(10) : V(1) ! V(1) : (x1, x2, . . . , xn) 7! ( 1
x1 ,

x2

x1 , . . . ,
xn

x1 ) = ( 1
x1 ,

x2−1
x1 + 1

x1 , . . . ,
xn−1
x1 + 1

x1 ) (12.2.7)

which is a C∞-map on V(1). Accordingly, the projective space Pn is a C∞-manifold. It is covered by (n + 1)-charts (U(µ), ϕ(µ)) which are called the

affine charts.
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Fig. 14.1: The projective space P1

Let us consider P1 as the set of directions in the plane R2. A point p 2 P1 is in the form p = [x, y] with (x, y) 6= (0, 0). We can cover it with two

charts: ϕ(0) is defined on U(0) = f[x, y] : x 6= 0g which corresponds to the whole P1 except a point P0 = [0, y] with y 6= 0 so that fP0g = f[0, 1]g � P1.

The other chart is ϕ(1) which is defined on U(1) = f[x, y] : y 6= 0g which corresponds to the whole P1 except the point P1 = [x, 0] with y 6= 0 so that

fP1g = f[1, 0]g � P1.

Since both U(0) and U(1) are homeomorphic to R we already discovered that P1 is in a sense made by adding a point to R. As one gets near the point

P1 in the chart ϕ(0) the image point goes to the infinity of R. The point P1 on the other hand is mapped by ϕ(1) to the point 0 2 R.

Thus P1 is obtained by glueing together two copies of R along the map ϕ(0,1) : R� f0g ! R� f(0)g : x 7! 1/x as shown in the Figure. We shall see

hereafter that the result is a circle S1.

Let us then consider P2 as the set of directions in the space R3. A point p 2 P2 is in the form p = [x, y, z] with (x, y, z) 6= (0, 0, 0). We can cover it

with three charts: ϕ(0) is defined on U(0) = f[x, y, z] : x 6= 0g which corresponds to the whole P2 except the line L0 = f[0, y, z] : (y, z) 6= (0, 0)g � P2.

Since y and z cannot be zero at the same time, the subset L0 is diffeomorphic to a copy of P1. The chart ϕ(1) is defined on U(1) = f[x, y, z] : y 6= 0g
which corresponds to the whole P2 except the line L1 = f[x, 0, z] : (y, z) 6= (0, 0)g � P2 and it is again diffeomorphic to a copy of P1. The last chart

ϕ(2) is defined on U(2) = f[x, y, z] : z 6= 0g which corresponds to the whole P2 except the line L2 = f[x, y, 0] : (x, y) 6= (0, 0)g � P2 and it is again

diffeomorphic to a copy of P1.

Since U(0), U(1) and U(2) are homeomorphic to R2 we already discovered that P2 is in a sense made by glueing together a copy of P1 to R2. As one

gets near a point on L1 in the chart ϕ(0) the image point goes to the infinity of R2 in a specific direction (meaning that approaching L1 on the other

side corresponds to go to infinity on the opposite direction).

Thus P2 is obtained by glueing together three copies of R2 along the map ϕ(0,1) : R2 � f(0, z)g ! R2 � f(0, z)g : (x, z) 7! (1/x, z/x). However, this is

not a sphere S2 (in fact P2 is not orientable).

The sphere Sn

Let us consider a sphere Sn of dimension n sitting in Rn+1 by the embedding i : Sn ! Rn+1 as the unit sphere, namely i(p) = (x0, x1, . . . , xn) which

satisfy the equation (x0)2 + (x1)2 + . . .+ (xn)2 = 1.

We shall define on Sn an atlas made of two charts, which exhibits the manifold structure of Sn. Let us consider two points N = (1, 0, . . . , 0) and

S = (�1, 0, . . . , 0) on Sn, called the north pole and the south pole, respectively. Let us set SnN := Sn � fNg and SnS := Sn � fSg and define the two

maps
ϕN :SnN ! Rn :

:(x0, x1, . . . , xn) 7! xiN :=
xi

1� x0

ϕS :SnS ! Rn :

:(x0, x1, . . . , xn) 7! xiS :=
xi

1 + x0

(12.2.8)
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The maps given above correspond to project a point P on the sphere from one pole to the equatorial plane (and of course they fail to be defined when the point P

coincides with the pole from which one is projecting). Reasoning in Rn+1, one has the line through the pole (e.g. N) and P = (x0, x1, . . . , xn) ∈ SnN (thence with

x0 6= 1) as

γ : R→ Rn+1 : s 7→


s(x0 − 1) + 1

sx1

...

sxn

 (12.2.9)

which intersects the equatorial plane (0, x1, . . . , xn) at the point (0, xi

1−x0 ) when s = 1
1−x0 . The map ϕN follows by identifying the equatorial plane with Rn.

We can compute the transition map ϕ(NS) : Rn � f(0)g ! Rn � f(0)g by solving for (x0, xi) the system8<
:xiS =

xi

1 + x0

(x0)2 + (x1)2 + . . .+ (xn)2 = 1

8<
:
x0 = 1−|xS |2

1+|xS |2

xi =
2xiS

1+|xS |2
(12.2.10)

which gives the inverse chart

ϕ−1
S : Rn ! SnS : xiS 7!

 1−|xS |2
1+|xS |2

2xiS
1+|xS |2

!
(12.2.11)

where we set jxS j2 = (x1
S)2 + . . .+ (xnS)2. The map ϕ−1

S is also known as a parameterisation of the sphere.

Then transition functions are

ϕ(NS) = ϕN � ϕ−1
S : Rn � f0g ! Rn � f0g : xiS 7! xiN :=

xiS
jxS j2 (12.2.12)

which is a diffeomorphism where it is defined. Accordingly, Sn is a C∞-manifold.

The transition function for n = 1 reads as

ϕ(NS) : R1 � f0g ! R1 � f0g : xS 7! xN := 1
xS

(12.2.13)

which in fact coincides with the transition function of projective space P1.

Thus, both S1 and P1 are obtained by glueing together two patches isomorphic to R. On S1 one has two patches with coordinates xS and xN , respectively. On P1

one has two patches with coordinates x and y, respectively.

We can define two local maps between S1 and P1 defined by their local expressions as

Φ1 : S1
S → U(1) : xS 7→ x Φ2 : S1

N → U(2) : xN 7→ y (12.2.14)

These two local diffeomorphisms glue together because they are compatible with transition functions

S1 S1

P1 P1

..........................................................
.....
.......
.....

Φ1

..........................................................
.....
.......
.....
Φ2

.......................................................................................................................................... ............
ϕSN

.......................................................................................................................................... ............
ϕ(0,1)

xS xN = 1
xS

x y = 1
x

..........................................................
.....
.......
.....

................

Φ1

..........................................................
.....
.......
.....

................

Φ2

............................................................................................................ ............

................

ϕSN

............................................................................................................................. ............

................

ϕ(0,1)

(12.2.15)
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and they define a global diffeomorphism Φ : S1 → P1.

3. Manifolds with boundary

.Next SectionLet us consider Hn
+ = fxµ 2 Rn : x0 � 0g the (closed) half-plane in Rn. The half-plane Hn

+ is a subset of Rn and it gets a topology induced by the

standard topology in Rn. Accordingly, it is a topological space.

Open sets in Hn
+ are of two types. If you consider a ball U in Rn which does not intersect the hyperplane x0 = 0, then U ∩Hn

+ is an open set in Hn
+. These are either

the empty set ∅ or they coincide with U and, in that case, they are called ball-shaped open sets.

If the ball U intersects the hyperplane x0 = 0, then U ∩ Hn
+ is called a half-ball-shaped open set in Hn

+. An half-ball-shaped open set in Hn
+ is made by its interior

which is a ball of Rn, together with a ball in Rn−1.

However, Hn
+ is not a topological manifold.

In order to be a manifold there should be an atlas and, consequently, any point would be locally homeomorphic to an open set in Rn.

On the other hand, if one considers xµ with x0 = 0 any of its neighbourhood is not homeomorphic to a ball in Rn since they all are in fact half-balls.

In Hn
+ one can define two types of points: a point x 2 Hn

+ is interior if it has a neighbourhood which is homeomorphic to a ball of Rn. A point x 2 Hn
+

is boundary if any neighbourhood of it is homeomorphic to a half-ball of Rn.

Mind the asymmetry in quantificators.

One can define two subsets: Int(Hn
+) = fxµ 2 Rn : x0 > 0g is made of all interior points and ∂Hn

+ = fxµ 2 Rn : x0 = 0g is made of all boundary

points. Of course, one has that Hn
+ = Int(Hn

+) [ ∂Hn
+ as well as Int(Hn

+) \ ∂Hn
+ = ∅.

Both the interior part Int(Hn
+) and the boundary ∂Hn

+ of the half plane are submanifolds. While the interior part is a manifold of dimension n covered

by the restriction of a global chart in Rn, the boundary ∂Hn
+ ' Rn−1 is a sub-manifold of dimension n� 1.

A local Ck-map on Hn
+ is a map φ : U ! V for two open sets U and V in Hn

+ (thus possibly half-balls of Rn) such that there exist two open sets U ′

and V ′ in Rn such that U � U ′ and V � V ′ and a Ck-map φ̂ : U ′ ! V ′ which restricts to φ on U � U ′. The map φ̂ is called an extension of φ.

A local Ck-transformation on Hn
+ is a Ck-map φ : Hn

+ ! Hn
+ which is invertible and the inverse map φ−1 : Hn

+ ! Hn
+ is a local Ck-transformation on

Hn
+, too.

A local Ck-transformation φ : Hn
+ → Hn

+ maps boundary points to boundary points and internal points to internal points.

Let us consider an internal point x ∈ Int(Hn
+), which means that one can find a ball D ⊂ Hn

+ which is a neighbourhood of x. Then φ(D) ⊂ Hn
+ is a ball, since it

coincides with φ̂(D) and the extension φ̂ maps balls into balls. Then φ(x) has a ball-shaped neighbourhood φ(D), hence φ(x) is internal.

On the other hand, let us consider a boundary point x ∈ ∂Hn
+ and suppose, for the sake of argument, that φ(x) is internal. Then it would have a ball-shaped

neighbourhhod D ⊂ Hn
+ and φ̂−1(D) ⊂ Hn

+ would be a ball-shaped neighbourhood of x, which then would be internal, contradicting the hypothesis. Then φ(x) is

boundary as well.
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A manifold with boundary (of dimension m) is a topological space M which allows an atlas (Uα, ϕα) with charts ϕα : Uα ! Hm
+ which are Ck-

transformations defined on the half plane. Transition functions ϕ(αβ) = ϕα � ϕ−1
β are in fact local Ck-transformations on the half plane Hm

+ .

Equivalently, one can define manifolds with boundary as a collection of open patches Vα ⊂ Hm+ together with a family of glueing local Ck-transformations ϕ(αβ) : Vβ → Vα

obeying cocycle identities. The construction closely follows the construction for manifolds.

x
y

Fig. 14.2: Example of a set which has a boundary of a boundary which is not a manifold with boundary

One can define interior points of M as the points x 2M which are mapped to interior points by a chart (and then by any chart). The set of interior

points is denoted by Int(M) �M and it is a manifold (just using the induced atlas).

Boundary points of M are the points x 2 M which are mapped to boundary points by a chart (and then by any chart). The set of boundary points

is denoted by ∂M �M and it is called the boundary of M . It is a sub-manifold of dimension (m� 1) (just using the induced atlas).

Notice that the boundary ∂M of a manifold with boundary M is a manifold, not a manifold with boundary.

Since manifolds could be defined as manifolds with boundaries with an empty boundary (i.e. with ∂M = ∅), then one has ∂∂M = ∅.

in order to have boundaries of boundaries one should define more general objects, see for example Figure 14.1, which are not manifolds with boundaries since the point

x (nor point y) has neighbourhoods which are not balls or half-balls.

4. Tangent vectors

.Next SectionTangent vectors are defined to be equivalence classes of curves on a manifold M of dimension dim(M) = m.

Let us consider the set Γ(M) of all (parameterised) curves in M . We define the relation

γ � γ′ () 8F : M ! R, T 1
0 (F � γ) = T 1

0 (F � γ′) (12.4.1)

where F � γ, F � γ′ : R! R and T 1
0 denotes the first Taylor polynomial at s = 0.

Although, the equivalence relation is obviously independent of the chart, let us consider its expression in a fixed chart (U, xµ). The local expression

of the curves in coordinates are

γ : R!M : s 7! xµ = γµ(s) γ′ : R!M : s 7! xµ = γ′µ(s) (12.4.2)
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while the local expression of the function F is given by

F : M ! R : xµ 7! F (x) (12.4.3)

Thus the functions F � γ, F � γ′ : R! R are expressed as

F � γ : R! R : s 7! F (γ(s)) F � γ′ : R! R : s 7! F (γ′(s)) (12.4.4)

so that the Taylor expansion reads as

T 1
0 (F � γ) = F (γ(0)) + ∂µF (γ(0))γ̇µ(0)s T 1

0 (F � γ′) = F (γ′(0)) + ∂µF (γ′(0))γ̇′µ(0)s (12.4.5)

If the equality T 1
0 (F � γ) = T 1

0 (F � γ′) must hold for any function F , that means it must be γ(0) = γ′(0) and γ̇µ(0) = γ̇′µ(0).

Thus two curves γ and γ′ are equivalent iff (
γ(0) = γ′(0) =: x

γ̇µ(0) = γ̇′µ(0)
(12.4.6)

We can check directly that conditions (12.4.6) do not depend on the chart, i.e. if two curves are equivalent in one chart, they are equivalent in any compatible chart.

Let us consider a new chart x′µ = x′µ(x). The new local expression of the two curves are

γ : R→M : s 7→ x′µ = x′µ (γ(s)) γ′ : R→M : s 7→ x′µ = x′µ (γ′(s)) (12.4.7)

and the conditions for them to be compatible reads as{
x′µ (γ(0)) = x′µ (γ′(0))

Jµα γ̇
α(0) = Jµα γ̇

′α(0)
⇐⇒

{
γ(0) = γ′(0) =: x

γ̇µ(0) = γ̇′µ(0)
(12.4.8)

since transition functions x′µ = x′µ(x) are invertible (and thus the Jacobians are invertible as well).

Of course, the independence of the chart of (12.4.6) follows more directly for the fact that they come as local expression of an intrinsic condition. Still the direct proof

is somehow interesting on itself since it does not rely on the notion of intrinsic and eventually it contributes to define what intrinsic means in differential geometry.

Let us define the tangent

TM = Γ(M)/ � (12.4.9)

and a point [γ] 2 TM is called a tangent vector to M at the point γ(0) 2M .

The idea is extremely simple and fundamental. The velocity of a motion in a manifold is certainly tangent to the manifold. Thus the motions which share the same

velocity do define a tangent vector.

This reminds the fact that tangent vectors are defined using derivatives and derivatives have been introduced to model velocities.

[That is not exactly historically accurate: derivatives have been introduced as inverse to the problem of area, i.e. integrals. However, one could say that they could

have been introduced to model velocities.]

Let us denote by TxM � TM the subset of all tangent vectors at a point x 2M .
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Let us define on Tx0
M the operations

[γ] + [γ′] = [xµ0 + vµs] + [xµ0 + wµs] = [x0 + (vµ + wµ)s] λ[γ] = λ[xµ0 + vµs] = [x0 + λvµs] (12.4.10)

One should show that these definitions do not depend on the representative chosen for the curves.

Then, endowed with these two operations, the set Tx0M is a vector space.

Notice how, given a chart, a tangent vector [γ] is identified by the 2m numbers (γµ(0), γ̇µ(0)) which are in fact shared by all representatives of the

class [γ].

We aim hereafter to show what the numbers (γµ(0), γ̇µ(0)) represent and how they depend on the chart.

For the first item let us consider a chart and the m-families of curves (locally defined within the domain U of the chart)

cα : R! U : s 7! xµ = xµ0 + δµαs (12.4.11)

The curve cα is called the αth coordinate curve through the point x0.

The corresponding tangent vectors [cα] are also denoted by ∂α = [cα] and they form a basis of the vector space Tx0
M .

In fact, a general tangent vector at x0 is in the form

[γ] = [xµ0 + vµs] = [xµ0 + vαδµαs] = vα[cα] = vα∂α (12.4.12)

so that ∂α are generators of Tx0M .

The zero vector ~0 ∈ Tx0
M is the class of the constant motion ~0 = [xµ0 ]. Thus a linear combination vα∂α equals the zero vector iff

~0 = vα∂α = [xµ0 + vµs] = [xµ0 ] ⇐⇒ vµ = 0 (12.4.13)

Consequently, the vectors ∂α are independent. Being independent generators they form a basis.

Since Tx0M has a basis of m elements one has dim(Tx0M) = m.

The basis ∂α of Tx0
M is called the natural basis induced by the chart.

Thus if a tangent vector [γ] is identified by 2m numbers, namely (xµ0 , v
µ) := (γµ(0), γ̇µ(0)), the first m numbers xµ0 := γµ(0) are the coordinates of

the application point x0, while the second set of m numbers vµ := γ̇µ(0) are the components of the vector ~v = [γ] in the basis ∂α, namely one has

~v = vµ∂µ. As far as the second issue is concerned, if we consider a new chart (U, x′µ) and the transition functions x′µ = x′µ(x) are known, then the

coordinate curve cα in the old chart, defines a tangent vector ∂α which can be expanded in the new natural basis ∂′α, in fact

∂α = [cα] = [x′µ(xλ0 + δλαs)] = [x′µ0 + Jµλ δ
λ
αs] = [x′µ0 + Jλαδ

µ
λs] = Jλα∂

′
λ (12.4.14)

where we applied to this case the equation (12.4.12). Thus a tangent vector ~v = vα∂α = vαJµα∂
′
µ = v′µ∂′µ is expressed by the components vα in the old

chart and by the components

v′µ = Jµαv
α (12.4.15)

in the new chart.
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We can define an atlas for TM made of natural coordinates (xµ, vµ) depending on an atlas of M such that transition functions on TM are given by(
x′µ = x′µ(x)

v′µ = Jµαv
α

(12.4.16)

If charts on M are compatible of class Ck, then the corresponding natural charts on TM are of class Ck−1 (due to the Jacobian which reduces regularity

by one order). Accordingly, if M is a smooth manifold, its tangent TM is a smooth manifold dimension dim(TM) = 2m. Of course, once TM is

endowed with the structure of smooth manifold by the natural atlas, then the atlas can be enriched by adding all C∞-compatible charts.

We shall endow TM with a richer structure of (vector) fiber bundle in Section 16.2. In any event, one has a special map π : TM ! M : (x,~v) 7! x

which associates to any tangent vector its application point. This is a surjective smooth map called the projection and we shall show it is of maximal

rank, namely rank(π) = m.

Higher order tangent spaces

Similarly to tangent vectors, we can define higher order vectors by considering equivalence relations which use higher order Taylor expansion. For

example, we can define T 2M as the space of equivalence classes [γ]2 of curves such that8><
>:
γ(0) = γ′(0)

γ̇µ(0) = γ̇′µ(0)

γ̈µ(0) = γ̈′µ(0)

(12.4.17)

Points in T 2M are identified by 3m numbers (xµ, vµ, aµ). By changing chart on M this induces a new natural chart on T 2M which is related to the

old natural chart by 8><
>:
x′µ = x′µ(x)

v′µ = Jµαv
α

a′µ = Jµαa
α + Jµαβv

αvβ
(12.4.18)

Notice that while vα is a pointwise linear object (i.e. at any point x 2 M the transformation of vµ is linear), this is not the same for aµ (which is

pointwise quadratic in v). If we regarded a as an object on TM (not on M) then a can be regarded as an affine object since its transformation laws

are in the form

a′µ = Aµα(x)aα +Bµ(x, v) (12.4.19)

This remark will be stated more precisely in terms of fiber bundle structure in Section 16.2.

This construction can be easily extended to any order k; if M is a smooth manifold, then T kM is a smooth manifold dimension dim(T kM) = (k+1)m.
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One can also consider the tangent space to the manifold TM , denoted by TTM . It is a manifold of dimension dim(TTM) = 4m with natural

coordinates (xµ, vµ, uµ, aµ) whose transformation laws read as8>>>><
>>>>:

x′µ = x′µ(x)

v′µ = Jµαv
α

u′µ = Jµαu
α

a′µ = Jµαa
α + Jµαβv

αuβ

(12.4.20)

Accordingly, the map Φ : T 2M ! TTM : (x, v, a) 7! (x, v, v, a) is a global map and it shows that T 2M is a submanifold of TTM identified by the

constraint uµ = vµ.

Directions vs. tangent vectors

In some sense, tangent vectors are somehow fundamentally awkward as objects of differential geometry. They are associated to curves, parameterised

curves, and they do depend on the parameterisation while differential geometry should study properties of the trajectories, i.e. the properties of

submanifolds which are independent of parameterisation.

By changing parameterisation of the curve γ′(s′) = γ(s(s′)) by the reparameterisation φ(s′) = s, the tangent vector transforms as

v′µ =
dγ′µ

ds′
(s′) = φ̇(s′)

dγµ

ds
(s(s′)) = φ̇vµ (12.4.21)

Thus the tangent vector changes by reparameterisation from the vector ~v = vµ∂µ to a vector ~v ′ parallel to it. Accordingly, the direction of the tangent

vector depends on the trajectory, while the length of the tangent vector depends on the parameterisation.

Let us consider equivalent two tangent vectors which are applied at the same point x0 and are parallel to each other. Let us denote by P(M) the

quotient space. A point [(x,~v)] 2 P(M) contains all tangent vectors at x 2M which are parallel to ~v, thence representing a tangent direction to M .

Another way to discuss the issue is identifying parameterised curves γ : R ! M with their graph in R �M . In this way, parameterised curves on

M can be regarded as trajectories in R �M . Then we can consider a parameterisation of γ̂ : R ! R �M of the graph of γ and consider geometric

properties of γ̂ as the properties which do not depend on the parameterisation fixed on γ̂.

In this way, we can regard features and properties of the parameterised curve γ (e.g. its tangent vector) as geometric properties of its graph γ̂. This

is due to the fact that the trajectory identified by γ̂ does contain a complete information about the parameterisation of γ. On the other hand the

parameterisation of γ̂ is completely uncorrelated to the parameterisation of γ. Hence the tangent vector (x, γ̇) 2 TM is represented by the direction

[(x, γ̇)] 2 P(R�M) which of course, does not depend on the parameterisation chosen on γ̂.

This shows that the initial motivation is somehow false; tangent vectors can be seen as geometric objects in differential geometry, provided that we

regard parameterised curves in M as trajectories on R�M . This is also what one does in homogeneous formalism by describing motions in space as

worldlines in spacetime.
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5. Vector fields

.Next SectionA vector field is a map X : M ! TM associating a tangent vector at any point such that π �X = idM . Accordingly, a vector field map is locally in

the form

X : M ! TM : xµ 7! (xµ, Xµ(x)) (12.5.1)

which corresponds to associate to the point x 2M the vector X = Xµ(x)∂µ.

The set of all vector fields on M is denoted by X(M). Of course, the sum of two vector fields is again a vector field and the product of a vector field

by a scalar λ 2 R is again a vector field. Accordingly, X(M) is an (infinite dimensional) real vector space.

A vector field X can be multipled by a function F ∈ F(M) to obtain a vector field

· : F(M)× X(M)→ X(M) : (F,X) 7→ (F ·X) (12.5.2)

By this operation, vector fields also form a F(M)-module.

For any function F : M ! R on M , one can define a new function

X(F ) : M ! R : x 7! Xµ(x)
∂F

∂xµ
(x) (12.5.3)

The function X(F ) does not depend on the chart used on M . Let x′µ = x′µ(x) be new coordinates. In view of (12.4.14) one has the vector field

X = Xµ(x)∂µ = Xµ(x)Jαµ ∂
′
α = X ′α(x)∂′α X ′α(x) = Xµ(x)Jαµ (12.5.4)

The function F has two local expressions in the two charts which are related by transformation laws

F ′(x′(x)) = F (x) (12.5.5)

so that partial derivatives behave as

Jαµ ∂
′
αF
′ = ∂µF (12.5.6)

Thus the function X(F ) reads as

X(F ) = Xµ(x)
∂F

∂xµ
= Xµ(x)Jαµ

∂F ′

∂x′α
= X ′α(x)

∂F ′

∂x′α
(12.5.7)

and the local expressions do not depend on the chart.

To define a global vector field X on a manifold M , one can provide component functions Xµ(x) in each coordinate patch. In the intersection of two

coordinate patches, the components must obey the transformation laws

X ′µ(x′) = Jµα(x)Xα(x) (12.5.8)

If they do, the two local expressions glue together to define a global vector field on the union of the two patches. By iteration over all charts in an

atlas, one defines a global vector field.
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In general we shall see that transformation laws of the components of an object always contain all informations about its global structure. That is particularly

satisfactory from a physical viewpoint when charts are identified with observers. That tells us that one observer can describe locally an object by means of its

components. In order to achieve a complete global description, one has to know the subjective descriptions of a number of observers and add knowledge about how to

compare observations of different observers.

At that point one obtains an intrinsic, objective, absolute description of the object which becomes independent of the observer. In other words, strange as it may

sound, one can obtain an absolute description of the reality exactly starting from a collection of subjective descriptions.

Theory of relativity claims that the description of physical reality can and should be done in this way. Accordingly, it should be called theory of the absolute, not

theory of relativity.

The operation defined by vector fields has the following properties

(a) Linear: X(λF + µG) = λX(F ) + µX(G)

(b) Leibniz rule: X(F �G) = X(F ) �G+ F �X(G)

Then a vector field is called a derivative of the algebra of functions on M .

We can also define an operation between vector fields called the commutator defined by

[X,Y ](F ) = X(Y (F ))� Y (X(F )) (12.5.9)

By definition, the commutator of two vector fields takes a function F to return a function [X,Y ](F ) = X(Y (F ))� Y (X(F )). It is hence an operator

on the algebra of functions.

One can easily show it is in fact again a vector field.

One has simply:
[X,Y ](F ) =X(Y (F ))− Y (X(F )) = Xµ∂µ (Y α∂αF )− Y µ∂µ (Xα∂αF ) =

=Xµ∂µY
α∂αF +XµY α∂µαF − Y µ∂µXα∂αF − Y µXα∂µαF =

= (Xµ∂µY
α − Y µ∂µXα) ∂αF

(12.5.10)

which corresponds to the vector field

[X,Y ] = (Xµ∂µY
α − Y µ∂µXα) ∂α (12.5.11)

Thus the commutator defined an operation [�, �] : X(M)� X(M)! X(M) which has the following properties

(a) antisymmetry: [X,Y ] = �[Y,X]

(b) bilinearity: [λX + µY,Z] = λ[X,Z] + µ[Y, Z] (as well as of course [Z, λX + µY ] = λ[Z,X] + µ[Z, Y ])

(c) Jacobi identity: [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

The Jacobi identity can be proven by noticing that

[X, [Y,Z]](F ) = XY Z(F )−XZY (F )− Y ZX(F ) + ZY X(F ) (12.5.12)

so that
[X, [Y,Z]](F ) + [Y, [Z,X]](F ) + [Z, [X,Y ]](F ) =XY Z(F )−XZY (F )− Y ZX(F ) + ZY X(F ) + Y ZX(F )− Y XZ(F )+

−ZXY (F ) +XZY (F ) + ZXY (F )− ZY X(F )−XY Z(F ) + Y XZ(F ) = 0
(12.5.13)
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Thus X(M) with the commutator is endowed by a structure of Lie algebra.

Flows and their infinitesimal generators

A flow on a manifold is a 1-parameter subgroup of diffeomorphisms Φ : R ! Diff(M) : s 7! Φs. Being a subgroup, we mean that the family

Φs : M !M obeys the following properties

(a) Φ0 = idM

(b) Φr � Φs = Φr+s

Equivalently, we can require that the map Φ : R! Diff(M) is a group homomorphism and Φ is an action of the group (R,+) on M .

For any point x 2M , one can define a curve

γx : R!M : s 7! γx(s) = Φs(x) (12.5.14)

which is called the integral curve based at x.

Trajectories of integral curves are a foliation of M . Any point x 2 M is on some integral trajectory (x is on γx in the first place) and integral

trajectories are disjoint.

Let us suppose y ∈M belongs to two different integral trajectories, e.g. y = γx(s) = γx′(s
′), and then we can show that γx and γx′ define the same integral trajectory.

In fact

y = γx(s) = Φs(x) = Φs′(x
′) ⇒ x′ = Φ−1

s′ ◦ Φs(x) = Φs−s′(x) (12.5.15)

Then any point z which belongs to the integral curve γx, namely z = γx(r), does belong to the integral curve γx′ as well

z = γx(r) = Φr(x) = Φr−s+s′(x
′) = γr−s+s′(x

′) (12.5.16)

Of course, one can easily show the opposite inclusion, so that the two integral trajectories are the same.

Another way of stating the same result, is that one can define an equivalence relation among points in M which says two points are equivalent if they

belong to the same integral curve. That is an equivalence relation.

Let us remark that, in general, we cannot say that the quotient space M/ ∼ is a manifold.

Let us consider on R2 the flow Φθ : (x, y) 7→ (x′ = cos θx+ sin θy, y′ = − sin θx+ cos θy). One can easily show that this is a flow on M = R2.

Integral trajectories are circles centered at the origin (plus the origin on its own which can be considered as a degenerate circle). Then points are equivalent iff they

stay at equal distance from the origin. Integral trajectories are labeled for example by the radius r of the circle, with r ≥ 0 (r = 0 being the orbit of the origin)

The quotient space R2/ ∼ is the semi-line Q = {r ∈ R : r ≥ 0}, which is not a manifold (though, in this example, it is a manifold with boundary).

Since any point x 2M belongs to one and only one integral curve γx, we can compute the tangent vector γ̇x at x, i.e.

γ̇x =
dΦµ

s

ds
(x)
���
s=0

∂µ (12.5.17)

That is a vector field and it is called the infinitesimal generator of the flow.
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The flow of a vector field

Let X = Xµ(x)∂µ be a vector field on a manifold M . An integral curve of X based at x is a solution of the Cauchy problem�
γ̇x(s) = Xµ(γx(s))

γµx (0) = xµ
(12.5.18)

that is a curve whose tangent vector is always agreeing with the vector field X. Since we are always considering very regular vector fields the components

Xµ are smooth and Cauchy theorem guarantees that solutions always exist and depend smoothly on the initial condition x.

Thus there are integral curves passing through any point x and integral trajectories are disjoint in view of the uniqueness part of Cauchy theorem.

Let us suppose that all integral curves are defined for all values of the parameter s 2 R; in this case we say that the vector field X is complete.

There are general results such that for example if M is compact then any vector field is complete. More generally, if X is somehow uniformly bounded (as it trivially

happens on a compact space) then it is complete.

Thus, for any complete X, we can define a family of diffeomorphisms

Φs : M !M : x 7! γx(s) (12.5.19)

which are trivially a flow. The flow Φs so defined is called the flow of the vector field X and one can check that the infinitesimal generator of the flow

Φs coincides with the original vector field X.

6. Submanifolds

.Next SectionAs in any category, a manifold S is said to be a submanifold of a manifold M iff there exists a monomorphism i : S !M which is called the canonical

embedding. The canonical embedding must be an isomorphism on its image i(S) �M .

In particular, the image i(S) (with the topology induced by M) must be homeomorphic to S. For example, the ones shown below are not submanifolds.

Fig. 14.3: Two examples of injectve images of R which are not submanifolds.

The reader should show an example of open sets in R which are not preimage of an open set in the induced topology.
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If we choose coordinates ka on S and coordinates xµ on M then the canonical embedding reads as

i : S !M : ka 7! xµ(k) (12.6.1)

and we have the Jacobians Jµa := ∂ax
µ for free. Since the canonical embedding must be maximal rank then this Jacobian must be maximal rank,

namely rank(Jµa ) = dim(S).

If we consider a function F : M ! R the level set of F is defined to be F−1(a) = fx 2M : F (x) = ag �M . Of course, this can be empty if the value

a 2 R is never attained by F or it can be the whole M if the function F is constant and 8x 2M : F (x) = a.

Except for these situations, the preimage F−1(a) is computed by fetching a local expression of F in a chart and solving the equation F (xµ) = a.

If dF := ∂µFdx
µ 6= 0, for example ∂1F 6= 0, then we can solve x1 = φ(x2, . . . , xm) by the implicit function theorem. Thus F−1(a) is generically a

hypersurface in M which is locally parameterised by (x2, . . . , xm) and whose coordinate expression is x1 = φ(x2, . . . , xm).

Then F−1(a) is a submanifold of M and the canonical embedding is given by

i : F−1(a)!M : (x2, . . . , xm) 7! (φ(x2, . . . , xm), x2, . . . , xm) (12.6.2)

If one has two functions F,G : M ! R, one can define a vector value ~F : M ! R2 : x 7! (F (x), G(x)).

The level set is defined as ~F−1(a, b) = fx 2M : ~F (x) = (a, b)g and generically one can solve, for example,(
x1 = φ1(x3, . . . , xm)

x2 = φ2(x3, . . . , xm)
(12.6.3)

and the level set ~F−1(a, b) is a submanifold of dimension m� 2 (codimension 2) with the canonical immersion

i : ~F−1(a, b)!M : (x3, . . . , xm) 7! (φ1(x3, . . . , xm), φ2(x3, . . . , xm), x3, . . . , xm) (12.6.4)

This can be done wherever

det

0
@ ∂F

∂x1
∂F
∂x2

∂G
∂x1

∂G
∂x2

1
A 6= 0 (12.6.5)

Where this fails, one can decide to solve for other coordinates. This can be done provided that the matrix0
@ ∂F

∂x1
∂F
∂x2 . . . ∂F

∂xm

∂G
∂x1

∂G
∂x2 . . . ∂G

∂xm

1
A (12.6.6)

is maximal rank, i.e. it is of rank 2.
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More generally, k functions Fi (with k � m) define a submanifold of codimension k provided that

�
∂Fi
∂xµ

�
=

0
BBBBBBBBB@

∂F1
∂x1

∂F1
∂x2 . . . ∂F1

∂xm

∂F2
∂x1

∂F2
∂x2 . . . ∂F2

∂xm

. . . . . .

∂Fk
∂x1

∂Fk
∂x2 . . . ∂Fk

∂xm

1
CCCCCCCCCA

(12.6.7)

is maximal rank, i.e. it is of rank k.

If the canonical embedding can be written as i : S !M : ka 7! (0, . . . , 0, k1, . . . , kn) then the coordinates on M are called adapted to S.

If the canonical embedding can be written as i : S !M : ka 7! (φ1(k), . . . , φm−n(k), k) then the coordinates on M are called concordant to S.

Given a function F : M ! R, one can consider a whole family of submanifolds Sa := F−1(a). Since each point of M is on a level set and two level

sets cannot intersect, the family Sa defines an equivalence relation on M (two points are equialent iff they belong to the same level set).

If Sa are all of the same dimension k, they are said to form a foliation of rank k. Since vectors tangent to Sa are also particular tangent vectors to

M , a foliation defines subspaces

∆(x) := TSa � TM (12.6.8)

where we set F (x) = a. A family of subspaces ∆ : M ! TM : x 7! ∆(x) with ∆(x) being a subspace of TxM is called a distribution (of subspaces). If

all subspaces ∆(x) has the same dimension, then the distribution is said to be of constant rank.

What we showed above is that any foliation of constant rank defines a distribution of constant rank. These are special distributions in the form

∆(x) := TSa which are called integrable distributions. In the next Section, we shall deal with the problem of determining if a distribution is integrable

(since there are distributions which are not, i.e. distributions which are not associated to a foliation).

7. Frobenius theorem

.Next SectionLet us consider a distribution ∆ of constant rank k. As we did for integral curves, we can search for a submanifold S of dimension k such that for

any z 2 S one has TzS = ∆(z).

As a matter of fact a (never vanishing) vector field X defines a distribution of rank 1

∆(x) = {(x, v) : v = λX(x)} ⊂ TM (12.7.1)

We shall show that rank 1 distributions are always integrable and that is why integral curves always exist.
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Unlike what happens for integral curves, higher rank distributions are not always integrable. To see it, let us start by defining a generator of the

distribution ∆ to be a vector field X 2 X(M) such that X(x) 2 ∆(x) at all points.

If the distribution is integrable, then X is a vector field which happens to be tangent to the foliation submanifolds everywhere. We say that the

distribution ∆ is involutive iff for any two generators X,Y of the distribution, then the commutator [X,Y ] is again a generator.

If the distribution is integrable, the generators are tangent to the foliation. The commutator of two vector fields tangent to a manifold S is again tangent to it (as a

consequence of naturality of the commutator). Accordingly, an integrable distribution is also involutive. In other words, being involutive is a necessary condition for a

distribution to be integrable.

Frobenius theorem states that, conversely, all involutive distributions are also integrable.

Thus being involutive is not only necessary but also sufficient condition to be integrable. Under many viewpoints, Frobenius theorem plays the same

role of (and it generalises) Cauchy theorem for existence and uniqueness of integral curves.

Of course, if a distribution is of rank 1 and X is a generator, then any other generator is proportional to X. Since the commutator of two parallel

vectors is still parallel to them, rank 1 distributions are always involutive and hence always integrable.

One has:

[X, f(x) ·X] = X(f) ·X (12.7.2)

which is parallel to X and hence still a generator.

Let n be a vector field on a Riemannian manifold (M, g). Besides defining the distribution of all vectors parallel to n, one can define also the

distribution of rank m� 1 of hyperplanes orthogonal to n, namely

∆ = fv : g(v, n) = 0g (12.7.3)

Let us check whether it is involutive. Let us consider two generators X = Xµ∂µ (namely Xµnµ = 0) and Y = Y ν∂ν . The commutator is

g([X,Y ], n) = (Xµ∂µY
ν � Y µ∂µX

ν)nν = �XµY ν(rµnν �rνnµ) (12.7.4)

for any torsionless connection. Then the distribution is involutive (and hence integrable) if r[µnν] = 0.

Any vector field n which does not obey this condition provides an example of a distribution of rank m� 1 which is not integrable.

References
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Chapter 13. Tensor �elds and di�erential forms

.Next Chapter

1. Covectors and 1-forms

.Next SectionA vector space V of dimension n is isomorphic to Rn and it gets standard topology from it.

We can consider the set V ∗ of linear maps α : V ! R. When V is finite dimensional linearity implies continuity (α is a homogeneous first degree

polynomial in the components of the vector v 2 V , hence continuous).

One can define a linear stucture on V ∗ by setting

(α+ β) : V ! R : v 7! α(v) + β(v) (λα) : V ! R : v 7! λα(v) (13.1.1)

Notice the overloading of symbols, e.g. in (α + β) : V → R : v 7→ α(v) + β(v). The first + symbol in (α + β) is the sum to be defined on V ∗. The last + symbol in

α(v) + β(v) is the sum in R.

Similarly for the understood product in (λα) and in λα(v).

The maps (α+ β) and λα so defined are linear and hence they are elements of V ∗.

The maps α, β are covectors and hence they are linear. Then one has

(α+ β)(λv + µw) =α(λv + µw) + β(λv + µw) = λα(v) + µα(w) + λβ(v) + µβ(w) = λ(α(v) + β(v)) + µ(α(w) + β(w)) =

=λ(α+ β)(v) + µ(α+ β)(w)
(13.1.2)

and

(λα)(µv + νw) = λα(µv + νw) = λµα(v) + λνα(w) = µ(λα)(v) + ν(λα)(w) (13.1.3)

The vector space V ∗ so defined is called the dual of V . Elements of V ∗ are called covectors. Let us stress that being covectors defined as maps, a

covector is known once its value on any vector v is known. This has already be used to define (α+β) as the only map such that (α+β)(v) = α(v)+β(v).

In the infinite dimensional case linearity does not imply continuity and one has two notions of dual. A broader definition of algebraic dual made of linear maps and a

stricter definition of topological dual made of linear continuous maps. In the finite dimensional cases, the two notions coincide.
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Einstein convention

We are using everywhere, except where explicitly said, Einstein index convention. This is done by a set of notations which has become universal in

GR and proven to be useful in differential geometry.

Einstein convention in a nutshell is the following rules:

(a) indices have a family which is represented by the alphabet used for them. In each family, indices range among fixed limits. For example, we

usually define a family denoted by lowercase Greek indices (like in xµ). These are called world indices and they refer to quantities defined on

spacetime M . If spacetime is of dimension dim(M) = m = 4 they usually range between 0 and 3.

(b) indices have a position which can be up or down like in xµ or αµ. Powers are denoted by (xµ)2 in order not to conflict with the notation for up

indices.

(c) Objects denoted by the same letter and indices different by order, family or position are different objects. For example, αµ is different from αµ,

αµ is different from αi, and Fµν is, in general, different from Fνµ.

(d) We shall often consider linear combinations of terms made by products of objects with indices. In each term, one index can appear zero, one

or two times. If it appears zero times it means it does not appear, if it appears once, it is called a free index, if it appears twice it is called a

dumd index. When indices appear twice in a term, they appear once up and once down. All terms in a linear combination must have the same

free indices (possibly in different order). They may have different dumb indices.

(e) On any pair of dumb indices in a term, a sum over the range of the family of the indices is understood. For example vµiαµ has one free index i

and a pair of dumb indices µ and, assuming from the context that µ is a world index ranging from 0 to 3, the sum understood is

vµiαµ =
3X

µ=0

vµiαµ (13.1.4)

(f) being dumb indices summed over, one can replace any pair of dumb indices by any other index in the same family, provided that we do not

break rule (d). In a linear combination, one can replace a free index with another index in the same family, provided that the operation is done

in each term and one does not break rule (d).

(g) Of course, equalities between linear combinations are to be understood as a single linear combination equalized to 0. Terms with no free indices

are (real) numbers, sometimes called scalars, and then, if they are non-zero, one can divide by them.

We probably should mention that in fact there are two Einstein convention, one called the abstract Einstein convention and one called the concrete

Einstein convention. Here we use the abstract Einstein convention. In the concrete Einstein convention, an index only refers to the collection for its

values; for example xµ only stands for the collection (x0, x1, x2, x3), while in the abstract notation an index also remembers the family (which in turn

refer to the space on which the object is defined). For example, one can have two manifolds M and N with dim(M) = m = 4 and dim(N) = n = 2 and

then denoting coordinates xµ on M and xi on N where, besides usual world coordinates ranging from 0 to 3, we defined a new (mid-Latin lowercase)

family ranging from 1 to 2.

One can determine which coordinate has been using by the index family (and alphabet). On the contrary, the concrete Einstein convention would

be ambiguous since x1 could refer to the second coordinate on M as well as the first coordinate on N and one would need to use another name for
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coordinates on N , for example yi. Although we would avoid unnecessary overloading (and we would often use a different name for coordinates in the

different spaces) we like to keep possibility to give the same name to similar objects on different spaces. For example, one usually denotes the natural

basis for tangent vectors by ∂α and can distinguish the space by the index family instead changing the symbol for it.

If we consider, for example, an expression like

Aijx
j = Bi (13.1.5)

we are using a index family, say ranging from 1 to n. The expression (13.1.5) is syntactically correct since each term has only one free index i, while the

first term (the one on the left hand side) also has a dumb index j appearing two times once up and once down. The expression has a sum understood

Aijx
j = Bi ()

nX
j=1

Aijx
j = Bi ()

8>>>><
>>>>:

A1
1x

1 +A1
2x

2 + . . .+A1
nx

n = B1

A2
1x

1 +A2
2x

2 + . . .+A2
nx

n = B2

. . .

An1x
1 +An2x

2 + . . .+Annx
n = Bn

(13.1.6)

Since the expression has a free index it can be expanded as a set of n equality, i.e. a (linear) system. Thus, as a minimal approach, Einstein conventions

provides a very compact way to write complex structures like systems of equations. The framework can be seen to extend matrix formalism (which is as

compact as Einstein convention) since it can deal with objects with more that one or two indices. As we shall see below, it will also provide a framework

to keep trace of transformation rules of the objects which is particularly relevant in GR, since GR consists exactly in keeping track of the dependence

of objects and formulae from the observer, i.e. dependence on the chart. See here for extending the Einstein convention with symmetrisation and

antisymmetrisation of indices.

Changing the basis

Let us consider a basis ∂µ fixed on V . Then any vector of v 2 V can be written as a linear combination of elements of the basis, the coefficients of the

expansion being denoted by vµ and called the components of the vector with respect to the basis. Precisely, for any vector v 2 V there exists a set of

components vµ such that

v = vµ∂µ (13.1.7)

Let us stress here an obvious fact. We learnt to compute components by using an inner product < ·, · > on V . For example, for an orthonormal basis ∂i, one has

v1 =< v, ∂1 > (13.1.8)

However, the components are more fundamental and they come before the definition of the scalar product. For example, in R2 one can consider a vector v = (2, 3) and

a basis (∂1 = (1, 1), ∂2 = (1,−1)). The components has to satisfy the system

v1

(
1

1

)
+ v2

(
1

−1

)
=

(
1 1

1 −1

)(
v1

v2

)
=

(
2

3

)
(13.1.9)

This can be solved to find the unique solution v1 = 5
2 and v2 = − 1

2 without resorting to any notion of inner product.
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If we consider a new basis ∂′µ in V , each of the new vectors can be expanded with respect to the old basis. Namely, we know there exists a transformation

matrix J̄
µ
α such that

∂′µ = J̄
α
µ∂α (13.1.10)

Here the bar denotes the inverse matrix and notation has been chosen for later convenience.

The same vector v can be expanded long the new basis, namely v = v′µ∂′µ and one has

v = v′µ∂′µ = v′µJ̄
α
µ∂α = vα∂α (13.1.11)

Being the expansion along a basis unique, one has

vα = v′µJ̄
α
µ ) v′µ = Jµαv

α (13.1.12)

Here we used the fact that J̄
µ
α is the inverse matrix to Jαµ , i.e.

J̄
µ
αJ

α
ν = δµν Jαν J̄

ν
β = δαβ (13.1.13)

and δαβ is called the Kronecker delta and it is defined to be 1 when α = β and 0 when α 6= β.

We also used the trivial fact that

δαβ v
β =

m∑
β=1

δαβ v
β = vα (13.1.14)

The effect of the Kronecker delta when it is contracted (i.e. summed over) with an index of another object is simply to replace the contracted index with the other free

index of the delta.

Here a pattern is emerging. When the basis is changed and new objects are compared with the old ones, up indices get multiplied by Jµα (like in

(13.1.12)) while down indices get multiplied by the inverse matrix J̄
α
µ (like in (13.1.10)). This pattern will be confirmed over and over hereafter. Of

course, this is only due to the fact that we are setting indices up and down exactly in view of this property. We already knew that components

transform with the matrix J and that it why we denoted them with an up index.

The convention about the position of indices may sound awkward in the beginning. It contains a number of conventional issues (which is called transition matrix and

which is called the inverse; which is called the old basis and which is called the new one; we are considering new objects expansion in the old basis or old objects

expansions in the new basis).

Of course, all this notation is conventional and one could produce an equally well-defined framework in which down indices transform with a matrix P and up indices

transform with the inverse P̄ . This would be a matter of convention. However, what is not a matter of convention is that indices with different position transform with

matrices which are one the inverse of the other. That is the only non-conventional fact.

Now we are ready to consider the issue of bases in V ∗. Being V ∗ a vector space we can look for a basis for it. We shall hereafter show that once a

basis ∂α of V has been fixed, then a basis ∂α of V ∗ is defined and it is called the dual basis.

Let us start by defining n objects in V ∗, as the covectors which act on v = vα∂α to give

∂α(v) = vα () ∂α(∂β) = δαβ (13.1.15)
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The maps ∂α so defined are in fact maps ∂α : V ! R and they are linear; in fact

∂α(λv + µw) = λvα + µwα = λ∂α(v) + µ∂α(w) (13.1.16)

Accordingly, the maps ∂α are elements of V ∗.

Second step is to show that ∂α are generators of V ∗.

Let us consider α ∈ V ∗ a general covector. Since we know α, we know in particular the numbers αµ := α(∂µ).

We shall show that α = αα∂
α, where the equality has to be understood as equality of covectors, i.e. equality of maps. In other words, equality can be proven by proving

that the two maps act equally on any v ∈ V .

Let us start computing

α(v) = α(vµ∂µ) = vµα(∂µ) = vµαµ (13.1.17)

on the left hand side. Analogously, on the right hand side one has

αα∂
α(v) = ααv

α = vµαµ = α(v) (13.1.18)

which proves that α = αα∂
α, i.e. that any covector α can be expanded as a linear combination of the covectors ∂α, i.e. that the covectors ∂α are generators of V ∗.

Third step is to show that ∂α are independent.

Let us consider a linear combination λα∂
α = 0. Here the 0 on the right hand side has to be understood as the zero covector, i.e. the (linear) map which maps any

vector v to 0 ∈ R.

Thus being the linear combination zero, means that for any vector v ∈ V one has

λα∂
α(v) = 0 ⇐⇒ λαv

α = 0 (13.1.19)

Since this have to be true for all v, in particular we can set v = ∂1 to obtain λ1 = 0. Then we can set v = ∂2 to obtain λ2 = 0. and so on until we prove that necessarily

one has λα = 0.

Since the only linear combination which is zero is the one with all coefficients zero, the covectors ∂α are independent.

Then ∂α are independent generators and they form a basis in V ∗. Of course, they depend on the choice of the basis ∂µ in V . The basis ∂α is hence

called the dual basis of the basis in V . Unless we explicitly say otherwise, when a basis is chosen in V the dual basis is always used in V ∗.

Let us also remark the trivial fact that we did not used an inner product to define the dual basis.

If we change the basis in V defining a new basis ∂′µ = J̄
α
µ∂α, then the new basis ∂′µ defines a new dual basis ∂′α. We can easily compute that the new

dual basis can be expanded in terms of the old dual basis as

∂′µ = Jµα∂
α (13.1.20)

Let us apply the equation (13.1.20) to an arbitrary vector v = vµ∂µ = v′µ∂′µ ∈ V . On the left hand side one gets

∂′µ(v) = v′µ (13.1.21)
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while on the right hand side one gets

Jµα∂
α(v) = Jµαv

α = v′µ = ∂′µ(v) (13.1.22)

This shows the thesis.

Then, for a covector α = αµ∂
µ = α′µ∂

′µ, one has αν∂
ν = α′µJ

µ
ν ∂

ν which implies, being the expansion along a basis unique, that the components of the

covector transform as

α′µJ
µ
ν = αν () α′µ = αν J̄

ν
µ (13.1.23)

Here again the pattern; the dual basis has an up index and transforms with J , while the components of the covector have a down index and transform

with J̄ .

Let us consider the scalar α(v) in the old and new basis.

α′µv
′µ = αν J̄

ν
µJ

µ
σ v

σ = ανδ
ν
σv

σ = ανv
ν (13.1.24)

Accordingly, the scalar α(v) is expressed as ανv
ν in all bases.

On the contrary, if we allowed an expression like α′µβ
′
µ

α′µβ
′
µ = αν J̄

ν
µβσJ̄

σ
µ (13.1.25)

which is definitely different from αµβµ.

That means that if we defined a quantity to be α′µβ
′
µ we should specify in which basis it reads in that forms since in all other bases the expression would not be simply

αµβµ. Since choosing a basis is something we do, we expect intrinsic properties to be independent of that choice. Accordingly, we are betting that we are not interested

in quantities like αµβµ and that such quantities will not enter physical laws. That is why rule (d) of Einstein convention forbids such expressions.

Covectors on a complex vector space

When we consider a complex vector space V ,we immediately face a problem: we have two duals, one of linear maps α : V ! C and one of anti-linear

maps α̂ : V ! C. These are denoted by V∗ and V †, respectively.

Moreover, we can iterate the process and define (V ∗)∗, (V ∗)† , (V †)∗, and (V †)†, and so on. For future convenience let us set V̄ := (V †)∗.

If ∂α is a basis of V , then we can define

∂α : V ! C : v 7! vα ∂̂α : V ! C : v 7! (vα)† ∂̄α : V † ! C : α̂ 7! α̂α (13.1.26)

where v = vα∂α is any vector in V and α̂ = α̂α∂̂
α is an element in V †. While ∂α and ∂̄α are linear maps, ∂̂α is anti-linear. Hence ∂α 2 V ∗, ∂̂α 2 V †,

and ∂̄α 2 (V †)∗.

The elements ∂̂α ∈ V † form a basis. For any α̂ ∈ V †, we have α̂(∂µ) =: α̂µ and we can show that α̂ = α̂µ∂̂
µ. In fact, one has

α̂(v) = α̂(vα∂α) = (vα)†α̂(∂α) = (vα)†α̂α = α̂µ(vµ)† = α̂µ∂̂
µ(v) (13.1.27)

Hence ∂̂α are generators of V †.
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They are also independent. In fact, if one has λα∂̂
α = 0, then

0 = λα∂̂
α(∂µ) = λαδ

α
µ = λµ (13.1.28)

Then, in the end, ∂̂α are a basis of V †.

Then ∂α is the dual basis of V ∗ for an argument which is identical to the argument discussed above for real vector spaces, ∂̂α is the dual conjugate

basis of V † as we just showed, ∂̄α is the conjugate basis of V̄ since it is the dual basis to the dual conjugate basis ∂̂α. Let us remark that both V † and

V̄ can be defined just because we have complex conjugation on C.

If we consider a new basis ∂′α = J̄
µ
α∂µ in V , of course we define the new dual, conjugate dual, and conjugate bases. Of course, for the dual basis we

have ∂′α = Jαµ ∂
µ, for the components we have α′µ = J̄

ν
µαν , as in the real case, and so that α′α∂

′α = αα∂
α.

For the dual conjugate basis, we have ∂̂′α = (J̄
α
µ)†∂̂µ, in fact, we have

∂̂′α(v) = (v′µ)†δαµ = (vνJµν )†δαµ = (Jαµ )†(vν)†δµν = (Jαµ )†∂̂µ(v) (13.1.29)

for all v 2 V .

Let us stress that, by now, (Jαµ )† means: take the element (α, µ) of the Jacobian and then take the complex conjugation of it as a complex number.

If we wrote (J†)αµ that would have meant: take the Jacobian, conjugate it as a matrix, (i.e. transpose and complex conjugate) and then take the element (α, µ).

The two operations are different and because of that they are denoted differently.

Let us stress that this is an exception to the position of indices as we formulated above. Since ∂̂α has an up index, it is (wrongly) expected to transform

as ∂̂′α = Jαµ ∂̂
µ, not as it correctly transforms, i.e. ∂̂′α = (Jαµ )†∂̂µ.

We can also notice other cracks in the Einstein notation: for example, one ∂′α(∂µ) = δαµ and there is nothing highlighting that the map ∂′α is, in fact,

anti-linear. That means, the matrix representing the objects forgets of whether it is linear or anti-linear, which is annoying.

Because of these reasons, we introduce a modified family of indices, denoted by α̂, β̂, . . . and called hat-Greek indices, for objects in V †. Or equivalently,

one can regard to the hat as a further abstract property of the index, besides its family and position.

According to this extension of Einstein notation, the dual conjugate basis is denoted by ∂̂α̂ and it is defined by ∂̂α̂(v) = (vα̂)†. The hat-index is

informing us that the corresponding map is anti-linear in that argument, as well as that it transforms as ∂̂′α̂ = (J α̂µ̂ )†∂̂µ̂.

The action of ∂̂α̂ on the elements of the basis is then ∂̂α̂(∂µ) = δα̂µ , so that we can rewrite the action more verbosely as

∂̂α̂(v) = (vµ)†∂̂α̂(∂µ) = (vµ)†δα̂µ =: (v†)α̂ (13.1.30)

What we mean here is that we define the conjugate component (v†)α̂ of a vector to be (vµ)†δα̂µ .

By doing that and by not understanding δα̂µ , the hats are preserved at each step and they correctly account for the complex conjugations.

The components of an element α̂ 2 V † are accordingly

α̂(∂µ) = α̂α̂δ
α̂
µ =: α̂µ (13.1.31)

and we have α̂ = α̂α̂∂̂
α̂ = α̂µδ

µ
α̂∂̂

α̂. We shall be back to the extended Einstein notation in a while when discussing canonical isomorphisms and

anti-isomorphisms.

:Notation: :Symbols: :AIndex: :Index:



602 Tensor fields and differential forms

For components in V †, we have transformation rules (α̂′)α̂ = (J̄
†
)β̂α̂α̂β̂, in fact:

(α̂′)α̂ = α̂(∂′µ)δµα̂ = α̂(J̄
ν
µ∂ν)δ

µ
α̂ = (J̄

ν
µ)†δµα̂α̂(∂ν) = δβ̂ν (J̄

ν
µ)†δµα̂α̂σδ

σ
β̂

= (J̄
†
)β̂α̂α̂β̂ (13.1.32)

where we set (J̄
†
)β̂α̂ := δβ̂ν (J̄

ν
µ)†δµα̂ and, in fact, (α̂′)α̂(∂̂′)α̂ = (α̂)α̂∂̂

α̂.

As far as the conjugate basis ∂̄µ̂ is concerned, it is defined by

∂̄µ̂(α̂) = ∂̄µ̂(α̂α̂∂̂
α̂) = α̂α̂∂̄µ̂(∂̂α̂) = α̂α̂δ

α̂
µ̂ = α̂µ̂ ∂̄µ̂(∂̂α̂) = δα̂µ̂ (13.1.33)

An element v̄ 2 V̄ is expanded as v̄ = v̄µ̂∂̄µ̂. The components are defined as v̄µ̂ := v̄(∂µ̂) and, then we have

v̄(α̂) = v̄(α̂α̂∂̂
α̂) = α̂α̂v̄(∂̂α̂) = α̂α̂v̄

α̂ = v̄α̂α̂β̂δ
β̂
α̂ = v̄α̂α̂β̂ ∂̄α̂(∂̂β̂) = v̄α̂∂̄α̂(α̂β̂ ∂̂

β̂) = v̄α̂∂̄α̂(α̂) (13.1.34)

When we change the basis, the components change as

(v̄′)µ̂ = v̄
�

(∂̂′)µ̂
�

= v̄((J µ̂ν̂ )†∂̂ν̂) = (J µ̂ν̂ )†v̄(∂̂ν̂) = (J µ̂ν̂ )†v̄ν̂ (13.1.35)

and the conjugate basis changes as (J†)ν̂µ̂∂̄
′
ν̂ = ∂̄µ̂, since one has

(J†)ν̂µ̂∂̄
′
ν̂(α̂) = (J†)ν̂µ̂r∂̄

′
ν̂(α̂
′
α̂∂̂
′α̂) = (J†)ν̂µ̂α̂

′
α̂∂̄
′
ν̂((∂̂

′)α̂) = (J†)ν̂µ̂α̂
′
α̂δ

α̂
ν̂ = (J†)ν̂µ̂α̂

′
ν̂ = α̂µ̂ = α̂α̂δ

α̂
µ̂ = α̂α̂∂̄µ̂(∂̂α̂) = ∂̄µ̂(α̂α̂∂̂

α̂) = ∂̄µ̂(α̂) (13.1.36)

There is still a bit of mismatch in transformation rules due to the fact that in general, (J̄)† 6= (J†)−1. This will be solved in restricting to orthonormal basis with

respect to a Hermitian inner product. In this case, the transformation matrix Jµν is unitary, and in fact (J)† = J̄ .

Covectors on a manifold

We discussed covectors of a general vector space V . If we consider a point x 2 M , we have a vector space V = TxM of tangent vectors and we can

consider its dual V ∗ = T ∗xM . A covector α 2 T ∗xM acts as a linear map α : TxM ! R on vectors at x.

If we fix coordinates xµ on M , they induce a natural basis ∂µ of TxM and this induces a dual basis ∂µ of T ∗xM . Traditionally, the dual basis ∂µ is

denoted by dxµ := ∂µ.

We already know (see equations (12.4.14) and (12.4.15)) that, if we change local coordinates x′µ = x′µ(x), then the natural basis and vector components

change as

∂α = Jµα∂
′
µ v′µ = Jµαv

α (13.1.37)

This transformation rules perfectly agree with transformation rules assumed on V , namely (13.1.10) and (13.1.12), that is why on V we chose that

notation. Accordingly, the whole discussion for transformation rules on V ∗ follows unchanged, just now the matrix J has to be understood as the

Jacobian of the change of coordinates. Then on T ∗xM one has transformation rules for the dual basis and covector components as

dx′µ = Jµν dxν α′ν = J̄
µ
ναµ (13.1.38)
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which still follows the rule for indices positioning.

As for tangent vectors, we also defined the manifold TM which accounts for all tangent vectors at any point of M , here we can define

T ∗M =
a
x∈M

T ∗xM (13.1.39)

which is called the cotangent of M .

A point in T ∗M (as any point in a disjoint union) is a pair (x, α) with α 2 T ∗xM . If we fix a chart (U,ϕ) with coordinates xµ in M then the application

point x can be represented in terms of its coordinates xµ while the covector α = αµdxµ can be represented by its components αµ. Hence we have a

natural coordinate system (xµ, αµ) on T ∗xM which is induced by the chart chosen on M . This is well defined over all covectors applied to a point in

the domain U of the chart chosen on M . Accordingly, the whole T ∗M is covered by natural charts associated to an atlas in M , which exhibits an atlas

of T ∗M which is a smooth manifold of dimension 2m.

Transition functions on T ∗M are given by transformation rules of covectors, namely by{
x′µ = x′µ(x)

α′ν = J̄
µ
ναµ

(13.1.40)

which are in fact smooth if x′µ = x′µ(x) are.

We can also define a map π : T ∗M ! M : (x, α) 7! x, which is called the projection, which takes a covector and gives its application point. In

coordinates the maps reads as π(xµ, αµ) = xµ and it is surjective and maximal rank.

Everybody knows at least one example of covector. If we consider a smooth function F : R2 ! R, we know there exists a linear map dFx such that

F (x+ h) = F (x) + dFx(h) + o(h) (13.1.41)

which is called the differential of F at the point x. The linear map takes an increment h, which is in fact a vector of R2 applied at x (though here one

mixes the linear, affine and manifold structures of R2), and returns a number (the linear estimate for the increment of F ). The map is of course linear

and hence it is a covector of (the manifold) R2 at the point x.

Notice also that in that notation dxµ(h) = hµ, i.e. dxµ is precisely the dual basis.

Fields of covectors or 1 -forms

As we defined the Lie algebra X(M) of vector fields over M , we can define fields of covectors, which are called 1-forms. A 1-form is a map ω : M ! T ∗M

such that π � ω = idM . Then ω(x) is a covector at x and a 1-form is assigning a covector at any point of M .

Locally, a 1-form is represented by

ω = ωµ(x)dxµ (13.1.42)

and ωµ(x) are called the component functions.
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The set of all 1-form on M will be denoted by Ω1(M). It is obviously a (real) vector space since 1-forms can be added and multiplied by a number.

While we defined an action of vector fields on functions, 1-forms do not act on function. They instead act on vector fields, since one can in fact define

iXω := ω(X) = ωµX
µ (13.1.43)

the result being a function on M . This is called the contraction of ω along X and it is also denoted by X ω := iXω.

Contractions have the following properties

iX (f � ω + g � θ) = f � iXω + g � iXθ if ·X+g·Y ω = f � iXω + g � iY ω (13.1.44)

and we say that contraction is F(M)-bilinear.

Functions or 0 -forms

Smooth functions on a smooth manifold M form an algebra F(M); functions can be added, multiplied by a number and multiplied

(f � g)(x) = f(x)g(x) (13.1.45)

Functions on M are also called 0-forms and the set of 0-forms is also denoted by Ω0(M).

The contraction of a 1-form ω along a vector field X gives a 0-form iXω 2 Ω0(M). Accordingly, the contraction along X can be regarded as a map

iX : Ω1(M)! Ω0(M).

We can also generalise the differential of a function defined in Rn to a general manifold M . Let F : M ! R be a function and define locally

dF =
∂F

∂xµ
dxµ (13.1.46)

If we change coordinates x′µ = x′µ(x) the function has a different local expression F ′(x′) though the value of th function at a point does not depend on the chart, i.e.

F ′(x′(x)) = F (x) (13.1.47)

Taking the derivative ∂µ of both sides

Jνµ∂
′
νF
′ = ∂µF (13.1.48)

provides the transformation rules of the partial derivatives. Then one has that the two local expressions of the differentials agree on the overlap of the charts

dF ′ =
∂F ′

∂x′µ
dx′µ =

∂F ′

∂x′µ
Jµν dx

ν =
∂F

∂xν
dxν = dF (13.1.49)

and shows that the differential does not depend on the chart and is globally defined.

The differential is then defined as an operator d : Ω0(M)! Ω1(M) with the following properties

d(λF + µG) = λdF + µdG d(F �G) = dF �G+ F � dG (13.1.50)
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Of course, constants can be regarded as special functions, by the map i : R ! Ω0(M), which is an injective linear map. The image of the map i

coincides with the kernel ker d, since the only functions with vanishing differential are the constants.

We then have the chain

0! R! Ω0(M)! Ω1(M) (13.1.51)

which is the beginning of the so-called augmented de Rham complex. We shall complete it below, in due time.

Canonical and non-canonical isomorphisms

Before proceeding let us discuss the iteration of the dual procedure. Being V ∗ a vector space itself, one can consider its dual V ∗∗ = (V ∗)∗. Points in

V ∗∗ are linear maps ŵ : V ∗ ! R.

We can define a linear map Φ : V ! V ∗∗ : v 7! Φ(v) where Φ(v) 2 V ∗∗ is that elements such that 8α 2 V ∗

Φ(v)(α) = α(v) (13.1.52)

The element Φ(v) ∈ V ∗∗ is well identified since we have its action on any covector α.

Moreover, its action is linear, in fact

Φ(v)(λα+ µβ) = (λα+ µβ)(v) = λα(v) + µβ(v) = λΦ(v)(α) + µΦ(v)(β) (13.1.53)

so that it really defines an element in V ∗∗.

We now want to show that Φ is in fact an isomorphism. For, we shall define another Ψ : V ∗∗ ! V and show that Ψ = Φ−1.

Thus first step, is defining Ψ : V ∗∗ ! V : ŵ 7! Ψ(ŵ) to be the only element v 2 V such that 8α 2 V ∗

α(v) = ŵ(α) (13.1.54)

On V ∗∗, we can use the dual-dual basis and relative components. Once ŵ is given we have ∀α ∈ V ∗

α(v) = ανv
ν ŵ(α) = ανŵ

ν (13.1.55)

from which vν = ŵν follows. Then v is uniquely determined by ŵ.

As a second step one can check that Ψ � Φ = idV and Φ �Ψ = idV ∗∗ , which proves that Ψ = Φ−1.

Just notice that we used for both Φ and Ψ essentially the same property, (13.1.52) and (13.1.54).

Thus, since Φ has an inverse it is an isomorphism. Then V and V ∗∗ are isomorphic as vector spaces.

Show that both the maps Φ and Ψ are linear, i.e. for example that

Φ(αv + βw) = αΦ(v) + βΦ(w) (13.1.56)
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Notice that the isomorphism Φ here defined does not rely on any additional structure on V , in particular it does not depend on the basis or on an

inner product. For this reason, we shall call it a canonical isomorphism.

To be honest, one should have noticed that V and V ∗∗ are isomorphic just because they have the same dimension and any two vector spaces V and W with the same

dimension are isomorphic. In fact, one can fix two basis ei and fi in V and W , respectively, and define the only linear map Φ : V →W such that

Φ(ei) = fi (13.1.57)

That is an isomorphism (it maps a basis into a basis).

However, this isomorphism may depend on the choice of the bases (and thus is not canonical). The same argument could be applied to V and V ∗ which in fact have

the same dimension. Let us fix a basis ∂µ in V and the dual basis ∂µ in V ∗. Ignoring for a while Einstein conventions, we can define a linear map by extending

Φ(∂µ) = ∂µ (13.1.58)

Unfortunately, by changing the basis ∂′µ = J̄
ν
µ∂ν one has

Φ(∂′µ) = Φ(J̄
ν
µ∂ν) = J̄

ν
µΦ(∂ν) = J̄

ν
µ∂

ν 6= ∂′µ = Jµν ∂
ν (13.1.59)

Thus to define the map Φ, the equation (13.1.58) is not enough since one should also specify in which basis equation (13.1.58) is given, since in general it holds true in

some bases but not in others.

In principle, there are infinitely many isomorphisms between V and V ∗; one can define one isomorphism for every basis chosen on V . But if then one wants to write

down the isomorphic image of a vector v, one does not know how to do it if not after fixing a basis.

We describe this situation by saying that V and V ∗ are isomorphic but not canonically. In the case of the isomorfism between V and V ∗∗ we did not simply show that

isomorphisms exist but we single out one particular isomorphism which allows to map elements of V and V ∗∗ back and forth and eventually identify V and V ∗∗.

When a canonical isomorphism exists between two vector spaces, as we showed for V and V ∗∗, the vector spaces and their elements are identified

by an abuse of notation. Unfortunately, sometimes when one starts to abuse notation and to identify different things, then notation becomes obscure

unless one is well aware of the abuse of language.

That is more natural than it seems at first; we learnt to identify real numbers with zero-degree polynomials, even though polynomials are functions (or algebraic

objects, depending on the definition and context), not numbers. We identified rational numbers with their embedding in real numbers even when real numbers are

defined by Dedekin classes of rational numbers and then they are not rational numbers on their own. We identified integers with their embedding in rational numbers,

even though rational numbers are classes of pairs of integers. And so on.

We can define an isomorphism between V and V ∗ also using an inner product < �, � >: V � V ! R.

In particular, we can define the linear maps [ : V ! V ∗ and ] : V ∗ ! V as

v[(u) =< v, u > < α], u >= α(u) (13.1.60)

One should show that they define good maps, that they are linear and that they are the inverse one of the other. This can be done intrinsically, though it is much

easier to do it using a basis. Let us fix a basis ∂µ in V and the corresponding dual basis in V ∗. The inner product is represented by a matrix gµν =< ∂µ, ∂ν > which

is invertible in view of the fact that inner product is non-degenerate. Let us denote the inverse matrix by gµν (which is an inner product on V ∗, but that is another

story to tell).
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The two maps are defined as

[ : V → V ∗ : vµ∂µ 7→ vµgµν∂
ν ] : V ∗ → V : αµ∂

µ 7→ αµg
µν∂ν (13.1.61)

These are obtained just specifying equations (13.1.60) in the bases we fixed. They are manifestly good linear maps and the inverse to each other.

Of course, these isomorphisms are defined regardless the choice of a basis, but they depend on an inner product. Thus these isomorphisms are not

canonical in the category of vector spaces (while they are in the category of Euclidean vector spaces).

By the way, choosing a basis is like choosing an inner product since there is a unique (definite positive) inner product for which the basis is orthonormal.

In any event, we shall identify objects which are canonically isomorphic (like V and V ∗∗) and we shall not identify objects which are non-canonically

isomorphic (like V and V ∗). Accordingly, we identify V ∗∗ ' V , so that V ∗ ' V ∗∗∗.
Since V ∗∗ ' V , we can regard vectors are linear maps on covectors defining their action as

v(α) = α(v) (13.1.62)

Canonical isomorphisms and anti-isomorphisms

Before going to discuss tensors, let us go back briefly to complex vector spaces and discuss their canonical isomorphisms.

For a finite dimensional complex vector space V , we discussed the dual V ∗, the dual conjugate V † as well as the conjugate V̄ spaces, They are all a

sort of dual, although, for example, we did not discuss (V ∗)†, (V̄ )∗, (V̄ )†, (V †)†, and so on. The reason for this, is that there are a number of canonical

isomorophisms and anti-isomorphisms among these objects, which eventually will show that, up to identifications induced by canonical isomorphisms,

the only spaces left are V , V ∗, V̄ , and V̄ ∗ ' V †, that V � V̄ and V ∗ � V̄ ∗ are anti-isomorphic (and consequently we shall not identify them with each

other) and, moreover, inner products further define non-canonical isomorphisms. For example, an Hermitian inner product will define isomorphisms

V � V̄ ∗ and V̄ � V ∗. Since the situation is quite intricate, it is a good exercise to get used to notation.

Given two vector spaces V and W , we write V ' W iff the are canonically isomorphic to each other. We write V ≈ W iff they are canonically anti-isomorphic and

V ∼W iff they are non-canonically isomorphic.

As usual, following the real cases, one already knows that V ' V ∗∗ ' . . ., V ∗ ' V ∗∗∗ ' . . ., V̄ ' V̄ ∗∗ ' . . ., and V̄ ∗ ' V̄ ∗∗∗ ' . . . are canonically

isomorphic.

In order to keep it simple, since we already discussed the ideas in details, let us simply lists maps and show that they are (anti-)isomorphisms. Let

us start by all canonical isomorphisms.

Let us consider the map

j : V ! (V †)† : v 7! j(v) 8α̂ 2 V † : j(v)(α̂) = (α̂(v))† (13.1.63)

For,

j(v)(λα̂+ µβ̂) = (λα̂(v) + µβ̂(v))† = λ†j(v)(α̂) + µ†j(v)(β̂) (j(v) ∈ (V †)†)

j(λv + µu)(α̂) = (α̂(λv + µu))† = λα̂(v)† + µα̂(u)† = λj(v)(α̂) + µj(u)(α̂) (j is linear)
(13.1.64)
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In view of these identifications, we have V ' (V ∗)∗ ' (V †)† and, consequently, we can define the action of v 2 V on V ∗ and V †.

For v = vα∂α, we have

j(v)(α̂) := (α̂(v))† = (α̂α̂)†δα̂β v
β = (α̂†)βv

β (13.1.65)

which clearly is vanishing for all α̂ iff v = 0. That means that the map j : V → (V †)† is injective. Since it is a map between spaces of the same dimension, it is also

surjective, i.e. an isomorphism.

As long as canonical anti-isomorphisms are concerned, we have a canonical anti-isomorphism k̂ : V ∗ ! V † : α 7! k̂(α) = α̂ defined as

k̂(α)(v) = α̂(v) = (α(v))† (13.1.66)

The image α̂ is in V † because it is anti-linear in v, i.e.

α̂(λv + µu) = (α(λv + µu))
†

= (λα(v) + µα(u))
†

= λ†α(v)† + µ†α(u)† = λ†α̂(v) + µ†α̂(u) (13.1.67)

Also the map k̂ is anti-linear since

k̂(λα+ µβ)(v) = (λα(v) + µβ(v))
†

= λ†α̂(v) + µ†β̂(v) (13.1.68)

Finally, it is invertible since we can also define the inverse anti-isomorphism k̂−1 : V † → V ∗ : α̂ 7→ ˆ̂α defined by ˆ̂α(v) = (α̂(v))†. If α̂ ∈ V †, the ˆ̂α ∈ V ∗ is linear.

In a basis ∂a of V , the induced dual basis ∂a and the dual conjugate basis ∂̂α̂, the map is expressed as

k̂ : V ∗ → V † : α = αα∂
α 7→ α̂ = (αα)†δα

β̂
∂̂β̂ =: (α†)α̂∂̂

α̂ (13.1.69)

Also, we have two canonical anti-isomorphisms ı̂ : V ! (V †)∗ : v 7! ı̂(v) and ̂ : V ! (V ∗)† : v 7! ̂(v) defined by

ı̂(v)(α̂) = α̂(v) ̂(v)(α) = (α(v))† (13.1.70)

For the first
ı̂(v)(λα̂+ µβ̂) = λα̂(v) + µβ̂(v) = λı̂(v)(α̂) + µı̂(v)(β̂) (̂ı(v) ∈ (V †)∗)

ı̂(λv + µu)(α̂) = α̂(λv + µu) = λ†α̂(v) + µ†α̂(u) = λ† ı̂(v)(α̂) + µ† ı̂(u)(α̂) (̂ı is anti-linear)
(13.1.71)

For the second
̂(v)(λα+ µβ) = λ†α(v)† + µ†β(v)† = λ†̂(v)(α) + µ†̂(v)(β) (̂(v) ∈ (V ∗)†)

̂(λv + µu)(α) = α(λv + µu)† = λ†α(v)† + µ†α(u)† = λ†̂(v)(α) + µ†̂(u)(α) (̂ is anti-linear)
(13.1.72)

Accordingly, we have a canonical isomorphism (V †)∗ ' (V ∗)† =: V̄ , which is canonically anti-isomorphic to V ' (V ∗)∗ ' (V †)†.

Notice that since V̄ = (V †)∗, then V̄ ∗ = V †. Accordingly, from now on we shall denote the relevant spaces by V̄ and V̄ ∗.

Before considering the maps induced by inner products, we can summarise the situation about the whole family of spaces which can be obtained from

V by repeated duality and conjugation, modulo canonical isomorphisms. We are left with only four spaces:
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v = vα∂α 2 V ' (V ∗)∗ ' (V †)† α = αα∂
α 2 V ∗ ' V̄ †

v̂ = v̂α̂∂̄α̂ 2 V̄ ' (V †)∗ ' (V ∗)† α̂ = α̂α̂∂̂
α̂ 2 V̄ ∗ ' V †

(13.1.73)

with canonical anti-isomorphisms along the columns.

A vector v 2 V acts both as a linear form on α 2 V ∗ and an anti-linear form on α̂ 2 V̄ ∗, namely

v(α) := α(v) = ααv
α v(α̂) := (α̂(v))† = (α̂α̂)†δα̂βv

β = (α̂†)βv
β (13.1.74)

A conjugate vector v̂ 2 V̄ acts both as a linear form on α̂ 2 V̄ ∗ and an anti-linear form on α 2 V ∗ , namely

v̂(α̂) := α̂α̂v̂
α̂ v̂(α) := (α(v̂))† = (αα)†δα

β̂
v̂β̂ = (α†)β̂ v̂

β̂ (13.1.75)

A covector α 2 V ∗ acts both as a linear form on v 2 V and an anti-linear form on v̂ 2 V̄ , namely

α(v) = ααv
α α(v̂) := α(v̂) = ααδ

α
β̂

(v̂β̂)† = αα(v̂†)α (13.1.76)

A conjugate covector α̂ 2 V̄ ∗ acts both as a linear form on v̂ 2 V̄ and an anti-linear form on v 2 V , namely

α̂(v̂) := v̂(α̂) := α̂α̂v̂
α̂ α̂(v) := α̂α̂δ

α̂
β (vβ)† = α̂α̂(v†)α̂ (13.1.77)

More generally, a linear map Φ : V̄ ! W , in view of the canonical anti-isomorphism V � V̄ , uniquely induces an anti-linear map Φ̂ : V ! W , and

vice versa. Accordingly, from now on there is no much need of considering anti-linear maps on V , since they can be identified with linear maps on V̄ .

The space of linear maps Φ : V ! W is denoted by L(V ;W ), the space of anti-linear maps Φ̂ : V ! W is denoted by L̂(V ;W ). They are vector

spaces with obvious operations. We have canonical isomorphisms L̂(V ;W ) ' L(V̄ ;W ).

In fact, if Φ̂ : V !W is an anti-linear map on V , we can associate to it a linear map i(Φ̂) : V̄ !W defined by

i(Φ̂)(̂ı(v)) = Φ̂(v) 2W (13.1.78)

In a basis ∂α of V and a basis ∂i 2 W , the map Φ̂ : V ! W reads as Φ̂(vα∂α) = (v†)α̂Φ̂i
α̂∂i. Then the corresponding linear map i(Φ̂) reads as

[i(Φ̂)]iα̂ = Φ̂i
α̂.

Accordingly, we can drop anti-linear maps (and forms) on V and V ∗ and replace them with linear maps (and forms) on V̄ and V̄ ∗. Of course, also

anti-linear maps on V̄ and V̄ ∗ are replaced with linear maps on V̄ ' V and (V̄ ∗) ' V ∗.
If we have two vector spaces V and U and a linear map Φ : V ! U , then we can define the dual operator Φ∗ : U∗ ! V ∗ and the dual conjugate

operator Φ̄∗ : Ū∗ ! V̄ ∗ so that

Φ∗(α)(v) = α(Φ(v)) Φ̄∗(α̂)(v) = α̂(Φ(v)) 8α 2 U∗, α̂ 2 Ū∗, v 2 V (13.1.79)
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as well as the conjugate operator Φ̄ : V̄ ! Ū , (Ū as anti-linear maps on U∗)

Φ̄(v̂)(α) = v̂(Φ∗(α)) 8α 2 U∗, v̂ 2 V̄ (13.1.80)

Notice that all these operators are linear.

In a basis ∂a on V and a basis ∂i on U , we have Φ(∂a) = Φia∂i (⇒ Φ(v) = vaΦia∂i) and consequently

α = αi∂
i, v = va∂a : Φ∗(∂i) = Φia∂

a ⇒ Φ∗(α)(v) = αiΦ
i
av
a = α(vaΦia∂i) (13.1.81)

α̂ = α̂ı̂∂̂
ı̂, v = va∂a : Φ̄∗(∂̂ ı̂) = (Φ†)ı̂â∂̂

â ⇒ Φ̄∗(α̂)(v) = α̂ı̂(Φ
†)ı̂âδ

â
a(va)† = α̂(vaΦia∂i) (13.1.82)

α = αi∂
i, v̂ = vâ∂̂â : Φ̄(∂̂â) = (Φ†)ı̂â∂̂ı̂ ⇒ Φ̄(v̂)(α) = v̂âδiı̂(Φ

†)ı̂â(αi)
† = v̂(αiΦ

i
a∂

a) (13.1.83)

Clearly enough, the correspondence Φ 7→ Φ∗ (as well as the correspondence Φ̄ 7→ Φ̄∗) is linear, while the correspondences Φ 7→ Φ̄∗ and Φ 7→ Φ̄ are anti-linear.

Let us then consider a Hermitian inner product η on V .That establishes a non-canonical isomorphism [ : V ! V̄ ∗ (as well as [ : V̄ ! V ∗), the inverse

being denoted by ] : V̄ ∗ ! V (and ] : V ∗ ! V̄ ). Since this is the case, in view of the canonical anti-isomorphisms, that induces also non-canonical

anti-isomorphisms between V and V ∗ as well as between V̄ and V̄ ∗.

Just identify V̄ ∗ with anti-linear forms on V and define

v[(u) = η(v, u)† = η(u, v) (13.1.84)

which is anti-linear in u (so that v[ ∈ V̄ ∗) and linear in v (so that [ is an isomorphism).

We also define

v̂[(û) = η(û, v̂) (13.1.85)

which is anti-linear in û (so that v̂[ ∈ V ∗, which is also the space of anti-linear maps on V̄ ) and linear in v̂ (so that [ is an isomorphism). Consequently, by composition

with the canonical anti-isomorphisms, one also has non-canonical anti-isomorphisms [ : V → V ∗ and [ : V → V̄ ∗.

In a basis ∂a of V , the non-canonical isomorphisms read as

v[ = ηâbv
b∂̂â v̂[ = ηab̂v̂

b̂∂a (13.1.86)

For the non-canonical anti-isomorphisms one has

v[ = ηâbv
bδâa∂

a v̂[ = ηab̂v̂
b̂δaâ ∂̂

â (13.1.87)

Let us stress that had we a symmetric inner product, that would induce non-canonical isomorphisms [ : V → V ∗ and [ : V̄ → V̄ ∗, instead.

If we have two vector spaces, each with a hermitian inner product, (V, η) and (W, η), for any linear map Φ : V ! W , we can define the adjoint map

Φ† : W ! V given by

η(v,Φ†(w)) = η(Φ(v), w) (13.1.88)

In an orthonormal basis ∂a on V and an orthonormal basis ∂i on W , the map Φ reads as Φ(∂a) = Φia∂i and we have

(va)†ηadw
i(Φ†)di = (vaΦia)†ηijw

j ⇒ (Φ†)di := ηad(Φka)†ηki (13.1.89)
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2. Tensors and tensor fields

.Next SectionNow that we defined vectors and covectors we can define general tensors. A tensor of rank (p, q) on a real vector space V is a multilinear map

t : (V )p � (V ∗)q ! R (13.2.1)

The set of all tensors of rank (p, q) on V will be denoted by T pq (V ).

For (p, q) = (0, 1) we have a linear map like ŵ : V ∗ → R, i.e. an element of V ∗∗ ' V . Thus we identify T 0
1 (V ) = V .

For (p, q) = (1, 0) we have a linear map like α : V → R, i.e. an element of V ∗. Thus we identify T 1
0 (V ) = V ∗.

We extend the definition setting T 0
0 (V ) = R.

The sets T pq (V ) have an obvious structure of vector spaces induced by the operations

(r + t)(v1, . . . , vp, α
1, . . . , αq) = r(v1, . . . , vp, α

1, . . . , αq) + t(v1, . . . , vp, α
1, . . . , αq)

(λt)(v1, . . . , vp, α
1, . . . , αq) = λt(v1, . . . , vp, α

1, . . . , αq)
(13.2.2)

One can also define an operation 
 : T pq (V )� T p′q′ (V )! T p+p
′

q+q′ (V )

(t
 r)(v1, . . . , vp, w1, . . . , wp′ , α
1, . . . , αq, β1, . . . , βq

′
) = t(v1, . . . , vp, α

1, . . . , αq) � r(w1, . . . , wp′ , β
1, . . . , βq

′
) (13.2.3)

which is called tensor product.

Let us now define the set T (V ) = �(p,q)T
p
q (V ), which is made of finite linear combinations of tensors of different rank. The set T (V ) inherits a

structure of (infinite dimensional) vector space. The tensor product is extended by linearity to T (V ) and T (V ) becomes an algebra, called the tensor

algebra.

Everybody already encountered examples of tensors. An inner product on V is a bilinear form < �, � >: V � V ! R (which is symmetric, non-

degenerate, definite positive) and hence it is tensor in T 2
0 (V ). Kinetic energy is a quadratic form associated to a (symmetric, non-degenerate, definite

positive) bilinear form which is again a tensor in T 2
0 (V ).

Complex tensors

Since tensors are linear maps, if we consider a complex vector space V we should consider linear and anti-linear maps. However, we already discussed

that anti-linear maps on V induce linear maps on V̄ . Accordingly, to define tensors on a complex vector space V is enough to consider multilinear

maps on all possible duals.

We define a tensor as a multilinear, complex valued, map

T p,p̄q,q̄ (V ) = ft : V p � (V ∗)q � V̄ p̄ � (V̄ ∗)q̄ ! Cg (13.2.4)

Those include anti-linear maps on V , which are represented as linear maps on V̄ .
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More generally, given two vector spaces V and U , we can define linear maps t : V ∗ � U∗ ! C. The space of such maps is denoted by V 
 U and it is

called the tensor product of the two vector spaces. It is clearly a vector space, with a basis ea 
 ei which are defined as

(ea 
 ei)(α, β) = αaβi (13.2.5)

where ea and ei are bases in V and U , respectively. That defines tensors with indices in different families.

In particular, one can see that

T p,p̄q,q̄ (V ) = (V ∗)⊗p 
 (V )⊗q 
 (V̄ ∗)⊗p̄ 
 (V̄ )⊗q̄ (13.2.6)

Then one can use tensor spaces to represent (up to canonical isomorphisms) all linear maps for some tensor product space to some other.

Bases of tensors

Let us hereafter define a basis for the vector spaces T pq (V ). We shall thus show that all spaces T pq (V ) are finite dimensional and accordingly the tensor

algebra will be infinite dimensional, a basis of the tensor algebra being defined by the union of bases of each T pq (V ).

The procedure is quite similar to what we did for the dual space, which is in fact a special case. We shall first define a collection of tensors in T pq (V ),

then we shall show that they generate T pq (V ), finally we shall prove that they are independent.

First step: let us fix a basis ∂α of V and the corresponding dual basis ∂α of V ∗ and consider ∂µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq 2 T pq (V ), so that one has

∂µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq(v1, . . . , vp, α

1, . . . , αq) = vµ1
1 . . . v

µp
p α

1
ν1
. . . αqνq (13.2.7)

Second step: let us prove that these elements generate T pq (V ). Let us consider a generic element t 2 T pq (V ) and the collection of components

t
ν1...νq
µ1...µp = t(∂µ1

, . . . , ∂µp , ∂
ν1 , . . . , ∂νq) (13.2.8)

We can now check that t = t
ν1...νq
µ1...µp∂

µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq by applying both sides to the same set of arguments.

One has
t(v1, . . . , vp, α

1, . . . , αq) =vµ1

1 . . . vµpp α1
ν1 . . . α

q
νq t(∂µ1

, . . . , ∂µp , ∂
ν1 , . . . , ∂νq ) =

=tν1...νqµ1...µp∂
µ1 ⊗ . . .⊗ ∂µp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq (v1, . . . , vp, α

1, . . . , αq)
(13.2.9)

Then ∂µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq are generators of T pq (V ).

Third step: ∂µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq are independent.

Consider a linear combination

λν1...νqµ1...µp∂
µ1 ⊗ . . .⊗ ∂µp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq = 0 (13.2.10)

and apply to (∂ρ1 , . . . , ∂ρp , ∂
σ1 , . . . , ∂σq ). It follows directly that λ

σ1...σq
ρ1...ρp = 0 and independence of ∂µ1 ⊗ . . .⊗ ∂µp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq .

Then ∂µ1 
 . . .
 ∂µp 
 ∂ν1

 . . .
 ∂νq form a basis for T pq (V ).

Accordingly, T pq (V ) is finite dimensional and of dimension dim(T pq (V )) = dim(V )p+q.
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Universal property of tensor product

Let us define the tensor product of two vector spaces V and U by the universal property. A vector space V 
 U is called the tensor product of V and

U if there exists a linear map 
 : V � U ! V 
 U with the following property:

for any bilinear map f : V �U ! Z in another vector space Z there exists a unique map f̄ : V 
U ! Z such that the following diagram is

commutative

V � U V 
 U

Z

.................................................................... ............



............................................................................................................................................................................ ........
....

f

............................................................................................................
.....
.......
.....

f̄

(13.2.11)

i.e. such that f̄ � 
 = f .

If the tensor product exists, it is unique (up to isomorphisms).

In fact, let us suppose there are two candidates as a tensor product, namely (V ⊗U,⊗) and (W,ϕ). Then let us fix Z = W and f = ϕ; by the universal property above,

there exists a unique map ϕ̄ : V ⊗U →W . However, also (W,ϕ) has the universal property, thus fixing Z = V ⊗U and f = ⊗ then the map ⊗̄ : W → V ⊗U and it is

unique.

These two maps satisfy the commutation relations

ϕ̄ ◦ ⊗ = ϕ ⊗̄ ◦ ϕ = ⊗ ⇒ ϕ̄ ◦ ⊗̄ ◦ ϕ = ϕ ⇒ ⊗̄ ◦ ϕ̄ ◦ ⊗ = ⊗ (13.2.12)

Accordingly, these maps make the following diagrams commutative:

V × U V ⊗ U

V ⊗ U

.............................................................................. ............
⊗

............................................................................................................................................................................ ........
....

⊗
............................................................................................................
.....
.......
.....

⊗̄ ◦ ϕ̄

V × U W

W

............................................................................................... ............
ϕ

............................................................................................................................................................................ ........
....

ϕ

............................................................................................................
.....
.......
.....

ϕ̄ ◦ ⊗̄

(13.2.13)

as the identity maps idV⊗U and idW do. However, in view of the universality property, the maps making these diagram commutative are unique, then we have

⊗̄ ◦ ϕ̄ = idV⊗U ϕ̄ ◦ ⊗̄ = idW (13.2.14)

and the two maps ⊗̄ and ϕ are one the inverse of the other. Thus V ⊗ U 'W .

Let us now show that

T pq (V )
 T p′q′ (V ) ' T p+p′q+q′ (V ) 
 : T pq (V )� T p′q′ (V )! T p+p
′

q+q′ (V ) : (t, r) 7! t
 r (13.2.15)
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Let us consider a vector space Z with a basis ei and the basis(
dxµ1 ⊗ . . .⊗ dxµp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq ,dx

ρ1 ⊗ . . .⊗ dxρp′ ⊗ ∂σ1
⊗ . . .⊗ ∂σq′

)
(13.2.16)

of T pq (V )× T p
′

q′ (V ). Any map f : T pq (V )× T p
′

q′ (V )→ Z is given by setting

f
(
dxµ1 ⊗ . . .⊗ dxµp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq ,dx

ρ1 ⊗ . . .⊗ dxρp′ ⊗ ∂σ1 ⊗ . . .⊗ ∂σq′
)

= f
µ1...µpσ1...σp′ i
ν1...νpρ1...ρp′ ei (13.2.17)

Then we can define the map f̄ : T pq (V )⊗ T p
′

q′ (V )→ Z by

f̄
(
dxµ1 ⊗ . . .⊗ dxµp ⊗ dxρ1 ⊗ . . .⊗ dxρp′ ⊗ ∂ν1 ⊗ . . .⊗ ∂νq ⊗ ∂σ1

⊗ . . .⊗ ∂σq′
)

= f
µ1...µpσ1...σp′ i
ν1...νpρ1...ρp′ ei (13.2.18)

which in fact has the property f̄ ◦ ⊗ = f and such a map is unique. Thus we show that T pq (V )⊗ T p
′

q′ (V ) ' T p+p
′

q+q′ (V ).

In particular, we have, for example, that

T 1
1 (V ) = T 1

0 (V )
 T 0
1 (V ) = V ∗ 
 V (13.2.19)

Changing the basis

If we change the basis in V by ∂′µ = J̄
ν
µ∂ν the corresponding dual basis changes as ∂′µ = Jµν ∂

ν . Then the elements of the basis change as

∂′µ1 
 . . .
 ∂′µp 
 ∂′ν1

 . . .
 ∂′νq = Jµ1

ρ1
. . . J

µp
ρp J̄

σ1
ν1
. . . J̄

σq
νq ∂

ρ1 
 . . .
 ∂ρp 
 ∂σ1

 . . .
 ∂σq (13.2.20)

and the components of the tensor change as

t′
σ1...σq
ρ1...ρp = J̄

µ1
ρ1
. . . J̄

µp
ρp J

σ1
ν1
. . . J

σq
νq t

ν1...νq
µ1...µp (13.2.21)

Notice as these transformation rules follow the prescription of Jacobians for up indices and anti Jacobians for down indices.

Let us stress that if the tensor t = 0 then in one basis the components t
ν1...νq
µ1...µp = 0 vanish. Then the components t′

σ1...σq
ρ1...ρp vanish in any basis. This

means that setting a tensor to zero does not depend on the basis (and when charts are indentifyed with observers the equation t = 0 has an absolute

meaning, i.e. it is independent of the basis).

Tensors on a manifold

As for covectors, notation is ready to define tensors at a point x on a manifold M by just taking V = TxM and, consequently, by interpreting the

matrix J as Jacobians of coordinate changes.
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The tensor spaces T pq (TxM) are also denoted by T pq (M)x and the corresponding tensor algebra is denoted by T ∗∗ (M)x. Then we can define the tensor

spaces T pq (M) and T ∗∗ (M) by a disjoint union over to point on M

T pq (M) =
a
x∈M

T pq (M)x T ∗∗ (M) =
a
x∈M

T ∗∗ (M)x (13.2.22)

The sets T pq (M) with natural coordinates (xµ, t
ν1...νq
µ1...µp) and transformations rules(

x′µ = x′µ(x)

t′
σ1...σq
ρ1...ρp = J̄

µ1
ρ1
. . . J̄

µp
ρp J

σ1
ν1
. . . J

σq
νq t

ν1...νq
µ1...µp

(13.2.23)

are endowed with the structure of smooth manifolds whenever M is smooth.

As for covectors and vectors we can define the projection map

π : T pq (M)!M : (x, t) 7! x (13.2.24)

Tensor fields

As we defined the Lie algebra X(M) of vector fields over M and 1-forms Ω1(M), we can define tensor fields. A tensor field of rank (p, q) is a map

T : M ! T pq (M) such that π � T = idM . Then T (x) is a tensor of rank (p, q) at x and a tensor field is assigning a tensor at any point of M .

Locally, a tensor field is represented by

T = T
ν1...νq
µ1...µp(x)∂µ1 
 . . .
 ∂µp 
 ∂ν1


 . . .
 ∂νq (13.2.25)

and T
ν1...νq
µ1...µp(x) are called the component functions.

The set of all tensor fields of rank (p, q) on M will be denoted by T p
q(M). It is obviously a (real) vector space since tensor fields can be added and

multiplied by a number.

Let is consider a tensor field T ∈ T 2
1(M) locally expressed as

T = T ρµν(x)∂µ ⊗ ∂ν ⊗ ∂ρ (13.2.26)

We can associate to T an F(M)-multilinear map T̂ : X(M)× X(M)× Ω1(M)→ F(M) defined by

T̂ (X,Y, ω) = T ρµνX
µY νωρ (13.2.27)

More generally, tensor fields are often defined also as F(M)-multilinear map T̂ : (X(M))p × (Ω1(M))q → F(M).

The spaces of tensor fields and F(M)-multilinear maps are canonically isomorphic and they will be identified. Accordingly, we shall drop the hat sign.

Let us finally provide an example of tensor field. One can assign an inner product in TxM at each point x 2 M . This is given by a symmetric,

non-degenerate, definite positive, tensor field or rank (2, 0)

g = gµν(x) ∂µ 
 ∂ν (13.2.28)
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which is called a (strictly Riemannian) metric on M . Being the matrix gµν non-degenerate, it allows a pointwise inverse (denoted by gµν(x)) which

defines a tensor field of rank (0, 2)

ḡ = gµν(x) ∂µ 
 ∂ν (13.2.29)

which, by the way, pointwise defines an inner product on covectors.

The non-canonical isomorphisms between V and V ∗ discussed above, can be viewed in this context as tensor fields. We can define [ : X(M)! Ω1(M)

and ] : Ω1(M)! X(M) by

X[ = g(X, �) = Xµgµν∂
ν ω] = ḡ(ω, �) = ωµg

µν∂ν (13.2.30)

Canonical isomorphisms

Let us consider the set of linear maps φ : V ! V , which is denoted by End(V ). We can canonically associate a (1, 1)-tensor φ̂ to the endomorphism

φ by

φ̂(v, α) = α(φ(v)) (13.2.31)

The map φ̂ is bilinear

φ̂(λv + µw, α) = α(φ(λv + µw)) = α(λφ(v)) + µφ(w)) = λα(φ(v)) + µα(φ(w)) = λφ̂(v, α) + µφ̂(w,α)

φ̂(v, λα+ µβ) = (λα+ µβ)(φ(v)) = λα(φ(v)) + µβ(φ(v)) = λφ̂(v, α) + µφ̂(v, β)
(13.2.32)

The inverse map associates an endomorphism φ to a (1, 1)-tensor φ̂

α(φ(v)) = φ̂(v, α) (13.2.33)

One should prove that there is one and only one endomorphism φ obeying this property ∀α ∈ V ∗.

The two maps are inverse to each other and hence both one-to-one. They are also linear maps.

In fact

(λφ+ µψ)̂ (v, α) = α((λφ+ µψ)(v)) = λα(φ(v)) + µα(ψ(v)) = λφ̂(v, α) + µψ̂(v, α) (13.2.34)

Accordingly, T 1
1 (V ) and End(V ) are canonically isomorphic.

Similarly, one has canonical isomorphisms between

fφ : V ! V ∗g  ! fφ : V � V ! Rg
fφ : V ∗ ! V g  ! fφ : V ∗ � V ∗ ! Rg
fφ : V ∗ ! V ∗g  ! fφ : V ∗ � V ! Rg

. . .

fφ : V � V ! V � V ∗g  ! fφ : V � V � V � V ∗ ! Rg

(13.2.35)
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Accordingly, in view of these canonical isomorphisms tensors do not only represent multilinear forms but also any linear map among products of V

and V ∗. Similarly, tensor fields represent F(M)-linear maps among products of vector fields and 1-forms.

3. Tensor densities

.Next SectionTensors are not the only objects we shall use. The components of a tensor transform under change of coordinates as

t′
σ1...σq
ρ1...ρp = J̄

µ1
ρ1
. . . J̄

µp
ρp J

σ1
ν1
. . . J

σq
νq t

ν1...νq
µ1...µp (13.3.1)

Let us define a tensor density of rank (p, q) and weight w 2 R as an object with components with p indices down and q indices up which transform

under change of coordinates as

t′
σ1...σq
ρ1...ρp = (detJ)−wJ̄

µ1
ρ1
. . . J̄

µp
ρp J

σ1
ν1
. . . J

σq
νq t

ν1...νq
µ1...µp (13.3.2)

Notice that also setting a tensor density to zero is something which is independent of the chart.

Tensor densities naturally arise from tensors. If g = gµνdxµ
 dxµ is a bilinear form (or, in particular, a metric) the determinant det(g) transforms as

det(g′) = (det(J))−2det(g) (13.3.3)

so it is a scalar density of weight 2. On an orientable manifold, one can restrict to oriented atlases so that det(J) > 0. In that case, we set
p
g for the

square root of the absolute value of the determinant of the matrix gµν which transforms asp
g′ = (det(J))−1pg (13.3.4)

which is a scalar density of weight 1.

Of course, on a manifold with a metric g, one can convert any tensor density of weight w to a tensor by multiplication by (
p
g)−w and vice versa.

Levi Civita tensor densities

On any manifold M of dimension m, one can define two canonical tensor densities εµ1...µm and εµ1...µm defined to be the sign (�1)](σ) of the permutation

σ 2 Πm which brings (µ1 . . . µm) to (1 . . .m). They are called Levi Civita tensor densities (we shall see that they have different weights).

It is to be understood that Levi Civita tensor densities have the same values in all charts, otherwise they would select a preferred class of observers for which their

value is ±1.
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Let P = P µρ dxρ 
 ∂µ be a tensor in T 1
1 (V ) (let it be dim(V ) = n). This can be associated with a matrix

P µρ �!

0
BBB@
P 1

1 P 1
2 . . . P 1

n

P 2
1 P 2

2 . . . P 2
n

...
...

...

P n1 P n2 . . . P nn

1
CCCA =: P (13.3.5)

Then the determinant of P is defined to be

det(P ) = εµ1...µnP
µ1
1 . . . Pµnn = 1

n!εµ1...µnP
µ1
ν1
. . . P µnνn ε

ν1...νn (13.3.6)

Notice that the determinant of a (1, 1)-tensor is a scalar and its value does not depend on the chart.

Let us start with n = 2. In dimension n = 2 we have

det(P ) = εµνP
µ
1 P

ν
2 = P 1

1P
2
2 − P 2

1P
1
2 = det

(
P 1

1 P 1
2

P 2
1 P 2

2

)
(13.3.7)

In dimension n = 3 we have
det(P ) = εµνρP

µ
1 P

ν
2 P

ρ
3 =ε1νρP

1
1P

ν
2 P

ρ
3 + ε2νρP

2
1P

ν
2 P

ρ
3 + ε3νρP

3
1P

ν
2 P

ρ
3 =

=ε1νρP
1
1P

ν
2 P

ρ
3 − εν2ρP

2
1P

ν
2 P

ρ
3 + ενρ3P

3
1P

ν
2 P

ρ
3 = Pµ1 ∆1

µ

(13.3.8)

where we set

∆1
1 := ε1νρP

ν
2 P

ρ
3 ∆1

2 := −εν2ρP
ν
2 P

ρ
3 ∆1

3 := ενρ3P
ν
2 P

ρ
3 (13.3.9)

for the algebraic complements. This provides the Laplace rule for the expansion of the determinant with respect to the first column.

In higher dimension, the proof is similar when one defines the algebraic complement of the element (1, k) as

∆1
k = εkµ1...µk−1µk+1...µnP

µ1

2 . . . P
µk−1

k P
µk+1

k+1 . . . Pµnn (13.3.10)

Since the determinant is associated to a matrix and a matrix can be also associated to tensors T 2
0 (V ) (as well as to tensors in T 0

2 (V )) the determinant

is extended to these cases. If A = Aµρdxµ 
 dxρ (B = Bµρ∂µ 
 ∂ρ) is a tensor of rank (2, 0) (or (0, 2), respectively) then it is associated to a matrix

Aµρ �!

0
BB@
A11 A12 . . . A1n

A21 A22 . . . A2n
...

...
...

An1 An2 . . . Ann

1
CCA =: A Bµρ �!

0
BB@
B11 B12 . . . B1n

B21 B22 . . . B2n

...
...

...

Bn1 Bn2 . . . Bnn

1
CCA =: B (13.3.11)

and the determinant is defined to be

det(A) = εµ1...µnAµ11 . . . Aµnn det(B) = εµ1...µnB
µ11 . . . Bµnn (13.3.12)

Let us remark that det(A) is a scalar density of weight 1, while det(B) is a scalar density of weight �1.
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Let us stress that the convention (13.3.5) to put components of a tensor of rank (1, 1) in a matrix and the conventions (13.3.11) to put components of a tensor of rank

(2, 0) and (0, 2) in a matrix are independent notation.

We chose the notation so that the matrix products read as

PQ = PµλQ
λ
ρ AP = AµλP

λ
ρ PB = PµλB

λρ AB = AµλB
λρ BA = BµλAλρ (13.3.13)

and
tPA = PλµAλρ B tP = BµλP ρλ (13.3.14)

This is not that important since we are aiming to replace matrix formalism with index formalism. However, sometimes we shall like to compare index formula with

well-known formula in matrix notation. For example, we would like to write transformation rules of a bilinear form

A′µν = J̄
ρ
µAρσJ̄

σ
ν ⇐⇒ A′ = tJ̄AJ̄ (13.3.15)

to recognize its well-known matrix form. [Just remember that usually in linear algebra the transition matrix P is defined to be J̄ in our notation.]

Let us finally remark that we did not even provide a notation for the matrix product AA or BB since they would imply a summation along two indices in the same

position.

Let us now consider the transformation rules of Levi Civita tensor densities. We have

ε′µ1...µm = det(J)J̄
ν1
µ1
. . . J̄

νm
µmεν1...νm = det(J)det(J̄)εµ1...µm = εµ1...µm

ε′µ1...µm = det(J̄)Jµ1
ν1
. . . Jµmνm ε

ν1...νm = det(J̄)det(J)εµ1...µm = εµ1...µm
(13.3.16)

which shows that only by assuming they are densities of the correct weight, then their value does not depend on the chart and one can say that

ε1...m = 1 in any chart.

There are a lot of other important identities on contractions of the Levi Civita tensor densities. We shall here present a systematic way of proving

them.

Let us start from dimension 3. We shall denote by εijk the Levi Civita tensor densities in dimension 3. One can also define the controvariant version

εijk.

Indices are raised and lowered by a metric (call it gij). If one raises all indices of εijk, what is obtained is not εhlm but it is denoted by εh·
l
·
m
· . There is

a simple relation between εhlm and εh·
l
·
m
· , that is

εh·
l
·
m
· = ghigljgmkεijk = det−1(g)εhlm (13.3.17)

Hence, unless det(g) = 1, raising and lowering need to be explicitly traced.

Analogously, one has

ε ·h
·
l
·
m = ghigljgmkε

ijk = det(g)εhlm (13.3.18)

The next fundamental identity is

εijkεlmn = 3!δ
[i
l δ

j
m δ

k]
n (13.3.19)
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This can be proven by simply fixing the free indices to some value (the right hand side expands to a sum of products of deltas with permutation sign; if an index is

repeated then no term survive due to antisymmetry; if no repetition is present, just one term survive on the left; by evaluating the deltas, one gets exactly the sign of

the permutation between (ijk) and (lmn)).

There the square braces denotes complete anti-symmetrisation (who is not familiar with it can see below)

Form this fundamental identity, one can obtain by contraction the other relevant formulae.

εijkεimn =3!1
3(δii δ

[j
m δ

k]
n + δji δ

[k
m δ

i]
n + δki δ

[i
m δ

j]
n ) = 2!(3δ

[j
m δ

k]
n + δ

[k
m δ

j]
n + δ

[k
m δ

j]
n ) = 2!δ

[j
m δ

k]
n (13.3.20)

εijkεijn =2!1
2(δjj δ

k
n � δkj δjn) = 3δkn � δkn = 2δkn (13.3.21)

εijkεijk =2δkk = 3! (13.3.22)

We shall denote by εαβγδ the Levi Civita tensor densities in dimension four. One can also define the contravariant version εαβγδ.

Indices are raised and lowered by a metric (call it gαβ). If one raises all indices of εαβγδ, what is obtained is not εµνρσ but it is denoted by εµ·
ν
·
ρ
·
σ
· .

There is a simple relation between εµνρσ and εµ·
ν
·
ρ
·
σ
· , that is

εµ·
ν
·
ρ
·
σ
· = gµαgνβgργgσδεαβγδ = det−1(g)εµνρσ (13.3.23)

Hence unless det(g) = 1 (e.g. we are working in orthonormal coordinates) raising and lowering need to be explicitly traced.

Analogously, one has

ε ·µ
·
ν
·
ρ
·
σ = gµαgνβgργgσδε

αβγδ = det(g)εµνρσ (13.3.24)

The next fundamental identity is

εµνρσεαβγδ = 4!δ
[µ
α δνβ δ

ρ
γ δ

σ]
δ (13.3.25)

This can be proven by simply fixing the free indices to some value (the right hand side expands to a sum of products of deltas with permutation sign; if an index is

repeated then no term survive due to antisymmetry; if no repetition is present, just one term survive on the left; by evaluating the deltas, one gets exactly the sign of

the permutation between (µνρσ) and (αβγδ)).

Form this fundamental identity, one can obtain by contraction the other relevant formulae.

εµνρσεµβγδ =4!1
4(δµµ δ

[ν
β δργ δ

σ]
δ � δνµ δ[µ

β δργ δ
σ]
δ � δρµ δ[ν

β δµγ δ
σ]
δ � δσµ δ[ν

β δργ δ
µ]
δ ) = 3!(4δ

[ν
β δργ δ

σ]
δ � δ[ν

β δργ δ
σ]
δ � δ[ν

β δργ δ
σ]
δ � δ[ν

β δργ δ
σ]
δ ) = 3!δ

[ν
β δργ δ

σ]
δ

(13.3.26)

εµνρσεµνγδ =3!1
3(δνν δ

[ρ
γ δ

σ]
δ � δρν δ[ν

γ δ
σ]
δ � δσν δ[ρ

γ δ
ν]
δ = 2!(4δ

[ρ
γ δ

σ]
δ � δ[ρ

γ δ
σ]
δ � δ[ρ

γ δ
σ]
δ = 2!2!δ

[ρ
γ δ

σ]
δ

(13.3.27)

εµνρσεµνρδ =2!2!δ
[ρ
ρ δ

σ]
δ = 2!(δρρ δ

σ
δ � δσρ δρδ ) = 2!(4δσδ � δσδ ) = 3!δσδ (13.3.28)

εµνρσεµνρσ =3!δσσ = 4! (13.3.29)
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Thus, in arbitrary dimension m, one has εµ1...µm and εν1...νm which can be contracted on k pair of indices to obtain:

εµ1...µm−kλ1...λkεν1...νm−kλ1...λk = (m� k)!k!δµ1

[ν1
. . . δ

µm−k
νm−k] (13.3.30)

We can also obtain the formula for taking the derivative of a determinant. Let us suppose we have an (invertible) matrix Aµν(x) and a derivative d

(it does not matter what exactly the derivative is since we shall only use Leibniz rule).

d(det(A)) = d
�
εµ1...µmAµ11 . . . Aµmm

�
= εµ1...µmdAµ11 . . . Aµmm + . . .+ εµ1...µmAµ11 . . . dAµmm (13.3.31)

Thus we obtain m determinants in each of which one column has beed derived. Each determinant can be expanded with Laplace rule with respect to

the column which has been derived

d(det(A)) = dAµ1∆µ1 + . . .+ ∆µmdAµm = ∆µνdAµν (13.3.32)

where ∆µν denotes the algebraic complement to the element (µν). We know that algebraic complement enters the formula for the inverse matrix

Āµν =
1

det(A)
∆µν ) ∆µν = det(A)Āµν (13.3.33)

so that one has

d(det(A)) = det(A)ĀµνdAµν (13.3.34)

Thus the derivative of the determinant is computed algebraically (as expected since the determinant is a polynomial) essentially (i.e. modulo the

numeric factor detA)) by taking the trace of the product of the inverse matrix Ā by the original matrix where all the entries have been derived dA.

4. Pull-back and push-forward

.Next SectionTensor fields can be dragged along smooth maps. In general we call push-forward when a tensor field is dragged in the same direction of the map,

while we call pull-back when the dragging is in the opposite direction. Usually, we denote by Φ∗ the pull-back along a map Φ, while we denote by Φ∗
the push-forward. As a general result, all tensor fields can be both pulled back and pushed forward along diffeomorphisms. Depending on the rank,

tensor fields are more or less friendly to push-forward or pull-back when the map is not a diffeomorphism.

Pulling back or pushing forward along the identity does not change the tensor field. If one has the composition of two maps the push-forward preserves

the composition while the pull-back inverts the composition.

Functions, 0 -forms

Let us consider two manifolds M and N with a smooth map Φ : M ! N .
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622 Tensor fields and differential forms

Given a function F : N ! R 2 F(N), one can define a function Φ∗F := F � Φ : M ! R which is called the pull-back of F along the map Φ.

M N

R

.......................................................................................................................................... ............

Φ

.........
.........
.........
.........
.........
.........
.........
....................
............

F
.............

.............
.............

.............
.............

.............
.............

.............
.............

..............

............

Φ∗F

(13.4.1)

Let xµ be local coordinates on M around a point x, and yi coordinates around y = Φ(x). The local expression of the map Φ reads as Φ : xµ 7! yi(x).

To be precise, let us assume that we restricted the domain U of coordinate xµ and the domain V of coordinate yi so that one has Φ(U) = V .

Also notice that formally the local expression is similar to a set of transition functions x′µ = x′µ(x), just with the new coordinates called yi. Just the meaning of

symbols are different; here xµ and yi are coordinates of different points in different spaces, while in transition functions x′µ and xµ are different names of the same

point.

The local expression of F is F (y) and the pull-back is locally given by

Φ∗F : M ! R : x 7! F (y(x)) (13.4.2)

Accordingly, pulling back a function amounts to just compute it Φ∗F (x) = F (y(x)) along the new coordinates.

Except for understanding the pull-back, this is quite similar to the relations between two local expressions in two different charts F (x′) = F (x′(x)). Again, same

formula with two different meanings.

Let us stress that any function can be pulled back along any map. On the contrary, this is not the case for push-forward. Given a function on M

there is no general way to define a function on N . For pushing forward functions, one has to either restrict functions or restrict maps.

Pushing forward have to overcome two problems. If the map Φ is not surjective, then one has no clue on the value of a candidate push-forward function on points

which are not in the image of Φ.

Second issue is when the map is not injective; if there are different points with the same image Φ(x1) = Φ(x2) = y then in general F (x1) 6= F (x2) and one cannot

choose which is the value to be assigned at the point y.

It may happen that a function F on M is constant on level sets of the (surjective, possibly not injective) map Φ. In that case, the function F is called

Φ-projectable and one can define the push-forward. Of course, only some functions are Φ-projectable.

Another strategy is restricting the map Φ so that one can push forward any function on M . For the map Φ must be a diffeomorphism and pushing

forward a function on M along Φ is the same of pulling it back along the inverse map, i.e., for any F : M ! R, one has Φ∗F := (Φ−1)∗F

Vector fields

Vector fields are operators on functions.

Let us consider X 2 X(M). The push-forward of X along the map Φ : M ! N is defined as the vector field Φ∗X 2 X(N) which acts on a general

function F : N ! R as

Φ∗X(F ) � Φ = X(Φ∗F ) Φ∗ (Φ∗X(F )) = X(Φ∗F ) (13.4.3)
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Locally, one has X = Xµ(x)∂µ and F (y), its pull-back being Φ∗F (x) = F (y(x)). Then one has

X(Φ∗F ) = Xµ(x)J iµ(x) ∂iF (y(x)) (13.4.4)

where J iµ is the Jacobian of the map Φ. This could be seen as a vector field over N , if there exist functions Y i(y) such that (8F 2 F(N))

Y i(y(x))∂iF (y(x)) = Xµ(x)J iµ(x) ∂iF (y(x)) Y i(y(x)) = Xµ(x)J iµ(x) (13.4.5)

Unfortunately, if the map Φ is not surjective there is no clue about the value of Y i on the points which are not in the image of Φ. We have to require

Φ to be surjective.

Then, as for pulling back functions, we have two issues; if the map Φ is not injective, e.g. there are two points x1 and x2 such that Φ(x1) = Φ(x2) = y

then one, in general, cannot determine which value is to be assigned to Y i(y) unless the functions Xµ(x)J iµ(x) are constant along the level sets of Φ.

In that case, one can unambiguously define the components Y i(y) and the vector field X is called Φ-projectable.

Alternatively, the map Φ is injective, the level sets are made of only one point, and all vector fields are Φ-projectable. In this case, Φ is a diffeomorphism

and one also has the inverse map x(y) (by using Φ−1) and

Φ∗X = Xµ(x(y))J iµ(x(y)) ∂i (13.4.6)

is a good vector field on N . Since Φ is invertible, one can also pull back a vector field Y = Y i(y)∂i 2 X(N) as

Φ∗Y = Y i(y(x))J̄
µ
i (y(x))∂µ (13.4.7)

where J̄
µ
i is the anti-Jacobian of the map Φ, i.e. the Jacobian of the inverse map Φ−1 : N !M .

One can show that the push-forward of the commutator of two vector fields is the commutator of their push-forward, i.e.

Φ∗[X,Y ] = [Φ∗X,Φ∗Y ] (13.4.8)

Let us fix a function F on N so that we can evaluate

Φ∗ (Φ∗[X,Y ](F )) =[X,Y ](Φ∗F ) = X(Y (Φ∗F ))− Y (X(Φ∗F )) = X (Φ∗ (Φ∗Y (F )))− Y (Φ∗ (Φ∗X(F ))) =

=Φ∗ (Φ∗X (Φ∗Y (F ))− Φ∗Y (Φ∗X(F ))) = Φ∗ ([Φ∗X,Φ∗Y ](F ))
(13.4.9)

1 -forms

We shall follow the same strategy for 1-forms, which are operators on vector fields. If ω 2 Ω1(N) is a 1-form on N , we define the pull-back as the

1-form Φ∗ω 2 Ω1(M) such that for any vector field X 2 X(M) one has

Φ∗ω(X) = ω(Φ∗X) (13.4.10)
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Locally, we have

ω(Φ∗X) = ωi(y)Xµ(x(y))J iµ(x(y)) ⇒ Φ∗ω = ωi(y(x))J iµ(x) dxµ (13.4.11)

Notice that to define (13.4.11), one does not need the inverse of Φ. Accordingly, one can pull back any 1-form along any map. Of course, if Φ is a

diffeomorphism then 1-forms can be pushed forward by pulling back along the inverse map.

Tensor fields

A tensor field of rank (p, 0) is called controvariant, while a tensor of rank (0, q) is called covariant.

Notice that covariant (controvariant, respectively) tensors T ∗0 (V ) = ⊕pT p0 (V ) (T 0
∗ (V ) = ⊕qT 0

q (V ), respectively) forms a subalgebra of the tensor algebra. In fact, tensor

products of covariant (controvariant, respectively) tensors are still covariant (controvariant, respectively).

We can define pull-back of a covariant tensor T on N as

Φ∗T (X1, . . . , Xp) = Φ∗
�
T (Φ∗X1, . . . ,Φ∗Xp)

�
(13.4.12)

Locally, one has

Φ∗T = Ti1...ip(y(x))J i1µ1
(x) . . . J ipµp(x) dxµ1 ⊗ . . .⊗ dxµp (13.4.13)

Notice that any covariant tensor can be pulled back along any map Φ. Of course, covariant tensors can be pushed forward along diffeomorphisms.

We can define push-forward of a controvariant tensor T on M as

Φ∗
�
Φ∗T (ω1, . . . , ωq)

�
= T (Φ∗ω1, . . . ,Φ

∗ωq) (13.4.14)

Locally, one has

Φ∗T = Tµ1...µq (x(y))J i1µ1
(x(y)) . . . J iqµq (x(y)) ∂i1 ⊗ . . .⊗ ∂iq (13.4.15)

Notice that controvariant tensors can be pushed forward along diffeomorphisms Φ. Of course, they can be also pulled back.

For mixed tensors, we restrict to diffeomorpims.

The push-forward of a tensor field T of rank (p, q) on M is given by

Φ∗
�
Φ∗T (X1, . . . , Xp, ω1, . . . , ωq)

�
= T (Φ∗X1, . . . ,Φ

∗Xp,Φ
∗ω1, . . . ,Φ

∗ωq) (13.4.16)

while pull-back of a tensor field T of rank (p, q) on N is defined as

Φ∗T (X1, . . . , Xp, ω1, . . . , ωq) = Φ∗
�
T (Φ∗X1, . . . ,Φ∗Xp,Φ∗ω1, . . . ,Φ∗ωq)

�
(13.4.17)

Locally, one has

Φ∗T = Tµ1...µq
ν1...νp (x(y))J i1µ1

(x(y)) . . . J iqµq (x(y))J̄
ν1
j1 (y) . . . J̄

νp
jp (y) dyj1 ⊗ . . .⊗ dyjp ⊗ ∂i1 ⊗ . . .⊗ ∂iq (13.4.18)
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for push-forward, while one has

Φ∗T = T
j1...jq
i1...ip

(y(x))J i1µ1
(x) . . . J ipµp(x)J̄

ν1
j1 (y(x)) . . . J̄

νq
jq (y(x)) dxµ1 ⊗ . . .⊗ dxµp ⊗ ∂ν1 ⊗ . . .⊗ ∂νq (13.4.19)

for pull-back.

Usually, computing Jacobians and anti-Jacobians is quite hard. For that reason, one usually computes push-forward and pull-back of tensor fields by

following the following procedure:

- compute the components as functions of x or y as appropriate by using the expression of Φ or Φ−1.

- act on the basis by transforming each vector or covector basis element. The action of maps of vectors are obtained by taking the partial

derivatives of functions Φ∗F (x) = F (y(x)) while the action of maps on covectors is found by differentiating both sides of the map expression

yi = Φi(x).

Tangent and cotangent maps

We can also try to use a map to induce single vectors instead of a whole vector field on new manifolds.

Let M and N be two manifolds, Φ : M ! N a map and (x, v) 2 TM a tangent vector to M . Since v = [γ] is an equivalence class of curves based

at x we can define a family of curves Φ � γ based at Φ(x) = y 2 N . Such a map on curves is compatible with the equivalence relation (if γ � γ′ then

Φ � γ � Φ � γ′ since the map is smooth and preserved equality between derivatives) and it induces a map in the quotient

TΦ : TM ! TN : (x, v = [γ]) 7! (Φ(x), [Φ � γ]) (13.4.20)

which is called the tangent map of Φ. It is often useful to restrict the tangent map to vectors at x to obtain a map between tangent spaces

TxΦ : TxM ! TΦ(x)N : v = [γ] 7! [Φ � γ]

In coordinates, the map reads as Φ : M → N : xµ 7→ yi(x), the curve reads as γ : s 7→ γ(s). The tangent map then is given by

TxΦ : TxM → TΦ(x)N : vµ∂µ 7→ vµJ iµ∂i (13.4.21)

as one obtains by taking the tangent vector of the induced curve Φ ◦ γ : s 7→ y(γ(s))

Let us stress that the push-forward of a vector field when it is defined (i.e. when Φ is a diffeomorpism) is given by

(Φ∗X)(y) = (TxΦ) (X(x)) (13.4.22)

as one can check by comparing with (13.4.6). However, since we here are interested in mapping single vectors and not whole vector fields, the tangent

map is defined along any smooth map.

If Φ : M →M is the identity map then J iµ is the identity matrix and TxΦ : TxM → TxM is the identity. If we consider two maps Φ : M → N and Ψ : N → Q, then

Tx(Ψ ◦ Φ) = TΦ(x)Ψ ◦ TxΦ (13.4.23)
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In fact, let zA be coordinetes on Q, then one has

Tx(Ψ ◦ Φ)(v) = vµJAµ ∂A = vµJAi J
i
µ∂A = TΦ(x)Ψ(vµJ iµ∂i) = TΦ(x)Ψ ◦ TxΦ(v) (13.4.24)

as it follows from the fact that the Jacobian of a composition is the composition of Jacobians.

Similarly, we can define the cotangent map or the transpose map as

T ∗Φ : T ∗N ! T ∗M : (Φ(x), α) 7! (x, T ∗Φ(x)Φ(α)) 8v 2 TM : T ∗Φ(α)(v) = α(TxΦ(v)) (13.4.25)

The map Φ has to be at least surjective, if one wants the map T ∗Φ to be defined everywhere in its domain. It is often useful to restrict the cotangent

map to covectors at Φ(x) to obtain a map between cotangent spaces

T ∗Φ(x)Φ : T ∗Φ(x)N ! T ∗xM : α 7! T ∗Φ(α) (13.4.26)

In coordinates, the map reads as Φ : M → N : xµ 7→ yi(x). The cotangent map then is given by

T ∗Φ(x)Φ : T ∗Φ(x)N → T ∗xM : αidy
i 7→ αiJ

i
µdx

µ (13.4.27)

as one obtains by considering the identity

α(TxΦ(v)) = αiJ
i
µv
µ (13.4.28)

Let us stress that the pull-back of a 1-form when it is defined (e.g. when Φ is a diffeomorpism) is given by

(Φ∗ω)(x) = (T ∗Φ(x)Φ) (ω(Φ(x))) (13.4.29)

as one can check by comparing with (13.4.11).

If Φ : M →M is the identity map then J iµ is the identity matrix and T ∗xΦ : T ∗xM → T ∗xM is the identity. If we consider two maps Φ : M → N and Ψ : N → Q, then

T ∗Ψ◦Φ(x)(Ψ ◦ Φ) = T ∗Φ(x)Φ ◦ T
∗
Ψ◦Φ(x)Ψ (13.4.30)

In fact, let zA be coordinetes on Q, then one has

T ∗Ψ◦Φ(x)(Ψ ◦ Φ)(α) = αAJ
A
µ dx

µ = αAJ
A
i J

i
µdx

µ = T ∗Φ(x)Φ(αAJ
A
i dy

i) = T ∗Φ(x)Φ ◦ T
∗
Ψ◦Φ(x)Ψ(α) (13.4.31)

as it follows from the fact that the Jacobian of a composition is the composition of Jacobians.

It is quite surprising how most of the properties involving (co)tangent maps can be proven just resorting to the behaviour of (co)tangent maps with

respect to compositions.
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The relation between the tangent map and the push-forward (as well as between the cotangent map and the pull-back) can be summarised by the

following two commutative diagrams

M

TM

N

TN
.....................................................................................................................................
.....
.......
.....

π

.....................................................................................................................................
.....
.......
.....

π

................................................................................................................................................................... ............
Φ

...................................................................................................................................................... ............
TΦ

...........
........
...........
.........
........
.......
.......
.......
......
......
......
......
......
......
......
......
......
......
......
......
.......
.......
........
..........
..........
....................... ............

X

...........
..
..........
...
.......
......
......
......
.
......
......
.
......
......
.
........
.....

......................
..................

Φ∗X = TΦ �X � Φ−1

.............................................................................................................................................................................................
...................

........
.......
..............
............

Φ−1

M

T ∗M

N

T ∗N
.....................................................................................................................................
.....
.......
.....

π

.....................................................................................................................................
.....
.......
.....

π

................................................................................................................................................................... ............
Φ

...................................................................................................................................................
T ∗Φ

...........
..
..........
...
.......
......
......
......
.
......
......
.
......
......
.
........
.....
............................ ............

Φ∗! = T ∗Φ � ! � Φ

...........
........
...........
.........
........
.......
.......
.......
......
......
......
......
......
......
......
......
......
......
......
......
.......
.......
........
..........
..........

...................................

!

(13.4.32)

5. Symmetrisation and antisymmetrisation

.Next SectionWithin the subalgebra T 0
∗ (V ) of covariant tensors, one can define two important sets: symmetric and antisymmetric tensors.

The same procedure can be used starting from controvariant tensors.

Let us stress that (anti)symmertic tensors are not a subalgebra since tensor product does not preserve symmetry properties of tensors. As we shall see hereafter, one

can define a new product which makes them algebras on their own, though not subalgebras of the tensor algebra.

Let us denote by Πn the group of permutations of n elements and denote by σ 2 Πn a permutation and by (�1)](σ) the sign of the permutation σ. A

covariant tensor t : V p ! R is symmetric if its value does not depend on the order of its argument, i.e. if for any σ 2 Πp one has

t(v1, . . . , vp) = t(σ(v1, . . . , vp)) (13.5.1)

Any tensor of rank 1 (i.e. any covector) is symmetric (Π1 contains only the identity).

A tensor of rank 2 is symmetric if t(v, w) = t(w, v), for all vectors v and w. This means that

tµνv
µwν = tµνw

µvν ⇒ tµν = tνµ (13.5.2)

and t is symmetric if its components are symmetric.

A tensor of rank 3 is symmetric if t(v, u, w) = t(σ(v, u, w)), i.e. if ∀σ ∈ Π3

tµνρ = tσ(µνρ) (13.5.3)

and the components of t are symmetric.

A covariant tensor t : V p ! R is antisymmetric if its value does not depend on the order of its argument modulo the sign of permutation, i.e. if for

any σ 2 Πp one has

t(v1, . . . , vp) = (�1)](σ)t(σ(v1, . . . , vp)) (13.5.4)
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Any tensor of rank 1 (i.e. any covector) is antisymmetric (Π1 contains only the identity).

A tensor of rank 2 is antysymmetric if t(v, w) = −t(w, v), for all vectors v and w. This means that

tµνv
µwν = −tµνwµvν ⇒ tµν = −tνµ (13.5.5)

and t is antisymmetric if its components are antisymmetric.

A tensor of rank 3 is antysymmetric if t(v, u, w) = (−1)](σ)t(σ(v, u, w)), i.e. if ∀σ ∈ Π3

tµνρ = (−1)](σ)tσ(µνρ) (13.5.6)

and the components of t are antisymmetric.

The set of all (covariant) symmettric tensors of rank p will be denoted by Sp(V ) � T p0 (V ), while the set of all (covariant) antisymmettric tensors of

rank p will be denoted by Ap(V ) � T p0 (V ). Of course, both Sp(V ) and Ap(V ) are linear subspaces.

We can define two projectors

S : T p0 (V )! Sp(V ) A : T p0 (V )! Ap(V ) (13.5.7)

For any (covariant) tensor t of rank p we set

S(t)(v1, . . . , vp) =
1

p!

X
σ∈Πp

t(σ(v1, . . . , vp)) A(t)(v1, . . . , vp) =
1

p!

X
σ∈Πp

(�1)](σ)t(σ(v1, . . . , vp)) (13.5.8)

They are called projectors since S2 = S and A2 = A. In fact, when we apply S to a tensor which is already symmetric it leaves the tensor unchanged. Analogously,

when we apply A to a tensor which is already antisymmetric it leaves the tensor unchanged.

Then one can define Sp(V ) to be the image of the projector S and Ap(V ) to be the image of the projector A.

As we said, any covector is symmetric and antisymmetric so that the action of the projectors of covectors is trivial. Let t = tµν dxµ 
 dxν be an

arbitrary rank 2 tensor; the action of the projectors is defined by

S(t)(v, w) = 1
2 (t(v, w) + t(w, v)) = 1

2

�
tµν + tνµ

�
vµwν A(t)(v, w) = 1

2 (t(v, w)� t(w, v)) = 1
2

�
tµν � tνµ

�
vµwν (13.5.9)

from which one obtains

S(t) = 1
2

�
tµν + tνµ

�
dxµ 
 dxν =: t(µν)dxµ 
 dxν A(t)(v, w) = 1

2

�
tµν � tνµ

�
dxµ 
 dxν =: t[µν]dxµ 
 dxν (13.5.10)

Let us here extend Einstein conventions by adding a rule which prescribes that indices included in parentheses (. . .) are completely symmertised

t(µ1...µk) =
1

k!

∑
σ∈Πk

tσ(µ1...µk) (13.5.11)
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while indices included in square parentheses [. . .] are completely antisymmertized

t[µ1...µk] =
1

k!

∑
σ∈Πk

(−1)](σ)tσ(µ1...µk) (13.5.12)

If one wants to avoid (anti)symmetrisation of an index which happens to be in parentheses, then the corresponding index will be underlined, i.e. underlined indices do

not participate to (anti)symmetrisation. For example,

tα[βµνγ] = 1
2 (tαβµνγ − tαγµνβ) (13.5.13)

In general, the action of A on a tensor t corresponds to a complete antisymmetrisation of the components of t, while the action of S corresponds to a

complete symmetrisation. For example, for a rank three tensor t = tµνλ dxµ 
 dxν 
 dxλ one has

S(t) = t(µνλ) dxµ 
 dxν 
 dxλ A(t) = t[µνλ] dxµ 
 dxν 
 dxλ (13.5.14)

with t[µνλ] and t(µνλ) containing 6 terms corresponding to the six permutations in Π3.

Lemma (13.5.15): whenever two symmetric indices in an object are contracted with the antisymmetric indices of another object, the product vanishes.

Proof: Let us consider an object Sαβ... with two symmetric indices (αβ), an object Aαβ... with two symmetric indices [αβ] and consider the product

Aαβ...Sαβ... = Aβα...Sβα... = −Aαβ...Sαβ... (13.5.16)

where, in the first step we just renamed dumb indices, while in the second step we used symmetries. The quantity Aαβ...Sαβ... is equal to its opposite, then it is zero.

Then using this Lemma we have

S(t) = t(µ1...µp) dx(µ1 
 . . .
 dxµp) A(t) = t[µ1...µp] dx[µ1 
 . . .
 dxµp] (13.5.17)

Now we know how to modify the tensor product so that it preserves symmetry properties. The tensor product of two (anti)symmetric tensors is not

(anti)symmertic anymore. Then let us define two new products

_ : Sp(V )� Sp′(V )! Sp+p
′
(V ) ^ : Ap(V )�Ap′(V )! Ap+p

′
(V ) (13.5.18)

defined by

t _ r = (p+ p′)! S(t
 s) t ^ r = (p+ p′)!A(t
 s) (13.5.19)

The product ^ is also called wedge product. The product _ is called symmetrised product and it is also denoted by �.

Let us define S∗(V ) = �pSp(V ) and A∗(V ) = �pAp(V ) and extend on them the products by linearity. These two products endow S∗(V ) and A∗(V )

with the structure of algebra. They are called the algebra of symmetric forms and antisymmetric forms.

Then (anti)symmetric tensors can be expressed as

S(t) = 1
p!t(µ1...µp) dxµ1 _ . . . _ dxµp A(t) = 1

p!t[µ1...µp] dxµ1 ^ . . . ^ dxµp (13.5.20)
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The new products can be expanded as ordinary tensors as

dxµ1 ∨ . . . ∨ dxµp =
∑
σ∈Πp

dxσ(µ1 ⊗ . . .⊗ dxµp) dxµ1 ∧ . . . ∧ dxµp =
∑
σ∈Πp

(−1)](σ)dxσ(µ1 ⊗ . . .⊗ dxµp) (13.5.21)

which makes manifest the action on vectors.

Since both the maps S : T p0 (V )! Sp(V ) and A : T p0 (V )! Ap(V ) are surjective, the image of generators (in particular of the natural bases of tensor

spaces) are generators. Thus we have that dxµ1 _ . . ._ dxµp are generators of Sp(V ) and dxµ1 ^ . . .^ dxµp are generators of Ap(V ). However, they are

not a basis since there are linear relations among generators.

Let us consider S3(V ). We have for example

dxµ ∨ dxν ∨ dxρ = dxµ ∨ dxρ ∨ dxν = dxν ∨ dxρ ∨ dxµ (13.5.22)

The generators are symmetric objects. Only generators with not decreasing ordered indices are independent. If dim(V ) = 2 then

dx1 ∨ dx1 ∨ dx1, dx1 ∨ dx1 ∨ dx2, dx1 ∨ dx2 ∨ dx2, dx2 ∨ dx2 ∨ dx2 (13.5.23)

are independent and dim(S3(V )) = 4.

Let us consider A2(V ). We have, for example

dxµ ∧ dxν = −dxν ∧ dxµ dx1 ∧ dx1 = 0 (13.5.24)

The generators are antisymmetric objects. Only generators with strictly growing ordered indices are independent. If dim(V ) = 3 then

dx1 ∧ dx2, dx1 ∧ dx3, dx2 ∧ dx3 (13.5.25)

are independent and dim(A2(V )) = 3.

In general if dim(V ) = n then dim(Ak(V )) =

�
n

k

�
. In particular, dim(Ak(V )) = 0 for k > n and the dimension of the space of all antisymmetric

forms dim(A∗(V )) = 2n is finite.

We leave to the reader to check that defining (anti)symmetric forms on manifolds is just a matter of notation.

6. Exterior algebra

.Next SectionOf particular interest are antisymmetric forms, especially in view of their integration properties.

We already defined 0-forms and 1-forms.

Since 0-forms have no indices the ordinary product of two 0-forms (namely, F ·G) is the same as the wedge product F ·G (any function is a zero form and the projector

A acts trivially).
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The multiplication of a 0-form with a 1-form is a 1-form and the projector A acts again trivially. Then the multiplication of a 0-form with a 1-form coincides again

with the wedge product

F ∧ ω = F · ω (13.6.1)

2 -forms

A 2-form is a field of antisymmetric forms of rank 2, i.e. locally

! = 1
2ωµν(x)dxµ ^ dxν (13.6.2)

The set of all 2-forms will be denoted by Ω2(M).

Whatever the functions ωµν are, they are contracted with the antisymmetric basis dxµ ∧ dxν so that only the antisymmetric part ω[µν](x) contributes to the product.

It is not restrictive to assume that ωµν(x) are antisymmetric. When ωµν(x) are antisymmetric they are called the components of the 2-form ω.

The factor 1
2 is added as a convention. Some authors define 1

2ωµν(x) to be the components, some include the factor in the definition of the wedge product.

A 2-form is an antisymmetric bilinear form which takes two vector fields and give a function.

The basis element dxµ ∧ dxν are simply

dxµ ∧ dxν = dxµ ⊗ dxν − dxν ⊗ dxµ (13.6.3)

so that we have the action of a 2-form on to vector fields

ω(X,Y ) = 1
2ωµν(XµY ν −XνY µ) = ω[µν]X

µY ν = XµY νωµν (13.6.4)

where we used antisymmetry of ωµν in the last step.

If we consider two 1-forms �1 = θ1
µdxµ and �2 = θ2

µdxµ we can get the wedge product of them

�1 ^ �2 = θ1
µθ

2
νdxµ ^ dxν = 1

22θ1
[µθ

2
ν]dxµ ^ dxν (13.6.5)

which is the 2-form with components 2θ1
[µθ

2
ν].

Let us stress once and for all that components are not that important when working with forms as long as one keeps the bases. In fact, θ1 ∧ θ2 = θ1
µθ

2
νdx

µ ∧ dxν

is a perfect expression for the 2-form, even if the function coefficients are not correctly normalised and not antisymmetric. The symmetric part of it in fact does not

contribute to the product since it is multiplied by an antisymmetric object.

From (13.6.4) we also get the formula for the contraction of a 2-form ! along a vector field X

X ! := iXω = Xµωµνdxν (13.6.6)

The contraction X ω of a k-form ω along X is a (k − 1)-form. It is a linear operation and it obeys (graded) Leibniz rule, i.e.

X (ω ∧ θ) = (X ω) ∧ θ+ (−1)deg(ω)ω ∧ (X θ) (13.6.7)
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Since any 1-form is written as linear combinations of wedge products of 0-forms and 1-forms (in the form dxµ), we can extend the differential to

1-forms by requiring that graded Leibniz formula holds true, i.e.

d(! ^ �) = d! ^ �+ (�1)deg(!)! ^ d� (13.6.8)

and that ddxµ = 0.

One can easily obtain the general formula for ω = ωµ(x)dxµ ∈ Ω1(M) as

dω = d(ωµ) ∧ dxµ + ωµddx
µ = ∂λωµdx

λ ∧ dxµ (13.6.9)

Let us stress that, for a 0-form F , one has ddF = 0, in fact

d(∂µFdxµ) = ∂λµFdxλ ^ dxµ = 0 (13.6.10)

since ∂λµF is symmetric in (λµ), while dxλ ^ dxµ is antisymmetric in [λµ].

We can prolong the augmented de Rham complex to

0→ R→ Ω0(M)→ Ω1(M)→ Ω2(M) (13.6.11)

by adding d : Ω1(M)→ Ω2(M).

k-forms

A k-form is a field of antisymmetric forms of rank k (with 0 � k � m = dim(M)), i.e. locally

! = 1
k!ωµ1...µk(x)dxµ1 ^ . . . ^ dxµk (13.6.12)

The set of all k-forms will be denoted by Ωk(M).

The wedge product of a k-form ! with a h-form � = 1
h!θν1...νh(x)dxν1 ^ . . . ^ dxνh is a (k + h)-form obtained simply by

! ^ � = 1
k!h!ωµ1...µk(x)θν1...νh(x)dxµ1 ^ . . . ^ dxµk ^ dxν1 ^ . . . ^ dxνh (13.6.13)

The differential of a k-form ! is the (k + 1)-form

d! = 1
k!∂λωµ1...µk(x)dxλ ^ dxµ1 ^ . . . ^ dxµk (13.6.14)

For any (k − 1)-form ω one has ddω = 0, in fact

ddω = 1
(k−1)!∂αβωµ1...µk−1

(x)dxα ∧ dxβ ∧ dxµ1 ∧ . . . ∧ dxµk−1 (13.6.15)

which vanishes since the component functions are symmetric in (αβ), while the basis is antisymmetric in [αβ].
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The contraction of a k-form ! along a vector field X gives a (k � 1)-form

iX! = 1
(k−1)!X

µωµµ2...µk(x)dxµ2 ^ . . . ^ dxµk (13.6.16)

and the complete evaluation along k vector fields (X1, . . . , Xk) gives a function which reads as

!(X1, . . . , Xk) = 1
k!ωµ1...µk(x)Xµ1

1 . . . Xµk
k (13.6.17)

where we used the antisymmetry of component functions ωµ1...µk . One still has graded Leibniz rule for contractions

X (! ^ �) = (X !) ^ �+ (�1)deg(!)! ^ (X �) (13.6.18)

In fact, one can regard a k-form as the wedge product of a local 1-form dxµ1 with 1
k!ωµ1...µk(x)dxµ2 . . .∧ dxµk and extend the definition of contraction to k-forms once

it is defined on lower order forms in such a way the Leibniz rule holds true.

m-forms

When k = m = dim(M) the space of m-forms is generated by a single element d� = dx1 ^ dx2 ^ . . . ^ dxm. Any m-form is in the form

! = ω(x)d� (13.6.19)

If one changes coordinates x′µ = x′µ(x) the bases of vectors and covectors changes accordingly, in particular dx′µ = Jµν (x)dxν . Thus the basis of m-forms changes as

dσ′ = J1
ν1 . . . J

1
νmdx

ν1 ∧ . . .dxνm = J1
ν1 . . . J

1
νmε

ν1...νmdσ = det(J)dσ (13.6.20)

Accordingly, the coefficient transforms as a scalar density of weight 1, i.e.

ω′ = det(J̄)ω (13.6.21)

so that the product ω is invariant.

The space of m-forms is denoted by Ωm(M).

The contraction of an m-form ! along a vector field X is an (m� 1)-form given by

X ! = 1
(m−1)!X

µωµµ2...µm(x)dxµ2 ^ . . . ^ dxµm (13.6.22)

For k > m, on the space of k-forms Ωk(M) is made of one element, namely the 0. Accordingly, the differential of an m-form is obviously d! = 0.

We can prolong the augmented de Rham complex to

0! R! Ω0(M)! Ω1(M)! Ω2(M)! . . .! Ωm−1(M)! Ωm(M)! 0 (13.6.23)
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At each step d2 = 0, hence Im(d) ⊂ ker(d).

As we shall discuss in a while, exactness of this sequence contains important information about the topology of M .

Exterior algebra

We can now consider the set of all forms

Ω∗(M) = �kΩk(M) (13.6.24)

which is endowed with a structure of (graded) algebra by the wedge product. This algebra is called the exterior algebra.

The vector space of k-forms at the point x 2M is denoted by Ak(M)x. It is a vector space of dimension dim(Ak(M)x) =

�
m

k

�
.

Theorem: Let M and N be two manifolds and Φ : M ! N a diffeomorphism. For any k-form ! 2 Ωk(N) one has

d (Φ∗!) = Φ∗d! (13.6.25)

Proof: Let us prove the theorem for k = 2. The general case is more complicated just for notation.

Let us compute both hand sides. For the left hand side one has

d (Φ∗ω) =d

(
1

2
ωij(y(x))J iµJ

j
νdxµ ∧ dxν

)
=

=
1

2
∂kωij(y(x))JkλJ

i
µJ

j
νdxλ ∧ dxµ ∧ dxν +

1

2
ωij(y(x))J iµλJ

j
νdxλ ∧ dxµ ∧ dxν +

1

2
ωij(y(x))J iµJ

j
νλdxλ ∧ dxµ ∧ dxν =

=
1

2
∂kωij(y(x))JkλJ

i
µJ

j
νdxλ ∧ dxµ ∧ dxν

(13.6.26)

For the right hand side one has

Φ∗dω =Φ∗
(

1

2
∂kωij(y)dyk ∧ dyi ∧ dyj

)
=

1

2
∂kωij(y(x))JkλJ

i
µJ

j
νdxλ ∧ dxµ ∧ dxν (13.6.27)

which proves the thesis.

The theorem above shows that differential and pull-back commute, i.e.

Ωk(M)

Ωk(N)

Ωk+1(M)

Ωk+1(N)

.................................................................................................. ............
d

....................................................................................................... ............
d

............................................................................................................
.....
.......
.....

Φ∗

............................................................................................................
.....
.......
.....

Φ∗

(13.6.28)

The operations which commute with the pull-back along diffeomorphisms are called natural operations. We just showed that differential is natural.
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The augmented de Rham complex then stops after m+ 2 spaces and it reads as

0! R! Ω0(M)! Ω1(M)! Ω2(M)! . . .! Ωm−1(M)! Ωm(M)! 0 (13.6.29)

At each step the composition of two maps is the zero map, i.e. d2 = 0 including i : R ! Ω0(M) as a trivial differential. Hence one has that

Im(d) � ker(d) at each step.

A k-form ! 2 Ωk(M) is called exact if it belongs to the image of the differential d : Ωk−1(M)! Ωk(M), i.e. if there exists a � 2 Ωk−1(M) for which

! = d�.

A k-form ! 2 Ωk(M) is called closed if it belongs to the kernel of the differential d : Ωk(M)! Ωk+1(M), i.e. if d! = 0.

Since d2 = 0 (or, equivalently, Im(d) � ker(d)) any exact form is also closed, while the opposite does not always hold true.

Let us consider the 1-form

ω =
xdy− ydx
x2 + y2

(13.6.30)

on the space R2 − {0} with (x, y) Cartesian coordinates.

The form ω is closed since

dω =
x2 + y2 − 2x2

(x2 + y2)2
dx ∧ dy− x2 + y2 − 2y2

(x2 + y2)2
dy ∧ dx =

(
2(x2 + y2)− 2(x2 + y2)

(x2 + y2)2

)
dx ∧ dy = 0 (13.6.31)

However, ω is not exact. In fact, let us suppose there is a smooth function f(x, y) such that df = ω. Then one would have

∂f

∂x
=

x

x2 + y2
⇒ ∂2f

∂x∂y
=

−2xy

(x2 + y2)2

∂f

∂y
=
−y

x2 + y2
⇒ ∂2f

∂x∂y
=

2xy

(x2 + y2)2

(13.6.32)

Thus there cannot exist any such function f .

Hence being closed is a necessary, thus not sufficient, condition to be exact.

This is a generalisation to arbitrary order k of the well-know discussion about when a vector field X ∈ X(R3) (or, by using the canonical metric structure on R3, the

1-form ω = X[) admits a potential U ∈ Ω1(R3) (i.e. ω = dU). We know that necessary condition is dω = 0, which is usually called to be conservative or, by an abuse

of language, being irrotational. We also know this condition to be necessary but not in general sufficient.

Here we are only stating the general framework in which expressing the problem in any rank k (and any manifold, and any chart).

As for conservative vector fields in R3, we have a generalised Poincaré Lemma which we here state without proof. It says:

Lemma: If M is contractible, then closed k-forms on M are exact for any k.

Being contractible means there is no hole in any dimension from 0 to m.

The hypothesis of usual Poincaré lemma is that M is simply connected, which means there is no hole of codimension m − 2, i.e. in dimension 2 no hole points. This

ensures that closed 1-forms are also exact, i.e. it ensures potentials 0-forms.
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Technically, being contractible means that the constant map Φx0
: M → M : x 7→ x0 and the identity map idM : M → M : x 7→ x are homotopic, i.e. there exists a

continuous function F : [0, 1]×M →M such that

F (0, x) = x F (1, x) = x0 (13.6.33)

The functions Fs : M →M : x 7→ F (s, x) provides a (somehow continuous) family of functions connecting the constant map and the identity map.

Also notice that the curves

γx : R→M : s 7→ F (s, x) (13.6.34)

provides a (somehow continuous) family of curves connecting any point x ∈M to the point x0 ∈M . When this is possible, we say that M is star shaped. In this sense,

being star shaped is equivalent to be contractible.

Since any ball of Rm is contractible, any chart map ϕ : U ! Rm is a homeomorphism, and being contractible is invariant with respect to homeo-

morphisms, then around any point in a manifold there is a neighborhood U which is contractible. The open set U is a submanifold of M which is

embedded by a canonical embedding i : U ! M (which is a diffeomorphism on its image Im(U) � M) and any k-form ! 2 Ωk(M) can be restricted

by pull-back to a k-form i∗(!) 2 Ωk(U). If ! is closed then i∗(!) is closed and since U is contractible, it is also exact, i.e. one has i∗(!) = d� for some

� 2 Ωk−1(U). Hence ! is exact on U . In other words:

Theorem: any closed form is locally exact.

In augmented de Rham complex, at any point one has the space of closed forms Kk(M) � Ωk(M) and the space of exact forms Ik(M) � Ωk(M),

with Ik(M) � Kk(M).

We say that two closed forms are equivalent iff their difference is exact. This defines an equivalence relation in Kk(M) and we define the kth cohomology

group by

Hk
dR(M) = Kk(M)/Ik(M) (13.6.35)

These are commutative groups with the sum operation. Also the product by a scalar is compatible with the quotient and defines a vector space

structure on Hk
dR(M).

Cohomology groups count how many closed forms there are which are not exact. Since closed non-exact forms exist when holes are present in M ,

cohomology groups extract informations about holes in M .

Let us stress that cohomology groups are differential objects. One needs a smooth manifold to define them. On the contrary, holes are topological objects. Holes are

preserved by homeomorphisms.

This is a first instance of something which happens in many different instances. Sometimes it happens that differential objects are able to extract topological information

about the space on which they are defined.

Let us now consider two manifolds M and N with a diffeomorphism Φ : M ! N .

Let ! 2 Kk(N) be a closed k-form. We already know that Φ∗! 2 Kk(M) is closed as well and that Φ∗ : Kk(N)! Kk(M).

This map Φ∗ is compatible with the equivalence relation defined on closed forms.

Let us consider two equivalent closed forms ω,ω′ ∈ Kk(N) (i.e. ω′ −ω = dθ ∈ Ik(N) for some θ ∈ Ωk−1(N)). Since the differential is a natural operator, one also has

Φ∗ω′ − Φ∗ω = d(Φ∗θ) ∈ Ik(M) (13.6.36)
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and Φ∗ω′,Φ∗ω ∈ Kk(M) are equivalent.

Then the map Φ∗ : Kk(N)! Kk(M) induces a map Φ∗ : Hk
dR(N)! Hk

dR(M) in the cohomology groups simply defined as

Φ∗ : Hk
dR(N)! Hk

dR(M) : [!] 7! [Φ∗!] (13.6.37)

Since Φ is a diffeomorphism, such a map is a group isomorphism and then Hk
dR(N) ' Hk

dR(M). Thus the cohomology groups are invariant by

diffeomorphisms. Two manifolds cannot be diffeomorphic if they have different cohomology groups.

Contracted bases for Ωk(M)

We defined d� := dx1 ^ . . . ^ dxm as a basis for m-forms. Since there are no (m+ 1)-forms on a manifold M which is m-dimensional, then we know

that dxµ ^ d� = 0, identity to which we can apply a contraction along ∂α obtaining

δµαd�� dxµ ^ d�α = 0 ) dxµ ^ d�α = δµαd� (13.6.38)

where we defined d�α := ∂α d�. The (m� 1)-forms d�α are in fact independent and a basis for (m� 1)-forms.

Accordingly, an (m� 1)-form � can be expanded along two different basis, namely

� = 1
(m−1)!θµ2...µmdxµ2 ^ . . . ^ dxµm � = θµd�µ (13.6.39)

where we set

d�µ = 1
(m−1)!εµµ2...µmdxµ2 ^ . . . ^ dxµm θµ := 1

(m−1)!ε
µµ2...µmθµ2...µm (13.6.40)

This technique can be iterated, starting from the identity (13.6.38) by contracting it along ∂β, obtaining

δµβd�α � dxµ ^ d�αβ = δµαd�β ) dxµ ^ d�αβ = δµβd�α � δµαd�β (13.6.41)

where we set d�αβ := ∂β d�α. Since the forms d�αβ are defined antisymmetric in [αβ], they define (restricting to ordered indices α < β, of course) a

basis of (m� 2)-forms. Then an (m� 2)-form ! can be expanded along two different basis, namely

! = 1
(m−2)!ωµ3...µmdxµ3 ^ . . . ^ dxµm ! = 1

2!ω
µνd�µν (13.6.42)

where we set

d�µν = 1
(m−2)!εµνµ3...µmdxµ3 ^ . . . ^ dxµm ωµν := 1

(m−2)!ε
µνµ3...µmωµ3...µm (13.6.43)

At lower order, we have

δµγd�αβ � dxµ ^ d�αβγ = δµβd�αγ � δµαd�βγ ) dxµ ^ d�αβγ = δµγd�αβ � δµβd�αγ + δµαd�βγ (13.6.44)

where we set d�αβγ := ∂γ d�αβ, and so on.
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Hodge duality

The dimension of space of k-forms is dim(Ak(M)x) =

�
m

k

�
. Thus dim(Ak(M)x) = dim(Am−k(M)x).

One can define an isomorphism � : Ak ! Am−k using a metric g.

Let us define
� : A0 ! Am : α = α I 7! �α =

p
g α d� = 1

m!

p
g α ερ1...ρmdxρ1 ^ . . . ^ dxρm

� : A1 ! Am−1 : � = αµ dxµ 7! �� =
p
g αµg

µρ d�ρ = 1
(m−1)!

p
g αµ ε

µ
· ρ2...ρmdxρ2 ^ . . . ^ dxρm

� : A2 ! Am−2 : � = 1
2αµν dxµ ^ dxν 7! �� = 1

2

p
g αµνg

µρgνσ d�ρσ = 1
(m−2)!

1
2

p
g αµνε

µ
·
ν
·ρ3...ρmdxρ3 ^ . . . ^ dxρm

. . .

� : Am−2 ! A2 :� = 1
(m−2)!αµ3...µm dxµ3 ^ . . . ^ dxµm 7! �� = 1

(m−2)!

p
g αµ3...µmg

µ3ρ3 . . . gµmρm d�ρ3...ρm =

:� = 1
2

p
gαρσd�ρσ 7! �� = 1

2
|g|
g α

·
µ
·
νdxµ ^ dxν

� : Am−1 ! A1 :� = 1
(m−1)!αµ2...µm dxµ2 ^ . . . ^ dxµm 7! �� = 1

(m−1)!

p
g αµ2...µmg

µ2ρ2 . . . gµmρm d�ρ2...ρm =

:� =
p
gαρ d�ρ 7! �� = (�1)m−1 |g|

g α
·
ρ dxρ

� : Am ! A0 :� = 1
m!αµ1...µm dxµ1 ^ . . . ^ dxµm 7! �� = 1

m!

p
g αµ1...µmg

µ1ρ1 . . . gµmρm d�ρ1...ρm

:� =
p
gαd� 7! �� = |g|

g α I

(13.6.45)

Notice that the dualities defined above maps global forms into global forms.

Let us compute the square of the dualities (notice that jgj/g = (�1)s where (r, s) is the signature of g)

� �(α I) = � (
p
g α d�) = |g|

g α I = (�1)s α I

� �(αµ dxµ) = � �pg αρ· d�ρ� = (�1)m−1+s αρ dxρ

� �(1
2αµν dxµ ^ dxν) = � �1

2

p
g αµ·

ν
· d�µν

�
= 1

2
|g|
g αµνdxµ ^ dxν = (�1)s 1

2αµνdxµ ^ dxν

. . .

(13.6.46)

The general formula for the double Hodge of a k-form is then

� � ! = (�1)s+k(m−1)! (13.6.47)

Given two k-forms, it is also interesting to compute the quantity

� ^ �� = 1
k!

1
k!

p
gαµ1...µkβ

ν1...νkdxµ1 ^ . . . ^ dxµk ^ d�ν1...νk =

= 1
k!

1
k!

1
(m−k)!εν1...νkρ1...ρm−kε

µ1...µkρ1...ρm−kpgαµ1...µkβ
ν1...νk =

= 1
k!

p
gαµ1...µkβ

µ1...µkd� =:< �,� >
p
gd�

(13.6.48)

which usually is used to define the Hodge duality intrinsically.
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Global differential operators on forms

We can generalise to an arbitrary manifold (and arbitrary coordinates) the operators of vector calculus originally defined on Rn (often in Cartesian

coordinates).

Let M be a manifold of dimension m with a metric g of signature (r, s).

If F : M ! R is a function, dF is a 1-form and

grad(F ) = (dF )] 2 X(M) (13.6.49)

is a vector field which is called the gradient of F . Of course, the gradient (unlike the differential) depends on the metric and it is not simply the vector

with partial derivatives components as it is in Rn in Cartesian coordinates. The local expression of gradient is instead

grad(F ) = ∂µF gµν∂ν (13.6.50)

Let us consider R2 with the canonical metric in polar coordinates (r, θ), i.e. g = dr ⊗ dr + r2dθ ⊗ dθ. A function is locally expressed as F (r, θ) and its differential

dF = ∂rFdr + ∂θFdθ. Then the gradient is

grad(F ) = ∂rF∂r + 1
r2 ∂θF∂θ (13.6.51)

If one defines the unit vector base ur = ∂r and uθ = 1
r∂θ, the expression of the gradient becomes

grad(F ) = ∂rF ur + 1
r∂θF uθ (13.6.52)

which agrees with what is known from standard vector calculus (by a quite longer computation).

If X 2 X(M) is a vector field, we can apply the following chain of transformations

X 2 X(M)! X[ 2 Ω1(M)! �X[ 2 Ωm−1(M)! d �X[ 2 Ωm(M)! �d �X[ 2 Ω0(M) (13.6.53)

to obtain a function. The operator �d �X[ =: div(X) is called the divergence.

By the way, the operator δ := ∗d∗ : Ωk(M)→ Ωk−1(M) can be extended to all k-forms and it is called the codifferential. One has

δ2 = ∗d ∗ ∗d∗ = ± ∗ d2∗ = 0 (13.6.54)

Thus we can define a dual complex

0→ Ωm(M)→ Ωm−1(M)→ . . .→ Ω2(M)→ Ω1(M)→ Ω0(M)→ 0 (13.6.55)

Now we can combine the differential and codifferential to get a second order differential operator on k-forms

∆ = dδ + δd : Ωk(M)! Ωk(M) (13.6.56)

which is called Laplace-Beltrami operator.
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If we restrict to functions F ∈ Ω0(M) then dδF = 0 and one has

∆F = δdF (13.6.57)

which, on Rn with the strictly Riemannian metrics and Cartesian coordinates, reduces to the ordinary Laplacian. On Minkowski space (again in Cartesian coordinates),

one obtains the ordinary wave operator.

If M is a manifold of dimension m = 3, then one can take a vector field and apply the following chain of transformations

X 2 X(M)! X[ 2 Ω1(M)! dX[ 2 Ω2(M)! �dX[ 2 Ω1(M)! (�dX[)] 2 X(M) (13.6.58)

which is called the curl of X, curl(X) = (�dX[)].

Also the theorems of vector analysis follows quite easily (though more generally). For example

curl(gradF ) = (�ddF )] = 0 (13.6.59)

Integration of forms

Let ! be a k-form on M (of course, k � m = dim(M)) and S �M be a submanifold (possibly with boundary) of dimension k. The submanifold S is

canonically embedded into M by a map

i : S !M : ui 7! xµ(u) (13.6.60)

and let Jµi := ∂ix
µ denote the corresponding Jacobian.

Let us first restrict to the case k = m. In this case, one has ω = f(x)d� and define the integral of ! over S asZ
S
! :=

Z
f(x(u)) det(J) du1 . . .dum (13.6.61)

The definition (13.6.61) can be considered as a prescription to transform the integral of a k-form in the corresponding multiple integral. Of course, in

general one needs to break the integration domain S into pieces in which the local expressions of the form and its parameterisation hold true.

This definition is invariant with respect to changes of parameterisation of the submanifold S. Accordingly, the value of the integral is a property of the form ω and the

integration domain S, not of the parameterisation.

Let us, in fact, consider a different parameterisation u′ = u′(u) (which preserves the orientation of S) of the same submanifold

i′ : S →M : u′i 7→ x′µ(u′) = xµ(u(u′)) (13.6.62)

so that one has J ′µi = Jµk X̄
k
i where X̄k

i denotes the anti-Jacobian of the change of parameterisation u′ = u′(u).

Then one has ∫
S

ω :=

∫
f(x′(u′)) det(J ′) du′1 . . .du′m =

∫
f(x(u)) det(J)det(X̄) det(X) du1 . . .dum =

∫
f(x(u)) det(J) du1 . . .dum (13.6.63)
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More generally, for k � m, if ! = 1
k!ωµ1...µkdxµ1 ^ . . . ^ dxµk is a k-form and S a submanifold (possibly with boundary) of dimension k, one can

compute the pull-back of ! on S to obtain:

i∗! = 1
k!ωµ1...µkJ

µ1
i1
. . . Jµkik dui1 ^ . . . ^ duik = 1

k!ωµ1...µkJ
µ1
i1
. . . Jµkik ε

i1...ikd� = f(u)d� (13.6.64)

where we set d� := du1 ^ . . . ^ duk for the local volume element of S induced by the parameterisation and

f(u) := 1
k!ωµ1...µk(x(u))Jµ1

i1
. . . Jµkik ε

i1...ik = ωµ1...µk(x(u))Jµ1
1 . . . Jµkk (13.6.65)

Since ωµ1...µk is antisymmetric, the products Jµ1

1 . . . Jµkk = J
[µ1

1 . . . J
µk]
k are the determinant of the square minors of the Jacobian Jµi .

Now we have a k-form i∗! to be integrated on a k-submanifold S and applying the definition in the case above we setZ
S
! :=

Z
S
i∗! =

Z
S
f(u)du1 ^ . . . ^ duk =

Z
ωµ1...µk(x(u))Jµ1

1 . . . Jµkk du1 . . .duk (13.6.66)

Let us finally enhance the definition extending it to 0-forms. The integral of a 0-form f at a point x is simply its value f(x).

Let us now consider some special cases. Let us first consider S to be an interval [a, b] in M = R. That is a 1-region, thus one integrates on it a 1-form

! = f(x)dx where x is both the coordinate along R and the parameter u = x in the submanifold S. Then one hasZ
S
! =

Z b

a
f(x)dx (13.6.67)

which is the standard integral of ‘functions’ f : R! R.

Of course, f(x) is not a function. It is not a scalar but a scalar density since it is the coefficient of a m-form. Another approach is to consider a volume form dV

(e.g. dV =
√
gdx) and any other m-form is in the form ω = λ(x)dV where λ is now really a scalar field.

Of course, if one sets on R the standard metric g = δ and x is a Cartesian coordinate, then
√
g = 1 and

∫
S

ω =

∫ b

a

λ(x)
√
gdx =

∫ b

a

λ(x)dx (13.6.68)

Let us stress that the expression (13.6.67) holds true only in a special coordinate system. In general, one cannot integrate functions on intervals. Only

forms can be integrated in a coordinate independent fashion.

Then one can consider M = Rn (with Cartesian coordinates xµ) and an (oriented) curve γ : s 7! xµ(s). Then the integral of a 1-form ! = ωµdxµ

along the curve γ is given by Z
γ
! =

Z
ωµ(x(s))ẋµ ds (13.6.69)

which coincides with the definition of the line integral.

:Notation: :Symbols: :AIndex: :Index:



642 Tensor fields and differential forms

In R3, one has the standard Euclidean metric. If the coordinates xµ are orthogonal Cartesian coordinates, the standard metric is in the form δ = δµνdx
µ ⊗ dxν , where

δµν is the unit matrix.

For any vector field X = Xµ∂µ, one can define a 1-form X[ = Xµδµνdx
ν . Vice versa, for one 1-form ω = ωµdx

µ, one can define a vector field ω] = ωµδ
µν∂ν . The two

operations are one the inverse of the other. Since, in orthogonal Cartesian coordinates, the components of the X and X[ are the same functions, one often identifies

the two objects in Calculus. However, in general, the two objects are different and with different components.

The integral (13.6.69) can be written in general coordinates as∫
γ

X[ =

∫
Xµ(x(s))gµν ẋ

ν ds =

∫
X · γ̇ ds (13.6.70)

which is the line integral of a vector field. This is the kind of integral to define the work of a force field along a path.

Let us now consider the integral of a 2-form on a 2-region S in R2. The 2-form is locally given by ! = f(x)d� and the surface S is given by the

(orientation preserving) embedding i : S ! R2 : (u, v) 7! (x(u, v), y(u, v)). The Jacobian of the canonical embedding is

J =

�
∂ux ∂vx

∂uy ∂vy

�
(13.6.71)

and the integral is defined by Z
S
! =

Z
f(x(u)) (∂ux∂vy � ∂vx∂uy) dudv (13.6.72)

which reproduces the surface integral.

For the integral of a 2-form ! = 1
2

�
ωxdy ^ dz� ωydx ^ dz + ωzdx ^ dy

�
on a surface S in R3, one hasZ

S
! =

1

2

Z �
ωx

�
∂y

∂u

∂z

∂v
� ∂y

∂v

∂z

∂u

�
� ωy

�
∂x

∂u

∂z

∂v
� ∂x

∂v

∂z

∂u

�
+ ωz

�
∂x

∂u

∂y

∂v
� ∂x

∂v

∂y

∂u

��
dudv (13.6.73)

which reproduces the flow integral of the vector field X = ωx∂x +ωy∂y +ωz∂z (remember that the coordinates in R3 are Cartesian so that X = (�!)[)

through the surface S.

If we want to have an integral which has to do with a vector field, we can set∫
S

ω =

∫
S

∗(X]) =

∫
S

X ·
(
∂~x

∂u
× ∂~x

∂v

)
dudv (13.6.74)

which is in fact the flow integral of X through S.

Finally, if we consider a volume S in R3 and a 3-form ! = f(x)d�, one hasZ
S
! =

Z
f(x)dxdydz (13.6.75)

:Index: :AIndex: :Symbols: :Notation:



Exterior algebra 643

which reproduces the volume integral. If we write the same integral in spherical coordinates, one has

! = f(x)dx ^ dy ^ dz = f(x)r2 sin θdr ^ d� ^ d� )
Z
S
! =

Z
f(x)r2 sin θdrd�d� (13.6.76)

which is in fact the same volume integral in different coordinates. It is again clear that one is not in fact integrating a scalar function f(x), but a scalar

density (i.e. a 3-form). If the integrand were a scalar, one could not justify the extra factor (namely r2 sin θ) appearing when coordinates are changed.

Thus, by integration of forms, one can obtain all the integrals introduced in vector calculus tough now they are invariant with respect to reparame-

terisations.

Let us state without proof an important relation (called (generalised) Stokes’ theorem) between integrals of forms.

Theorem: Let ! be a k-form and S a (k + 1)-region in M . Let us denote by ∂S the boundary of S (which by definition of region is a compact

submanifold of dimension k) and by d! the differential of !.

Then one has Z
S
d! =

Z
∂S
! (13.6.77)

Also for Stokes’ theorem, one can specialize k and m in order to obtain known results.

For a zero form f(x), integrated over an interval S = [a, b], one hasZ b

a
f ′(x)dx =

Z
b−a

f(x) = f(b)� f(a) (13.6.78)

which is called the (second part of the) fundamental theorem of integral calculus.

Now let X = Xµ∂µ be a vector field on a manifold M of dimension 3 and S be a 2-region in M . One can consider the 1-form ! = X[ = ωµdxµ and

its differential

d! =
�
∂xωy � ∂yωx

�
dx ^ dy + (∂xωz � ∂zωx) dx ^ dz +

�
∂yωz � ∂zωy

�
dy ^ dz (13.6.79)

This can be transformed back into a vector field curl(X) = (�d(X[)] which is the curl of X. Thus the left hand side of Stokes’ theorem reads asZ
S
d! =

Z
S

curl(X) � nd� (13.6.80)

while the right hand side is the line integral along the boundary of S, which is a curve γZ
∂S
! =

Z
γ
X � γ̇ds (13.6.81)

Thus Stokes’ theorem, in this case, reads as Z
S

curl(X) � nd� =

Z
γ
X � γ̇ds (13.6.82)
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which is the Stokes’ theorem (which, when everything lives on the xy-plane in R2 � R3, is called the Green theorem).

Finally, let S be a volume in M = R3. Given a vector field X = Xµ∂µ, this can be transformed into a 2-form ! = �(X[). The differential of such a

form is a 3-form d! = d � (X[) which by Hodge duality corresponds to the divergence div(X) = �d � (X[).

In Cartesian coordinates, one has

ω = X1dy ∧ dz−X2dx ∧ dz +X3dx ∧ dy ⇒ dω =
(
∂xX

1 + ∂yX
2 + ∂zX

3
)
dσ (13.6.83)

Then the Stokes’ theorem reads, in this case, as Z
S

div(X)d� =

Z
∂S
X � nd� (13.6.84)

which is the divergence theorem.
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Chapter 14. Structures on manifolds

.Next Chapter

1. Metric structure

.Next SectionThe first structure introduced on a manifold M is a metric. A metric is a covariant, symmetric, non-degenerate tensor field of rank 2 of signature

(r, s) (with r + s = m = dim(M)).

A metric provides an inner product to any tangent space TxM .

For metrics and notational compatibility with the literature we shall sometimes use some an abuse of notation like

dx2 = dx⊗ dx dy2 = dy⊗ dy . . . dx dy = 1
2 (dx⊗ dy + dy⊗ dx) (14.1.1)

Accordingly, we shall write the standard metric of R2 in polar coordinates as g = dr2 + r2dθ2 instead of the more correct form

g = dr⊗ dr + r2 dθ⊗ dθ (14.1.2)

and a general metric g = Adx⊗ dx +Bdy⊗ dy + C(dx⊗ dy + dy⊗ dx) on a surface can be written as

g = Adx2 +Bdy2 + 2Cdx dy

To be honest, using dr (bold as for forms) in a metric is an abuse of language since dr and dθ are 1-forms on their own, but they enter in a metric as covectors (in

fact their product is the tensor product, not the wedge product). However, switching from bold to unbold symbols depending on where the object is used would be

confusing.

Being the metric non-degenerate, one can define the inverse g−1 = gµν∂µ 
 ∂ν , which provides an inner product on each T ∗xM . We set
p
g for the

scalar density of weight 1 defined by the square root of the absolute value of the determinant of metric g.

The metric tensor g and its inverse g−1 allow isomorphisms among tensor (densities) spaces so that we can raise indices by g−1 and lower indices by

g. An index which has been moved up or down is replaced by a dot like in

εα· βµν := gαλελβµν (14.1.3)

– 645 –
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The inner product on tangent space when it is definite positive allows one to define length squared of vectors

jvj2 = v � v (14.1.4)

and the angle between vectors

cos(θ) =
v � u
jvjjuj (14.1.5)

For a definite-positive inner product, the quantity |v|2 is always positive (and zero only for v = 0) so that the length of the vector v can be defined as |v| =
√
|v|2 and

the quantity v·u
|v||u| is in the range [−1, 1] so that there exist two angles θ which satisfy (14.1.5).

For a general signature, jvj2 can be positive, zero or negative and one cannot take the square root of it. Analogously, v·u
|v||u| is not restricted to the

range [�1, 1] and one cannot define angles. Thus, in general signature, one cannot rely to much on elementary geometric intuition.

Existence of Euclidean metrics

Also as an application of the partition of unity, we can show that any manifold M allows global Euclidean metrics.

Let us consider a smooth manifold M . It has an atlas supported on an open covering U = fUα : α 2 Ig. Since the manifold is, by definition,

paracompact, the covering can be chosen, without loss of generality, to be locally finite. Let (ϕα, Uα)a∈I be a smooth partition of unity supported by

that open covering, meaning that supp(ϕα) � Uα.

Let us fix an open set in the cover α 2 I and define on Uα a metric

αg = δαβdxα � dxβ (14.1.6)

using coordinates xµ defined on Uα. That corresponds to declare that coordinates are orthonormal for that metric, of course, locally in Uα, since there

is no clue about how to extend αg as a metric out of Uα.

Here the partition of unity kicks in, giving us a way to extend αg out of Uα, as a symmetric tensor field of rank (0, 2), if not as a metric, by setting

αG = ϕα � αg (14.1.7)

By that we mean that, even if αg is not defined out of Uα, we can extend smoothly αG to be zero out of Uα since the weight ϕα vanishes smoothly

before the boundary of its support is reached. Of course, αG is not a global metric, being degenerate out of Uα.

Finally, let us set

g :=
X
α∈I

ϕα � αg (14.1.8)

which is a smooth tensor field on M . It is well defined, since the cover is locally finite and the sum at any point x 2M is a finite sum.

:Index: :AIndex: :Symbols: :Notation:



Connections and curvature on manifolds 647

At any point x 2M , and for a non-zero vector u 2 TxM , one has

g(u, u) =
X
α∈I

ϕα(x) � uαδαβuβ (14.1.9)

In the sum, just a finite number of contributions are non-zero, the ones for which ϕα(x) > 0.

For each of these contributions, uαδαβu
β is positive (since we chose local Euclidean metrics αg in the beginning) and ϕα(x) is positive as a part of

definition of partition of unity. Then g(u, u) > 0 and the tensor g is definite-positive at each point x 2M . Accordingly, it is a global Euclidean metric

on M .

2. Connections and curvature on manifolds

.Next SectionThere is a particular combination of derivatives of the metric which is endowed with a special meaning.

Let us define Christoffel symbols as

fggαβν = 1
2g

αλ
��∂λgβν + ∂βgνλ + ∂νgλβ

�
(14.2.1)

This combination appears naturally in a number of instances.

For example, if one considers a point constrained to move along a surface with local coordinates qλ, the motion is described by a Lagrangian

L = 1
2gµν q̇

µq̇ν (14.2.2)

and its equations of motion reads as

d

dt

(
∂L

∂q̇λ

)
− ∂L

∂qλ
=
d

dt
(gλµq̇

µ)− 1
2∂λgµν q̇

µq̇ν = gλµq̈
µ + ∂νgλµq̇

µq̇ν − 1
2∂λgµν q̇

µq̇ν = 0

⇒ q̈σ + 1
2g
λσ (∂µgλν + ∂νgλµ − ∂λgµν) q̇µq̇ν = q̈σ + {g}σµν q̇µq̇ν = 0

(14.2.3)

We can compute transformation rules for Christoffel symbols starting form transformation rules of the metric.

The metric transforms as

g′µν(x′) = J̄
ρ
µ(x′)gρσ(x)J̄

σ
ν (x′) (14.2.4)

and we have to consider partial derivatives of it with respect to x′λ

∂′λg
′
µν = J̄

ρ
µλgρσJ̄

σ
ν + J̄

ρ
µgρσJ̄

σ
νλ + J̄

ρ
µ∂θgρσJ̄

σ
ν J̄

θ
λ (14.2.5)
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Then by summing on permutation of indices, one obtains

{g′}αµν = 1
2g
′αλ
(
− J̄ρµλgρσJ̄

σ
ν − J̄

ρ
µgρσJ̄

σ
νλ − J̄

ρ
µ∂θgρσJ̄

σ
ν J̄

θ
λ + J̄

ρ
νµgρσJ̄

σ
λ + J̄

ρ
νgρσJ̄

σ
λµ + J̄

ρ
ν∂θgρσJ̄

σ
λJ̄

θ
µ+

+ J̄
ρ
λνgρσJ̄

σ
µ + J̄

ρ
λgρσJ̄

σ
µν + J̄

ρ
λ∂θgρσJ̄

σ
µJ̄

θ
ν

)
=

= 1
2J

α
γ g

γε
(
(−∂εgρσ + ∂ρgσε + ∂σgερ) J̄

ρ
µJ̄

σ
ν + 2J̄

ρ
νµgρε

)
= Jαγ

(
{g}γρσJ̄

ρ
µJ̄

σ
ν + J̄

γ
µν

) (14.2.6)

Thus Christoffel symbols, which transform as

{g′}αµν = Jαγ
(
{g}γρσJ̄

ρ
µJ̄

σ
ν + J̄

γ
µν

)
(14.2.7)

are not tensors or tensor densities.

We shall give below a better, more general, and more geometric definition.

For many years after Einstein and Hilbert defined GR, the role of connections has been obscure in nature. Christoffel and Riemann already knew the later called

Christoffel symbols (in 1869 when covariant differentiation was introduced). However, it was Levi Civita and Ricci Curbastro who, in 1900, essentially invented tensor

calculus. They worked until 1917 to define parallel transport (as well as the Levi Civita connection that has Christoffel symbols as coefficients). One could argue that

parallel transport is the first hint about the true nature of connections on manifols. Then Cartan (1926) generalised to more general connection forms, and, while

Koszul defined connections on vector bundles, Ehresmann defined them on principal bundles in 1950. At that point the story of gauge fields has begun.

For now, let us define a connection on a manifold M to be any object with a collection of components Γαµν which transforms under coordinate changes

as

Γ′αµν = Jαε
�
ΓερσJ̄

ρ
µJ̄

σ
ν + J̄

ε
µν

�
(14.2.8)

Let us remark that if Γ is a connection, then neither −Γ nor 3Γ is a connection.

Let us stress that transformation rules of a connection are affine. The difference of two connections transforms as tensor of rank (1.3). The space of

connections is an affine space modelled on tensors of rank (1, 2).

Covariant derivatives

Partial derivatives are pretty bad operators on tensor fields since they do not go along with transformation rules except few cases.

If F : M ! R is a function, its transformation rules are

F ′(x′) = F (x) (14.2.9)

and we can take the partial derivative with respect to xµ to obtain

∂′αF
′Jαµ = ∂µF ∂′αF

′ = J̄
µ
α∂µF (14.2.10)

Thence the partial derivatives of a function transforms as the components of a 1-form. That is why the differential of a function is a 1-form.

For a vector field X, things do not go that smooth. The components of a vector field Xµ transform as

X ′µ(x′) = Jµν (x)Xν(x) (14.2.11)
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and by taking partial derivatives with respect to xλ, one obtains

∂′ρX
′µ = Jµν ∂λX

ν J̄
λ
ρ + JµνλX

ν J̄
λ
ρ (14.2.12)

Then partial derivatives of the components of a vector field are not a tensor. They transform ugly with a piece of transformation rules which depends

on the Hessian Jµνλ of the coordinate change.

Also connections have this sort of transformation rules. In fact we can solve the connection transformation rules for the Hessian

J̄
ε
µν = J̄

ε
αΓ′αµν − ΓερσJ̄

ρ
µJ̄

σ
ν Jεµν = JεαΓαµν − Γ′ερσJ

ρ
µJ

σ
ν (14.2.13)

Then we can re-express (14.2.12) as

∂′ρX
′µ = Jµν ∂λX

ν J̄
λ
ρ +

�
JµσΓσνλ � Γ′µρσJ

ρ
νJ

σ
λ

�
Xν J̄

λ
ρ (14.2.14)

which can be rearranged as �
∂′ρX

′µ + Γ′µρσX
′σ� = Jµσ (∂λX

σ + ΓσνλX
ν) J̄

λ
ρ (14.2.15)

This shows that the particular combination rλXσ := ∂λX
σ + ΓσνλX

ν transforms as a tensor.

The combination rλXσ is called the covariant derivative of a vector field X with respect to a connection Γ.

In Rn with Cartesian coordinates, the components of the metric tensor gµν are constant, Christoffel symbols are identically zero and ∇λXσ = ∂λX
σ. The covariant

derivative there coincides with partial derivatives. In that sense, the covariant derivative extends partial derivatives on general manifolds.

The same computation can be repeated for a 1-form ω. Components transform as

ω′µ(x′) = J̄
ν
µ(x′)ων(x) ) ∂′εω

′
µ = J̄

λ
ε J̄

ν
µ∂λων + J̄

ν
µεων (14.2.16)

and the Hessian can be expressed in terms of the connection as

∂′εω
′
µ = J̄

λ
ε J̄

ν
µ∂λων +

�
J̄
ν
αΓ′αµε � ΓνρσJ̄

ρ
µJ̄

σ
ε

�
ων ) ∂′εω

′
µ � Γ′αµεω

′
α =

�
∂σωρ � Γαρσωα

�
J̄
ρ
µJ̄

σ
ε (14.2.17)

The combination rσωρ := ∂σωρ � Γαρσωα transforms as a tensor and it is called the covariant derivative of a1-form ω with respect to a connection Γ.

For a general tensor field t, one has one (anti-)Jacobian for each index in the transformation rules, each under derivation gives a term with a Hessian,

each contributing with a connection term in the covariant derivative. When the index is up it behaves as in a vector field, when it is down it behaves

as a 1-form.

For example, a tensor field of rank (1, 2) has a covariant derivative defined as

∇αtµρσ = ∂αt
µ
ρσ + Γµεαt

ε
ρσ − Γεραt

µ
εσ − Γεσαt

µ
ρε (14.2.18)

The covariant derivative of a tensor field of rank (p, q) is a tensor field of rank (p+ 1, q).

With respect to derivation, tensor densities behave like tensors, with an extra Hessian coming from the det(J) in the transformation rule.
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Let us, for example, consider a tensor density of weight w and rank (0, 1).

Components transform as

v′µ =(det(J))−wJµν v
ν ⇒ ∂′αv

′µ = (det(J))−w
(
Jµν ∂λv

ν J̄
λ
α + J̄

λ
αJ

µ
νλv

ν − wJ̄λαJ̄
ρ
σJ

σ
ρλJ

µ
ν v

ν
)

⇒ ∂′αv
′µ + Γ′µραv

′ρ − wΓ′εεαv
′µ = (det(J))−wJµρ (∂λv

ρ + Γρνλv
ν − wΓσσλv

ρ) J̄
λ
α

(14.2.19)

The combination ∇λvρ := ∂λv
ρ + Γρνλv

ν − wΓσσλv
ρ transforms as a tensor density of weight w and it is called the covariant derivative of a tensor density of weight w

and rank (0, 1) with respect to a connection Γ.

In general, a tensor density t allows a covariant derivative with an extra −wΓσσλ ⊗ t with respect to the corresponding tensor.

Since now all covariant derivatives we have seen except that of functions do depend on the connection Γ. This is not always the case. Consider the

covariant divergence of a vector density of weight 1. One has

rρvρ = ∂ρv
ρ + Γρνρv

ν � Γσσρv
ρ = ∂ρv

ρ + T ρνρv
ν (14.2.20)

where we set T ρβν := Γρβν � Γρνβ that is a tensor called the torsion of Γ.

Derive transformation laws of T .

If the connection Γ is torsionless, i.e. T = 0, then one simply has

rρvρ = ∂ρv
ρ (14.2.21)

Consequently, the covariant divergence is equal to the ordinary divergence and it does not depend on the connection.

The same situation happens for a tensor density Aαβ of weight 1 and rank (0, 2) which is antisymmetric in [αβ].

The covariant derivative is

∇λAαβ = ∂λA
αβ + ΓαελA

εβ + ΓβελA
αε − ΓεελA

αβ (14.2.22)

The covariant divergence is

∇αAαβ = ∂αA
αβ + ΓαεαA

εβ + ΓβεαA
αε − ΓεεαA

αβ = ∂αA
αβ + T εαεA

αβ + 1
2T

β
εαA

αε (14.2.23)

which, for a torsionless connection, reads as

∇αAαβ = ∂αA
αβ (14.2.24)

Whenever one has more than one connection around, or the covariant derivative is stressed to be done with respect to a connection Γ, we shall write
Γ

∇µtαβ . Whenever

covariant derivative is done with respect to Christoffel symbols of a metric g, we shall write
g

∇µtαβ . Whenever a covariant derivative turns out to be independent of the

connection, we shall write (for example for a vector density of weight 1)
∗
∇µvµ.

Torsion

Although Christoffel symbols are symmetric in the lower indices, we are not asking to coefficients Γαµν of a general connection to be symmetric in (µν).
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Let us define the torsion of the connection Γ as (the object with components)

Tαµν := Γαµν � Γανµ (14.2.25)

which hence transform as

T ′αµν = Jαε T
ε
ρσJ̄

ρ
µJ̄

σ
ν (14.2.26)

Then the torsion is a tensor and it is antisymmetric in the lower indices [µν].

Hence Christoffel symbols are a torsionless connection induced by a metric structure g. This connection induced by g is called the Levi Civita

connection of the metric g. The Levi Civita connection also has the following property

g

rαgµν = 0 (14.2.27)

Let us simply expand the covariant derivative

g

∇αgµν =∂αgµν − {g}εµαgεν − {g}εναgµε = ∂αgµν − 1
2

(
−∂νgµα + ∂µgαν + ∂αgνµ − ∂µgνα + ∂νgαµ + ∂αgµν

)
= ∂αgµν − ∂αgµν = 0 (14.2.28)

When we have a connection Γ for which
Γ
rαgµν = 0, we say the Γ is compatible with the metric g. What we just proved is that the Levi Civita

connection of g is a torsionless connection compatible with g.

Theorem (14.2.29): The Levi Civita connection of g is the only torsionless connection compatible with g.

Proof: Let Γ be a torsionless connection which is compatible with g, i.e. such that
Γ

∇αgµν = 0. We have

∂αgµν = Γεµαgεν + Γεναgµε (14.2.30)

Let us permute indices
∂µgνα =Γενµgεα + Γεαµgνε

∂νgαµ =Γεανgεµ + Γεµνgαε
(14.2.31)

and subtract (14.2.30) from the sum of (14.2.31). One obtains

−∂αgµν + ∂µgνα + ∂νgαµ = −Γεµαgεν − Γεναgµε + Γενµgεα + Γεαµgνε + Γεανgεµ + Γεµνgαε = 2Γεµνgαε (14.2.32)

from which it simply follows that

Γεµν = 1
2g
αε (−∂αgµν + ∂µgνα + ∂νgαµ) (14.2.33)

Then Γ = {g} is the Levi Civita connection of g.

Levi Civita connections are special among connections not only because they are torsionless. As we shall see hereafter discussing curvature, they are

also special among torsionless connections.
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Parallel transport

A connection Γ on a manifold M defines a parallel transport of vectors along a curve γ.

The parallel transport relies on the notion of horizontal vector on TM . Let us consider TM with natural fibered coordinates (xµ, vµ). A vector

ŵ 2 TTM at the point (x, v) 2 TM is horizontal with respect to the connection Γ iff it is in the form

ŵ = wµ
�

∂

∂xµ
� Γαβµ(x)vβ

∂

∂vα

�
(14.2.34)

Let us consider a family of vectors (γ(s), X(s)) defined on the curve. This family can be considered as a curve γ̂ : R ! TM : s 7! (γ(s), X(s)). Its

tangent vector is a point in TTM, namely

˙̂γ = γ̇µ(s)
∂

∂xµ
+ Ẋµ(s)

∂

∂vµ
(14.2.35)

The vectors X(s) along γ are parallel with respect to Γ iff the tangent vector ˙̂γ is horizontal, i.e.

Ẋµ + Γµαβ(γ(s))Xα(s)γ̇β(s) = 0 (14.2.36)

Equation (14.2.36) is a system of ODE for the unknowns Xµ(s) and is called the equation for parallel transport for a given curve γ(s). It is in normal

form and, if one gives initial conditions Xµ(0), the solution Xµ(s) to the Cauchy problem exists and it is unique.

In M = Rm with Cartesian coordinates xµ the Levi Civita connection vanishes (or to be precise Christoffel symbols do) and the equation of parallel transport reads as

Ẋµ = 0 (14.2.37)

meaning that a vector is parallelly transported along a curve γ iff its components stay constant.

Of course, this is not the case for a different connection. Then changing the connection gives a different notion of parallel transport along the same curve.

If we consider a vector field X on M that defines a family of vectors along the curve γ which reads as

Xµ(s) = Xµ(γ(s)) ) Ẋµ(s) = ∂αX
µ(γ(s))γ̇α(s) (14.2.38)

then the vector X(s) is parallelly transported along the curve γ with respect to the connection Γ if it satisfies the equation (14.2.36), i.e.

Ẋµ + Γµαβ(γ(s))Xα(s)γ̇β(s) = γ̇α(s) (∂αX
µ(γ(s)) + Γµσα(γ(s))Xσ(s)) = γ̇α(s)

Γ
rαXµ = 0 (14.2.39)

In this case, we say that the vector field X is parallelly transported along the curve γ with respect to the connection Γ.

Geodesics
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Given a curve γ in M , one can consider a special family of vectors along the curve, namely the tangent vector γ̇, which is locally described by

Xµ(s) = γ̇µ(s). Such a vector is paralelly transported along γ iff

γ̈µ(s) + Γµαβ(γ(s))γ̇α(s)γ̇β(s) = 0 (14.2.40)

This can be seen as a system of ODE for the unknowns γµ(s). It is in normal form, hence we expect a solution for initial conditions (γµ(0), γ̇µ(0)). A

solution of equation (14.2.40) is called a geodesic motion and one has a geodesic motion for each initial velocity. Let us stress that equation (14.2.40)

is not invariant with respect to reparameterisations, thus geodesic motions are trajectories parameterised in a specific way.

Given a curve γ, the vector

aΓ =
�
γ̈µ + Γµαβ γ̇

αγ̇β
�
∂µ 2 TM (14.2.41)

is called intrinsic acceleration of the curve (with respect to Γ). Geodesic motions are thence curves with vanishing intrinsic acceleration.

This condition depends on the parameterisation. A more geometric alternative is requiring that the intrinsic acceleration is parallel to the velocity,

namely that there exists a function λ(s) such that:

γ̈µ + Γµαβ γ̇
αγ̇β = λγ̇µ (14.2.42)

These equations are invariant with respect to reparameterisations and a solution is called a geodesic trajectory.

One can show (see ...) that for any geodesic trajectory there exists a parameterisation which is a geodesic motion as well as that any reparameterisation

of a geodesic motion is a geodesic trajectory. Accordingly, geodesic trajectories can be found as arbitrary reparameterisations of geodesic motions.

Consider a vector field X and one of its integral curve γ. Then γ is a geodesic motion iff

Xβ
�
∂βX

µ + ΓµαβX
α
�

= Xβ
Γ
rβXµ = 0 (14.2.43)

In this case, the vector field X is called a geodesic vector field. The integral curves of a geodesic field are geodesic motions.

That means that a geodesic field collects some geodesics. If we consider a hypersurface S transverse to X, we can regard integral curves to be selected by initial

conditions given on x0 ∈ S requiring (γ(0) = x0, γ̇(0) = X(x0)). The surface S can be taken with a certain freedom, a geodesic field selects a specific initial velocity at

each point of S.

Of course, we already discussed there is a geodesic motion for each initial velocity at each point. Geodesic fields just select a congruence of geodesic motions.

One can also require that the integral curve γ is a geodesic trajectory

Xβ
Γ
rβXµ = λXµ (14.2.44)

These vector fields are called geodesic directions, since if X is a geodesic direction then any X ′ = F �X is a geodesic direction as well.

For any of such field X, one can find a (everywhere positive) function F so that the vector field F �X ′ = X obeys to the condition

X ′β
Γ
rβ(FX ′µ) = X ′β

�
Γ
rβ(F )X ′µ + F

Γ
rβX ′µ

�
= λX ′µ ) X ′β

Γ
rβX ′µ = F−1

�
λ�X ′(F )

�
X ′µ = λ′X ′µ (14.2.45)
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Thus one can rescale the field X so that λ = X ′(F ) and X ′ is a geodesic field.

Curvature

Once a connection Γαβµ is given on M , we can show that

[
Γ
rµ,

Γ
rν ]vα = Rαβµνv

β + T γµν
Γ
rγvα (14.2.46)

where we set

Rαβµν := ∂µΓαβν � ∂νΓαβµ + ΓαγµΓγβν � ΓαγνΓ
γ
βµ (14.2.47)

Let us expand the commutator

[
Γ

∇µ,
Γ

∇ν ]vα =
[
∂µ

(
∂νv

α + Γαβνv
β
)

+ Γαγµ

(
∂νv

γ + Γγβνv
β
)
− Γγνµ

(
∂γv

α + Γαβγv
β
)
− [µν]

]
=

=
[
∂µΓαβνv

β + Γαβν∂µv
β + Γαγµ

(
∂νv

γ + Γγβνv
β
)
− [µν]

]
− T γνµ

Γ

∇γvα =

=
(
∂µΓαβν − ∂νΓαβµ + ΓαγµΓγβν − ΓαγνΓγβµ

)
vβ + T γµν

Γ

∇γvα = Rαβµνv
β + T γµν

Γ

∇γvα

(14.2.48)

This is by definition a tensor called the curvature tensor. It is manifestly antisymmetric in the last two indices [µν].

We can also prove directy that Rαβµν transforms as a tensor. For,

R′αβµν =
[
∂′µΓ′αβν + Γ′αγµΓ′γβν − [µν]

]
=

=
[
∂′µ

(
Jαρ

(
ΓρσλJ̄

σ
β J̄

λ
ν + J̄

ρ
βν

))
+ Jαρ

(
ΓρσλJ̄

σ
γ J̄

λ
µ + J̄

ρ
γµ

)
Jγθ

(
ΓθηεJ̄

η
β J̄

ε
ν + J̄

θ
βν

)
− [µν]

]
=

=
[
JαρεJ̄

ε
µ

(
ΓρσλJ̄

σ
β J̄

λ
ν + J̄

ρ
βν

)
+ Jαρ

(
J̄
ε
µ∂εΓ

ρ
σλJ̄

σ
β J̄

λ
ν + ΓρσλJ̄

σ
βµJ̄

λ
ν + ΓρσλJ̄

σ
β J̄

λ
νµ + J̄

ρ
βνµ

)
+

+ Jαρ ΓρσλJ̄
σ
γ J̄

λ
µJ

γ
θ ΓθηεJ̄

η
β J̄

ε
ν + Jαρ J̄

ρ
γµJ

γ
θ ΓθηεJ̄

η
β J̄

ε
ν + Jαρ ΓρσλJ̄

σ
γ J̄

λ
µJ

γ
θ J̄

θ
βν + Jαρ J̄

ρ
γµJ

γ
θ J̄

θ
βν − [µν]

]
=

=
[
JαρεJ̄

ε
µΓρσλJ̄

σ
β J̄

λ
ν + JαρεJ̄

ε
µJ̄

ρ
βν + Jαρ ∂εΓ

ρ
σλJ̄

ε
µJ̄

σ
β J̄

λ
ν + Jαρ ΓρσλJ̄

σ
βµJ̄

λ
ν + Jαρ ΓργεΓ

γ
σλJ̄

ε
µJ̄

σ
β J̄

λ
ν − JαερJ̄

ε
µΓρσλJ̄

σ
β J̄

λ
ν + Jαρ ΓρσλJ̄

λ
µJ̄

σ
βν − JαρθJ̄

ρ
µJ̄

θ
βν − [µν]

]
=

=
[
Jαρ
(
∂εΓ

ρ
σλ + ΓργεΓ

γ
σλ

)
J̄
ε
µJ̄

σ
β J̄

λ
ν − [µν]

]
= Jαρ

[
∂εΓ

ρ
σλ + ΓργεΓ

γ
σλ − [ελ]

]
J̄
ε
µJ̄

σ
β J̄

λ
ν = Jαρ R

ρ
σελJ̄

σ
β J̄

ε
µJ̄

λ
ν

(14.2.49)

In view of antisymmetry in the last two indices, we can define out of Rαβµν two traces

Rβν := Rαβαν rµν := Rααµν (14.2.50)

The tensor Rβν is called the Ricci curvature, while rµν is called the first trace and it is skew by construction. We shall see below that rµν can be written

in terms of Rβν and the torsion.
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Notice that in general Ricci curvature is not symmetric. Let us stress that a the third contraction Rαβµα = �Rβµ is function of the Ricci curvature.

If we have a metric gµν , we can also define the Ricci scalar

R := gβνRβν (14.2.51)

while, of course, gµνrµν � 0. The Ricci scalar is a function of the connection and the metric. If the connection is the Levi Civita connection of g itself,

then the Ricci scalar is a function of the metric alone.

First Bianchi identities

The curvature tensor obeys the so-called first Bianchi identity

Rα[βµν] = �
Γ
r[βT

α
µν] + Tαγ[βT

γ
µν] (14.2.52)

Of course, for torsionless connections (in particular Levi Civita connections) one has the usual Rα[βµν] = 0.

In fact, we have

3Rα[βµν] =∂µΓαβν − ∂νΓαβµ + ΓαγµΓγβν − ΓαγνΓγβµ + ∂βΓανµ − ∂µΓανβ + ΓαγβΓγνµ − ΓαγµΓγνβ + ∂νΓαµβ − ∂βΓαµν + ΓαγνΓγµβ − ΓαγβΓγµν =

=∂µT
α
βν + ΓαγµT

γ
βν − ΓγβµT

α
γν − ΓγνµT

α
βγ + ΓγβµT

α
γν + ΓγνµT

α
βγ − ∂βTαµν − ΓαγβT

γ
µν + ΓγµβT

α
γν + ΓγνβT

α
µγ − ΓγµβT

α
γν − ΓγνβT

α
µγ+

+∂νT
α
µβ + ΓαγνT

γ
µβ − ΓγµνT

α
γβ − ΓγβνT

α
µγ + ΓγµνT

α
γβ + ΓγβνT

α
µγ =

=
Γ

∇µTαβν +
Γ

∇βTανµ +
Γ

∇νTαµβ + TαγνT
γ
βµ + TαγµT

γ
νβ + TαγβT

γ
µν = 3

Γ

∇[µT
α
βν] + 3Tαγ[νT

γ
βµ] = −3

Γ

∇[βT
α
µν] + 3Tαγ[βT

γ
µν]

(14.2.53)

Then, by tracing the first Bianchi identity, we can write the first trace rµν as

rµν = Rααµν = 1
2R[µν] �

Γ
r[αT

α
µν] + Tαγ[αT

γ
µν] (14.2.54)

For a torsionless connection, one has

rµν = 1
2R[µν] (14.2.55)

For a Levi Civita connection, rµν = 0.

Second Bianchi identity

The curvature tensor also obeys the so-called second Bianchi identity

Γ
r[ρR

α
βµν] = Rαβγ[ρT

γ
µν] (14.2.56)
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Of course, for torsionless connections (in particular for Levi Civita connections), one has the usual
Γ
r[ρR

α
βµν] = 0.

In fact, we have

3
Γ

∇[ρR
α
βµν] =

Γ

∇ρRαβµν +
Γ

∇νRαβρµ +
Γ

∇µRαβνρ =

=∂ρR
α
βµν + ΓαγρR

γ
βµν − ΓγβρR

α
γµν − ΓγµρR

α
βγν − ΓγνρR

α
βµγ+

+∂νR
α
βρµ + ΓαγνR

γ
βρµ − ΓγβνR

α
γρµ − ΓγρνR

α
βγµ − ΓγµνR

α
βργ+

+∂µR
α
βνρ + ΓαγµR

γ
βνρ − ΓγβµR

α
γνρ − ΓγνµR

α
βγρ − ΓγρµR

α
βνγ =

=∂ρµΓαβν − ∂ρνΓαβµ + ∂νρΓ
α
βµ − ∂νµΓαβρ + ∂µνΓαβρ − ∂µρΓαβν+

+∂ρ(Γ
α
γµΓγβν)− ∂ρ(ΓαγνΓγβµ) + ∂ν(ΓαγρΓ

γ
βµ)− ∂ν(ΓαγµΓγβρ) + ∂µ(ΓαγνΓγβρ)− ∂µ(ΓαγρΓ

γ
βν)+

+Γαγρ∂µΓγβν − Γαγρ∂νΓγβµ − Γγβρ∂µΓαγν + Γγβρ∂νΓαγµ − Γγµρ∂γΓαβν + Γγµρ∂νΓαβγ − Γγνρ∂µΓαβγ + Γγνρ∂γΓαβµ+

+Γαγν∂ρΓ
γ
βµ − Γαγν∂µΓγβρ − Γγβν∂ρΓ

α
γµ + Γγβν∂µΓαγρ − Γγρν∂γΓαβµ + Γγρν∂µΓαβγ − Γγµν∂ρΓ

α
βγ + Γγµν∂γΓαβρ+

+Γαγµ∂νΓγβρ − Γαγµ∂ρΓ
γ
βν − Γγβµ∂νΓαγρ + Γγβµ∂ρΓ

α
γν − Γγνµ∂γΓαβρ + Γγνµ∂ρΓ

α
βγ − Γγρµ∂νΓαβγ + Γγρµ∂γΓαβν+

+ ΓαερΓ
ε
γµΓγβν − ΓαερΓ

ε
γνΓγβµ − ΓαεµΓεγνΓγβρ + ΓαενΓεγµΓγβρ − ΓαεγΓεβνΓγµρ + ΓαενΓεβγΓγµρ − ΓαεµΓεβγΓγνρ + ΓαεγΓεβµΓγνρ+

+ ΓαενΓεγρΓ
γ
βµ − ΓαενΓεγµΓγβρ − ΓαερΓ

ε
γµΓγβν + ΓαεµΓεγρΓ

γ
βν − ΓαεγΓεβµΓγρν + ΓαεµΓεβγΓγρν − ΓαερΓ

ε
βγΓγµν + ΓαεγΓεβρΓ

γ
µν+

+ ΓαεµΓεγνΓγβρ − ΓαεµΓεγρΓ
γ
βν − ΓαενΓεγρΓ

γ
βµ + ΓαερΓ

ε
γνΓγβµ − ΓαεγΓεβρΓ

γ
νµ + ΓαερΓ

ε
βγΓγνµ − ΓαενΓεβγΓγρµ + ΓαεγΓεβνΓγρµ =

(14.2.57)

3
Γ

∇[ρR
α
βµν] =T γρν

(
∂µΓαβγ − ∂γΓαβµ

)
+ T γνµ

(
∂ρΓ

α
βγ − ∂γΓαβρ

)
+ T γµρ

(
∂νΓαβγ − ∂γΓαβν

)
+

+
(
ΓαεµΓεβγ − ΓαεγΓεβµ

)
T γρν +

(
ΓαερΓ

ε
βγ − ΓαεγΓεβρ

)
T γνµ +

(
ΓαενΓεβγ − ΓαεγΓεβν

)
T γµρ =

=T γρν
(
∂µΓαβγ − ∂γΓαβµ + ΓαεµΓεβγ − ΓαεγΓεβµ

)
+ T γνµ

(
∂ρΓ

α
βγ − ∂γΓαβρ + ΓαερΓ

ε
βγ − ΓαεγΓεβρ

)
+

+ T γµρ
(
∂νΓαβγ − ∂γΓαβν + ΓαενΓεβγ − ΓαεγΓεβν

)
= T γρνR

α
βµγ + T γνµR

α
βργ + T γµρR

α
βνγ =

=−RαβγµT γρν −RαβγρT γνµ −RαβγνT γµρ = −3Rαβγ[µT
γ
ρν]

(14.2.58)

Riemann tensor

The curvature tensor of the Levi Civita connection of a metric g is called the Riemann tensor. Riemann tensors have extra algebraic properties.

:Index: :AIndex: :Symbols: :Notation:



Connections and curvature on manifolds 657

Riemann tensor of a metric g is antisymmetric in the first pair of indices. Let us define Rαβµν := gαλR
λ
βµν . One has

R(αβ)µν =gλ(αR
λ
β)µν =

�
1
2gλα

�
∂µΓλβν � ∂νΓλβµ + ΓλγµΓγβν � ΓλγνΓ

γ
βµ

�
+ (αβ)

�
=

=

�
� 1

4

�
∂µgλαg

λε
�
�∂εgβν + ∂βgνε + ∂νgεβ

�
� ∂νgλαgλε

�
�∂εgβµ + ∂βgµε + ∂µgεβ

��
+

+ 1
4

��∂αµgβν + ∂βµgνα + ∂νµgαβ
�� 1

4

��∂ανgβµ + ∂βνgµα + ∂µνgαβ
�

+

+ 1
8

��∂αgλµ + ∂λgµα + ∂µgαλ
�
gλε
��∂εgβν + ∂βgνε + ∂νgεβ

�
+

� 1
8 (�∂αgλν + ∂νgαλ + ∂λgνα) gλε

��∂εgβµ + ∂βgµε + ∂µgεβ
�

+ (αβ)

�
=

=
�h

1
4∂µgλαg

λε∂εgβν � 1
4∂µgλαg

λε∂βgνε + 1
8∂αgλµg

λε∂εgβν � 1
8∂αgλµg

λε∂βgνε � 1
8∂αgλµg

λε∂νgεβ+

� 1
8∂λgµαg

λε∂εgβν + 1
8∂λgµαg

λε∂βgνε + 1
8∂λgµαg

λε∂νgεβ � 1
8∂µgαλg

λε∂εgβν + 1
8∂µgαλg

λε∂βgνε + 1
8∂µgαλg

λε∂νgεβ � [µν]
i

+ (αβ)
�

(14.2.59)

Hence we get

R(αβ)µν =
�h

1
4∂µgλαg

λε∂εgβν � 1
4∂µgλαg

λε∂βgνε � 1
4∂µgαλg

λε∂εgβν + 1
4∂µgαλg

λε∂βgνε � [µν]
i

+ (αβ)
�

= 0 (14.2.60)

Notice that no symmetry can be assumed for general connections nor for general torsionless connections; one really needs to resort to Levi Civita

connections for it.

Riemann tensor of a metric g is also symmetric in the exchange of the first and second pair of indices, namely Rαβµν = Rµναβ. Notice again that no

symmetry can be assumed for general connections nor for general torsionless connections; one really needs to resort to Levi Civita connections for it.

Let us set Γαβµ := gαλΓλβν ; one has

Rµναβ −Rαβµν =
[
gλµ∂αΓλνβ + gλµΓλεαΓενβ − [αβ]

]
−
[
gλα∂µΓλβν + gλαΓλεµΓεβν − [µν]

]
=

=
[
∂αΓµνβ + 1

2 (−∂µgεα + ∂εgαµ + ∂αgµε − 2∂αgεµ) Γενβ − [αβ]
]
−
[
∂µΓαβν + 1

2 (−∂αgεµ + ∂εgµα + ∂µgαε − 2∂µgεα) Γεβν − [µν]
]

=

=
[
∂αΓµνβ − ΓεµαΓενβ − [αβ]

]
−
[
∂µΓαβν − ΓεαµΓεβν − [µν]

]
=

= 1
2

[
−∂µαgνβ + ∂ναgβµ + ∂βαgµν − [αβ]

]
− 1

2

[
−∂αµgβν + ∂βµgνα + ∂νµgαβ − [µν]

]
=

= 1
2 (−∂µαgνβ + ∂ναgβµ + ∂µβgνα − ∂νβgαµ)− 1

2 (−∂αµgβν + ∂βµgνα + ∂ανgβµ − ∂βνgµα) ≡ 0

(14.2.61)

The Ricci curvature of a Riemann tensor is also called a Ricci tensor; as a consequence of symmetry, by contraction, we obtain that it is symmetric.

Rβν = gαµRαβµν = gαµRµναβ = Rνβ (14.2.62)

As usual nothing can be said for the Ricci curvature of a generic connection.

The second Bianchi identities
g

r[ρR
α
βµν] = 1

3

�
g

rρRαβµν +
g

rµRαβνρ +
g

rνRαβρµ
�

= 0 (14.2.63)
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can be contracted by δµα and again by gβρ
g

rρRαβαν +
g

rαRαβνρ +
g

rνRαβρα = 0
g

rρRβν +
g

rαRαβνρ �
g

rνRβρ = 0
g

rρRρ·ν +
g

rαRα· ν �
g

rνR = 0 )
g

rα
�
Rα· ν � 1

2Rδ
α
ν

�
= 0

(14.2.64)

This are called contracted (second) Bianchi identities; they claim that the Einstein tensor Gµν := Rµν� 1
2Rgµν is conserved (i.e. it has zero divergence).

Counting independent components

On a manifold M of dimension m, a metric has m
2 (m+1) indipendent components. A torsionless connection has m2

2 (m+1), while a general connections

has m3 components.

Since the first derivatives of the metrics are m2

2 (m+ 1), one can invert the definition of Christoffel symbols.

Once Christoffel symbols are defined, one can permute indices

2gαε{g}εβµ = −∂αgβµ + ∂µgαβ + ∂βgµα 2gβε{g}εµα = −∂βgµα + ∂αgβµ + ∂µgαβ (14.2.65)

and sum
2gαε{g}εβµ+2gβε{g}εµα = −∂αgβµ + ∂µgαβ + ∂βgµα−∂βgµα + ∂αgβµ + ∂µgαβ = 2∂µgαβ ⇒

⇒ ∂µgαβ = gαε{g}εβµ + gβε{g}εµα
(14.2.66)

The torsion Tαβµ has m2

2 (m� 1) independent components, showing that a general connection can be split into a torsionless connection and its torsion

m2

2 (m+ 1) + m2

2 (m� 1) = m3 (14.2.67)

The (covariant) curvature tensor Rαβµν of a general torsionless connection obeys m2

2 (m+ 1) +m

�
m

3

�
linear identities

Rαβ(µν) = 0 Rα[βµν] = 0 (14.2.68)

However, one needs to discuss whether these identities are independent in order to count for independent components. Let us set aside the index α. An object with

three indices can be split in general as

βµν = β(µν)⊕ β[µν] (14.2.69)

This sum is direct since the intersection of the two subspaces is the zero only. This splits the space of rank 3 tensors (which is of dimension m3) into two subspaces of

dimension m2

2 (m+ 1) and m2

2 (m− 1), respectively.

However, in the first subspace there is still an invariant subspace with respect to the permutation group Π3 acting on indices, namely the space of completely symmetric

objects with 3 indices, which is of dimension

(
m+ 2

3

)
= m

6 (m+ 2)(m+ 1). Then

β(µν) = (βµν)⊕ (β(µν)− (βµν)) (14.2.70)
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which corresponds to the splitting into two subspaces of dimension

m2

2 (m+ 1) = m
6 (m+ 2)(m+ 1)⊕

(
m
3 (m2 − 1)

)
(14.2.71)

Analogously, the subspace of antisymmetric objects can be split into two subspaces

β[µν] = [βµν]⊕ (β[µν]− [βµν]) (14.2.72)

which are of dimension

(
m

3

)
= m

6 (m− 1)(m− 2) and m2

2 (m− 1)−
(
m

3

)
= m

3 (m2 − 1), respectively.

In other words, one can define a group action of Π3 over the space of tensors of rank 3 on a manifold of dimension m, which is of dimension m3. This representation is

not irreducible but it can be written as the sum of 4 irreducible representations of Π3 acting on subspaces

βµν = (βµν)⊕ (β(µν)− (βµν))⊕ [βµν]⊕ (β[µν]− [βµν]) (14.2.73)

which are, respectively, of dimension

m3 = m
6 (m+ 2)(m+ 1)⊕

(
m
3 (m2 − 1)

)
⊕ m

6 (m− 1)(m− 2)⊕ m
3 (m2 − 1) (14.2.74)

The identities (14.2.68) tell us that the curvature tensor (for a generic torsionless connection) belongs to the 4th subspace which, accounting for the

extra index α, is of dimension
m2

3
(m2 � 1) (14.2.75)

If we restrict to Levi Civita connections of some metrics, one has more linear constraints on the components of Riemann tensor, namely:

Rαβ(µν) = 0 R(αβ)µν = 0 Rαβµν �Rµναβ = 0 Rα[βµν] = 0 (14.2.76)

Of course, R(αβ)µν = 0 follows from Rαβ(µν) = 0 and Rαβµν −Rµναβ = 0, thus it can be suppressed.

Since one has

R[αβµν] = 1
4

(
Rα[βµν] −Rν[αβµ] +Rµ[ναβ] −Rβ[µνα]

)
(14.2.77)

then also R[αβµν] = 0 follows.

On the other hand, if one assumes Rαβ(µν) = 0, Rαβµν −Rµναβ = 0, and R[αβµν] = 0, then one has

Rα[βµν] = 1
24 (4αβµν + 4αµνβ + 4ανβµ) = 1

24 (αβµν + αµνβ + ανβµ− 3βαµν − 3βναµ− 3βµνα) =

= 1
24 (α[βµν]− β[αµν] + µ[ναβ]− ν[µαβ]) = R[αβµν] = 0

(14.2.78)

Thus the constraints are equivalent to the conditions

R[αβµν] = 0 (14.2.79)

on the space of components Rαβµν skew symmetric in each pair and symmetric for the exchange of the pairs, which is of dimension m
8 (m − 1)(m2 − m + 2). The

conditions are m
24 (m− 1)(m− 2)(m− 3) and they account for

m
8 (m− 1)(m2 −m+ 2)− m

24 (m− 1)(m− 2)(m− 3) = m
24

[
3m2 − 3m+ 6−m2 + 5m− 6

]
(m− 1) = m2

12 (m− 1)2 (14.2.80)
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independent components.

Thus the independent components of a metric Riemann tensor are

m2

12
(m2 � 1) (14.2.81)

Since for any (integer) dimension m > 1, one has
m2

3
(m2 � 1) >

m2

12
(m2 � 1) (14.2.82)

then metric Riemann tensors live in a smaller space than curvature tensors of torsionless connections.

If we consider tensors Sα(βµν) symmetric in lower indices they live in a space of dimension m2

6 (m+ 2)(m+ 1). Then

m2

3
(m2 � 1)� m2

6
(m+ 2)(m+ 1) =

m3

2
(m+ 1) (14.2.83)

which exactly accounts for first derivatives of torsionless connections ∂µΓαβν .

That suggests that one can split ∂µΓαβν into its curvature Rαβµν and the quantity Sαβµν = ∂(µΓαβν) in a one-to-one way.

Let us start from (Γαβν , ∂µΓαβν) and map it to (Γαβν , R
α
βµν , S

α
βµν) as above by setting

Rαβµν = ∂µΓαβν − ∂νΓαβµ + ΓαγµΓγβν − ΓαγνΓγβµ Sαβµν = 3∂(µΓαβν) = ∂µΓαβν + ∂νΓαµβ + ∂βΓανµ (14.2.84)

This transformation is one-to-one since it can be inverted as

− 2Rα(βµ)ν + Sαβµν = −∂µΓαβν + ∂νΓαβµ − ΓαγµΓγβν + ΓαγνΓγβµ − ∂βΓαµν + ∂νΓαβµ − ΓαγβΓγµν + ΓαγνΓγβµ + ∂µΓαβν + ∂νΓαµβ + ∂βΓανµ ⇒

⇒ 3∂νΓαµβ = −2Rα(βµ)ν + Sαβµν + 2Γαγ(µΓγβ)ν − 2ΓαγνΓγβµ
(14.2.85)

Let us now consider metric Riemann tensors. Let us notice that

m2

12
(m2 � 1)� m2

6
(m+ 2)(m+ 1) =

m2

4
(m+ 1)2 (14.2.86)

which exactly accounts for second derivatives of the metric ∂βνgαµ.

That suggests that one can split ∂βνgαµ into its curvature Rαβµν and the quantity Sαβµν = ∂(µfggαβν) in a one-to-one way.

Let us start from (gµν , ∂νgαµ, ∂βνgαµ) and map it to (gµν , {g}αβν , Rαβµν , Sαβµν) as above by setting

Rαβµν = ∂µ{g}αβν − ∂ν{g}αβµ + {g}αγµ{g}
γ
βν − {g}

α
γν{g}

γ
βµ Sαβµν = ∂µ{g}αβν + ∂ν{g}αµβ + ∂β{g}ανµ (14.2.87)

This transformation is one-to-one since it can be inverted as (14.2.66) and

3∂ν{g}αµβ =Sαβµν − 2Rα(βµ)ν + 2{g}αγ(µ{g}
γ
β)ν − 2{g}αγν{g}

γ
βµ ⇒ ∂µνgαβ = ∂νgαε{g}εβµ + gαε∂ν{g}εβµ + ∂νgβε{g}εµα + gβε∂ν{g}εµα =

=gελ{g}λνα{g}εβµ + gελ{g}λνβ{g}εµα + 1
3S
·
αβµν − 2

3Rα(βµ)ν + 1
3S
·
βαµν − 2

3Rβ(αµ)ν + gαε{g}εγ(µ{g}
γ
βν) + gβε{g}εγ(µ{g}

γ
αν)

(14.2.88)
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We can summarise the number of independent components in low dimensions by the following table:

dim(M) metric torsionless
connection torsion generic

connection
metric
Riemann

torsionless
curvature

Sαβµν

1 1 1 0 1 0 0 1

2 3 6 2 8 1 4 8

3 6 18 9 27 6 24 30

4 10 40 24 64 20 80 80

5 15 75 50 125 50 200 175

. . . . . . . . . . . . . . . . . . . . . . . .

m m
2 (m+ 1) m2

2 (m+ 1) m2

2 (m� 1) m3 m2

12 (m2 � 1) m2

3 (m2 � 1) m2

6 (m+ 2)(m+ 1)

Isometries and Killing vectors

On a Riemannian manifold (M, g), a diffeomorphism Φ : M !M is called an isometry if it preserves the metric, i.e. if Φ∗g = g.

Rotations and translations on the Euclidean planes (Rm, δ) are isometries.

If one considers a sphere Sn ⊂ Rn+1 with the induced metrics (Sn, g) then rotations in Rn+1 restrict to diffeomorphisms on the sphere and they are in fact isometries.

A 1-parameter subgroup of isometries Φs is called an infinitesimal isometry. An infinitesimal isometry, as any other infinitesimal diffeomorphism, is

characterised by its infinitesimal generator ξ, which is a vector field on M , of which Φs is the flow. The infinitesimal generator ξ of an infinitesimal

isometry is also called a Killing vector.

An isometry Φ : M →M is locally described by a map Φ : xµ 7→ x′µ = Φµ(x). It is an isometry iff

g′µν(x′) = J̄
ρ
µgρσ(x)J̄

σ
ν = gµν(x′) (14.2.89)

which we can differentiate with respect to the subgroup parameter s to obtain

∂µξ
ρgρν + gµσ∂νξ

σ = ξεdεgµν ⇒ ξε
g

∇εgµν =
g

∇µξρgρν + gµσ
g

∇νξσ = 0 (14.2.90)

The equation
g

∇(µξν) = 0 (14.2.91)

is called the Killing equation and, of course, a vector field ξ is a Killing vector iff it is a solution fo the Killing equation.
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The Killing equation is a linear equation with respect to ξ, thus Killing vectors forms a vector subspace space. Moreover, in view of the naturality of

commutators, the commutators of Killing vectors is a Killing vector. Accordingly, Killing vectors form a Lie-subalgebra of vector fields on M .

The Killing equation sets a constraint on first derivative of the vector field ξ; the symmetric part is vanishing so first derivatives are antisymmetric.

Accordingly, at a point x the m values of the components ξε(x), as well as, possibly, the m
2 (m�1) values of the antisymmetric first derivatives r[µξν](x)

can be chosen at will, while the symmetric first derivatives must vanish.

All the second derivatives, as well as, consequently, the higher derivatives, are algebraically expressed in terms of ξε(x) and r[µξν](x).

By using the second derivatives ∇µ∇νξα, one has a tensor kµνα := ∇µ∇νξα which is antisymmetric in the last two indices and

kµνα = kνµα +Rεαµνξε (14.2.92)

Then one can play the usual trick

kµνα =kνµα +Rεαµνξε = −kναµ +Rεαµνξε = −kανµ + (−Rεµνα +Rεαµν) ξε = kαµν + (−Rεµνα +Rεαµν) ξε =

=kµαν + (Rεναµ −Rεµνα +Rεαµν) ξε = −kµνα + (Rεναµ −Rεµνα +Rεαµν) ξε
(14.2.93)

and obtain

kµνα = ∇µ∇νξα = 1
2 (Rεναµ −Rεµνα +Rεαµν) ξε = Rµεναξ

ε (14.2.94)

Thus all second derivatives of ξ are algebraically determined by the values of the zero order components ξε.

Then, recursively, the third derivatives depend on ξε,∇αξε, and so on.

If all derivatives of ξµ(x) at a point x0 are determined by (at most) by ξε(x0),rαξε(x0), it means that the space of Killing vectors is at most of

dimension m+ m
2 (m� 1) = m

2 (m+ 1).

A Riemannian manifold (M, g) on which one has m
2 (m+ 1) independent Killing vectors is called a maximally symmetric space.

On the plane (Rm, η) in signature (r, s), one has m Killing vectors related to translations, and m
2 (m − 1) Killing vectors related to rotations. It is hence maximally

symmetric.

On the sphere (Sn, g), one has n
2 (n+ 1) independent infinitesimal rotations of Rn+1 which generate Killing vectors, so that the sphere is maximally symmetric as well.

An ellipsoid of axes (a, a, b) (embedded in the Euclidean space (R3, δ) and endowed with the induced metric ) is not maximally symmetric (if b 6= a) and only the

rotations about the z-axis generate a Killing vector.

An ellipsoid of different axes (a, b, c) has no Killing vectors.

3. Symplectic manifolds
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.Next SectionA similar, though somehow complementary, structure on a manifold is the symplectic structure. With a symplectic structure, one can do things similar

to the ones one does with a metric structure. A symplectic structure also captures the geometry of Hamiltonian systems.

Before dealing with symplectic manifolds, it is better to discuss some of the structures algebraically, i.e. on a vector space. As it happens on manifolds,

algebraic structures are eventually realised on tangent spaces of the manifold.

Dual vector spaces

Let us consider a vector space V of dimension dim(V ) = n with a basis ei and let us denote by V ∗ the dual space with the dual basis ei. Let U � V
be a subspace of dimension k and let us define the polar as the subspace

U◦ = fα 2 V ∗ : 8u 2 U, α(u) = 0g � V ∗ (14.3.1)

Theorem: dim(U◦) + dim(U) = dim(V )

Proof: Let ei be a basis of V adapted to U (the first elements e1, . . . , ek are a basis of U) and ei the dual basis of V ∗.

Then any α ∈ V ∗ can be expanded as α = αie
i. Then α is in U◦ iff α(e1) = . . . = α(ek) = 0, i.e. iff it is α ∈ Span(ek+1, . . . en).

Thus (ek+1, . . . en) is a basis of U◦, then dim(U◦) = n− k.

Theorem: If α(v) = 0 for all α 2 U◦ then v 2 U .

Proof: Let us suppose, for the sake of argument, that v 6∈ U .

Since α(v) = 0, one has that U◦ ⊂ (U ⊕ Span(v))◦. Since we are using vector spaces, that means dim(U◦) < dim((U ⊕ Span(v))◦), while we know that dim((U ⊕ Span(v))◦) <

dim(U◦). Because of the contradiction, one then has v ∈ U .

Let us denote U◦◦ � V ∗∗ ' V and the canonical isomorphism i : V ! V ∗∗ : v 7! v̂ iff for any α 2 V ∗ one has v̂(α) = α(v). Let us show that

U◦◦ = i(U).

Let us consider u ∈ U and i(u) ∈ V ∗∗. The element i(u) ∈ U◦◦ iff for all α ∈ U◦ one has i(u)(α) = α(u) = 0 which is true since α ∈ U◦.
Notice we do not define any map between U and U◦, though we do define a canonical isomorphism between U and U◦◦.

If W � U then U◦ �W ◦.
One has α ∈ U◦ iff for all u in U : α(u) = 0. In particular, that holds true for all w ∈W ⊂ U , thus α ∈W ◦.

The polar has also the following properties

(U \W )◦ = U◦ �W ◦ (U �W )◦ = U◦ \W ◦ (14.3.2)

Prove them!

Symplectic vector spaces

:Notation: :Symbols: :AIndex: :Index:



664 Structures on manifolds

A symplectic vector space is a pair (V,!) of a vector space V and a non-degenerate 2-form ! on V . The form ! is expressed in a basis ei as

! = 1
2ωije

i ^ ej (14.3.3)

One can always find a basis (e′i) in which

! = 1
2Jije

′i ^ e′j Jij =

�
0 �I
I 0

�
(14.3.4)

Such bases are called canonical bases.

First of all let, e1 be a non-zero vector in V . One can always find ε1 for which ω(e1, ε1) = −1, otherwise ω would be degenerate.

Let Ũ be a complement of Span(e1, ε1). Of course, there is no reason for having ω(ũ, e1) = ω(ũ, ε1) = 0 for all ũ ∈ Ũ . However, other complements of Span(e1, ε1) are

in the form u = αe1 + βε1 + ũ and one has

ω(u, e1) = β + ω(ũ, e1) ω(u, ε1) = −α+ ω(ũ, ε1) (14.3.5)

Thus by choosing α = ω(ũ, ε1) and β = −ω(ũ, e1) one can find a new complement

U = {u = ω(ũ, ε1)e1 − ω(ũ, e1)ε1 + ũ} (14.3.6)

foir which ω(u, e1) = ω(u, ε1) = 0.

If V was dim(V ) = 2, then dim(U) = 0 and we found a base ei = (e1, ε1). If not, let us denote by ωU the restriction of ω to U . The form ωU is a bilinear,

antisymmetric form. It is non-degenerate. In fact, if it were degenerate there would be a non-zero u ∈ U such that ∀u′ ∈ U : ω(u, u′) = 0. But we also know that

ω(u, e1) = ω(u, ε1) = 0; thus ω(u, v) would vanish for all vectors in V and ω would be degenerate, which is against the hypothesis. Then (U,ωU ) is again a symplectic

vector space and we can find (e2, ε2) and a symplectic complement U ′. The procedure can be iterated until one find a zero-dimensional symplectic complement. At

that point one has ei = (e1, e2, . . . , ek, ε
1, ε2, . . . εk) such that ω(ei, ej) = Jij .

Notice that a symplectic vector space is necessary even-dimensional. For future convention we shall denote by Greek indices the ones running from 1

to k and by Latin indices the ones running from 1 to n = 2k. Thus, for example, one has ei = (eα, εβ).

Given two symplectic vector spaces (V,!) and (V ′,!′), a symplectic map is a map Φ : V ! V ′ such that

!′(Φ(v),Φ(w)) = !(v, w) (14.3.7)

The components of the symplectic form ! will be denoted by ωij = !(ei, ej). It is a non-degenerate matrix. The inverse matrix will be denoted by

ωij and one has (watch out for indices order)

ωikω
jk = δij (14.3.8)

One can define the maps

[ : V ! V ∗ : viei 7! viωije
j ] : V ∗ ! V : αie

i 7! αiω
jiej (14.3.9)

One can easily show that (
(v)[

)]
= (vkωkie

i)] = vkωikω
ijej = viei = v (14.3.10)
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The two maps are the inverse one of the other and hence are isomorphisms, canonical isomorphisms induced by the symplectic structures.

Example: Let Q be a vector space of dimension k and consider V = Q�Q∗ with the form ! = eα ^ eα. The pair (V,!) is a symplectic vector space

and (eα, e
α) is a canonical basis.

Example: If (V,!) is a symplectic space, one can define

!∗ : V ∗ � V ∗ ! R !∗(α, β) = !(α], β]) (14.3.11)

In a basis, one has

!∗(α, β) = !(α], β]) = (αiω
ji)(βkω

lk)ωjl = �αiωkiβk = αiω
ikβk !∗ = 1

2ω
ijei ^ ej (14.3.12)

The pair (V ∗,!∗) is then a symplectic space. Then the isomorphisms [ : V ! V ∗ and ] : V ∗ ! V are symplectic isomorphisms between (V,!) and

(V ∗,!∗).

We also defined the maps

[ : V → V ∗ : viei 7→ vigije
j ] : V ∗ → V : αie

i 7→ αig
jiej (14.3.13)

induced by an inner product g : V × V → R.

Given a subspace U ⊂ V , one can define U◦ ⊂ V ∗ and map it back (U◦)] ⊂ V . A vector w ∈ (U◦)] is w = αig
ijej with α ∈ U◦. Thus for all u ∈ U , one has

g(w, u) = αig
ijgjku

k = αiu
i = α(u) = 0 (14.3.14)

Thus (U◦)] is made (of all the) vectors orthogonal to u and it is denoted by (U◦)] = U⊥.

Hereafter we shall always work in a symplectic space with no metric structure specified on it. Thus ], [, ⊥ will always denote the ones induced by the symplectic

structure, unless otherwise specified.

Let us define the symplectic polar to be

U⊥ = (U◦)] = fw 2 V : 8u 2 U, !(w, u) = 0g (14.3.15)

Being the symplectic polar the image through an isomorphism of the polar, one has U⊥⊥ = U , dim(U) + dim(U⊥) = dim(V ) and if W � U then

U⊥ �W⊥. Moreover,

(U \W )⊥ = U⊥ �W⊥ (U �W )⊥ = U⊥ \W⊥ (14.3.16)

Definition: A subspace U 2 (V,!) is called:

coisotropic iff U⊥ � U ;

isotropic iff U � U⊥;

Lagrangian if it is both isotropic and coistropic (i.e. iff U = U⊥);

symplectic iff U \ U⊥ = f0g.
Of course, if U is isotropic then dim(U) � k (dim(V ) = n = 2k). If U is coisotropic then dim(U) � k. If U is Lagrangian then dim(U) = k.
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A subspace U is isotropic iff U⊥ is coisotropic.

A useful criterium for U to be isotropic is the following:

Theorem: U � (V,!) is isotropic iff 8u, u′ 2 U, !(u, u′) = 0.

Proof: If U is isotropic, U ⊂ U⊥. Then for any u, u′ ∈ U , u′ ∈ U⊥, then ω(u, u′) = 0.

If ∀u, u′ ∈ U, ω(u, u′) = 0 then u′ ∈ U⊥, then U ⊂ U⊥, then U is isotropic.

Theorem: Let L � (V,!) be Lagrangian and let L � U � (V,!); then U is coisotropic. In any coisotropic subspace U there exists a Lagrangian

subspace L � U .

Proof: If L is Lagrangian, then U⊥ ⊂ L⊥ = L ⊂ U , then U is coisotropic.

If U is coisotropic, then U⊥ ⊂ U . If U⊥ = U then U is Lagrangian and the end the proof. If U⊥ 6= U it means one can find v ∈ V which is U but not in U⊥. Then consider

W = U⊥ ⊕ Span(v) and W⊥ ⊂ U . One has U⊥ ⊂ W ⊂ W⊥ ⊂ U . Thus W⊥ is again coisotropic (though with one dimension less than U). The procedure can be iterated until

one gets L = W = W⊥.

Theorem: if U � (V,!) is symplectic than (U,!U ) is a symplectic vector space.

Proof: Let ωU denote the restriction of the symplectic form to U . It is of course a bilinear, antisymmetric form on U . We have to show that it is non-degenerate.

For, let u ∈ U be a non-zero vector and let us assume ω(u,w) = 0 for all w ∈ U . However, since U ∩ U⊥ = {0} and dim(U) + dim(U⊥) = dim(V ) then one has V = U ⊕ U⊥.

Accordingly, any vector in V can be written (in a unique way) as v = u + û. We already know that ω(u,w) = 0 for all w ∈ U . And we know that ω(u, û) = 0 for all û ∈ U⊥.

Thus ω(u, v) = 0 for all v ∈ V . Thus the symplectic form ω would be degenerate, which is against the original hypothesis.

Thus ωU is non-degenerate and (U,ωU ) is a symplectic space.

Any one dimensional subspace U � (V, ω) is isotropic. Thus any subspace of codimension 1 is coisotropic.

Symplectic reduction

If U � (V,!) is a coisotropic subspace we can define an equivalence relation

u � u′ () u� u′ 2 U⊥ (14.3.17)

and define the quotient space W = U/ � (which is of course a vector space) and the projection map π : U !W : u 7! [u].

Then we have the sequence

f0g �! U⊥
i�!U π�!W 0�!f0g (14.3.18)

which is a short exact sequence. This sequence split by a map ϕ : W ! U : w 7! u such that π � ϕ = idW . In other words, the map ϕ is such

that [u] = w which ammounts to choosing a representative u = ϕ(w) of the class w), i.e. π(u) = w. Then the image ϕ(W ) � U is a subspace and

U = i(U⊥)� ϕ(W ).
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Let us define a bilinear form on W by

!̂ : W �W ! R !̂([u], [u′]) = !(ϕ([u]), ϕ([u′])) (14.3.19)

This is obviously antisymmetric. Let us show it is non-degenerate.

First of all, let us show that it is constant on equivalence classes. Let u ∈ U , and u1, u2 ∈ [w] ⊂ U .

ω(u, u1)− ω(u, u2) = ω(u, u1 − u2) = 0 ⇒ ω(u, u1) = ω(u, u2) (14.3.20)

since u1 − u2 ∈ U⊥.

Let us now suppose that ω̂ is degenerate; then there exists w ∈ W with w 6= 0 such that ω̂(w,w′) = 0 for all w′ ∈ W . Then ω(ϕ(w), u′) = 0 for all u′ ∈ U . Then

ϕ(w) ∈ U⊥. Hence w = 0 which is against the hypothesis. Then ω̂ is non-degenerate.

Then, if dim(V ) = 2n and dim(U) = 2n� k, then dim(U⊥) = k and dim(W ) = 2(n� k) (with k the codimension of U in V ). The map ϕ is injective

(two different classes cannot have the same representative) thus dim(ϕ(W )) = 2(n� k).

Accordingly, (W, !̂) is a symplectic vector space. In other words, when one has a coisotropic subspace U that defines an isotropic subspace U⊥ � U

(which is called the characteristic subspace) and, by quotienting out the characteristic subspace, one obtains a symplectic vector space (W = U/U⊥, !̂).

Symplectic manifolds

A symplectic manifold is a pair (M,!) of a manifold M and a closed, non-degenerate 2-form !.

We shall see hereafter that a closed ω is necessary condition of existence of canonical coordinates.

A coordinate system xa on M is said canonical if the symplectic form ! is written in the form

! = 1
2Jabdxa ^ dxb (14.3.21)

Given a generic coordinate system xa in which ! = 1
2ωab(x)dxa ^ dxb one can find a canonical system x′a iff

J̄
c
a ωcd J̄

d
b = Jab (14.3.22)

In order for this to be possible, one needs ω to be closed. In fact if canonical coordinates exist then one has

J̄
c
ae ωcd J̄

d
b + J̄

c
a ωcd J̄

d
be + J̄

c
a ∂fωcd J̄

f
e J̄

d
b = 0

J̄
c
ba ωcd J̄

d
e + J̄

c
b ωcd J̄

d
ea + J̄

c
b ∂fωcd J̄

f
a J̄

d
e = 0

J̄
c
eb ωcd J̄

d
a + J̄

c
e ωcd J̄

d
ab + J̄

c
e ∂fωcd J̄

f
b J̄

d
a = 0

(14.3.23)

where we cyclically permuted the indices [aeb]. Then summing them all one obtains

J̄
c
a ∂fωcd J̄

f
e J̄

d
b + J̄

c
b ∂fωcd J̄

f
a J̄

d
e + J̄

c
e ∂fωcd J̄

f
b J̄

d
a = 0

J̄
c
a (∂fωcd + ∂cωdf + ∂dωfc) J̄

d
b J̄

c
a = 0 ⇒ J̄

c
a∂[fωcd]J̄

d
b J̄

c
a = 0 ⇒ dω = 0

(14.3.24)
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The condition dω = 0 has been proven in a coordinate system but, if it holds true in a coordinate system, it is true in any coordinate system.

Theorem: (Darboux) on any symplectic manifold (M,!) there exist canonical coordinates.

Example: for any manifold Q, the manifold M = T ∗Q can be equipped with natural coordinates xa = (qλ, pλ) and the closed 2-form ! = dpλ ^ dqλ.

The pair (T ∗Q,!) is a symplectic manifold and natural coordinates are always canonical.

This can be shown otherwise, by noticing that, in natural coordinates, � = pµdqµ is a global 1-form, which is called the Liouville form. Liouville form

is a characteristic structure on cotangent spaces. Then we set ! = d�, which is closed (and exact) by construction.

In other words, cotangent spaces are symplectic manifolds in which the symplectic form is, not only closed, but also exact.

Let us remark that, in a symplectic manifold (M,!), any tangent space is a symplectic vector space (TxM,!x). Then all the definitions given on

symplectic vector spaces somehow extend to symplectic manifolds.

A submanifold S � M is (co)isotropic (Lagrangian, symplectic, respectively) iff its tangent space TxS � (TxM,!x) is a (co)isotropic (Lagrangian,

symplectic, respectively) vector space.

Hence, if S is a coisotropic submanifold, one has (TxS)⊥ � TxS � (TxM,!x) which defines a distribution on S which is called the characteristic

distribution. A vector field on S which belongs to the characteristic distribution is called a characteristic field.

Theorem: Characteristic distributions are always integrable.

Let X,Y be two characteristic fields. Being characteristic fields means that

∀v ∈ TS : ω(X, v) = 0 ⇐⇒ Xaωabv
b = 0 ⇐⇒ iXω|S = 0 (14.3.25)

Let us consider the commutator [X,Y ]; this is characteristic iff
(
i[X,Y ]ω

)
|S = 0. In fact, by using the formula proven in Appendix A, one has

i[X,Y ]ω|S = £X (iY ω) |S − iY £Xω|S = − iY iXdω |S − iY d (iXω) |S = 0 (14.3.26)

and the commutator is characteristic. Then the characteristic distribution is involutive, then it is integrable.

This is great! That means that one can foliate a coisotropic submanifold S, the leaves of the foliation being called characteristics of S.

Then one can define an equivalence relation on S

x � y () both x and y belongs to the same characteristics of S (14.3.27)

and one can take the quotient N = S/ �. The tangent space TxN = TxS/(TxS)⊥ is a symplectic space with the induced symplectic form !̂x. Then

(N, !̂) is a candidate to be a symplectic manifold; one just needs to show that the form !̂ is closed.

By the way, the form ω̂ is obtained by pulling back ω along the map i : N →M which chooses a representative in M of each point on N . Since differential is a natural

operator, it commutes with pull-back, then one has

dω̂ = di∗ω = i∗dω = 0 (14.3.28)
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and ω̂ is closed!

Appendix A. A useful formula

We shall here prove the formula

i[X,Y ]! = £X iY!� iY £X! (14.A.1)

where £X := d � iX + iXd denotes the Lie derivative of forms along the vector field X.

Let us start by checking that £X is a derivative. It is, of course, linear and one needs to show Leibniz rule.

£X(ω ∧ θ) =d(iXω ∧ θ+ (−1)deg(ω)ω ∧ iXθ) + iX(dω ∧ θ+ (−1)deg(ω)ω ∧ dθ) =

=diXω ∧ θ+ (−1)deg(ω)dω ∧ iXθ+ (−1)deg(ω)−1iXω ∧ dθ+ ω ∧ diXθ+ iXdω ∧ θ+ (−1)deg(ω)iXω ∧ dθ+ (−1)deg(ω)+1dω ∧ iXθ+ ω ∧ iXdθ =

=£Xω ∧ θ+ ω ∧£Xθ

(14.A.2)

Second step is to show that the formula holds true when deg(ω) = 0 (which is trivial) and deg(ω) = 1. For deg(ω) = 1, let us assume ω = ωµdx
µ. Then

iY ω = Y αωα

£Xω = d(Xαωα) + iX(∂βωαdx
β ∧ dxα) = [∂µ(Xαωα) +Xα(∂αωµ − ∂µωα)]dxµ = [∂µX

αωα +Xα∂αωµ]dxµ

£X iY ω = iXd(iY ω) = Xβ∂β(Y αωα) = Xβ∂βY
αωα +XβY α∂βωα

(14.A.3)

Then one has

£X iY ω− iY £Xω =Xβ∂βY
αωα +XβY α∂βωα − Y µ[∂µX

αωα +Xα∂αωµ] = (Xβ∂βY
α − Y µ∂µXα)ωα = i[X,Y ]ω (14.A.4)

Finally, any form of degree k ≥ 2 can be written (locally) as wedge product of lower degree forms. Let us suppose that we showed that the result holds true for all

k − 1 forms θ and show that it holds true for k forms ω ∧ θ with deg(ω) = 1.

(£X iY − iY £X)(ω ∧ θ) = £X iY ω ∧ θ−£Xω ∧ iY θ+ iY ω ∧£Xθ− ω ∧£X iY θ− iY £Xω ∧ θ− iY ω ∧£Xθ+ £Xω ∧ iY θ+ ω ∧ iY £Xθ =

= (£X iY − iY £X)(ω) ∧ θ− ω ∧ (£X iY − iY £X)(θ) = i[X,Y ]ω ∧ θ− ω ∧ i[X,Y ]θ = i[X,Y ](ω ∧ θ)
(14.A.5)

4. Hamiltonian systems

.Next SectionLet (M,!) be a symplectic manifold. A vector field X is called a (global) Hamiltonian field iff there exists a function f : M ! R such that X = (df)];

in that case, f is called a potential (or a Hamiltonian) for the field X and the field itself is denoted by Xf .

A vector field X is Hamiltonian if the 1-form X[ is exact and the Hamiltonian f for it is the potential, i.e. iff (Xf )[ = df .

For Xf = Xa∂a, one has

X[ = Xaωabdx
b df = ∂af dx

a (14.4.1)

:Notation: :Symbols: :AIndex: :Index:



670 Structures on manifolds

Thus one has in general coordinates

Xf = ∂afω
ba∂b (14.4.2)

However, in canonical coordinates, one has ωab = Jab so that one can split the coordinates into two blocks xa = (qλ, pλ) and one has

Xf = ∂λf∂
λ − ∂λf∂λ = − ∂f

∂qλ
∂

∂pλ
+

∂f

∂pλ

∂

∂qλ
(14.4.3)

(with obvious notation!).

Any Hamiltonian field XH defines differential equations for integral curves (which are called Hamilton equations for H) and a family of integral curves

which are their solutions. The intrinsic form for Hamilton equations is

γ̇ = XH = (dH)] (14.4.4)

These equations, in canonical coordinates, become the usual 8>><
>>:
q̇λ =

∂f

∂pλ

ṗλ = � ∂f

∂qλ

(14.4.5)

Thus we can, in general, define a Hamiltonian system as a symplectic manifold (M,!) with a function H on it, meaning that from the set (M,!, H)

one can always define the Hamiltonian field XH on M which defines Hamilton equations as in (14.4.4).

Exercise: Consider a Hamiltonian system (M,!, H) for which one knows an observable f which is a first integral. Then the evolution of the system

lies on the level surfaces of f , namely on Sc = fx 2 M : f(x) = cg. Show that the hypersurface Sc � M is coisotropic. Find the characteristic

distribution and define a new Hamiltonian system with one less degrees of freedom which is equivalent to the original.

Poisson brackets

One can define Poisson brackets of two functions f, g : M ! R as

ff, gg := Xf (g) = �Xg(f) = !(df, dg) ) ff, gg = ∂af ω
ab ∂bg (14.4.6)

That is trivially bilinear and antisymmetric. Moreover, one has

ff, fg, hgg = Xf (fg, hg) = Xf (Xg(h)) )
ff, fg, hgg = ∂afω

ab∂b

�
∂cgω

cd∂dh
�

= ∂afω
ab∂bcgω

cd∂dh+ ∂afω
ab∂cg∂bω

cd∂dh+ ∂afω
ab∂cgω

cd∂bdh
(14.4.7)
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Thus expanding the Jacobi identities ff, fg, hgg+ fg, fh, fgg+ fh, ff, ggg = 0, one obtains

∂afω
ab∂bcgω

cd∂dh+ ∂afω
ab∂cg∂bω

cd∂dh+ ∂afω
ab∂cgω

cd∂bdh+

+ ∂agω
ab∂bchω

cd∂df + ∂agω
ab∂ch∂bω

cd∂df + ∂agω
ab∂chω

cd∂bdf+

+ ∂ahω
ab∂bcfω

cd∂dg + ∂ahω
ab∂cf∂bω

cd∂dg + ∂ahω
ab∂cfω

cd∂bdg =

=∂af∂cg∂dh
�
ωaeωpcωdq∂eωpq + ωceωpdωaE∂eωpq + ωdeωpaωcq∂eωpq

�
=

=� ∂af∂cg∂dhωaeωcpωdq
�
∂eωpq + ∂pωqe + ∂qωep

�
= �∂af∂cg∂dhωaeωcpωdq∂[eωpq] = 0

(14.4.8)

where we used the identity ∂eω
af = �ωac∂eωbcωbf = ωbaωfc∂eωbc.

In canonical coordinates, all terms with derivatives of ωab vanish. Moreover, if the result is zero in canonical coordinates it is zero in all coordinates since Poisson

brackets are intrinsic operations.

Thus the functions on M with Poisson brackets form a Lie algebra, called the algebra of observables. Notice that a constant observable has zero

Poisson brackets with anything. For that reason, we can define an equivalence relation between observables F(M)

f � g () f � g 2 R (14.4.9)

Let us denote the quotient space FR(M) = F(M)/ � and Poisson brackets are induced on the quotient.

Theorem: [Xf , Xg] = X{f,g}

Proof: We have

[Xf , Xg](h) =Xf (Xg(h))−Xg(Xf (h)) = {f, {g, h}} − {g, {f, h}} = {f, {g, h}}+ {g, {h, f}} = {{f, g}, h} = X{f,g}(h) (14.4.10)

This theorem proves two things at a time. First, Hamiltonian fields are a Lie subalgebra of the Lie algebra of vector fields. Second, the association

between observables and their Hamiltonian fields is a Lie algebra morphism.

Let us finally consider a coisotropic submanifold S � (M,ω); the submanifold S is coisotropic iff TkS is coisotroipic iff (TkS)◦ is isotropic, iff

8α, β 2 (TkS)◦ : !(α, β) = 0 (14.4.11)

A function f is constant on S iff df 2 (TkS)◦ (8v 2 TkS : v(f) = df(v) = 0).

Hence 8f, g observables constant on S one has

!(df, dg) = 0 () ff, ggjS = 0 () fCm, Cng = clmnCl (14.4.12)

Then, if S is obtained by constraints Cm = 0, the functions Cm are constant on S iff

fCm, CngjS = 0 (14.4.13)
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This is why one cannot have more than k first integrals in involution on a 2k dimensional symplectic manifold. Otherwise, the level surface Cm = 0 would be coisotropic

though too low dimensional.

Locally Hamiltonian fields

Of course, necessary condition for being exact is being closed. A vector field X is called locally Hamiltonian iff the 1-form (X)[ is closed, i.e. d(X)[ = 0.

Of course, a locally Hamiltonian vector field is Hamiltonian when restricted to a small enough open set U �M (any closed form is locally exact).

Locally Hamiltonian vector fields form a Lie subalgebra of vector fields (which contains globally Hamiltonian vector fields). In fact, any locally

Hamiltonian vector field is locally a globally Hamiltonian vector field. If X,Y are locally Hamiltonian vector fields, then there exists an open set U on

which X = Xf and Y = Yg. Then, in U , one has [X,Y ] = X{f,g}; then the commutator is a locally Hamiltonian vector field.

Theorem: X is locally Hamiltonian iff its flow is canonical.

Proof: X is locally Hamiltonian iff dX[ = 0 iff diXω = 0 iff £Xω = (iXd+ diX)ω = 0 iff Φ∗sω = ω.

Generating functions

Let us consider a symplectic map Φ : M !M on a symplectic manifold (M,!). In canonical coordinates, the map reads as Φ : (qλ, pλ) 7! (q′λ, p′λ) is

locally given by (
q′λ = q′λ(q, p)

p′λ = p′λ(q, p)
(14.4.14)

Since the map Φ is invertible, the partial Jacobians �
∂q′

∂q

� �
∂q′

∂p

� �
∂p′

∂q

� �
∂p′

∂p

�
(14.4.15)

cannot be all degenerate at the same time.

If the first partial Jacobian is non-degenerate, one can invert q = q(p, q′), and use (p, q′) as independent (non-canonical) coordinates on M . The

symplectic map is then called a type III transformation.

If the second partial Jacobian is non-degenerate, one can invert p = p(q, q′), and use (q, q′) as independent (non-canonical) coordinates on M . The

symplectic map is then called a type I transformation.

If the third partial Jacobian is non-degenerate, one can invert q = q(p, p′), and use (p, p′) as independent (non-canonical) coordinates on M . The

symplectic map is then called a type IV transformation.

Finally, iIf the fourth partial Jacobian is non-degenerate, one can invert p = p(q, p′), and use (q, p′) as independent (non-canonical) coordinates on M .

The symplectic map is then called a type II transformation.
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Each symplectic map is at least of one of these types, possibly of all four of them. For example, the identity map is type III and II, not a type I or IV transformation.

Since the map Φ is symplectic, it leaves the symplectic form ! invariant. Since the symplectic form is closed it is locally exact. Let us denote by � a

local potential of ! = d�. On a cotangent space, such a potential is global and it is the Liouville form.

Accordingly, the map Φ leaves the Liouville form, being it local or global, invariant up to an exact differential dS, i.e. one has

p′λdq
′λ = pλdq

λ + dS (14.4.16)

For a type I transformation, one can express everything in terms of coordinates (q, q′) as

p′λdq
′λ = pλdq

λ +
∂S

∂qλ
dqλ +

∂S

∂q′λ
dq′λ

8>><
>>:
p′λ =

∂S

∂q′λ
(q, q′)

pλ = � ∂S
∂qλ

(q, q′)

���� ∂S∂q∂q′

���� 6= 0 (14.4.17)

Then, the function FI(q, q
′) = �S(q, q′) is called a generating function of type I. Under the regularity condition

��� ∂S
∂q∂q′

��� 6= 0, one can invert the second

to obtain q′ = q′(q, p), which can then be replaced into the first equation to obtain p′ = p′(q, p), i.e. the symplectic transformation.

For a type II transformation, one can express everything in terms of coordinates (q, p′) as

p′λ

 
∂q′λ

∂qµ
dqµ +

∂q′λ

∂p′µ
dp′µ

!
= pλdq

λ +
∂S

∂qλ
dqλ +

∂S

∂p′λ
dp′λ

8>>><
>>>:
p′µ
∂q′µ

∂qλ
= pλ +

∂S

∂qλ
(q, p′)

p′µ
∂q′µ

∂p′λ
=

∂S

∂p′λ
(q, p′)

(14.4.18)

Then, the function FII(q, p
′) = p′λq

′λ(q, p′)� S(q, p′) is called a generating function of type II. The conditions can be written in terms of FII(q, p
′) as8>><

>>:
pλ =

∂FII
∂qλ

(q, p′)

q′λ =
∂FII
∂p′λ

(q, p′)

���� ∂FII∂q∂p′

���� 6= 0 (14.4.19)

Under the regularity condition
��� ∂FII∂q∂p′

��� 6= 0, one can invert the first to obtain p′ = p′′(q, p), which can then be replaced into the second equation to

obtain q′ = q′(q, p), i.e. the symplectic transformation.

For a type III transformation, one can express everything in terms of coordinates (p, q′) as

p′λdq
′λ = pλ

 
∂qλ

∂pµ
dpµ +

∂qλ

∂q′µ
dq′µ

!
+
∂S

∂pλ
dpλ +

∂S

∂q′λ
dq′λ

8>><
>>:
p′λ = pµ

∂qµ

∂q′λ
+

∂S

∂q′λ
(p, q′)

0 = pµ
∂qµ

∂pλ
+
∂S

∂pλ
(p, q′)

(14.4.20)
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Then, the function FIII(p, q
′) = pλq

λ(p, q′) + S(p, q′) is called a generating function of type III. The conditions can be written in terms of FIII(p, q
′) as8>><

>>:
p′λ =

∂FIII
∂q′λ

(p, q′)

qλ =
∂FIII
∂pλ

(p, q′)

����∂FIII∂p∂q′

���� 6= 0 (14.4.21)

Under the regularity condition
���∂FIII∂p∂q′

��� 6= 0, one can invert the second to obtain q′ = q′(q, p), which can then be replaced into the first equation to

obtain p′ = p′(q, p), i.e. the symplectic transformation.

For a type IV transformation, one can express everything in terms of coordinates (p, p′) as

p′λ

 
∂q′λ

∂pµ
dpµ +

∂q′λ

∂p′µ
dp′µ

!
= pλ

 
∂qλ

∂pµ
dpµ +

∂qλ

∂p′µ
dp′µ

!
+
∂S

∂pλ
dpλ +

∂S

∂p′λ
dp′λ

8>>><
>>>:
p′µ
∂q′µ

∂p′λ
= pµ

∂qµ

∂p′λ
+
∂S

∂p′λ
(p, p′)

p′µ
∂q′µ

∂pλ
= pµ

∂qµ

∂pλ
+
∂S

∂pλ
(p, p′)

(14.4.22)

Then, the function FIV (p, p′) = pλq
λ(p, p′)� p′λq′λ(p, p′) + S(p, p′) is called a generating function of type IV. The conditions can be written in terms of

FIV (p, p′) as 8>><
>>:
q′λ = �∂FIV

∂p′λ
(p, p′)

qλ =
∂FIV
∂pλ

(p, p′)

���� ∂FIV∂p∂p′

���� 6= 0 (14.4.23)

Under the regularity condition
���∂FIV∂p∂p′

��� 6= 0, one can invert the second to obtain p′ = p′(q, p), which can then be replaced into the first equation to

obtain q′ = q′(q, p), i.e. the symplectic transformation.

The good thing of generating functions is that by an almost generic function, they generate algebraically, i.e. with no integration, all symplectic maps.
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Chapter 15. Lie groups and their Lie algebras

.Next Chapter

1. Lie groups and their Lie algebra

.Next SectionA Lie group is a group G which is also a smooth manifold and the product and inverse operations are smooth maps with respect to the manifold

structure.

The set of real numbers R with the sum is a Lie group.

The group GL(m,K) is an open set in K(m2) (identified with the vector space of all m×m matrices) from which we have to delete the zeros of the equation det(S) = 0.

Here, depending on the case, K can be specified to R or C. The function det(S) = 0 is polynomial so that its zeros are a closed set. Cartesian coordinates on R(m2)

simply restrict to GL(m,K) to give global coordinates. For short we set GL(m) := GL(m,R).

The orthogonal group O(m) ⊂ GL(m) (and SO(m) ⊂ GL(m)) is given by solutions of the constraint tSS = I (and det(S) = 1) which are polynomial equations in

GL(m). They define a smooth submanifold.

The group of unimodular complex numbers U(1) is a Lie group with the product.

The groups SU(n) of special unitary complex matrices are Lie groups.

The issue about Lie groups is that in general it is quite hard to choose good coordinates on a group. One can use their Lie algebra though usually

the expression obtained for the product is not simple (plus one needs a preliminary coordinate notation for developing the theory), or can choose

coordinates on an ad hoc basis which makes it difficult to discuss in general even groups in the same family (e.g. on orthogonal groups the formulae

depend on the dimension).

The way out is often to resort to matrices. Most groups can be defined as subgroups of GL(n,K). We shall do it below in the next Section. For now,

one can consider a coordinate system ga defined on a neighbourhood U of the identity of the group G, defined by the map ϕ : U ! Rn.

On a Lie group G, one has two canonical smooth maps (which are not group homomorphisms, though they are manifold morphisms)

Lg : G! G : k 7! g � k Rg : G! G : k 7! k � g (15.1.1)

These maps are called left (right) translations on the group G.
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By using translations, one can define coordinates around any point g 2 G using a chart (U,ϕ) around the identity. In fact, one can define a

neighbourhood V = Lg(U) of g 2 G and a chart ϕ � Lg−1 : V ! Rn. Analogously, one can define new coordinates using the right translation Rg.

One can also define the product π : G×G→ G : (g, k) 7→ π(g, k) which is also smooth. We shall denote by ∂1
aπ(g, k) and ∂2

aπ(g, k) the partial derivatives with respect

to ga and ka, respectively.

Let us remark that the tangent maps of the left (right) translations are expressed as

TkLg : TkG→ Tg·kG : va∂a 7→ vb∂2
bπ

a(g, k)∂a TkRg : TkG→ Tg·kG : va∂a 7→ vb∂1
bπ

a(k, g)∂a (15.1.2)

Accordingly, the partial derivatives ∂1π(g, k) and ∂2π(g, k) can be considered as the matrix expressions for the tangent maps TkRg and TkLg, respectively.

Regarding these matrices as local expressions of tangent maps is sometimes useful since one can use functorial properties. For example, associativity in the group,

namely g · (k · h) = (g · k) · h, can be written in one of these three ways

Lg ◦ Lk(h) = Lg·k(h) Lg ◦Rh(k) = Rh ◦ Lg(k) Rk·h(g) = Rh ◦Rk(g) (15.1.3)

The corresponding relations induced on tangent maps read as

Tk·hLg ◦ ThLk = ThLg·k Tk·hLg ◦ TkRh = Tg·kRh ◦ TkLg TgRk·h = Tg·kRh ◦ TgRk (15.1.4)

In view of the correspondence described above, one has the identities

∂2
cπ

a(g, k · h)∂2
bπ

c(k, h) = ∂2
bπ

a(g · k, h) ∂2
cπ

a(g, k · h)∂1
bπ

c(k, h) = ∂1
cπ

a(g · k, h)∂2
bπ

c(g, k) ∂1
bπ

a(g, k · h) = ∂1
cπ

a(g · k, h)∂1
bπ

c(g, k) (15.1.5)

in which one can specialise g, k, h according to situations. For example, Le and Re are the identity map in the group, thus TgLe and TgRe are the identity map in the

tangent spaces, hence

∂2
bπ

a(e, g) = δab ∂1
bπ

a(g, e) = δab (15.1.6)

are the identity matrices. Accordingly, one has

∂2
cπ

a(g−1, g · h)∂2
bπ

c(g, h) = δab ∂1
cπ

a(g · k, k−1)∂1
bπ

c(g, k) = δab (15.1.7)

and

∂2
cπ

a(g−1, g · h) =
(
∂2
aπ

c(g, h)
)−1

∂1
cπ

a(g · k, k−1) =
(
∂1
aπ

c(g, k)
)−1

(15.1.8)

which are simply the local expression of the fact that Tg·hLg−1 = (ThLg)
−1

and Tg·kRk−1 = (TgRk)
−1

. By further specialising, one has

∂2
cπ

a(g−1, g) =
(
∂2
aπ

c(g, e)
)−1

∂1
cπ

a(k, k−1) =
(
∂1
aπ

c(e, k)
)−1

(15.1.9)

which, in fact, correspond to the fact that TgLg−1 = (TeLg)
−1

and TkRk−1 = (TeRk)
−1

.

For future convenience, we shall also set

TeLg(v) = vb∂2
bπ

a(g, e)∂a =: vbLab (g)∂a TeRg(v) = vb∂1
bπ

a(e, g)∂a =: vbRab (g)∂a (15.1.10)

as well as

L̄ab (g) := ∂2
bπ

a(g−1, g) R̄ab (g) := ∂1
bπ

a(g, g−1) (15.1.11)
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for the inverse matrices.

An interesting general result about Lie groups comes form the fact that translations are diffeomorphisms. In fact, given a basis ea of the tangent

space to the identity TeG, one can define a basis

e′a := TeLg(ea)
�
e′′a := TeRg(ea)

�
(15.1.12)

at any point g. The basis depends smoothly on the point, i.e. we just defined n = dim(G) vector fields Xa(g) := e′a which are pointwise independent.

A manifold M on which one can find m = dim(M) vector fields pointwise independent is called parallelisable. For example, Rn is parallelisable, S2 is

not (since any vector field on a 2-sphere vanishes somewhere). Accordingly, any Lie group is parallelisable.

In view of this result, S2 cannot be a Lie group since it is not parallelisable, while S3 ' SU(2) is parallelizabe since it is a Lie group.

A vector field X on G is called left-invariant (right-invariant) iff, for any g 2 G, (Lg)∗X = X (or (Rg)∗X = X, respectively). The set of all

left-invariant (right-invariant, respectively) vector fields on G is denoted by XL(G) (XR(G), respectively).

Since the commutator is a natural operation and it commutes with push-forwards, one has for X,Y 2 XL(G)

(Lg)∗[X,Y ] = [(Lg)∗X, (Lg)∗Y ] = [X,Y ] (15.1.13)

and the commutator [X,Y ] is left-invariant as well. Similarly, for right-invariant fields. This shows that left-invariant fields XL(G) (and right-invariant

fields XR(G)) form a Lie subalgebra of X(G). The subalgebra XL(G) of left-invariant vector fields on G is called the Lie algebra of G and it is denoted

by g.

One can associate a left-invariant (and right-invariant) vector field on G to a vector at the identity of the group v 2 TeG by

lv(g) = TeLg(v) rv(g) = TeRg(v) (15.1.14)

The field lv is left-invariant. In fact,

(Lg)∗lv(k) = TkLg ◦ lv(k) = TkLg ◦ TeLk(v) = Te(Lg ◦ Lk)(v) = Te(Lgk)(v) = lv(gk) ⇒ (Lg)∗lv = lv (15.1.15)

Similarly, for right-invariant fields rv(g) = TeRg(v).

Then we defined two maps l : TeG ! XL(G) and r : TeG ! XR(G) so that l(v) = lv and r(v) = rv. These maps are one-to-one since l−1 : XL(G) !
TeG : X 7! X(e) and r−1 : XR(G)! TeG : X 7! X(e) are the inverse maps.

In fact,

l−1 ◦ l : TeG→ TeG : v 7→ lv(e) = TeLe(v) = TeidG(v) = v l ◦ l−1 : XL(G)→ XL(G) : X(g) 7→ TeLg(X(e)) = X(g) (15.1.16)

and similarly for the right maps.

Then we have that TeG ' XL(G) ' XR(G) as vector spaces. In particular, if dim(G) = n, we have that dim(XL(G)) = dim(XR(G)) = n are finite

dimensional subalgebras of the infinite dimensional Lie algebra X(G) of vector fields.
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Let us consider a basis TA 2 TeG and l(TA) =: lA the corresponding left-invariant fields. Since l is an isomorphism, it sends a basis into a basis. Then

any left-invariant field XL 2 XL(G) can be expanded with real (constant not functions!) coefficients XA as

XL = XAlA = l(XATA) (15.1.17)

By evaluation at the identity, one has XL(e) = XAlA(e) = XATA, so that XL = l(XATA) = XAlA.

Analogously, rA = r(TA) is a basis for XR(G) and any right-invariant field XR 2 XR(G) can be expanded with real coefficients XA as

XR = XArA ) XR = r(XATA) (15.1.18)

The commutators [lA, lB] are again a real linear combination of the basis lC of left-invariant fields. One has

[lA, lB] = cCABlC (15.1.19)

for some set of real constants cCAB which are called the structure constants of the group (or of the algebra). Of course, structure constants depend on

the basis TA chosen in the algebra.

By expanding it in coordinates, one obtains

[lA, lB ] =
(
T aAT

b
B − T aBT bA

)
Lca(g)∂1

cL
d
b(g)∂d = T aAT

b
B

(
Lca(g)∂cL

d
b(g)− Lcb(g)∂cL

d
a(g)

)
L̄ed(g)TCe lC (15.1.20)

so that the structure constants are given by

cCAB = T aAT
b
B

(
Lca(g)∂cL

d
b(g)− Lcb(g)∂cL

d
a(g)

)
L̄ed(g)TCe (15.1.21)

Despite appearances, we know that the structure constants cannot depend on the point g in the group. Accordingly, one has

cCAB = T aAT
b
B (∂aL

c
b(e)� ∂bLca(e))TCc (15.1.22)

In fact, one can also prove this directly.

cCAB =T aAT
b
B

(
Lca(g)∂cL

d
b(g)− Lcb(g)∂cL

d
a(g)

)
L̄ed(g)TCe = T aAT

b
B

(
∂2
aπ

c(g, e)∂1
c∂

2
bπ

d(g, e)− ∂2
bπ

c(g, e)∂1
c∂

2
aπ

d(g, e)
)
∂2
dπ

e(ḡ, g)TCe =

=T aAT
b
B

(
∂2
b∂

1
aπ

c(e, e)∂2
cπ

d(g, e) + ∂2
b∂

2
aπ

d(g, e)− ∂2
a∂

1
bπ

c(e, e)∂2
cπ

d(g, e)− ∂2
a∂

2
bπ

d(g, e)
)
∂2
dπ

e(ḡ, g)TCe =

=T aAT
b
B

(
∂1
a∂

2
bπ

c(e, e)− ∂1
b∂

2
aπ

c(e, e)
)
TCc = T aAT

b
B (∂aL

c
b(e)− ∂bLca(e))TCc

(15.1.23)

where we used the identity

∂2
aπ

c(g, k)∂1
c∂

2
bπ

d(gk, h) = ∂1
a∂

2
bπ

c(k, h)∂2
cπ

d(g, kh) + ∂2
d∂

2
cπ

d(g, kh)∂1
aπ

d(k, h)∂2
bπ

c(k, h) (15.1.24)

then specialised to k = h = e which is a consequence of the associative property (gk)h = g(kh) obtained by taking the derivative with respect to ka and hb.

The same argument holds for right-invariant vector fields. One has

[rA, rB] = ĉCABrC (15.1.25)
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for some set of real constants ĉCAB. By expanding it in coordinates one obtains

[rA, rB] =
�
T aAT

b
B � T aBT bA

�
Rca(g)∂1

cR
d
b (g)∂d = T aAT

b
B

�
Rca(g)∂cR

d
b (g)�Rcb(g)∂cR

d
a(g)

�
R̄ed(g)TCe rC (15.1.26)

so that the constants are given by

ĉCAB = T aAT
b
B

�
Rca(g)∂cR

d
b (g)�Rcb(g)∂cR

d
a(g)

�
R̄ed(g)TCe (15.1.27)

Again, we know that the structure constants cannot depend on the point g in the group. Accordingly, one has

ĉCAB = T aAT
b
B (∂aR

c
b(e)� ∂bRca(e))TCc (15.1.28)

By direct computation, one has:

ĉCAB =T aAT
b
B

(
Rca(g)∂cR

d
b (g)−Rcb(g)∂cR

d
a(g)

)
R̄ed(g)TCe = T aAT

b
B

(
∂1
aπ

c(e, g)∂2
c∂

1
bπ

d(e, g)− ∂1
bπ

c(e, g)∂2
c∂

1
aπ

d(e, g)
)
∂1
dπ

e(g, ḡ)TCe =

=T aAT
b
B

(
∂2
a∂

1
bπ

c(e, e)∂1
cπ

d(e, g) + ∂1
a∂

1
bπ

d(e, g)− ∂2
b∂

1
aπ

c(e, e)∂1
cπ

d(e, g)− ∂1
b∂

1
aπ

d(e, g)
)
∂1
dπ

e(g, ḡ)TCe =

=T aAT
b
B

(
∂2
a∂

1
bπ

c(e, e)− ∂2
b∂

1
aπ

c(e, e)
)
TCc = T aAT

b
B (∂aR

c
b(e)− ∂bRca(e))TCc

(15.1.29)

where we used the identity

∂1
aπ

c(k, g)∂2
c∂

1
bπ

d(h, kg) = ∂2
a∂

1
bπ

c(h, k)∂1
cπ

d(hk, g) + ∂1
e∂

1
cπ

d(hk, g)∂2
aπ

e(h, k)∂1
bπ

c(h, k) (15.1.30)

then specialised to k = h = e which is a consequence of the associative property (hk)g = h(kg) obtained by taking the derivative with respect to ka and hb.

Let us also remark that one has ĉCAB = �cCAB as one can check by comparing equations (15.1.23) and (15.1.29) (in their last but one step). That

means that the map

ϕ : XL(G)! XR(G) : lA 7! �rA (15.1.31)

is an isomorphism of Lie algebras. However, it also means that the right and left Lie algebras induce two different structures of Lie algebras on TeG.

That is why it is convenient to make a choice and select the left Lie algebra as the Lie algebra of the group.

Finally, let us prove that

[lA, rB] = 0 (15.1.32)

By expanding, we have

[lA, rB ] =T aAT
b
B

(
Lca(g)∂cR

d
b (g)−Rcb(g)∂cL

d
a(g)

)
∂d = T aAT

b
B

(
∂2
aπ

c(g, e)∂2
c∂

1
bπ

d(e, g)− ∂1
bπ

c(e, g)∂1
c∂

2
aπ

d(g, e)
)
∂d =

=T aAT
b
B

(
∂1
c∂

2
aπ

d(g, e)∂1
bπ

c(e, g)− ∂1
bπ

c(e, g)∂1
c∂

2
aπ

d(g, e)
)
∂d = 0

(15.1.33)

where we used the identity ∂2
aπ

c(g, e)∂2
c∂

1
bπ

d(e, ge) = ∂1
c∂

2
aπ

d(eg, e)∂1
bπ

c(e, g).

All these identities among second derivatives of the product map is why one would like to avoid coordinates in the general theory of Lie groups.

Essentially, the only group in which this can be done easily is GL(m). Luckily enough, this then extends to all matrix groups.
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For future convenience and accordingly to (15.1.10) and (15.1.11), let us set

LaA(g) = T cAL
a
c(g) = T cA∂

2
cπ

a(g, e) RaA(g) = T cAR
a
c (g) = T cA∂

1
cπ

a(e, g)

L̄Aa (g) = TAc L̄
c
a(g) = TAc ∂

2
aπ

c(g−1, g) R̄Aa (g) = TAc R̄
c
a(g) = TAc ∂

1
aπ

c(g, g−1)
(15.1.34)

Let us also remark that one has a canonical left action of the group G on itself (as a manifold)

Ad : G�G! G : (g, k) 7! g � k � g−1 (15.1.35)

which is called the adjoint action. One has

Adg = Lg �Rg−1 = Rg−1 � Lg (15.1.36)

The tangent map of the adjoint action at the identity adg = TeAdg reads as

adg = Tg−1Lg � TeRg−1 = TgRg−1 � TeLg (15.1.37)

i.e.

adg : TeG! TeG : TA 7! adBA(g)TB adBA(g) = R̄Bc (g)LcA(g) = L̄Bd (ḡ)RdA(ḡ) (15.1.38)

Among other things, the adjoint action is useful to change left-invariant to right-invariant fields and vice versa. In fact

lA(g) = LaA(g)∂a = LaA(g)R̄Ba (g)rB(g) = adBA(g)rB(g) rA(g) = RaA(g)∂a = RaA(g)L̄Ba (g)lB(g) = adBA(ḡ)lB(g) (15.1.39)

which are one the inverse of the other, i.e. adBA(ḡ) =: ād
B
A(g) is the inverse of adBA(g).

Then, in view of (15.1.32), one has

0 = [rA, adCB(g)rC ] =
�
LaA(g)∂aadDB (g)� adCB(g)cDAC

�
rD ) T aA∂aadDB (e) = cDAB (15.1.40)

One also can define the adjoint action of the Lie algebra g on itself which reads as ad(ξ) : g! g : ζ 7! [ξ, ζ] = ξAζBcCABTC .

The Cartan–Killing form

We can define a symmetric bilinear form K : g� g! R by

K(ξ, ζ) = Tr(ad(ξ) � ad(ζ)) = ξEcBEAξ
F cAFB = KEF ξ

EζF KEF := cBEAc
A
FB (15.1.41)

which is called the Cartan–Killing form. It is non-degenerate on semisimple Lie algebras (i.e. Lie algebras with no non-zero commutative ideal). Then

it is an inner product on g.
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That is a bit complicated, however, one should not worry too much about the details of the computation of the Cartan-Killing form. What is important is to know it

is a metric on the group. Once you know it, remember its expression still depends on a basis chosen in the Lie algebra. What one does, in practice, is the restrict to

orthogonal bases, so that KEF = δEF .

Notice that, in the Yang-Mills theories, one needs the Cartan-Killing form to contract the curvatures in the Lagrangian density. That is why one restricts to semisimple

groups and orthonormal bases in the Lie algebra.

Nightmare identities on the Lie algebra

With that we are ready to find a number of identities. For example,

0 = [lA, rB] = [lA, adCB(ḡ)lC ] = LaA(g)∂aadCB(ḡ)lC + adCB(ḡ)cDAC lD ) LaA(g)∂aād
C
B(g) = �cCADadDB (ḡ) (15.1.42)

0 = [lA, rB] = [adCA(g)rC , rB] = �RbB(g)∂badCA(g)rC � adCA(g)cDCBrD ) RbB(g)∂badCA(g) = �cCDBadDA (g) (15.1.43)

0 = [lA, rB] =[adCA(g)rC , adDB (ḡ)lD] = LcA(g)∂cād
D
B (g)lD �RdB(g)∂dadCA(g)ād

D
C (g)lD )

) LaA(g)∂aād
D
B (g) = RbB(g)∂badCA(g)ād

D
C (g)

(15.1.44)

as well as

[lA, lB] = [lA, adCB(g)rC ] = LaA(g)∂aadCB(g)rC = cCABadDC (g)rD ) LaA(g)∂aadCB(g) = cDABadCD(g) (15.1.45)

[lA, lB] =[adCA(g)rC , adDB (g)rD] = LcA(g)∂cadDB (g)rD � LdB(g)∂dadCA(g)rC � adCA(g)adDB (g)cECDrE = cCABadDC (g)rD )
) cCABadEC(g)� cCBAadEC(g)� adCA(g)adDB (g)cECD = cCABadEC(g) )
) cECDadCA(g)adDB (g) = adEC(g)cCAB

(15.1.46)

and

[rA, rB] = [rA, ād
C
B(g)lC ] = RaA(g)∂aād

C
B(g)lC = �cCAB ād

D
C (g)lD ) RaA(g)∂aād

C
B(g) = �cDAB ād

C
D(g) (15.1.47)

[rA, rB] =[ād
C
A(g)lC , ād

D
B (g)lD] = RcA(g)∂cād

D
B (g)lD �RdB(g)∂dād

C
A(g)lC + ād

C
A(g)ād

D
B (g)cECDlE = �cCAB ād

D
C (g)lD )

) � cCAB ād
E
C(g) + cCBAād

E
C(g) + ād

C
A(g)ād

D
B (g)cECD = �cCABadEC(g) )

) cECDād
C
A(g)ād

D
B (g) = ād

E
C(g)cCAB

(15.1.48)

Of course, these are not all independent. For example, (15.1.46) and (15.1.48) are the same and they both express the fact that structure constants

are adg-invariant. Moreover, (15.1.43) is equivalent to (15.1.47) and (15.1.45) is equivalent to (15.1.42).

In fact

RaA(g)∂aād
C
B(g) = −cDAB ād

C
D(g) ⇐⇒ RaA(g)∂aād

C
B(g)adDC (g) = −cDAB ⇐⇒ RaA(g)∂aadDC (g) = −cDBAadBC(g) (15.1.49)

and

LaA(g)∂aād
C
B(g) = −cCADadDB (ḡ) ⇐⇒ LaA(g)∂aād

C
B(g)adBD(g) = −cCAD ⇐⇒ LaA(g)∂aadBD(g) = cCADadBC(g) (15.1.50)

In view of ad-invariance of structure constants, also (15.1.43) and (15.1.45) are equivalent.
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In fact
LaA(g)∂aadCB(g) = cDABadCD(g) ⇐⇒ adDA (g)RdD(g)∂dadCB(g) = cDABadCD(g) ⇐⇒

⇐⇒ RdE(g)∂dadCB(g) = ād
A
E(g)cDABadCD(g) = −cDBAadBE(g)

(15.1.51)

Then we can keep as independent identities

cCAB = ād
C
F (g)cFEDadEA(g)adDB (g) LaA(g)∂aadCB(g) = adCD(g)cDAB (15.1.52)

Let me stress that these identities are difficult to find, difficult to remember, as well as difficult to use when needed. Moreover, when working on a

specific group, one should first find the specific form of adAB(g) and the structure constants cABC which, in fact, are group dependent. These objects, in

turn, depend on the matrices LaA(g) and RaA(g) (together with their inverses) which eventually depend on the derivative of the product π(g, k), which

finally depend on the coordinates chosen on the group.

Let me state it once again: although this is more general and it applies to any Lie group, it is here meant more as motivation to restrict to matrix

groups, which cover most applications and are way simpler.

Invariant forms

Before specialising to the general linear group and matrix groups, let us define left and right-invariant 1-forms.

A 1-form �L (�R, respectively) on G is called left-invariant (or right-invariant) if one has

(Lg)
∗�L = �L (Rg)

∗�R = �R (15.1.53)

Locally θ = θa(g)dga and it is left-invariant iff T ∗ghLgθ(gh) = θ(h), i.e. iff

θa(gh)∂2
bπ

a(g, h) = θb(h) (15.1.54)

This essentially determines the coefficients as a function of θa := θa(e), i.e.

θb(g) = θa∂
2
bπ

a(ḡ, g) = θaL̄
a
b (g) (15.1.55)

Thus a left-invariant 1-form has the form

θ = θaL̄
a
b (g)dgb = θAlA (15.1.56)

where we set lA := TAa L̄
a
b (g)dgb and θA := T aAθa.

The forms lA are a basis for left-invariant 1-forms. This is the dual basis of the basis of left-invariant vector fields lA in fact

lA(lB) = LbB(g)L̄Ab (g) = δAB (15.1.57)

Analogously, for right-invariant forms we can define

rA := TAa R̄
a
b (g)dgb (15.1.58)
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which is the dual basis to the fields rA. Any right-invariant 1-form can be written as

θ = θArA (15.1.59)

Of course, one has

rA = R̄Ab (g)LbB(g)lB = adAB(g)lB lA = ād
A
B(g)rB (15.1.60)

2. General linear group

.Next SectionThe general linear group is at the same time an example of how to actually compute what we did above in general and the starting point of how to

deal with a general matrix group.

For the general linear group GL(m) := GL(m,R) the group product is π : GL(m)�GL(m)! GL(m) is given by πij(a, b) = aikb
k
j which is smooth and

the inverse is given by algebraic functions of the entries (which are smooth as well).

A good property of this product is that

∂1l
mπ

i
j(h, g) = δimg

l
j ∂2l

mπ
i
j(g, h) = gimδ

l
j (15.2.1)

so that neither ∂1π(h, g) or ∂2π(g, h) depend on h.

Taking one more derivative, we get

∂1l
m∂

2k
hπ

i
j(h, g) = δimδ

l
hδ
k
j (or, equivalently, ∂1k

h∂
2l
mπ

i
j(g, h) = δihδ

k
mδ

l
j) (15.2.2)

This simplifies a lot the computations of the previous Section.

The left and right translations are

Lg : GL(m)! GL(m) : kij 7! gikk
k
j Rg : GL(m)! GL(m) : kij 7! kikg

k
j (15.2.3)

Since the natural basis of vectors is ∂ji , the basis for left-invariant (and right-invariant) vector fields is

lij(g) = gkj ∂
i
k rij(g) = gik∂

k
j (15.2.4)

The vector field lij is left-invariant. In fact

(Lk)∗F (g) =F (k · g) ⇒ (Lk)∗(∂
j
i ) = kki ∂

j
k ⇒ (Lk)∗(l

i
j) = gkj (Lk)∗(∂

i
k) = klkg

k
j ∂

i
l = (k · g)kj ∂

i
k = lij(k · g) (15.2.5)

Similarly, for right-invariant fields.
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The structure constants are

[lij , l
h
k ] = gaj ∂

i
ag
b
k∂

h
b � gak∂hagbj∂ib = δikl

h
j � δhj lik =

�
δikδ

h
mδ

n
j � δhj δimδnk

�
lmn cnihmjk = δikδ

h
mδ

n
j � δhj δimδnk (15.2.6)

The other commutators are easy to be computed

[lij , r
h
k ] = gaj ∂

i
ag
h
b ∂

b
k � ghb ∂bkgaj ∂ia = ghj ∂

i
k � ghj ∂ik = 0 (15.2.7)

[rij , r
h
k ] = gia∂

a
j g

h
b ∂

b
k � ghb ∂bkgia∂aj = δhj r

i
k � δikrhj = �

�
δikδ

h
mδ

n
j � δhj δimδnk

�
rmn = �cnihmjkrmn (15.2.8)

One can also define the adjoint action

lij(g) = gkj ḡ
i
ng

n
h∂

h
k = ḡinr

n
k (g)gkj ) adikjn(g) = gkj ḡ

i
n rnk (g) = gni l

i
j(g)ḡjk ) ād

nj
ki (g) = ḡjkg

n
i = adnjki (ḡ) (15.2.9)

The identities about the adjoint action can be now proven directly:

ād
ai
bj(g)cbceadfadhdkc (g)admfne (g) = ḡibg

a
j

(
δcfδ

e
aδ
b
d − δedδcaδbf

)
gdk ḡ

h
c g

f
nḡ

m
e = ḡidg

e
jg
c
ng
d
k ḡ
h
c ḡ

m
e − ḡifgcjgdk ḡhc gfnḡmd = δhnδ

m
j δ

i
k − δmk δhj δin = cihmjkn (15.2.10)

Ljbia(g)∂ab (adnkmh(g)) = gbi (δ
j
mδ

k
b ḡ
n
h − gkmḡnc δ

j
dδ
c
b ḡ
d
h) = gkc ḡ

d
h

(
δjmδ

n
d δ

c
i − δni δ

j
dδ
c
m

)
= addkch(g)ccindjm (15.2.11)

For invariant 1-forms, let us set

lij = ḡikdgkj rij = dgikḡ
k
j (15.2.12)

for left-invariant and right-invariant 1-forms on GL(m).

The Cartan–Killing form specialises to

Kij
mk =

�
δamδ

i
cδ
d
b � δibδac δdm

��
δckδ

j
aδ
b
d � δjdδcaδbk

�
= δamδ

i
cδ
d
b δ
c
kδ
j
aδ
b
d � δamδicδdb δjdδcaδbk � δibδac δdmδckδjaδbd + δibδ

a
c δ
d
mδ

j
dδ
c
aδ
b
k =

=mδjmδ
i
k � δimδjk � δjkδim +mδikδ

j
m = 2

�
mδjmδ

i
k � δimδjk

� (15.2.13)

Using matrices

All we did here for the group GL(m) is in terms of what we have done in general in the previous Section. However, since group elements now are

matrices, we can also repeat it in terms of matrices.

We have GL(m) � Mat(m,m) = R(m2), the matrix entries gij are good coordinates on the group GL(m) and the group identity corresponds to the

identity matrix δij .

If you want to be more precise, you can think you are using an embedding i : GL(m) ↪→ Mat(m,m) (which, in fact, expresses group elements as matrices) and decide

not to understand it as we shall systematically do.

:Index: :AIndex: :Symbols: :Notation:



Matrix groups 685

The coordinates induce a basis ∂ji in TeGL(m) which, in fact, can be regarded as a matrix T ji .

This can be seen in two different ways.

We can consider a coordinate curve in the group cji : R → Mat(m,m) : s 7→ (cji )
k
h passing through the identity (i.e. cji (0) = e ∈ GL(m)) in which all components are

constant (and equal to the components of the identity matrix) except the component (j, i) which is δji + s. The tangent vector to this curve is a matrix T ji which is all

zero except for a 1 in position (j, i), i.e.

(T ji )kh = δjhδ
k
i (15.2.14)

Alternatively, we can define T jj = Ti(∂ji ) by explicitly using the embedding i : GL(m) ↪→ Mat(m,m). In fact, being Mat(m,m) = R(m2) one has TeMat(m,m) '
Mat(m,m).

In both cases, we have a natural way of considering a basis T ji in the Lie algebra gl(m).

Consequently, any element l = lijT
j
i 2 gl(m) can be regarded as a matrix l = jlij j. This is specifically the reason why the group GL(m) is simple

to deal with: one has an (associative) algebra Mat(m,m) in which both the group GL(m) � Mat(m,m) and the algebra gl(m) � Mat(m,m) can be

embedded. This gives us a way to multiply elements of the algebra with elements of the group, which usually we do not have.

For example, we can write the (tangent map of the) left translations as

TeLg(ξ) = ξijTeLg(T
l
i ) = ξijg

k
i T

j
k = (g � ξ)kjT jk ) TeLg : jξij j 7! j(g � ξ)kj j (15.2.15)

Thus the left translation Lg amounts on the algebra to multiplication on the left by the multiplication by the matrix gij .

Accordingly, the right translation Rg amounts on the algebra to multiplication on the right by the multiplication by the matrix gij , i.e.

TeRg(ξ) = ξ � g (15.2.16)

and the adjoint action reads as

adg(ξ) = g � ξ � g−1 (15.2.17)

Notice as this formula has no meaning at all for a general group.

The adjoint action of the algebra on the algebra reads as

ad(ξ) = ξikδ
h
j � δikξhj ad(ξ)(ζ) =

�
ξikδ

h
j � δikξhj

�
ζkh = ξikζ

k
j � ζikξkj = [ξ, ζ]ij (15.2.18)

The trace of a commutator is

K(ξ, ζ) =Tr (ad(ξ) � ad(ζ)) = Tr
�

(ξikδ
h
j � δikξhj )(ζknδ

p
h � δknζph)

�
=
�
ξikζ

k
nδ

p
j � ξpj ζin � ξinζpj + ξhj ζ

p
hδ
i
n

�
δni δ

j
p =

=mξnk ζ
k
n � ξjj ζii � ξiiζjj +mξhj ζ

j
h = 2mξimζ

m
i � 2ξiiζ

j
j = 2

�
mδmj δ

k
i � δmi δkj

�
ξimζ

j
k

(15.2.19)

Then we have in matrix form

K(ξ, ζ) = 2 (mTr(ξ � ζ)� Tr(ξ)Tr(ζ)) (15.2.20)
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The basis of left-(right-)invariant 1-forms are

l = ḡ � dg r = dg � ḡ (15.2.21)

which can be considered as a matrix of 1-forms as well as a 1-form valued in matrices.

3. Matrix groups

.Next SectionWe shall hereafter restrict to Lie groups which have finite dimensional representations. Such groups can be identified with subgroups of m �m real

or complex matrices, i.e. G � GL(m,K) where K can be specified to R or C.

The group embedding i : G ↪! GL(m,K) induces a Lie algebra map Tei : g ↪! gl(m,K) ' Mat(m,m). Thus also elements in the Lie algebra g are

represented by matrices.

If we set a basis TA in the Lie algebra g, then the matrices Tei(TA) = (TA)ij is a basis of the image of the Lie algebra Tei(g) � Mat(m,m).

For an element in the Lie algebra g, we can consider a curve S : R! G ↪! GL(m) in G (thought as a curve in GL(m)) passing through the identity

(namely, S(0) = I) and consider its tangent vector Ṡ(0) which is by construction tangent to G. On the other hand, a general element in te Lie algebra

g can be obtained this way.

Constraints determining G in GL(m) can be differentiated to determine g in gl ' Mat(m,m).

Orthogonal groups (Euclidean signature)

Orthogonal matrices are the ones satisfying the conditions

Ok
i δkhO

h
j = δij (tOO = I) (15.3.1)

and they form a matrix group, denoted by O(m) � GL(m).

If O1, O2 ∈ O(m) then one has

(O2)mi (O1)kmδkh(O1)hn(O2)nj = (O2)mi δmn(O2)nj = δij ⇒ O1 ·O2 ∈ O(m) (15.3.2)

Of course, one also has I ∈ O(m).

By taking the determinant of the defining property (15.3.1), one has the condition det2(O) = 1, i.e. det(O) = �1.

The orthogonal groups O(m) are made of two disconnected components.

One can, in fact, consider the function det : O(m) → K which is a continuous function (since it is a polynomial) on the group, which is never vanishing (since

O(m) ⊂ GL(m)). Actually, it restricts to a function det : O(m) → Z2 = {±1}. Then the preimages O+(m) = {O ∈ O(m) : det(O) = 1} and O−(m) = {O ∈ O(m) :

det(O) = −1} are mutually disconnected.
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Suppose, in fact, that one can continuously join two elements S+ and S− (such that det(S±) ∈ O±(m)). Let us call St the curve joining them. Then det(St) would

continuously join det(S+) = 1 ∈ Z2 to det(S−) = −1 ∈ Z2. Of course, there is no such a continuous curve in Z2, contradicting the fact that O(m) is (arcwise) connected.

Another (better) way of saying it is that Z2 in endowed with the discrete topology so that {1} ⊂ Z2 and {−1} ⊂ Z2 are both open sets (as well closed, i.e. Z2 is not

connected). Being the function det : O(m)→ Z2 continuous the preimages of open sets are open, thus both O±(m) ⊂ O(m) are open (and since O(m) = O+(m)∪O−(m)

they are also both closed). Thus O(m) is not connected.

Another (shorter, equivalent) way of saying the same thing is that a continuous function det in a discrete set Z2 is locally constant, so that preimages of different values

are disconnected.

The preimage of f1g is called SO(m) � O(m), it is a subgroup of O(m).

The product of two elements in SO(m) is still in SO(m) as well as I ∈ SO(m).

Since the function det : O(m) ! Z2 is locally constant there is a whole neighbourhood U � O(m) of the identity I 2 O(m) which is contained in

SO(m); thus SO(m) has the same Lie algebra of the orthogonal group O(m).

The other connected component O−(m) is not a subgroup, since the product of an even number of elements is in O−(m), not in O−(m). As a manifold,

however, we have that O−(m) ' SO(m).

Let us consider the matrix M = diag(−1, 1, . . . , 1) ∈ O−(m) and notice that M2 = I. Then consider the map m : SO(m) → O−(m) : S 7→ S ·M . Check that

m−1 : O−(m)→ SO(m) : R 7→ R ·M . Thus the map m is a diffeomorphism.

Accordingly, the orthogonal group is made as a manifold by two disconnected copies of SO(m), so that studying SO(m) tells us all essential things

about the whole orthogonal group.

More generally, if one has a Lie group G which is the union of disjoint components G = ∪iGi there is one of such components, namely G0, which contains the group

identity. Such a component is also called the connected component to the identity and also denoted by Ge.

For any other connected component Gi, one can select an element Si ∈ Gi and consider the map mi : Ge → Gi : S 7→ S · Si. The map m−1
i : Gi → Ge : S 7→ S · S−1

i

is its inverse so that Ge ' Gi. Thus the group G as a manifold is the union of copies of its connected component to the identity Ge, which contains all essential

information about the whole group G.

Let us consider a curve St on SO(m) which is passing through the identity S0 = I. Since St 2 SO(m) for any t it obeys the conditions

(St)
k
i δkh(St)

h
j = δij det(St) = 1 (15.3.3)

Its tangent vector is obtaining by differentiation at t = 0 as

(Ṡ0)ki δkj + δih(Ṡ0)hj = 0 (Ṡ0)ii = 0 (15.3.4)

which implies

(Ṡ0)ki = �δih(Ṡ0)hj δ
jk =: �t(Ṡ0)ki (15.3.5)

Thus an element of the Lie algebra Ṡ0 2 so(m) is an antisymmetric (hence traceless) matrix.

Notice that the space of m�m antisymmetric matrices is a vector space of dimension dim(so(m)) = m
2 (m� 1), so that also the group is of dimension

dim(SO(m)) = m
2 (m� 1).
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If we now consider a matrix ξ = jξij j 2 so(m), it is associated to a tangent vector ξ = ξijT
j
i = ξij∂

j
i 2 TISO(m).

To it we can associate a right-(left-)invariant vector field on the group

r(ξ)(S) = ξijS
j
k∂

k
i = ξijr

j
i (S) (l(ξ) = ξijl

j
i = ξijS

k
i ∂

j
k) (15.3.6)

These are regarded as special right-(left-)invariant vector fields on GL(m); they are tangent to the subgroup SO(m) � GL(m) iff ξij satisfy the properties

(15.3.5). If they do then

r(ξ) = ξijr
j
i = ξikδ

klδljr
j
i = ξikrki (15.3.7)

where we set rki := δkjr
j
i and ξik := ξilδ

kl. In view of property (15.3.5), ξik is antisymmetric. Thus we have

r(ξ) = ξik
�
r(ki) + r[ki]

�
= ξikσki (15.3.8)

where we set σki := r[ki]. These are antisymmetric by construction, thus we discovered that any right-invariant vector field on SO(m) can be written

as linear combination of the m
2 (m � 1) = dim(SO(m)) independent right-invariant fields σki. Accordingly, the right-invariant vector fields σki (where

[ki] are considered an antisymmetric pair) are a basis of right-invariant vector fields on the group SO(m), i.e. a basis of XR(SO(m)). A very similar

derivation can be performed for left-invariant vector fields.

Let us remark as the embedding i : SO(m) ! GL(m) is used (though the properties (15.3.5)) to find right-(left-)invariant vector fields, without

selecting a coordinate system on the group SO(m), relying instead on the coordinates on GL(m).

Orthogonal groups (general signature)

Let us now fix a signature (r, s) (with r+ s = m) and the corresponding canonical matrix η = diag(�1, . . . ,�1, 1, . . . , 1) with r plus and s minus. We

can generalise the orthogonal group to any signature. Let us denote by O(r, s) the group of the orthogonal matrices with respect to the signature ηij ,

i.e.

Ski ηkhS
h
j = ηij () Ski Ŝ

n
k = δni (15.3.9)

where we set Ŝnk := ηkhS
h
j η

jn to generalise the transpose of the Euclidean case. It is striking that by introducing the new transpose then almost

everything become independent of the signature. Of course, if either r = 0 or s = 0 the group O(r, s) reduces to the Euclidean orthogonal group O(m).

The only difference is that we have more (4 when both r and s are non-zero) connected components.

At a point x ∈M , we consider the tangent space V = TxM with its inner product η, an orthonormal basis ea, and the standard Euclidean inner product δ defined by

that basis. In other words, we have two inner products on V , which, in the basis ea, read as ηab = diag(−1, . . . ,−1, 1, . . . , 1) and δab = diag(1, . . . , 1, 1, . . . , 1).

Then we can put in canonical form the bilinear form η with respect to the metric δ. In particular, we obtain two orthogonal eigenspaces S = Span(e1, . . . , es) and

R = Span(es+1, . . . , es+r) such that V = R⊕ S. Each subspace receives, by restriction of η, a definite-positive metric on it.

For any orthogonal transformation Φ ∈ O(r, s), we can restrict to v ∈ R (or v ∈ S) and project the result vector πR ◦ Φ(v) ∈ R (or πS ◦ Φ(v) ∈ S). We then have two

linear maps ΦR = πR ◦ Φ : R→ R (or ΦS = πS ◦ Φ : S → S).

That is a convoluted way to define the A and D blocks of the matrix

Φ =

(
A B

C D

)
(15.3.10)
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representing the map Φ in the orthonormal basis ea.

In general, the transformations ΦR and ΦS are not orthogonal, but they are invertible. Thus, their determinant is either positive (in which case we set P (A) = 1) or

negative (in which case we set P (A) = −1).

We can define a map s : O(r, s)→ Z2 × Z2 : S 7→ (P (A), P (D)). It is a continuous map onto a discrete set, hence the preimages are disconnected.

An orthogonal transformation which preserves the orientation of the whole space is called special or proper. Special transformations form a subgroup denoted by

SO(r, s). The orthogonal transformations preserving the orientation of S are called orthochronous. They form a subgroup O+(r, s).

Finally, proper, orthochronous, transformations form a subgroup SO+(r, s) which is the connected components to the identity. Sometimes, by an abuse of notation, we

write SO(r, s) for its connected components to the identity.

The subgroup of O(r, s) with a positive determinant is denoted by SO(r, s) which is still the union of two connected components. The connected

component to the identity is denoted by SO+(r, s), which is a subgroup with the same Lie algebra.

An element ξ 2 so(r, s) is obtained by considering a curve St : R ! SO+(r, s) passing through the identity, i.e. with S0 = I. By differentiating the

embedding one obtains

(Ṡ0)ki ηkj + ηih(Ṡ0)hj = 0 (Ṡ0)ii = 0 (15.3.11)

which implies that an element of the Lie algebra Ṡ0 2 so(r, s) satisfies the following property

(Ṡ0)ki = �ηih(Ṡ0)hj η
jk =: � (̂Ṡ0)ki (15.3.12)

This does not mean that Ṡ0 is antisymmetric (because of the signs in η) but something like. If we raise an index by ηij to it, however, we obtain

(Ṡ0)ki := (Ṡ0)kj η
ij = �(Ṡ0)ijη

jk = �(Ṡ0)ik (15.3.13)

Hence ξij := (Ṡ0)ikη
jk is antisymmetric, regardless the signature. Thus an element in the Lie algebra reads as ξ = ξijσij 2 so(r, s), where we set

σij = ηk[ir
k
j] (15.3.14)

for a basis of XR(SO(r, s)). The basis σij is meant to be antisymmetric in the [ij] indices and the Lie algebras (as well the groups) are of dimension

dim(SO(r, s)) = m
2 (m� 1) in any dimension.

4. Clifford algebras and spin groups

Consider a (real) vector space V of dimension m, fix a signature η = (r, s) with m = r + s. Let us also denote by ηab the matrix of the canonical

diagonal matrix diag(�1, . . . ,�1, 1, . . . , 1) with r plus and s minus, which defines an “inner product” η on V which is associated to the matrix ηab in

an orthonormal basis ea.

Let T ∗(V ) = �∞p=0T
p
0 (V ), where T p0 (V ) = 
pV , so that an element t 2 T p0 (V ) is a p-linear map t : V ∗ � V ∗ � . . . � V ∗ ! R. That is called the

covariant tensor algebra. It is a Z-graded algebra with the tensor product.
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Let us remark that V = T 1
0 (V ) � T ∗(V ). For any vector v 2 V , one can define the generator v
 v+ η(v, v)I and let I(η) be the bilateral ideal defined

by these generators.

Thus the quotient

C(η) =
T ∗(V )

I(η)
(15.4.1)

is an algebra, called the Clifford algebra of signature η. The product is defined as

[r][s] = [r 
 s] (15.4.2)

and sometimes, when there is no confusion, we understand the equivalence classes and simply write rs = [r][s]. Since C(η) is defined as a quotient of a

Z-graded algebra by a ideal generated by even elements, the Clifford algebra retains a Z2-graduation. In fact, it splits as

C(η) = C+(η)� C−(η) (15.4.3)

where C+(η) is called the even Clifford sub-algebra.

For example, in the Clifford algebra, we have

v2 := vv = �η(v, v)I (15.4.4)

for any vector v 2 V . Also, for any two vectors v, w 2 V , one has

(v + w)2 =� η(v + w, v + w)I )
)v2 + vw + wv + w2 = �η(v, v+)I� 2η(v, w)I� η(w,w)I ) fv,wg := vw + wv = �2η(v, w)I

(15.4.5)

From now on, ea will be an orthonormal basis of V with respect to η. The first s elements eA are η(eA, eA) = �1, for the last r elements ei one has

η(ei, ej) = 1. They are also Clifford elements and they obey fea, ebg = �2ηabI. In particular, whenever a 6= b, then eaeb = �ebea. Moreover, when

a = b one has eaea = �I.
Elements in the tensor algebra are finite linear combinations of finite products of elements in the basis. In each term of a tensor, one can use

fea, ebg = �2ηabI to order the elements in the product and simplify the equal factors once they are side by side. Accordingly, any Clifford element is a

finite linear combinations of products of different elements in the basis with ordered indices. In other words, a basis of Clifford algebra is in the form

I ea eab := eaeb
(a<b)

eabc := eaebec
(a<b<c)

. . . e := e0e1 . . . em−1 (15.4.6)

and the Clifford algebra is of dimension 2m.

The Clifford product is completely described by computing the products of the elements of the Clifford basis. For example, if we consider the product

e2e12 we have

e2e12 = e2e1e2 = �e1e2e2 = �η22e1 = �e1 (15.4.7)

where the sign depends on the signature, in particular on η22 which is η22 = �1 depending on the signature.
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From this, we learn two things:

1) we expressed the product e2e12 as a linear combination of elements in the Clifford basis.

2) the number of factors is not preserved; when we write the product e2e12 in the Clifford basis we get it as an element which is the

(product of 1) element of the basis �e1.

Item 2 shows that the number of vectors involved in expressing a Clifford element is not preserved by products: if we consider the product of an

element which is a linear combination of products of 1 vector with an element which is linear combinations of products of 2 vectors, then the product

is not a linear combinations of products of 3 = 1 + 2 vectors.

However, the parity of the vectors in preserved: the product of an element which is a linear combination of products of odd vectors with an element

which is linear combinations of products of even vectors, is a linear combinations of products of odd = odd + even vectors. That is just because when

the number of factors changes, it changes due to the rule fea, ebg = �2ηabI, which preserves the parity.

In other words, the Clifford algebra is Z2-graded, it contains an even part C+(η), which is a sub-algebra and it contains all finite linear combinations

of product of an even number of elements of the basis of V . The even part has a basis

I eab eabcd . . . (15.4.8)

i.e. the even part is of dimension 2m−1.

The Clifford algebra contains also an odd part C−(η), which is not a sub-algebra and it contains all finite linear combinations of products of an odd

number of elements of the basis of V . The odd part has a basis

ea eabc eabcde . . . (15.4.9)

which is again of dimension 2m−1. Whether e is in the even or odd part depends on the parity of the dimension m.

Thus let us now consider some examples in low dimension. We are eventually interested in particular in signatures (3, 0), (4, 0), and (3, 1) for 3d

Euclidean signature and 4d Euclidean and Lorentzian signatures.

Clifford algebras for m = 1

We have a vector space V of dimension 1. There are essentially two signatures, namely η+ = (1, 0) and η− = (0, 1). The orthonormal basis of V is e

and the products are (e)2 = �I and (e)2 = I, respectively depending on the signature.

Then the basis of the Clifford algebra is in both cases (I, e), since e2 = �I is not independent. The most general Clifford element is

aI+ be 2 C(η) (15.4.10)

For η = (1, 0) the product is defined so that (e)2 = �1, it is instead defined so that (e)2 = 1 for the signature η = (0, 1).

In the first case (η = (1, 0)), the map Φ+ : C(1, 0)! C : aI+ be 7! a+ ib is an algebra (iso)morphism, it preserves linear combinations and products.
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In the second case (η = (0, 1)), we can consider a matrix representation of the Clifford algebra obtained by the correspondence i : e 7! σ3. That

extends by linearity to the map

i(aI+ be) =

�
a+ b 0

0 a� b
�

(15.4.11)

which suggests to set q± := a� b. The correspondence Φ− : C(0, 1)! R� R : aI+ be 7! (q+, q−) is finally an algebra isomorphism.

Notice that the even Clifford sub-algebra C+(0, 1) = R is embedded in the decomposition C(0, 1) ' R�R as the diagonal d : C+(0, 1)! R�R : q 7! (q, q).

Let us stress that Clifford algebras are not even invariant with respect to inversion of the signature; e.g., C(1, 0) ' C, while C(0, 1) ' R⊕ R. To increase confusion, in

the literature sometimes the generators of the ideal I(η) with the opposite sign. Thus, depending on the book, sometimes the algebras C(r, s) and C(s, r) are exchanged!

Clifford algebras for m = 2

For a vector space V of dimension m = 2, we shall consider a basis (eA) = (e1, e2) for the signatures (2, 0) and (0, 2), while we shall use a basis

(eA) = (e0, e1) for the signature (1, 1).

Thus, the Clifford basis is

I eA e (15.4.12)

where we set e := e1e2 or e := e0e1, respectively. The Clifford algebra is of dimension 22 = 4, while the even Clifford algebra is of dimension 2.

For the signature (2, 0), we have (e1)2 = �1, (e2)2 = �1, (e)2 = e1e2e1e2 = �1. One also has ee1 = e2, e2e = e1. Accordingly, we can denote e1 = i,

e2 = j, e = k and recover the product in the algebra of quaternions, i.e. we get C(2, 0) = H. The even Clifford algebra is spanned by (I, e), thus it is

C+(2, 0) ' C.

For the signature (0, 2), we have essentially the same basis, though the product is defined so that (e1)2 = 1, (e2)2 = 1, (e)2 = e1e2e1e2 = �1 as well

as e1e = e2, e2e = �e1.

We can fix the representation given by the correspondence e1 7! σ3, e2 7! σ1, e 7! iσ2 which extends linearly to the map

Φ : C(0, 2)!M(2,R) : aI+ be1 + ce2 + de 7!
�
a+ b c+ d

c� d a� b
�

(15.4.13)

That restricts to the even sub-algebra as Φ+ : C+(0, 2)! C, where C is identified within M(2,R) as

i : C!M(2,R) : a+ id 7!
�
a d

�d a

�
(15.4.14)

Finally, for the signature (1, 1), we consider the basis (e0, e1) with the Clifford product defined by

(e0)2 = 1 (e1)2 = �1 (e)2 = 1 (15.4.15)

Accordingly, also C(1, 1) ' C(0, 2) 'M(2,R), this time by the correspondence e0 7! σ1, e1 7! iσ3, e 7! σ2. The even part, this time, is C+(1, 1) ' R�R.

:Index: :AIndex: :Symbols: :Notation:



Clifford algebras and spin groups 693

The Clifford algebra C( 3 , 0)

Although Clifford algebras are classified and they exhibit a beautiful periodicity, we are interested in three more cases, in particular. For the vector

space V of dimension 3 and Euclidean signature, the corresponding Clifford algebra is denoted by C(3) := C(3, 0) and it is spanned by a Clifford basis

I e1 e2 e3 e12 e13 e23 e (15.4.16)

The products of the elements of the basis are (ei)
2 = �I, e1e2 = e12 and similars. Moreover, e1e12 = �e2, e1e23 = e, and similars. Also,

e1e = �e23 = ee1, �e1 = e12e and (e)2 = I.
Accordingly, a general element C 2 C(3) can be recast as

C = aI� bee23 + cee13 � dee12 + ee12 + fe13 + ge23 + he = u+ ev (15.4.17)

where we set

u = aI+ ee12 + fe13 + ge23 v = hI� be23 + ce13 � de12 (15.4.18)

Since we have

(e12)2 = �I e12e13 = e23 (and so on) (15.4.19)

we can map e12 7! i, e13 7! j, e23 7! k, and extend it to become an algebra isomorphism, Φ : C(3) ! H � H : C 7! (u, v). This time, we have the

isomorphism on the even Clifford algebra Φ+ : C+(3)! H � H�H : C 7! (u, 0).

The Clifford algebra C( 4 , 0)

Let us now consider a vector space V in dimension 4, fix the Euclidean signature η = (4, 0) and denote an orthonormal basis in V by e1, e2, e3, e4.

The Clifford algebra is of dimension 16. We are not too interested in the whole algebra, which, however, one can prove to be isomorphic to

C(4, 0) = M(2,H) (4 components times 4 quaternions, i.e. dim (C(4, 0)) = 16).

Here we are more interested in the even Clifford sub-algebra which is spanned by the basis

I e12 e13 e14 e23 e24 e34 e (15.4.20)

We have
�
eij
�2

= �I, as well as e12e13 = e23 (and similar ones). Accordingly, we can map e23 7! i, e24 7! j, e34 7! k to recover a number of these

products.

Moreover, we have ee23 = �e14 = e23e, ee24 = e13 = e24e, ee34 = �e12 = e34e, so that the general even element C 2 C+(4, 0) can be recast as

C =aI+ be12 + ce13 + de14 + ee23 + fe24 + ge34 + he = aI� bee34 + cee24 � dee23 + ee23 + fe24 + ge34 + he = u+ ev (15.4.21)

where we set

u = a+ ei+ fj + gk v = h� di+ cj � bk (15.4.22)
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Finally, since we have (e)2 = I, then we can define q± = u� v and we have C+(4, 0) ' H�H.

The Clifford algebra C( 3 , 1)

Let us now consider a vector space V in dimension 4, fix the Lorentzian signature η = (3, 1) and denote an orthonormal basis in V by e0, e1, e2, e3.

The Clifford algebra is of dimension 16. We are not too interested in the whole algebra, which, however, one can prove to be isomorphic to

C(3, 1) = M(2,H) (4 components times 4 quaternions, i.e. dim (C(3, 1)) = 16).

Here we are more interested in the even Clifford sub-algebra which is spanned by the basis

I e01 e02 e03 e12 e13 e23 e (15.4.23)

We have (e12)2 = �I, (e13)2 = �I, (e23)2 = �I, as well as e12e13 = e23 (and similar ones). Accordingly, we can map e12 7! i, e13 7! j, e23 7! k to

recover a number of these products.

Moreover, we have ee12 = �e03 = e12e, ee13 = e02 = e13e, ee23 = �e01 = e23e, so that the general even element C 2 C+(3, 1) can be recast as

C =aI+ be01 + ce02 + de03 + ee12 + fe13 + ge23 + he = aI� bee23 + cee13 � dee12 + ee12 + fe13 + ge23 + he = u+ ev (15.4.24)

where we set

u = a+ ei+ fj + gk v = h� di+ cj � bk (15.4.25)

Finally, since we have (e)2 = �I, then we have C+(3, 1) ' C
H.

Universal property of Clifford algebras

Given a vector space V with a non-degenerate, symmetric, bilinear form η, one can define the Clifford algebra C(η) as well the embedding i : V !
C(η) : v 7! v.

Then, for any associative algebra A and any f : V ! A such that f(v) � f(v) = �η(v, v)I, there exists a unique extension f̂ : C(η)! A such that

V C(η)

A

f̂ � i = f

.................................................................................................................................. ............i
................................................................................................................................................................................... ........

....

f

.............

.............

.............

.............

.......
.....
.......
.....

f̂

(15.4.26)

That is called the universal property of the Clifford algebras. As usual, with universal properties, one can prove that Clifford algebras are unique up

to isomorphisms. In fact, let us suppose that there exists an associative algebra C which also has the universal property, then
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V C(η)

C

.................................................................................................................................. ............i
................................................................................................................................................................................... ........

....

j

(15.4.27)

Then, since C(η) has the universal property, there exists a unique map f : C(η)! C such that f � i = j. On the other hand, since C has the universal

property, then there exists a unique map f̄ : C ! C(η) such that f̄ � j = i.

That implies f̄ � f � i = i and f � f̄ � j = j. Again for universal properties, this time for the uniqueness part, one has f̄ � f = id and f � f̄ = id, since

for example f̄ � f : C(η)! C(η) is associated to the map i : V ! C(η). Thus, one has C(η) ' C.
Another application of universal property is the following: consider the map f = i � L : V ! C(η) where L 2 O(V, η) is an orthogonal transformation

on V . That preserves the norms of vectors, i.e. f(v) � f(v) = �η(v, v)I, then it extends to the Clifford algebra f̂ : C(η)! C(η).

General structures on Clifford algebras

We have some structures which are useful to be defined on Clifford algebras in order then to discuss further in a way which is more or less independent

of the signature and dimension. In other words, these structures and maps encapsulate the differences which come with dimension and signature.

In view of the universal property and the map a = �i : V ! C(η) : v 7! �v, which, in fact, has the property a(v)a(v) = �η(v, v)I, one can extend it

uniquely to a map α : C(η)! C(η) which restricts to the identity on even elements, to minus identity on odd elements. This map is called the grading

since it essentially defines the Z2-grading on C(η). Of course, α is an involution since it squares to the identity, i.e. one has α � α = I.
We can also define a transpose map t : C(η)! C(η), obtained by extending by linearity the map defined on products of vectors as

t(v1v2 . . .vk) = vk . . .v2v1 (15.4.28)

That is well defined since the generator of the Clifford ideal are invariant with respect to transpose. Moreover, it is an anti-automorphism since it

reverses the product order and it is an involution (thus it is invertible). The transpose map is also denoted as t(S) = S̄.

Since the transpose preserves the grading, one also has α(tS) = t(α(S)).

From the examples of Clifford algebras above, one can see that, depending on dimension and signature, not all elements in the Clifford algebras are

always invertible. For example, C(2, 0) ' H is a corp, while C(0, 2) ' M(2,R) is not. Let us denote by C(η) � C(η) the multiplicative sub-group of

invertible elements. Let us also define the sub-group S(η) � C(η) � C(η) of elements for which the inverse is proportional to the transpose, i.e. such

that SS̄ / I.
Now, let us consider unit vectors v 2 V (i.e. such that η(v, v) = �1). These define elements v 2 S(η), since vv̄ = �vv = �η(v, v)I = �I. Let us

denote by Pin(η) � S(η) � C(η) the sub-group generated by unit vectors, by Spin(η) � C+(η) the intersection of it with the even Clifford sub-algebra.

Elements S 2 Spin(η) are products of an even number of unit vectors, i.e.

S = u1u2 . . .u2k (15.4.29)
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Of course, in this case, one has

S−1 =
(�1)n

junj2 . . . ju2j2ju1j2 un . . .u2u1 = �tS (15.4.30)

Let us also define N : C(η) ! C(η) as N(A) = A α(tA), as well as N0 : C(η) ! R to be the (uniquely determined) component N0(A) along I of

N(A) 2 C(η).

Notice that if N(B) = N0(B)I then

N(AB) =AB α(t(AB)) = AB α(tB tA)) = AB α(tB)α(tA) = AN(B)α(tA) = Aα(tA)N(B) = N(A)N(B) (15.4.31)

If v 2 V � C(η), then N(v) = v α(tv) = v α(v) = �vv = jvj2I (i.e. V � S(η)) and N0(v) = jvj2.

The covering maps of Spin(η) groups

Let us consider an element S 2 Pin(η), i.e. S = u1u2 . . .uk and a vector w 2 V . We want to compute α(S)wS−1, where of course S−1 = �uk . . .u2u1.

For any unit vector u, let us denote the norm of u by juj2 = η(u, u) = �1, the parallel component of w to u by w‖ = η(w,u)
η(u,u)u, the perpendicular

component of w to u by w⊥ = w � w‖.
The perpendicular component is orthogonal to u, in fact

η(w⊥, u) = η(w, u)− η(w‖, u) = η(w, u)− η(w, u)

η(u, u)
η(u, u) = 0 (15.4.32)

Moreover, we have w = w‖ + w⊥. As usual, we shall consider the corresponding elements in the Clifford algebra which are denoted by w‖ and w⊥.

Thus, we have uu = �juj2I and

α(u)wu−1 =� uwu−1 = juj−2uwu = juj−2
�
uw⊥u + uw‖u

�
= juj−2

�
�uuw⊥ � η(u,w⊥)u� juj2w‖

�
= w⊥ �w‖ = `(u)(w) 2 V (15.4.33)

We can then define the linear map `(u) : V ! V : w 7! w⊥ �w‖, which is in fact a reflection about the plane orthogonal to the unit vector u. Being a

reflection, in particular, it is an orthogonal transformation `(u) 2 O(V, η).

Then, for any S 2 Pin(η), one has `(S) : V ! V 2 O(V, η)

α(S)wS−1 = (`(u1) � `(u2) � . . . � `(uk)) (w) = `(S)(w) (15.4.34)

We can check directly that the map ` : Pin(η)! O(V, η) is a group homomorphism, called the covering of the pin group.

Since reflections are transformations with determinant �1, when we restrict to Spin(η) and we compose an even number of reflections, the map

restricts to ` : Spin(η)! SO(V, η). The covering homomorphism ` : Spin(η)! SO(V, η) is called the covering map of the spin group.

It is easy to show that `(�I) = I, thus �I 2 ker(`). Accordingly, the covering map is not injective.
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If S 2 Pin(η) and `(S) = I, that can be regarded as a condition in the whole Clifford algebra, namely as [S, ea] = 0 in the even Clifford algebra,

fS, eag = 0 in the odd part.

For S ∈ C+(η), we can expand it in the basis I, eab, . . .. The first one, [I, ea] = 0 is identically satisfied and it gives no condition.

The second one, [ebc, ea] = 0 can be written as 2ηa[bec] = 0; that is the only contribution of degree 2 and it says S has no component along ebc. The same is happening

at higher degrees, so eventually S = sI are the only elements in the even Clifford algebra which are allowed are proportional to I. If we restrict to Spin(η), we are left

only with S = ±I.
For the odd part, we have the first condition {eb, ea} = −2ηabI = 0, which is the only contribution to zero degree, so no component of S along eb.

At third degree we have {ebcd, ea} = 0 which has components only on degree two. And so on.

So, eventually, the only elements in the kernel are ker(`) = {I,−I} = Z2 ⊂ Pin(η).

The map ` : Pin(η)! O(V, η) is surjective.

Any orthogonal transformation O ∈ O(V, η) is the composition of reflections.

In fact, O has eigenvalues ±1. If it has only eigenvalues 1, it is the identity. Hence any O ∈ O(V, η) different form I allows eigenvectors associated to the eigenvalue −1.

Let O be in O(V, η) and different form I; then there exists a unit vector v1 ∈ V such that O(v1) = −v1. Let `(v1) : V → V be the reflection about the plane Πm−1

orthogonal to v1.

Accordingly, O1 = O · `(v1) : V → V acts as the identity on Span(v) and it defines an orthogonal transformation on Πm−1. The signature on Πm−1 depends on the

sign of η(v1, v1).

Then one can proceed by iteration on Πm−1 . . .Πm−k until either the identity on Πm−k is found or m = k. Thus, eventually, we have Ok = O · `(v1) · . . . · `(vk) = I on

V . Hence, O = `(vk) · . . . · `(v1).

Here the only issue is that `(v2) : Πm−1 → Πm−1 is thought as a map extended to `(v2) : V → V by saying that `(v2)(v1) = v1 which, in fact, is still the reflection

about the plane Π = Πm−2 ⊕ Span(v1) orthogonal to v2 in V , beside being the reflection about the plane Πm−2 orthogonal to v2 in Πm−1.

As a result, consider S = vk . . .v2v1 ∈ Pin(η), so to have `(S) = O, hence proving that the covering map is surjective.

Anyway, when the covering map is surjective, then we have a short exact sequence of groups

0! Z2 ! Spin(η)! SO(η)! 0

These are examples of group exact sequences which do not always split, actually almost ever.

If it does split, one gets that Spin(η) ' SO(η)× Z2 which is true only for η = (1, 1).

Let us consider S 2 Pin(η), then S = u1u2 . . .uk is a product of unit vectors. Hence we have N(S) = N0(S)I = �I. Moreover, when restricted to

Pin(η), one has N(RS) = N(R)N(S).

Then let us consider the sub-group G 2 C(η) of elements S such that

N(S) = N0(S)I, N0(S) = �1, 9`S 2 O(V, η) : α(S)wS−1 = `S(w) (15.4.35)

In fact, G is a sub-group. Of course, I ∈ G and for all R,S ∈ G one has N(RS) = N(R)N(S) = N0(R)N0(S)I = N0(RS)I, N0(RS) = N0(R)N0(S) = ±1.

Moreover, if α(S)wS−1 = `S(w) and α(R)wR−1 = `R(w), then α(RS)w(RS)−1 = `R ◦ `S(w). Thus RS ∈ G and G is a sub-group.

Of course, Pin(η) � G and we now prove that G = Pin(η).
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Let us take S ∈ G. Then there exists `S ∈ O(V, η) such that α(S)wS−1 = `S(w). We also know that `S can be written as a compositions of reflections about planes

normal to unit vectors (u1, u2, . . . , uk), i.e. that `S = `(u1)`(u2) . . . `(uk). Thus set T = u1u2 . . .uk ∈ C(η) and consider S · T−1 ∈ G. For it we have

α(ST−1)w(ST−1)−1 = w ⇒ `(ST−1) = I ⇒ ST−1 = sI = ±I (15.4.36)

Hence we have S = ±T ∈ Pin(η).

Accordingly, to determine pin and spin groups, we can proceed in two ways: either we consider products of unit vectors, or we look for elements S in

the (even) Clifford algebra which obey the definition of G.

The group Spin( 2)

Consider V of dimension 2, an Euclidean metric δ, an orthonormal basis e1, e2. A basis of a Clifford algebra is I, e1, e2, e and they have the products

e1e2 = e e1e = �e2 = �ee1 e2e = e1 = �ee2 e1e1 = e2e2 = ee = �I (15.4.37)

In this case, unit vectors are uθ = cos(θ)e1 + sin(θ)e2. The products of two unit vectors are in the form uθuφ = � cos(θ � φ)I� sin(θ � φ)e, so let us

define the set Σ = fcos(θ)I+ sin(θ)eg � Spin(2). The product of two elements in Σ is in the form

(cos(θ)I+ sin(θ)e) (cos(φ)I+ sin(φ)e) = cos(θ + φ)I+ sin(θ + φ)e 2 Σ (15.4.38)

Accordingly, Spin(2) = Σ ' U(1) by the isomorphism

i : Spin(2)! U(1) : cos(θ)I+ sin(θ)e 7! eiθ (15.4.39)

In order to close the group Pin(η), we also need to compute

(cos(θ)e1 + sin(θ)e2) (cos(θ)I+ sin(θ)e) = cos(θ � φ)e1 + sin(θ � φ)e2 (15.4.40)

These are unit vectors, so Pin(η) ' U(1)� Z2, which is then disconnected in two pieces.

The covering map is then obtained by setting S = cos(θ)I+ sin(θ)e and computing

α(S)wS−1 = (cos(θ)I+ sin(θ)e) (w1e1 + w2e2) (cos(θ)I� sin(θ)e) =

=
�
w1 cos(2θ)� w2 sin(2θ)

�
e1 +

�
w1 sin(2θ) + w2 cos(2θ)

�
e2

(15.4.41)

Hence, we have the covering map defined as

` : Spin(2)! SO(2) : S = (cos(θ)I+ sin(θ)e) 7!
�

cos(2θ) � sin(2θ)

sin(2θ) cos(2θ)

�
(15.4.42)
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On the other hand, we already know the even Clifford algebra is C+(2) ' C generated by I and e = e1e2. Let us consider an element S =

a (cos(θ)I+ sin(θ)e) 2 C+(2). We have

N(S) = Sα(tS) = S tS = a2 (cos(θ)I+ sin(θ)e) (cos(θ)I� sin(θ)e) = a2I (15.4.43)

Thus elements of the spin group should be looked among S = cos(θ)I+ sin(θ)e. And actually the are the elements in Spin(η) since we already checked

that α(S)wS−1 = `(S)(w) for a matrix `(S) 2 SO(η).

Already in this simple case, the second method is much faster and simpler than the first direct approach.

The group Spin( 0 , 2)

Let is consider the same case with reversed signature. A basis of the Clifford algebra is I, e1, e2, e with the products

e1e2 = e e1e = e2 = �ee1 e2e = �e1 = �ee2 e1e1 = e2e2 = I ee = �I (15.4.44)

An element in the even Clifford algebra is S = a (cos(θ)I+ sin(θ)e) 2 C+(0, 2). We have

N(S) = Sα(tS) = S tS = a2 (cos(θ)I+ sin(θ)e) (cos(θ)I� sin(θ)e) = a2I (15.4.45)

Thus elements of the spin group should be looked among S = cos(θ)I+ sin(θ)e. The covering map is

α(S)wS−1 = (cos(θ)I+ sin(θ)e) (w1e1 + w2e2) (cos(θ)I� sin(θ)e) =

=
�
w1 cos2(θ) + w2 cos(θ) sin(θ)

�
e1 +

�
w2 cos2(θ)� w1 cos(θ) sin(θ)

�
e2+

�
�
w1 cos(θ) sin(θ) + w2 sin2(θ)

�
e2 +

�
w2 cos(θ) sin(θ)� w1 sin2(θ)

�
e1 =

=
�
w1 cos(2θ) + w2 sin(2θ)

�
e1 +

�
�w1 sin(2θ) + w2 cos(2θ)

�
e2

(15.4.46)

Hence, we have the covering map defined as

` : Spin(0, 2)! SO(0, 2) : S = (cos(θ)I+ sin(θ)e) 7!
�

cos(2θ) sin(2θ)

� sin(2θ) cos(2θ)

�
(15.4.47)

Accordingly, when considering Spin(2) and Spin(0, 2) they are both U(1), though with an different covering map. One can also notice that the map

i : Spin(2)! Spin(0, 2) : cos(θ)I+ sin(θ)e 7! cos(θ)I� sin(θ)e (15.4.48)

is a group isomorphism. Let us remark that in these cases, the spin group is not simply connected, i.e. it is not the universal covering of the orthogonal

group.
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The group Spin( 1 , 1)

For the signature η = (1, 1), we choose a basis (e0, e1) in V , the corresponding basis in the Clifford algebra is

I, e0, e1, e = e0e1 (15.4.49)

with the products

e0e1 = e e0e = e1 = �ee0 e1e = e0 = �ee1 e1e1 = �I ee = e0e0 = I (15.4.50)

An element in the even Clifford algebra is S = a (ch(θ)I+ sh(θ)e) 2 C+(1, 1) ' R� R. We have

N(S) = Sα(tS) = S tS = a2 (ch(θ)I+ sh(θ)e) (ch(θ)I� sh(θ)e) = a2I (15.4.51)

Thus elements of the spin group should be looked for among S = �(ch(θ)I+ sh(θ)e). The covering map is

α(S)wS−1 = (ch(θ)I+ sh(θ)e) (w0e0 + w1e1) (ch(θ)I� sh(θ)e) =

= (ch(θ)I+ sh(θ)e)
��
w0ch(θ)� w1sh(θ)

�
e0 +

�
w1ch(θ)� w0sh(θ)

�
e1

�
=

=
��
w0ch2(θ)� w1ch(θ)sh(θ)

�
e0 +

�
w1ch2(θ)� w0ch(θ)sh(θ)

�
e1

�
+

�
��
w0ch(θ)sh(θ)� w1sh2(θ)

�
e1 �

�
w1ch(θ)sh(θ)� w0sh2(θ)

�
e0

�
=

=
�
w0ch(2θ)� w1sh(2θ)

�
e0 +

�
�w0sh(2θ) + w1ch(2θ)

�
e1

(15.4.52)

Hence we have the covering map defined as

` : Spin(1, 1)! SO(1, 1) : S = � (ch(θ)I+ sh(θ)e) 7!
�

ch(2θ) �sh(2θ)

�sh(2θ) ch(2θ)

�
(15.4.53)

Accordingly, Spine(1, 1) is GL(1,R) ' R.

The group Spin( 3)

Let us consider a Euclidean, 3d, vector space V , with an orthonormal basis e1, e2, e3. The basis of even Clifford C+(3) ' H is

I, e12 = i, e13 = j, e23 = k (15.4.54)

An element in the even Clifford algebra is S = aI+ xi+ yj + zk 2 C+(3). We have

N(S) = Sα(tS) = S tS = SS† = jSj2I (15.4.55)
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where S† = aI � xi � yj � zk denotes the conjugation in H and N0(S) = jSj2 coincides with the norm in H. Thus elements of the spin group should

be looked among the unit quaternions S3 ' SU(2).

The covering map is
α(S)wS−1 = S

(
w1e1 + w2e2 + w3e3

)
S† =

=S
( (
w1a− w2x− w3y

)
e1 +

(
w1x+ w2a− w3z

)
e2 +

(
w1y + w2z + w3a

)
e3 +

(
w2y − w1z − w3x

)
e
)

=

=a
(
w1a− w2x− w3y

)
e1 + a

(
w1x+ w2a− w3z

)
e2 + a

(
w1y + w2z + w3a

)
e3 + a

(
w2y − w1z − w3x

)
e+

+x
(
w1a− w2x− w3y

)
e2 − x

(
w1x+ w2a− w3z

)
e1 + x

(
w1y + w2z + w3a

)
e−x

(
w2y − w1z − w3x

)
e3+

+y
(
w1a− w2x− w3y

)
e3 − y

(
w1x+ w2a− w3z

)
e− y

(
w1y + w2z + w3a

)
e1 + y

(
w2y − w1z − w3x

)
e2+

+z
(
w1a− w2x− w3y

)
e + z

(
w1x+ w2a− w3z

)
e3 − z

(
w1y + w2z + w3a

)
e2−z

(
w2y − w1z − w3x

)
e1 =

=
(
w1(a2 − x2 − y2 + z2)− 2(ax+ yz)w2 + 2(xz − ay)w3

)
e1+

+
(
2(ax− yz)w1 + w2(a2 − x2 + y2 − z2)− 2(az + xy)w3

)
e2+

+
(
2(ay + xz)w1 + 2(az − xy)w2 + w3(a2 + x2 − y2 − z2)

)
e3+

+
(
w1(xy − az − xy + az) + w2(ay + xz − ay − xz)− w3(ax− ax+ zy − yz)

)
e

(15.4.56)

Hence we have the covering map defined as

` : Spin(3)→ SO(3) : S 7→

 a2 − x2 − y2 + z2 −2(ax+ yz) −2(ay − xz)
2(ax− yz) a2 − x2 + y2 − z2 −2(az + xy)

2(ay + xz) 2(az − xy) a2 + x2 − y2 − z2

 ∈ SO(3) (15.4.57)

Accordingly, Spin(3) is SU(2).

The group Spin( 4)

Let us consider an Euclidean, 4d, vector space V , with an orthonormal basis e0, e1, e2, e3. The basis of even Clifford C+(4) ' H
H is

I, e12 = i, e13 = j, e23 = k, e01 = �ke, e02 = je, e03 = �ie, e

ke = ek, je = ej, ie = ei, ee = I, te = e
(15.4.58)

An element in the even Clifford algebra is S = aI + be01 + ce02 + de03 + ee12 + fe13 + ge23 + he = u + ev 2 C+(4), with u = aI + ei + fj + gk and

v = hI� di+ cj � bk two quaternions. We have

N(S) = Sα(tS) = (u+ ev) (u† + ev†) = (juj2 + jvj2)I+ (uv† + vu†)e (15.4.59)

where u† = aI� ei� fj � gk and v† = hI+ di� cj + bk denote the conjugation in H.

One has N(S) = �I iff juj2 + jvj2 = 1 and uv† + vu† = 0. Let us set q± := u� v and compute

jq±j2 = (u� v)(u† � v†) = juj2 + jvj2 � (uv† + vu†) = 1 (15.4.60)
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For the covering map we need to compute α(S)wS−1 = (u+ ev)w(u† + ev†). That product expands to 256 terms. We know it must be a vector se we can expand the

result on the basis of the odd Clifford algebra, so that we know that 4 of the 8 coefficients vanishes on their own. Moreover, we collect by wα.

In this way we can analyse 64 terms at a time, 4 groups of 8 terms cancel, the other 32 split in groups of 8 terms for the 4 entries of `(S) which correspond to a fixed

wα. In other words we can expand (u+ ev)w(u† + ev†) as

SwS̄ =w0
[
(+a2 + e2 + f2 + g2 − h2 − d2 − c2 − b2)e0 − 2(−ad− eh− fb− gc)e3 + 2(+ac+ eb− fh− gd)e2 − 2(−ab+ ec+ fd− gh)e1

]
+

+w1
[
(+a2 − e2 − f2 + g2 − h2 + d2 + c2 − b2)e1 + 2(+ae− fg + hd− cb)e2 + 2(+af + eg − hc− db)e3 + 2(−ab− ec− fd− gh)e0

]
+

+w2
[
(+a2 − e2 + f2 − g2 − h2 + d2 − c2 + b2)e2 − 2(+ae+ fg + hd+ cb)e1 + 2(+ag − ef + hb− dc)e3 − 2(+ac− eb− fh+ gd)e0

]
+

+w3
[
(+a2 + e2 − f2 − g2 − h2 − d2 + c2 + b2)e3 − 2(+af − eg − hc+ db)e1 − 2(+ag + ef + hb+ dc)e2 + 2(−ad− eh+ fb+ gc)e0

]
= wβ`αβ(S)eα

(15.4.61)

That corresponds to the covering map ` : Spin(4)→ SO(4) : S 7→ `(S), which associate the orthogonal matrix `(S), given by

`(S) =


a2 + e2 + f2 + g2 − h2 − d2 − c2 − b2 2(−ab− ec− fd− gh) −2(ac− eb− fh+ gd) 2(−ad− eh+ fb+ gc)

−2(−ab+ ec+ fd− gh) a2 − e2 − f2 + g2 − h2 + d2 + c2 − b2 −2(ae+ fg + hd+ cb) −2(af − eg − hc+ db)

2(ac+ eb− fh− gd) 2(ae− fg + hd− cb) a2 − e2 + f2 − g2 − h2 + d2 − c2 + b2 −2(ag + ef + hb+ dc)

−2(−ad− eh− fb− gc) 2(af + eg − hc− db) 2(ag − ef + hb− dc) a2 + e2 − f2 − g2 − h2 − d2 + c2 + b2

 (15.4.62)

to the element S ∈ Spin(4).

One can check directly that the columns are an orthonormal basis, under the constraint which defines the group Spin(4).

Accordingly, Spin(4) is SU(2)� SU(2).

The group Spin( 3 , 1)

Let us consider a Lorentzian, 4d, vector space V , with an orthonormal basis e0, e1, e2, e3. The basis of even Clifford C+(3, 1) ' H
 C is

I, e12 = i, e13 = j, e23 = k, e01 = �ke, e02 = je, e03 = �ie, e

ke = ek, je = ej, ie = ei, ee = �I, te = e
(15.4.63)

An element in the even Clifford algebra is S = aI+ be01 + ce02 + de03 + ee12 + fe13 + ge23 +he = u+ ev 2 C+(3, 1), with u+ ev = AI+Bi+Cj+Dk

where we set

A = a+ eh B = e� ed C = f + ec D = g � eb (15.4.64)

We have

N(S) =Sα(tS) = (AI+Bi+ Cj +Dk) (AI�Bi� Cj �Dk) = (A2 +B2 + C2 +D2)I (15.4.65)

One has N(S) / I. For S to be in Spin(3, 1), one has

N0(S) = A2 +B2 + C2 +D2 = �1 (15.4.66)
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One has a representation i 7! eσ1, j 7! �eσ2, k 7! eσ3, by which an element S is in the form

S =

�
A+ eD �C + eB

C + eB A� eD

�
= M(2,C) (15.4.67)

The constraint from N0(S) = �1 reads as

det(S) = (A+ eD)(A� eD)� (C + eB)(�C + eB) = A2 +D2 + C2 +B2 = �1 (15.4.68)

With respect to signature (4, 0), the only things changing are the sign of some vectors (as for example, eie0 = e3) and E1 = −1.

We have

SwS̄ =w0
[
(+a2 + e2 + f2 + g2 + h2 + d2 + c2 + b2)e0 + 2(−ad− eh− fb− gc)e3 − 2(+ac+ eb− fh− gd))e2 + 2(−ab+ ec+ fd− gh)e1

]
+

+w1
[
(+a2 − e2 − f2 + g2 + h2 − d2 − c2 + b2)e1 + 2(+ae− fg − hd+ cb)e2 + 2(+af + eg + hc+ db)e3 + 2(−ab− ec− fd− gh)e0

]
+

+w2
[
(+a2 − e2 + f2 − g2 + h2 − d2 + c2 − b2)e2 − 2(+ae+ fg − hd− cb)e1 + 2(+ag − ef − hb+ dc)e3 − 2(+ac− eb− fh+ gd)e0

]
+

+w3
[
(+a2 + e2 − f2 − g2 + h2 + d2 − c2 − b2)e3 − 2(+af − eg + hc− db)e1 − 2(+ag + ef − hb− dc)e2 + 2(−ad− eh+ fb+ gc)e0

]
= wβ`αβ(S)eα

(15.4.69)

That corresponds to the covering map ` : Spin(3, 1)→ SO(3, 1) : S 7→ `(S), which associate the orthogonal matrix `(S), given by

`(S) =


a2 + e2 + f2 + g2 + h2 + d2 + c2 + b2 2(−ab− ec− fd− gh) −2(+ac− eb− fh+ gd) 2(−ad− eh+ fb+ gc)

2(−ab+ ec+ fd− gh) a2 − e2 − f2 + g2 + h2 − d2 − c2 + b2 −2(+ae+ fg − hd− cb) −2(+af − eg + hc− db)
−2(+ac+ eb− fh− gd)) 2(+ae− fg − hd+ cb) a2 − e2 + f2 − g2 + h2 − d2 + c2 − b2 −2(+ag + ef − hb− dc)

2(−ad− eh− fb− gc) 2(+af + eg + hc+ db) 2(+ag − ef − hb+ dc) a2 + e2 − f2 − g2 + h2 + d2 − c2 − b2

 (15.4.70)

to the element S ∈ Spin(3, 1).

One can check directly that the columns are an orthonormal basis, under the constraint which defines the group Spin(3, 1).

Accordingly, Spin(3, 1) is SL(2,C).

5. Lie group representations

A representation of a Lie group G on a (complex) vector space V is a group homomorphism

ρ : G! Aut(V ) (15.5.1)

An invariant subspace U � V is a subspace such that, for any g 2 G, one has ρ(g)(U) � U . It is called isotropic iff, for all u 2 U , one has ρ(g)(u) = u.
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Of course, an isotropic subspace is invariant, not necessarily the other way around. If U � V is invariant, then one can restrict ρU : U ! U which is

again a representation, on U this time.

For any representation f0g and V are always invariant subspaces. They are called trivial invariant subspaces. A representation is irreducible iff V has

no non-trivial invariant subspaces.

On a Lie group G, any representation induces a representation on its Lie algebra g, which are easier to classify as we showed above. On the other

hand, given a representation of the algebra one can exponentiate it to obtain back the corresponding group representation.

The process is often plagued with computational difficulties so it is often convenient to actually look for shortcuts, as we shall show in some particular

case of interest.

If V is endowed with a Hermitian inner product, a linear automorphism Φ : V ! V is called unitary iff

η(Φ(v),Φ(w)) = η(v, w) (15.5.2)

The group of unitary transformations is denoted by U(V, η) � Aut(V ).

In an orthonormal basis,

(vaΦca)†ηcdw
bΦdb = (vc)†ηcdw

d ⇒ (ηae(Φca)†ηcd)Φ
d
b =: (Φ†)edΦ

d
b = δeb (15.5.3)

Then, in an orthonormal basis, unitary transformations are represented in terms of unitary matrices, namely ‖Φab‖ ∈ U(n) ⊂ GL(n,C).

A representation ρ :! Aut(V ) is called unitary iff ρ :! U(V, η) � Aut(V ).

Let ρ : G! Aut(U) and λ : G! Aut(W ) two representations of G.

A map between the representations is a linear map ϕ : U !W which makes the following diagram commutative

U

U

W

W

.......................................................................................................................................... ............
ϕ

.......................................................................................................................................... ............
ϕ

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

..................

............

ρ(g)
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
..................
............

λ(g)

(15.5.4)

i.e. such that (for all g 2 G) one has ϕ(g � v) = g � ϕ(v).

Two representations are called equivalent if the map between representation is invertible.

Give a map ϕ : U !W between representations, we can always define two invariant subspaces ker(ϕ) � U and Im(ϕ) �W .

The subspace ker(ϕ) ⊂ U is defined to be

ker(ϕ) = {u ∈ U : ϕ(u) = 0} (15.5.5)

For any element g ∈ G, we can consider the vector g · u which is still in ker(ϕ) since

ϕ(g · u) = g · ϕ(u) = g · 0 = 0 (15.5.6)
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Thus ker(ϕ) is an invariant subspace of V .

Similarly, the subspace Im(ϕ) �W is defined to be

Im(ϕ) = fw 2W : 9v 2 V : w = ϕ(u)g (15.5.7)

For any element g ∈ G, we can consider the vector g · w which is still in Im(ϕ) since

g · w = g · ϕ(u) = ϕ(g · u) = ϕ(u′) (15.5.8)

so that g · w ∈ Im(ϕ) since it has a preimage of u′ = g · u ∈ U . Thus Im(ϕ) is an invariant subspace of W .

We can define a new representation ρ� λ on U �W as ρ� λ : G! Aut(U �W ) which is called the sum representation where

(ρ� λ)(S) : U �W ! U �W : (u,w) 7! (ρ(S)(u), λ(S)(w)) (15.5.9)

Check that it defines a representation.

In the algebra, one has T (ρ� λ) : g! End(U �W )

T (ρ� λ)(Ṡ) : U �W ! U �W : (u,w) 7! (Tρ(Ṡ)(u), Tλ(Ṡ)(w)) (15.5.10)

If u is an eigenvector Tρ(Ṡ)(u) = µu and w is an eigenvector Tλ(Ṡ)(w) = νw, then (u, 0) and (0, w) are eigenvectors

T (ρ� λ)(Ṡ)(u, 0) = µ(u, 0) T (ρ� λ)(Ṡ)(0, w) = ν(0, w) (15.5.11)

Accordingly, with respect to the direct sum, one gets the union of eigenvalues, if two eigenvalues are the same in U and W , they sum multiplicities.

We can also define a representation ρ∗ associated to ρ this time on U∗.

ρ∗(S) : U∗ ! U∗ : α 7! ρ∗(S)(α) (15.5.12)

where

ρ∗(S)(α) : U ! C ρ∗(S)(α)(u) = α(ρ(S−1)(u)) (15.5.13)

The quantity ρ∗(S)(α)(u) = α(ρ(S−1)(u)) is linear in u (thus ρ∗(S)(α) ∈ V ∗), and linear with respect to α (thus ρ∗(S) ∈ Aut(V ∗)).

If S = I, one obtains the identity ρ∗(I) ∈ Aut(V ∗). For the compositions one has

(ρ∗(R) ◦ ρ∗(S)) (α)(u) =ρ∗(S)(α)(ρ(R−1)(u)) = α((ρ(S−1) ◦ ρ(R−1))(u)) = α(ρ((RS)−1)(u)) = ρ∗(RS)(α)(u) (15.5.14)

Accordingly, ρ∗ is a group homomorphism, hence a representation.
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In the algebra, one has T (ρ∗) : g! End(U∗)

T (ρ∗)(Ṡ) : U∗ ! U∗ : α 7! Tρ∗(Ṡ)(α) Tρ∗(Ṡ)(α)(u) = �α(Tρ(Ṡ)(u)) (15.5.15)

If ρ is a unitary representation, then Tρ(Ṡ) is anti-hermitian, i.e. Tρ(Ṡ)† = −Tρ(Ṡ). Then, for an eigenvector Tρ(Ṡ)(u) = µu, we have

µ†η(u, u) = η(Tρ(Ṡ)(u), u) = η(u, Tρ(Ṡ)†(u)) = −η(u, Tρ(Ṡ)(u)) = −µη(u, u) (15.5.16)

Hence µ is purely imaginary.

Let us fix the non-canonical anti-isomorphism � : U ! U∗ : u 7! u∗ defined as

u∗(u′) = η(u, u′) (15.5.17)

It is linear in u′ (hence u∗ ∈ U∗) and anti-linear in u (hence it is an anti-isomorphism).

If u is an eigenvector Tρ(Ṡ)(u) = µu, then u∗ is eigenvector of Tρ∗(Ṡ)

Tρ∗(Ṡ)(u∗)(u′) =� u∗(Tρ(Ṡ)(u′)) = �η(u, Tρ(Ṡ)(u′)) = η(Tρ(Ṡ)(u), u′) = µ†η(u, u′) = µ†u∗(u′) ) Tρ∗(Ṡ)(u∗) = µ†u∗ = �µu∗ (15.5.18)

Accordingly, with respect to the duality, one gets opposite eigenvalues, at least for unitary representations.

Given two vector spaces U and W , we can consider the set of bi-linear maps U 
W = ft : U∗ �W ∗ ! C, bi-linearg which is again a vector space.

Two representations ρ : G ! Aut(U) and λ : G ! Aut(W ) then induce a representation ρ
 λ : G ! Aut(U 
W ) by setting (ρ
 λ)(S)(t) 2 U 
W
defined by

(ρ
 λ)(S)(t)(α, β) = t(ρ∗(S−1)(α), λ∗(S−1)(β)) 8α 2 U∗, β 2W ∗ (15.5.19)

The number (ρ⊗ λ)(S)(t)(α, β) so defined is linear in t as well as bi-linear in (α, β). Accordingly, (ρ⊗ λ)(S)(t) ∈ U ⊗W and (ρ⊗ λ)(S) ∈ Aut(U ⊗W ).

Moreover, for S = I one obtains the identity, and

(ρ⊗ λ)(R) ◦ (ρ⊗ λ)(S)(t)(α, β) =(ρ⊗ λ)(S)(t)(ρ∗(R−1)(α), λ∗(R−1)(β)) = t(ρ∗(S−1 ◦ ρ∗(R−1)(α), λ∗(S−1 ◦ λ∗(R−1)(β)) =

=t(ρ∗((RS)−1)(α), λ∗((RS)−1)(β)) = (ρ⊗ λ)(RS)(t)(α, β)
(15.5.20)

Accordingly, ρ⊗ λ is a group homomorphism, i.e. a representation.

In the algebra, one has T (ρ
 λ) : g! End(U 
W )

T (ρ
 λ)(Ṡ) : U 
W ! U 
W : t 7! T (ρ
 λ)(Ṡ)(t) T (ρ
 λ)(Ṡ)(t)(α, β) = �t(Tρ∗(Ṡ)(α), β)� t(α, Tλ∗(Ṡ)(β)) (15.5.21)
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If now u is an eigenvector of Tρ(Ṡ) (i.e. Tρ(Ṡ)(u) = µu) and w is an eigenvector of Tλ(Ṡ) (i.e. Tλ(Ṡ)(w) = νw), then we can define u
 w 2 U 
W
which is an eigenvector of T (ρ
 λ)(Ṡ). Then we have

T (ρ
 λ)(Ṡ)(u
 w)(α, β) =� (u
 w)(Tρ∗(Ṡ)(α), β)� (u
 w)(α, Tλ∗(Ṡ)(β)) = �u(Tρ∗(Ṡ)(α))w(β)� u(α)w(Tλ∗(Ṡ)(β)) =

=� (Tρ∗(Ṡ)(α)(u))β(w)� α(u)(Tλ∗(Ṡ)(β)(w)) = α(Tρ(Ṡ)(u))β(w) + α(u)β(Tλ(Ṡ)(w)) =

=(µ+ ν)α(u)β(w) = (µ+ ν)u(α)w(β) = (µ+ ν)(u
 w)(α, β) )
) T (ρ
 λ)(Ṡ)(u
 w) =(µ+ ν)(u
 w)

(15.5.22)

Accordingly, T (ρ
 λ)(Ṡ) has as eigenvalues all possible sums of eigenvalues of Tρ(Ṡ) and Tλ(Ṡ).

If we specify to spin groups, there is a special class of representations of the spin groups which are induced by representations of orthogonal groups

and are called tensorial representations.

Let us consider a representation λ : SO(η) → Aut(V ) and consider λ̂ := λ ◦ ` : Spin(η) → Aut(V ). That is automatically a representation, since it is the composition

of two group homomorphisms.

As we shall see, the spin groups also have other representations, sometimes called spinor representations (and sometimes even adding “of the orthogonal

group”!), which are not tensorial in the above sense.

Representations of Spin( 3 , 1) and Spin( 3)

Let us now consider the representations of the groups Spin(3, 1) ' SL(2,C) and Spin(3) ' SU(2)

Any group representation ρ : G ! Aut(V ) induces an algebra representation Tρ : g ! End(V ). We already discuss classification of algebra

representations and we found that finite-dimensional irreducible representations of spin(3, 1) ' sl(2,C) and spin(3) ' su(2) are labelled by a semi-

integer j, which is called the spin.

The algebra irreducible representation of spin j is denoted by Tρ(j) : g ! End(V ), the corresponding group representation is denoted by ρ(j) : G !
Aut(V ).

Let us start quite trivially from j = 0. We know that Tρ(0)(Ṡ) : C ! C with the basis v0. We have h(v0) = 0, τ+(v0) = 0, τ−(v0) = 0. Accordingly,

Tρ(0)(Ṡ) = 0. That is called the trivial representation and any element Ṡ 2 sl(2,C) is mapped to the 0 (1� 1) matrix. That corresponds to the group

representation ρ(0) : SL(2,C)! Aut(C) defined on S = aI+ ibiσi (with a2 + (b1)2 + (b2)2 + (b3)2 = 1) as ρ(0)(S) = I. That, of course, restricts to the

trivial group representation of SU(2), which also maps all group elements to I.

The next case is j = 1
2 which is called the fundamental representation and denoted by Tρ(1/2). At the level of algebra, it is described in terms of Pauli

matrices. For the group representation, by exponentiation, we obtain for S = exp(i~θ � ~σ) = aI+ i~a � ~σ.

In fact, we have

ρ(1/2)(S) =I+ i~θ · ~σ − 1

2!
(~θ · ~σ)2 − i

3!
(~θ · ~σ)3 + . . . =

(
1− 1

2!
|θ|2 +

1

4!
|θ|4 + . . .

)
I+

i

|θ|

(
~θ · ~σ)(|θ| − 1

3!
|θ|3 + . . .

)
= cos |θ|I+ i sin |θ|

(
~θ · ~σ
|θ|

)
(15.5.23)
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In other words, ρ(1/2)(S) = aI+ i~a · ~σ with

cos |θ| = a sin |θ|

(
~θ

|θ|

)
= ~a (15.5.24)

One can easily check that a2 + (a1)2 + (a2)2 + (a3)2 = 1.

This is called fundamental representation, since one has

ρ(1/2)(S) = aI+ i~a · ~σ = S (15.5.25)

We introduce V = C2 as a vector space, with coordinates ψA and ρ(1/2)(S)(ψ) = SABψ
BeA. The dual representation (ρ(1/2))∗ acts on (C2)∗, with

coordinates ψA, and it is defined as (ρ(1/2))∗(S)(ψ)(u) = ψ(ρ(1/2)(S̄)(u)) = ψAS̄
A
Bu

B, i.e. (ρ(1/2))∗(S)(ψ) = ψBS̄
B
A e

A.

From the invariant density, we obtain

SCA ε
ABSDB = εCD ) S̄AD = εABSCB εDC ) ψBS̄

B
De

D = ψBε
BASCA εDCe

D (15.5.26)

which corresponds to the map � : C2 ! (C2)∗ : eA 7! e ·A = εBAe
B (contraction on first index when lowering) on the spinor space. That also corresponds

to the inverse map � : (C2)∗ ! (C2) : eA 7! eA· = εABeB (contraction on second index when raising) on the dual spinor space.

They are one the inverse of the other. In fact, we have

e ·A = εBAe
B ⇒ (e ·A)∗ = εABe ·B = εABεCBe

C = eA (15.5.27)

Given two spinors ψ1, ψ2 2 C2, we can define an invariant number out of them by

(ψ1, ψ2) = ψA1 ψ
B
2 εAB (15.5.28)

which is SL(2,C) invariant.

That should not be confused with the inner product < ψ1, ψ2 >= (ψA1 )†δABψ
B
2 which is SU(2) invariant, only.

Since we know how to compute the inverse S̄BD = (S†)BD = εBASCA εDC , we can also obtain again the covering map as λij(S) = SACS
B
D(σj)

CD(σi)AB

where we set (σj)
CD :=

√
2

2 (σj)
C
Eε

ED and (σi)DC :=
√

2
2 δ

ij(σj)
B
DεBC .

Let us consider the Clifford algebra in dimension 3 and the Dirac matrices γi = iσi which in fact obeys {γi, γj} = −2δijI. They do not induce a faithful representation

of the whole Clifford algebra, though it is faithful when restricted to the even Clifford algebra. Hence that induces a faithful representation of the spin group.

Accordingly, for any S ∈ Spin(3) ' SU(2) we have

SγiS
−1 = λji (S)γj ⇒ SγiS

−1γk = λji (S)(−δjkI+ εjk
lγl) (15.5.29)

so that we can take the trace of both hand sides to obtain

λji (S) = 1
2Tr

(
SσiS

−1σj
)

= 1
2S

A
B(σi)

B
C(S−1)CD(σj)DA = 1

2S
A
B(σi)

B
Cε

CESFE εDF (σj)DA = SABS
F
E (σi)

BE(σj)AF (15.5.30)
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The vector space C2 which supports the fundamental representation is also called q-bit space.

Let us denote by Symn the symmetric product of n copies of the fundamental group representation. By definition, we set V = Cn(n+1)/2 to be the

space of symmetric tensors ψA1A2...An of rank n (indices Ai range on Ai = 0..1) and the group representation

Symn(U)ψA1A2...An = ψ′A1A2...An = UA1
B1
UA2
B2
. . . UAnBnψ

B1B2...Bn (15.5.31)

for U 2 SL(2,C). This group representation induces the following algebra representation

TSymn(U̇)ψA1A2...An = n!U̇
(A1
B1

ψB1A2...An) (15.5.32)

which is the algebra representation symn we already discussed. In particular, by setting U̇ = h = i
2σ3 we obtain (n = 2j)

sym2j(σ3) = TSym2j(σ3) =

0
BBBBB@
j 0 0 . . . 0

0 j � 1 0 . . . 0

0 0 j � 2 . . . 0
...

...
... . . .

...

0 0 0 . . . �j

1
CCCCCA (15.5.33)

Hence, the representation TSym2j is of rank m = n + 1 and has m = 2j + 1 eigenspaces of dimension 1. Consequently, the representation TSymn is

irreducible and thence Sym2j ' ρ(j).

The advantage of doing so, is that Sym2j is the group representation, avoiding us to exponentiate the algebra representations.

We can also consider symmetric tensors ψA1A2...An in V ∗ on which the representation (ρ(j))∗ is defined. There we define the group representation

Symn(U)ψA1A2...An = ψ′A1A2...An = ŪB1

A1
ŪB2

A2
. . . ŪBnAn ψB1B2...Bn (15.5.34)

which in the algebra reads as

Symn(U̇)ψA1A2...An = −n!U̇B1

(A1
ψB1A2...An) (15.5.35)

In particular, by setting U̇ = h = i
2σ3 we obtain (n = 2j)

TSym2j(σ3) =


−j 0 0 . . . 0

0 −j + 1 0 . . . 0

0 0 −j + 2 . . . 0
...

...
... . . .

...

0 0 0 . . . j

 (15.5.36)

Consequently, the representation TSymn is irreducible and thence Sym2j ' (ρ(j))∗.

Let us finally remark that, for an even spin j, Sym2j representation produces the same transformation for h and �h, i.e. it just depends on λ(h),

i.e. it is a tensor representation. On the other hand, the odd representations Sym2j+1 are spinor representations.
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Let us finally remark, that according to a theorem, unitary representations of a non-compact group are infinite dimensional. As a consequence,

SL(2,C), which is not compact, has no finite dimensional unitary representations. In fact, the irreducible representations we listed for SL(2,C), labeled

by the spin j, are not unitary, since they do not preserve the hermitian scalar product, contrary to what happens wth SU(2).

Reducible representations of SU( 2)

More generally, if we consider representations which are not irreducible, we can have more general situations as shown in Fig. 12.2.

We can repeat the argument, consider v0 = jj = 1,m = �1>, the eigenvector for the minimal eigenvalue λ = �1, and define an invariant sub-space

U = Span(v0, v1 = τ+(v0), v2 = τ+(v1)). We are left with one eigenvector w of the eigenvalue 0, which spans an invariant vector space W = Span(w)

on its own.

We are setting

v1 := |j = 1,m = 0> v2 := |j = 1,m = 1> w := |j = 0,m = 0> (15.5.37)

Then the vector space U supports a representation ρ(1), W supports a presentation ρ(0), and then V = U �W supports a representation ρ(1) � ρ(0).

If we consider the tensor product ρ(1/2) 
 ρ(1/2) that has eigenvalues which are sums, in all possible ways, of two elements in f�1
2 ,

1
2g, i.e. (�1, 0, 0, 1)

i.e. precisely
� � �..................................................................................................... ..................................................................................................... ..................................................................................................... ..................................................................................................... (15.5.38)

Accordingly, we have ρ(1/2) 
 ρ(1/2) ' ρ(1) � ρ(0), which is defined on C3 � C = C4 which is precisely the dimension of C2 
 C2.

As long as the choice of a basis is concerned, we have an original basis eA in the fundamental representation which is formed by eigenvectors of L3 (for the eigenvalue

m = ± 1
2 ) which are also eigenvectors of L2 (for the eigenvalue j(j + 1) = 3

4 ) and an orthonormal basis.

In particular, e0 corresponds to the eigenvalues (m = − 1
2 , j = 1

2 ), thus it is also denoted as | 12 ,−
1
2>=: |−>, while e1 corresponds to the eigenvalues (m = 1

2 , j = 1
2 ),

thus it is also denoted as | 12 ,
1
2>=: |+>.

That gives us a basis of C4 as the space for the representation ρ(1/2) ⊗ ρ(1/2) which is denoted as

| + +>= |+> ⊗|+> | +−>= |+> ⊗|−> | −+>= |−> ⊗|+> | − −>= |−> ⊗|−> (15.5.39)

On C4 = C3 × C we also have another basis as the space which supports the representation ρ(1) ⊕ ρ(0). The basis is denoted as a basis for C3 denoted by

|1, 1> |1, 0> |1,−1> (15.5.40)

and a basis for C denoted as |0, 0>.

These are clearly two bases in the same space C4. The relation between these two bases needs to be shown in detail.

Let us compute Ei := (σi)
ABeA ⊗ eB

E1 =
√

2
2 (−e1 ⊗ e1 + e2 ⊗ e2)

E2 =i
√

2
2 (e1 ⊗ e1 + e2 ⊗ e2)

E3 =
√

2
2 (e1 ⊗ e2 + e2 ⊗ e1) = |1, 0>

⇒

E+ :=−
√

2
2 (E1 + iE2) = e1 ⊗ e1 = |1, 1>

E− :=
√

2
2 (E1 − iE2) = e2 ⊗ e2 = |1,−1> (15.5.41)
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Accordingly, any representation of SU(2) can be written as the sum of irreducible representations. In particular, any tensor product of irreducible

representations can be written as a sum of irreducible representations.

Clebsch-Gordan coefficients

When we have the tensor product of 2 (or more) irreducible representations, ρ(j1) 
 ρ(j2), we can define the total angular momentum as

L̂i = ρ(j1)(Li)
 I+ I
 ρ(j2)(Li) = Li 
 I+ I
 Li (15.5.42)

as well as its corresponding Casimir L̂2. One has L± := τ± = L1 � iL2,

L+ 
 L− + L− 
 L+ =(L1 + iL2)
 (L1 � iL2) + (L1 � iL2)
 (L1 + iL2) = 2(L1 
 L1 + L2 
 L2) (15.5.43)

and hence

L̂2 =(L1 
 I+ I
 L1)2 + (L2 
 I+ I
 L2)2 + (L3 
 I+ I
 L3)2 = L2 
 I+ I
 L2 + 2(L1 
 L1 + L2 
 L2 + L3 
 L3) =

=((L3)2 + L+L− � L3)
 I+ I
 ((L3)2 + L+L− � L3) + L+ 
 L− + L− 
 L+ + 2L3 
 L3

(15.5.44)

The eigenvectors of the operators (L̂2, L̂3) are adapted to the decomposition ρ(j2+j1) � . . .� ρ(|j2−j1|).

In fact, we have two bases in the same space: one basis is jj1j2,m1,m2>:= jj1,m1> 
jj2,m2> and the other is jJ,M>. They are 2 bases in the

same space so we have a transition matrix which is made with the inner products

C

�
j1, j2,m1,m2

J,M

�
=<j1, j2,m1,m2 jJ,M> (15.5.45)

which are called Clebsch-Gordan coefficients. Of course, in order for the CG coefficient to be non-zero, (j1, j2, J) needs to satisfy CG conditions.

These are non-zero iff J = j1 + j2, . . . , jj1 � j2j, M = m1 +m2.

For example, let us consider ρ(1/2) ⊗ ρ(1/2) = ρ(1) ⊕ ρ(0) on C4. We have two bases, one for |j1j2,m1,m2>= |j1,m1> ⊗|j2,m2>

| − −>:= | 12 ,
1
2 ,−

1
2 ,−

1
2> | −+>:= | 12 ,

1
2 ,−

1
2 ,

1
2>

| +−>:= | 12 ,
1
2 ,

1
2 ,−

1
2> | + +>:= | 12 ,

1
2 ,

1
2 ,

1
2>

(15.5.46)

and one for |J,M>

|1,−1> |1, 0> |1, 1> |0, 0> (15.5.47)

As a matter of fact, the vectors in the basis |±,±> are eigenvectors of L̂3. In fact,

L̂3| + +>= | + +> L̂3| +−>= 0

L̂3| − −>= −| − −> L̂3| −+>= 0
(15.5.48)
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If we apply to them the operator L̂2 we have
L̂2| − −>=

(
3
4 + 3

4 + 1
2

)
| − −>= 2| − −> (J = 1)

L̂2| + +>=
(

3
4 + 3

4 + 1
2

)
| + +>= 2| + +> (J = 1)

L̂2| +−>=
(

3
4 + 3

4 −
1
2

)
| +−> +| −+>= | +−> +| −+>

L̂2| −+>=
(

3
4 + 3

4 −
1
2

)
| −+> +| +−>= | −+> +| +−>

(15.5.49)

Thus |1− 1>:= | − −> and |11>:= | + +> are eigenvectors of both L̂2 and L̂3. On the contrary, | −+> and | +−> are not. However, we can define

|1 0>:=
√

2
2 (| +−> +| −+>) |0 0>:=

√
2

2 (| +−> −| −+>) (15.5.50)

which are both eigenvectors of both L̂2 and L̂3 in fact

L̂2|1 0>= 2|1 0> L̂3|1 0>= 0 L̂2|0 0>= 0 L̂3|0 0>= 0 (15.5.51)

That defines the relation between the two bases discussed in C4.

Notice that, in view of 15.5.41, the relation between the two basis are encoded in the transformation matrices

|1, 1>=
√

2
2 (σ1 + iσ2)ABeA ⊗ eB |1,−1>=

√
2

2 (σ1 − iσ2)ABeA ⊗ eB |1, 0>= (σ3)ABeA ⊗ eB (15.5.52)

The non-zero Clebsch-Gordan coefficients are then

C

( 1
2 ,

1
2 ,−

1
2 ,−

1
2

1,−1

)
= 1 C

( 1
2 ,

1
2 ,

1
2 ,

1
2

1,−1

)
= 1

C

( 1
2 ,

1
2 ,−

1
2 ,

1
2

1, 0

)
=
√

2
2 C

( 1
2 ,

1
2 ,

1
2 ,−

1
2

1, 0

)
=
√

2
2

C

( 1
2 ,

1
2 ,−

1
2 ,

1
2

0, 0

)
= −

√
2

2 C

( 1
2 ,

1
2 ,

1
2 ,−

1
2

0, 0

)
=
√

2
2

(15.5.53)

Of course, Clebsch-Gordan coefficients are defined up to a complex factor, which is partially fixed by requiring the bases to be orthonormal. A phase is still to be fixed,

of course.

If we consider the tensor product ρ(j1) 
 ρ(j2) of two irreducible representations, we can ask whether any other irreducible representation ρ(j3) sits in

it, i.e. if there is some invariant sub-space V (j3) � V (j1) 
 V (j2) which supports a representation ρ(j3).

As a matter of fact we can prove that the following properties are equivalent:

(1) ρ(j3) sits in the tensor product ρ(j1) 
 ρ(j2);

(2) ρ(0) sits in the tensor product ρ(j1) 
 ρ(j2) 
 ρ(j3);

(3) jj2 � j1j � j3 � j1 + j2 and 2(j1 + j2 + j3) 2 N is even.

These conditions can be generalised to any finite set of spins and they are called Clebsch-Gordan conditions (CG conditions).
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Chapter 16. Fiber bundles

.Next Chapter

1. Fiber bundles

.Next SectionA (smooth) fiber bundle is a 4-tuple B = (B,M, π, F ), where B, M , F are manifolds called the total space, the base, and the standard fiber, respectively.

The map π : B !M is a surjective and maximal rank map which is called the projection.

In order for B to be a fiber bundle, there must exists a trivialisation, i.e. a collection (Uα, tα) of diffeomorphisms

tα : π−1(Uα)! Uα � F (π = p1 � tα) (16.1.1)

where we set p1 : Uα � F ! Uα : (x, f) 7! x for the projection on the first factor. A pair (U, t) is called a local trivialisation on U . A trivialisation is a

collection of local trivialisations which covers the whole M .

The preimage of a point x 2M is denoted by π−1(x) � B and it is called the fiber over x. One can restrict a local trivialisation to the fiber over x to

obtain the map tx : π−1(x)! F . This must be a diffeomorphism since t is.

Given two local trivialisations (U1, t1) and (U2, t2), one can define transition functions for x 2 U12 := U1 \ U2 by

(g12)x := (t1)x � (t2)−1
x : F ! F 2 Diff(F ) (16.1.2)

It may (and usually does) happen that there exist trivialisations on a bundle in which transition functions take values on a subgroup G ⊂ Diff(F ). In that case we say

one has a G-structure on the bundle B. If G is a Lie group and one has a left action on F , then a G-structure restricts transition functions to act through the action

(which is understood).

A fibered morphism is a pair of maps (Φ, ϕ) such that

M N

B C

(π � Φ = ϕ � π)
...................................................................................
.....
.......
.....

π

...................................................................................
.....
.......
.....

π

.......................................................................................................................................... ............
Φ

.......................................................................................................................................... ............
ϕ

(16.1.3)
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Let us denote by FibB the category of fiber bundles with fibered morphisms.

A fibered morphism is called a strong fibered morphism if it projects onto a base diffeomorphism ϕ : M ! N . Let us denote by FibM the category of

fiber bundles with strong fibered morphisms.

Then a fiber bundle is a manifold B which is locally diffeomorphic to a tube U ×F . It is not necessarily a global product, exactly as a manifold is locally diffeomorphic

to Rm though it is not necessarily globally diffeomorphic to Rm.

As a manifold is obtained by glueing together patches of Rm along local diffeomorfisms, then a fiber bundle is obtained by gluing together tubes along local fibered

morphisms.

From another viewpoint, the total space B is foliated by fibers π−1(x) which are all diffeomorphic to the standard fiber F . A fiber bundle is then a constant rank

foliation of B (such that the quotient space is a manifold M).

A section of a bundle B = (B,M, π, F ) is a map σ : M ! B such that π � σ = idM . The set of all sections of B is denoted by Γ(π). Obviously, a

bundle can also allow no global sections so that Γ(π) can be empty.

A local section is defined on U ⊂ M . It is a map σ : U → π−1(U) such that π ◦ σ = idU . Our convention is that section refers to global sections, while local sections

are explicitly said to be local. The set of all local sections defined in some neigborhood of x ∈M is denoted by Γx(π).

As a manifold, the total space of a bundle can be covered with an atlas of fibered coordinates (subjected to a local trivialisation t) obtained by choosing

a chart xµ in the base around x = π(b) 2M and a chart yi around the point tx(b) 2 F . Then (xµ, yi) are good coordinates around b 2 B. On bundles,

we shall always use only fibered coordinates.

Standard Jacobians

on a bundle

The most general transition functions between fibered coordinates are in the form(
x′µ = x′µ(x)

y′i = Y i(x, y)
(16.1.4)

The standard notation for Jacobians on bundles is setting

Jµν =
∂x′µ

∂xν
(x) J iµ =

∂Y i

∂xµ
(x, y) J ij =

∂Y i

∂yj
(x, y) (16.1.5)

and the corresponding matrix with a bar on the top for the anti-Jacobians.

Notice that the Jacobian on B is

J =

(
Jµν J iµ
0 J ij

)
(16.1.6)

and it must be non-degenerate, which implies that both Jµν and J ij are non-degenerate.

In fibered coordinates, the projection reads as π : B ! M : (xµ, yi) 7! xµ. It is clearly surjective and maximal rank since its Jacobian is Jπ = (I, 0).

A section is locally expressed as a map σ : M ! B : xµ 7! (xµ, σi(x)). Two local expressions glue together iff

σ′i(x′(x)) = Y i(x, σ(x)) (16.1.7)

These are also called transformation rules of the section σ.
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If σ denotes a collection of physical fields yi(x) and their value at points x of spacetime, then transformation rules constrain the readings of two observers which are

observing the same situation.

We shall argue many times along this book that exactly transformation rules are what promote the relative knowledge of the observers to be absolute description of the

physical reality. That is why we identify observers with the set of conventions which allow to describe the physical configuration as a set of numbers, transformation

rules with changes of observer. In this case observers are identified with fibered coordinates (i.e. local trivialisations) which is what allows to describe a point in B as

a set of numbers (xµ, yi).

An automorphism (Φ, ϕ) of B is also in the form (
x′µ = ϕµ(x)

y′i = Φi(x, y)
(16.1.8)

Notice that automorphisms (16.1.8) and transition functions (16.1.4) are essentially in the same form, with different meanings of the symbols. In transition functions,

different coordinates denote different names of the same point b in B in different local trivialisations.

In automorphisms, different coordinates denote different points in B, namely b and Φ(b). The first viewpoint is called passive, the second is called active. The situation

is identical to what we found for manifolds in which changes of coordinates (passive) are essentially identical in form to diffeomorphisms (active).

In the end, the fact that active and passive transformations are expressed by the same formula is because global objects in the category (manifolds and fiber bundles)

are obtained by glueing together trivial models (open sets in Rn and tubes U × F ) along local isomorphism of the category (diffeomorphism and automorphisms).

A vector field Ξ on B can be pushed forward along the projection map iff it is in the form

Ξ = ξµ(x)∂µ + ξi(x, y)∂i (16.1.9)

and vector fields in that form are thence called projectable. The set of projectable vector fields is a Lie subalgebra denoted by X(π) � X(B). The flow

of a projectable vector field is made of fibered automorphisms.

The projection is not injective, so one cannot push-forward all vector fields. However, it can happen, for specific vector fields, that the tangent map Tπ is constant on

points which are projected on the same point x ∈M . Those fields are π-projectable anyway. Here Tπ(Ξ) = ξµ(x)∂µ, which are constant along the fibers.

A tangent vector (b, v) 2 TB is said to be vertical iff Tbπ(v) = 0, i.e. iff it is in the form (just write down in coordinates the definition Tπ(v) = 0)

v = vi∂i (16.1.10)

The set of all vertical vectors is denoted by V (π) � TB and it is a sub-bundle.

A vertical vector field Ξ is in the form

Ξ = Ξi(x, y)∂i (16.1.11)

and the set of vertical vector fields is a sub-algebra denoted by XV (π) � X(π).

Accordingly, a vertical vector field is a section of the bundle (V (π), B, τ,Rk), where τ : V (π)→ B projects to the application point b ∈ B.

Since B is itself a bundle over M , one could also consider the bundle (V (π),M, p = π ◦ τ, F × Rk). A section of this bundle is locally expressed as

Ξ : M → V (π) : xµ 7→ (xµ, yi(x), ξi(x)) (16.1.12)
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Let us define a section σ = τ ◦ Ξ : M → B; the section Ξ above associates a vertical vector at any point σ(x). It is accordingly called a vertical vector field on the

section σ. Notice it does not define any vector out of the image of the section σ; it is just defined over this subset while a vertical vector field is defined anywhere on B.

Both vertical vector fields and vertical vector fields on a section are important in different contexts and one should not confuse them.

A covector (b, α) 2 T ∗B is called horizontal iff it vanishes on vertical vectors, i.e. it is in the form

α = αµdxµ (16.1.13)

A horizontal 1-form is in the form

ω = ωµ(x, y)dxµ (16.1.14)

and the set of horizontal 1-forms is denoted by Ω1
H(π) � Ω1(B).

The reader is urged to show that the local expression of projectable and vertical vector fields and horizontal 1-forms is preserved by transition functions (16.1.4). Let

us stress that we did not define horizontal vector fields and vertical 1-forms, since their local form would not be preserved by transformations (16.1.4).

Vector bundles

Within fibered bundles, we can define special classes of fibered bundles with extra structures and extra properties. For example, let us consider fiber

bundles with the standard fiber which is a vector space F � V . Moreover, there is natural Lie group GL(V ) � Diff(F ) acting naturally on V . It is

natural to require that a vector bundle has a GL(V )-structure.

Definition (16.1.15): A vector bundle is a bundle E = (E,M, π, V ) with a vector space V as the standard fiber for which there exists a trivialisation

for which transition functions acts linearly on V .

That means that transition functions on vector bundles read as (
x′µ = x′µ(x)

y′i = Aij(x)yj
(16.1.16)

Compare back with (12.4.16). Think about it.

Think again about it.

Then read Section 16.2 below.

Also fibered morphism can be restricted to be linear. A linear fibered morphism is a fibered morphism which acts linearly on each fiber, i.e., in fibered

coordinates, it reads as (
x′µ = ϕµ(x)

y′i = Aij(x)yj
(16.1.17)

The category of vector bundles with linear morphisms is denoted by VecB.
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Vector bundles always allow global sections. If we define local zero sections σ : x 7! (x,~0) then they glue together to define a global zero section since

the zero vector ~0 2 V is invariant under linear transformations.

Check that (16.1.7) holds true for the zero section.

If F is a smooth function on M which is supported supp(F ) � U in a trivialisation domain then, for a local section σ : x 7! (x, v), one has a global

section F � σ which is zero out supp(F ) and it is different from zero in it. This as called compactly supported sections and any vector bundle allows

infinitely many global compactly supported sections.

Let us stress that on a vector bundle (E,M, π, V ) one has infinitely many global sections, though the zero section is a canonical element of Γ(π).

The sections of a vector bundle form a vector space and the zero section is the neutral element in such a vector space. This is pretty obvious but

remember it when comparing to affine bundles in which one also has infinitely many global sections, though no one of them is canonically singled out

as a preferred section.

Affine bundles

Definition (16.1.18): An affine bundle is a bundle A = (E,M, π,A) with an affine space A as the standard fiber for which there exists a trivialisation

for which transition functions act as affine maps on A.

That means that transition functions on affine bundles read as(
x′µ = x′µ(x)

y′i = Aij(x)yj +Bi(x)
(16.1.19)

Also fibered morphism can be restricted to be affine. An affine fibered morphism is a fibered morphism which acts as an affine map on each fiber,

i.e. in fibered coordinates reads as (
x′µ = ϕµ(x)

y′i = Aij(x)yj +Bi(x)
(16.1.20)

The category of affine bundles with affine morphisms is denoted by AffB.

Also affine bundles always allow global section. Let (Ui, αi) be a partition of unity and σi : Ui ! π−1(U) be local sections. Then we can consider an

affine combination

σ : x 7!
X
i

αi(x)σi(x) (16.1.21)

At each point x the affine combination is a finite sum. Moreover, the weight αi of the local section σi goes to zero before the local section has

singularities. Accordingly, one can prove that σ is a global smooth section.

Exactly, as one can regard a vector space V as an affine space A where an origin O 2 A has been selected, one can regard a vector bundle as an affine

bundle with a specific section singled out to take the role of the zero section. Also in this case, one says that the affine bundle is modelled on the vector

bundle.
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Notice that connections on a manifold transform affinely as in (14.2.8). That means that they can be seen as sections of a suitable affine bundle. This immediately

says that global connections always exist on any manifold. It also says that any connection can be seen as the sum of a selected preferred connection and a T 1
2 tensor

field, meaning that the bundle of connections is modelled on the vector bundle T 1
2 (M).

Principal bundles

Definition (16.1.22): A principal bundle is a bundle P = (P,M, π,G) with a Lie group G as the standard fiber for which there exists a trivialisation

for which transition functions factorise through the left translation of the group on itself, i.e. they are in the form(
x′µ = x′µ(x)

g′ = φ(x) � g (16.1.23)

If a point p 2 P is mapped into tα(p) = (x, g) by the local trivialisation tα, then let us introduce the notation p = [x, g]α where we set [x, g]α = t−1
α (x, g).

Of course, the same point in another local trivialisation tβ is mapped unto another pair p = [x, g′]β and, in view of transition functions in the form

(16.1.23), there exists a function φ : Uαβ ! G such that g′ = φ(x) � g.

We can define global canonical right action of G on P by Rg : P ! P : [x, k]α 7! [x, k � g]α.

The result does not depend on the local trivialisation, in fact

Rg[x, k
′]β = Rg[x, φ̄(x) · k′]α = [x, φ̄(x) · k′ · g]α = [x, k′ · g]β (16.1.24)

For similar reasons, one cannot define a global left action Lg : P → P : [x, k]α 7→ [x, g · k]α which would, in fact, depend on the local trivialisation.

The canonical right action is a characteristic structure on principal bundles.

It is vertical, i.e. π(Rgp) = π(p) for all g 2 G.

It is transitive on the fibers, i.e. if p, p′ 2 π−1(x), then p = [x, g]α and p′ = [x, g′]α and Rg−1g′p = p′.

It is free, i.e. if there exists a p 2 P such that Rgp = p ,then one necessarily has g = e.

If we consider two principal bundles P = (P,M, π,G) and P′ = (P ′,M ′, π,G) with the same group G, then a principal morphism (Φ, ϕ) is a fibered

morphism which preserves the right action, i.e.

P P ′

P P ′

(Rg � Φ = Φ �Rg)
...................................................................................
.....
.......
.....

Rg

...................................................................................
.....
.......
.....

Rg

.......................................................................................................................................... ............
Φ

.......................................................................................................................................... ............
Φ

(16.1.25)

The map Φ is also called an equivariant map. The category of principal bundles with principal morphisms is denoted by P(M,G)
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If we consider two principal bundles P = (P,M, π,G) and P′ = (P ′,M ′, π,G′) with two different groups G and G′, then a weakly equivariant morphism

subjected to a group homomorphism i : G! G′ is a fibered morphism (Φ, ϕ) which preserves the right action modulo i, i.e.

P P ′

P P ′

(Ri(g) � Φ = Φ �Rg)
...................................................................................
.....
.......
.....

Rg

...................................................................................
.....
.......
.....

Ri(g)

.......................................................................................................................................... ............
Φ

.......................................................................................................................................... ............
Φ

(16.1.26)

As a consequence of the fact that Rg is free, it means that for p, p′ 2 π−1(x) not only there exists a g 2 G such that Rgp = p′ but that g is unique. In

fact, if there were two such g and g′ then Rg′g−1p = p and, for free property, g = g′.

If we fix a local section σ : U ! π−1(U), then 8p 2 π−1(U) we can fix x = π(p) and both σ(x), p 2 π−1(x). Then there exists a unique g 2 G such

that p = Rgσ(x). We can then define a local trivialisation on U

tσ : π−1(U)! U �G : p 7! (x, g) (16.1.27)

In that local trivialisation, the original section reads as σ : U ! π−1(U) : x 7! [x, e]σ.

On principal bundles, one has a one-to-one correspondence between local sections and local trivialisations. Then non-trivial principal bundles (such

as the Hopf bundle π : S3 ! S2, which is a principal bundle with a structure group G = U(1)) do not allow global sections.

Associated bundles

One can build (vector, affine, ...) fiber bundles starting from a principal bundle P = (P,M, π,G). The associated bundles come with structures which

make this construction paradigmatic for us. Virtually any bundle we shall use in the physical applications will be associated to some principal bundle.

Associated bundles come with a G-structure, their sections have definite transformation rules, they come with a group of transformations (gauge

transformations) singled out, and when a connection is given on the principal bundle (gauge field) then a connection is induced on associated bundles

and one can define the covariant derivatives of sections in associated bundles. Since in most cases we know transformation rules of physical fields and

usually they come with a group of transformations which preserves the dynamics, associated bundles provide a natural framework for gauge theories

and relativistic theories.

Let us start with a principal bundle P = (P,M, π,G), a manifold F and a left action λ : G� F ! F : (g, f) 7! g � f .

First step is to extend the left action on the manifold P � F by

λ̂ : G� (P � F )! (P � F ) : (g, p, f) 7! (p � g−1, g � f) (16.1.28)

using the canonical right action on P .

Then one can quotient P � F with respect to the action λ̂. The quotient space will be denoted by P �λ F and a point will be denoted by

[p, f ]λ = f(p � g−1, g � f) : g 2 Gg 2 P �λ F (16.1.29)
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We can define a projection map p : P �λ F !M : [p, f ]λ 7! π(p) and we can show that (P �λ F,M, p, F ) is a bundle.

That P ×λ F is a manifold and that p is maximal rank will be clear when we shall show that it can be covered with fibered coordinates.

Let us first define a local trivialisation t̂α : p−1(U) → U × F of P ×λ F out of a local trivialisation tα : π−1(U) → U × G : p 7→ (x, g) of P. For any point

[p, f ]λ ∈ p−1(U) ⊂ P ×λ F , one has a canonical representative (p · g−1, g ·f) such that tα(p · g−1) = (x, e). To be precise, by using transitivity on the fibers and freedom,

for any p there exists a unique g ∈ G such that tα(p · g−1) = (x, e). Then we can define

t̂α : p−1(U)→ U × F : [p, f ]λ 7→ (x, g · f) (16.1.30)

Then the trivialisation of P induces a trivialisation of P ×λ F .

By choosing coordinates xµ around x and coordinates f i around g · f , one can define fibered coordinates on P ×λ F . Since P ×λ F can be covered with an atlas of

fibered coordinates, it is a manifold. Since the projection p : P ×λ F →M in fibered coordinates reads as p(xµ, f i) = xµ, it is maximal rank.

We have to compute transition functions between different fibered coordinates. Let us start by transition functions (16.1.23) on P between two systems of fibered

coordinates (xµ, g) and (xµ, g′). The same point [p, f ]λ ∈ P ×λ F has two canonical representatives with respect to the two local trivialisations on P, namely

tα(p) = (x, g) = Rg(x, e) tβ(p) = (x, g′) = Rg′(x, e) (16.1.31)

so that one defines two different local trivialisations on P ×λ F

t̂α([p, f ]λ) = (x, g · f) t̂β([p, f ]λ) = (x, g′ · f) (16.1.32)

Then the same point [p, f ]λ ∈ P ×λ F is associated to different coordinates (xµ, g · f) and (x′µ, g′ · f) = (x′µ, (φ(x) · g) · f) and transition functions on P reads as{
x′µ = x′µ(x)

f ′ = φ(x) · f
(16.1.33)

Then, transition functions on the associated bundle are the same transition functions of the principal bundle, just represented on F by means of the action λ.

In other words, the associated bundle comes with a trivialisation in which transition functions take values in G which is embedded by the action as λ : G → Diff(F ).

Then the associated bundle has a G-structure.

Then we can show that a principal automorphism on P induces an automorphism of P �λ F . Let us in fact define

Φλ : P �λ F ! P �λ F : [p, f ]λ 7! [Φ(p), f ]λ (16.1.34)

We just have to check that the definition is well-posed, i.e. it does not depend on the representative. In fact

Φλ([p · g−1, g · f ]λ) = [Φ(p · g−1), g · f ]λ = [Φ(p) · g−1, g · f ]λ = [Φ(p), f ]λ = Φλ([p, f ]λ) (16.1.35)

In coordinates, the map Φλ reads as (
x′µ = ϕµ(x)

f ′ = φ(x) � f (16.1.36)

which, once again, is the active form of transition functions (16.1.33).
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We just defined an action (�)λ : Aut(P)! Aut(P �λ F ) : Φ 7! Φλ. That defines a special group of transformations Aut(P) � Aut(P �λ F ) which will

be identified with gauge transformations on fields.

Since the map (�)λ is a group homomorphism, i.e. it preserves compositions, we, in fact, defined a covariant functor (�)�λ F : P(M,G)! FibB which

associates the associated bundle P �λ F to any principal bundle P and a fibered morphism Φλ : P �λ F ! P ′ �λ F to any equivariant morphism

Φ : P ! P′.
In the next Section, we shall show how one can define the appropriate associated bundle so to obtain the desired transformation rules.

2. Examples of fiber bundles

.Next SectionWe already defined all one needs to define a couple of bundles, the tangent and cotangent bundles. We shall also define the frame bundle L(M), which

is a principal bundle with the group GL(m), and recover the tangent and cotangent bundle as associated bundles.

Tangent bundles

We already defined TM as a manifold and a projection map π : TM !M . We have to define the tangent bundle (TM,M, π,Rm).

Basically, all we need is to define local trivialisations.

For any chart xµ on M , one has a natural basis ∂µ of the tangent spaces and any vector can be expanded as v = vµ∂µ. Let us define the local trivialisations

tα : π−1(U)→ U × Rm : (x, v) 7→ (x, vµ) (16.2.1)

We already computed the transition functions (see (12.4.16)). Notice that the base coordinates transform only with base coordinates and that

coordinates along the fibers vµ transform linearly among them with a linear transformation depending on x. Transformation rules (12.4.16) can be

cast in the form (16.1.16) and TM is not only a fiber bundle but a vector bundle.

A section of TM is a map X : M ! TM : x 7! (x, v) which is a vector field on M .

The tangent map TΦ : TM ! TM is defined by (13.4.20) associated to a map Φ : M !M : xµ 7! ϕµ(x). In fibered coordinates, it reads as

TΦ : TM ! TM : (xµ, vµ) 7! (ϕµ(x), Jµν v
ν) (16.2.2)

Again, notice that the base coordinates transform only with base coordinates and that coordinates along the fibers vµ transform linearly among them

with a linear transformation depending on x. That means that TΦ is a fibered morphism of TM . In other words ,we defined a covariant functor T (�)
from the category of manifolds Man to the category of vector bundles VecB which associates a vector bundle TM to any manifold M and a fiber

morphism TΦ to any smooth map Φ. We already proved that tangent maps preserve composition; see (13.4.23).
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Cotangent bundles

We already defined T ∗M as a manifold and a projection map π : T ∗M !M . We have to define the cotangent bundle (T ∗M,M, π,Rm).

Basically, all we need is to define local trivialisations.

For any chart xµ on M , one has a natural basis dxµ of the cotangent spaces and any covector can be expanded as α = αµdx
µ. Let us define the local trivialisations

tα : π−1(U)→ U × Rm : (x, v) 7→ (x, αµ) (16.2.3)

We already computed the transition functions (see (13.1.40)). Notice that the base coordinates transform only with base coordinates and that

coordinates along the fibers αµ transform linearly among them with a linear transformation depending on x. Transformation rules (13.1.40) can be

cast in the form (16.1.16) and T ∗M is not only a fiber bundle but a vector bundle.

A section of T ∗M is a map ω : M ! T ∗M : x 7! (x, α) which is a 1-form on M .

The cotangent map T ∗Φ : T ∗N ! T ∗M is defined by (13.1.40) to be associated to a map Φ : M ! N : xµ 7! ϕµ(x). In fibered coordinates, it reads as

T ∗Φ : T ∗N ! T ∗M : (xµ, αµ) 7! (ϕ̄µ(x), Jνµαν) (16.2.4)

Again notice that base coordinates transform only with base coordinates and that coordinates along the fibers αµ transform linearly among them with

a linear transformation depending on x. That means that T ∗Φ is a fibered morphism of T ∗M . In other words, we defined a controvariant functor T ∗(�)
from the category of manifolds Man to the category of vector bundles VecB which associates a vector bundle T ∗M to any manifold M and a fiber

morphism T ∗Φ to any smooth map Φ. We already proved that cotangent maps reverse composition; see (13.4.30).

Frame bundles

Let us define

LM = f(x, ea) : with ea a basis of TxMg (16.2.5)

as the set of basis of tangent spaces. We can define π : LM ! M : (x, ea) 7! x as the projection and prove that (LM,M, π,GL(m)) is a principal

bundle called the frame bundle of M .

A chart xµ on M induces a natural basis ∂µ of TxM . For any other basis ea, there exists a transition matrix ea = eµa∂µ which by construction belongs to GL(m). Then

we can define local trivialisations

tα : π−1(U)→ U ×GL(m) : (x, ea) 7→ (x, eµa) (16.2.6)

One can always cover LM by these local trivialisations and L(M) is a fiber bundle. Transition functions are{
x′µ = x′µ(x)

e′µa = Jµν (x)eνa
(16.2.7)

which act exactly by left product by Jµν (x) of the coordinates eνa along the fibers. Then L(M) is a principal bundle.
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The canonical right action reads as

Rα : P ! P : (x, ea) 7! (x, ebα
b
a) (16.2.8)

An equivariant map Φ : LM ! LM reads as (
x′µ = x′µ(x)

e′µa = φµν (x)eνa
(16.2.9)

A general fibered map is given by

e′µa = Eµa (x, e) (16.2.10)

and for being equivariant one must have

Eµb (x, e)αba = Eµa (x, e · α) (16.2.11)

That equation tells that once one knows the value of the function Eµa at a point in the fiber, for example at Eµa (x, I), then its value is known all along the fiber. The

value Eµa (x, I) just depends on x, call it φ(x) ∈ GL(m). Then the value on a generic point is

e′µa = Eµa (x, eµa) = φµν (x)eνa (16.2.12)

Also on L(M), one can define an automorphism L(ϕ) : LM ! LN associated to a diffeomorphism ϕ : M ! N by(
yi = ϕi(x)

eia = J iν(x)eνa
(16.2.13)

which is called the natural lift to the frame bundle L(M) of the diffeomorphism ϕ : M ! N . One can easily show that L(idM ) = idLM and that

L(ϕ � ψ) = L(ϕ) � L(ψ). Thus we defined a covariant functor L(�) from the category of manifolds Man to the category of principal bundles P(M,G)

which defines frame bundles L(M) for any manifold and a principal morphism L(ϕ) for any smooth map.

Here is where our framework actually cracks a bit under imprecise definitions.

If we do not restrict to diffeomorphisms ϕ : M → N , then L(ϕ)(ea) is not a basis of TxN . However, on one hand, there is a more precise definition of natural functor,

which maps foliations, not smooth maps. On the other hand, in a relativistic theories what one actually needs to lift are transformations, i.e. categorical isomorphisms.

Forgive me the relative departure from standard mathematical notation about this.

Let us consider F = Rm and the following action

λ : GL(m)� Rm ! Rm : (Jab , v
a) 7! Jab v

b (16.2.14)

We already shown that one can define an associated bundle L(M)�λRm. A point in the associated bundle is [x, ea, v
a]λ and its canonical representative

is (x, I, eµava =: vµ). Then one has coordinates on the associated bundle explicitly given by (xµ, vµ) which transform as(
x′µ = x′µ(x)

v′µ = e′µa v
a = Jµν e

ν
av
a = Jµν v

ν
(16.2.15)
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which are recognized to be transformation rules for tangent vectors.

That means that we can define a canonical isomorphism

i : L(M)�λ Rm ! TM : [x, ea, v
a]λ 7! eav

a (16.2.16)

One must only check that the map is well-posed, i.e. it does not depend on the representative.

i([x, ebJ̄
b
a, J

a
c v

c]λ) = ebJ̄
b
aJ

a
c v

c = ebv
b = i([x, ea, v

a]l) (16.2.17)

Accordingly, the tangent bundle TM can be defined as an associated bundle to L(M). As such, the tangent bundle comes with a GL(m)-structure.

Similarly, one can define F = Rm and the following action

λ∗ : GL(m)� Rm ! Rm : (Jab , αa) 7! αbJ̄
b
a (16.2.18)

which is in fact a left action. Then we can define the associated bundle L(M) �λ∗ Rm and show that it is canonically isomorphic to the cotangent

bundle by the map

i∗ : L(M)�λ∗ Rm ! T ∗M : [x, ea, αa]λ 7! eaαa (16.2.19)

where ea is the dual basis of ea.

In both cases, for the tangent and cotangent bundle, we just wanted to have a bundle for objects with a known transformation rule, used the

transformation rule to define the action and defined the associated bundle which made the trick.

Let us consider vector densities of weight 1 which transform as

v′µ = det(J̄)Jµν v
ν (16.2.20)

We can use the transformation rules to define an action

λ : GL(m)� Rm ! Rm : (Jab , v
a) 7! det(J̄)Jab v

b (16.2.21)

and define the associated bundle D = L(M)�λ Rm.

A point [x, ea, v
a]λ in D has a canonical representative in the form [x, ∂µ, e

µ
av

a =: vµ]λ and one has fibered coordinates (xµ, vµ) on D which transforms

as (
x′µ = x′µ(x)

v′µ = det(J̄)Jµν v
ν

(16.2.22)

A section of D is a map σ : xµ 7! (xµ, vµ = σµ(x)). Two local expressions of a section glue together iff on the overlap one has

σ′µ(x′) = det(J̄)Jµν (x)σν(x) (16.2.23)
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which is the same condition for which two local expressions for a vector density to glue together.

Then we have a one-to-one correspondence between global vector densities on M and sections of the bundle D which is then called the bundle of

vector densities.

This procedure is completely standard whenever one has objects which transform under the group GL(m). As a matter of fact, knowing the components

of the objects dictates the standard fiber F and knowing the transformation rules dictates the action to define an associated bundle to L(M). Then

one has for free a one-to-one correspondence between global objects and sections in the associated bundle.

This common strategy needs to be improved in some cases, for example for connections on a manifold M , for which transformation rules cannot be

seen as an action of the group GL(m). In that case, one needs to generalise the group to a bigger group GL2(m) which, beside Jacobians, takes into

account of the Hessians as well. The issue is that actions are algebraic and cannot account for higher order derivatives. In order to do the trick in

general, we need jet prolongations which precisely transform differential objects into algebraic ones.

If transformation rules involve groups other than GL(m), one needs principal bundles other than L(M) as it is necessary in gauge theories.

However, associated bundles to L(M) account for all tensor fields and tensor densities we defined until now. From now on, these objects can be always

seen as sections of the suitable bundles.

3. Operations with bundles

.Next SectionBundles can be pasted together to obtain other bundles. There is a number of basic operations which are useful to define these bundles. We can

distinguish among operations which are defined on any bundle and operations which are defined on vector bundles only.

Pull-back bundle

Let B = (B,M, π, F ) be a bundle and ϕ : N ! M a smooth map. We can define a bundle π∗B = (B̃,N, π̃, F ) with the same standard fibers F but

on a different base N .

Let us define B̃ = f(b, y) : b 2 B, y 2 N : ϕ(y) = π(b)g and the new projection π̃ : B̃ ! N : (b, y) 7! y. We shall now prove that the pull-back bundle

π∗B is a bundle by defining a trivialisation for it.

Let (Uα, tα) be a trivialisation of B and Vα = ϕ−1(Uα). Since ϕ is continuous, then Vα is an open covering of N . Let us define the local trivialisations

t̃α : π̃−1(Vα)! Vα � F : (b, y) 7! (y, f) tα(b) = (x, f) (16.3.1)

Then one has fibered coordinates (yi, fA) on π∗B which transform as(
y′i = y′i(y)

f ′A = Y A(y, f)
(16.3.2)
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The transition functions Y A(y, f) are obtained from transition functions Y A(x, f) of the original bundle as

f ′A = Y A(y, f) = Y A(x(y), f) (16.3.3)

We can define a fibered morphism i : B̃ ! B : (b, y) 7! b so that

N M

B̃ B

.......................................................................................................................................... ............
ϕ

.......................................................................................................................................... ............i
...................................................................................
.....
.......
.....

π̃

...................................................................................
.....
.......
.....

π

(16.3.4)

For example, if one has a surface i : S ! R3 and one needs to describe vectors of R3 (not necessarily tangent to S) which are applied to points on the

surface S, one can define the bundle i∗TR3.

Fibered product

Given two bundles B1 = (B1,M, π1, F1) and B2 = (B2,M, π2, F2) over the same manifold M , we can define a bundle B1 �M B2 = (B1 �M
B2,M, π1×2, F1 � F2) with the same base M but the direct product of standard fibers F1 � F2. Fields on the fibered product account for the

union of fields on B1 and fields on B2. Accordingly, fibered product is used to paste together in the same space different objects.

Let us define the set

B1 �M B2 = f(b1, b2) : b1 2 B1, b2 2 B2 : π1(b1) = π2(b2)g (16.3.5)

and the new projection π1×2 : B1 �M B2 !M : (b1, b2) 7! π1(b1) = π2(b2).

We shall now prove that the fibered product B1 �M B2 is a bundle by defining a trivialisation for it.

Let (Uα, t
1
α) be a trivialisation of B1 and (Uα, t

2
α) a trivialisation for B2, both defined on the same open sets.

Let us define the local trivialisations

t12
α : π̃−1(Uα)! Vα � F : (b1, b2) 7! (x, f1, f2) t1α(b1) = (x, f1) t2α(b2) = (x, f2) (16.3.6)

Then one has fibered coordinates (xµ, fA1 , f
A
2 ) on B1 �M B2. If the old transition functions are(

x′µ = x′µ(x)

f ′A1 = Y A
1 (x, f1)

(
x′µ = x′µ(x)

f ′A2 = Y A
2 (x, f2)

(16.3.7)

then the transition functions of the fibered product are 8><
>:
x′µ = x′µ(x)

f ′A1 = Y A
1 (x, f1)

f ′A2 = Y A
2 (x, f2)

(16.3.8)
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We can define two fibered morphisms pi : B1 �M B2 ! Bi : (b1, b2) 7! bi, with i=1,2, so that

M M

B1 �M B2 B1

.......................................................................................................................................... ............

.......................................................................................... ............
p1

...................................................................................
.....
.......
.....

π1×2

...................................................................................
.....
.......
.....

π1

M M

B1 �M B2 B2

.......................................................................................................................................... ............

.......................................................................................... ............
p2

...................................................................................
.....
.......
.....

π1×2

...................................................................................
.....
.......
.....

π2

(16.3.9)

These morphisms satisfy the so-called universal property of the product: for any bundle (C,M, p, F ) on M and any family of morphisms fi : C ! Bi
then there exists a unique bundle morphism f1 �M f2 : C ! B1 �M B2 such that

C

BiB1 �M B2

pi � (f1 �M f2) = fi

............................................................................................................................................ ............
pi

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...............

............

fi

............
.

............
.

............
.

............
.

............
.

............
.

............
.........................

f1 �M f2

(16.3.10)

In fact, if we denote by fi : C → Bi : v 7→ fi(v) = vi the two bundle morphisms, it is easy to check that the morphism f1 ×M f2 : C → B1 ×M B2 : v 7→ (f1(v), f2(v))

has the required property.

Moreover, let us that suppose there is another bundle morphism f̃ : C → B1 ×M B2 with the same property, then it is easy to check that

f̃(v) =p1 ◦ f̃(v) + p2 ◦ f̃(v) = f1(v) + f2(v) = p1 ◦ (f1 ×M f2)(v) + p2 ◦ (f1 ×M f2)(v) = (p1 + p2) ◦ (f1 ×M f2)(v) = (f1 ×M f2)(v) (16.3.11)

so that f̃ = f1 ×M f2 and that map is unique.

As it is often the case with universal properties, we can show that given a bundle S and two maps q1 : S ! B1, q2 : S ! B2 satisfying the universal

properties, then S ' E1 �M E2 and the direct sum is essentially unique.

Suppose that both (S, qi) and (B1 ×M B2, pi) obey the universal property, in particular

S

BiB1 ×M B2
...................................................................................................................................................... ............

pi

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...............

............

qi

(16.3.12)

Then for the universal property of B1 ×M B2 there exists a map φ : S → B1 ×M B2 such that pi ◦ φ = qi, while for the universal property of S there exists a map

φ̄ : S → B1 ×M B2 such that qi ◦ φ̄ = pi. Thus one has

pi ◦ φ ◦ φ̄ = qi ◦ φ̄ = pi qi ◦ φ̄ ◦ φ = pi ◦ φ = qi (16.3.13)
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Now we can regard this as the universal property applied for C = S and fi = id and for C = B1 ×M B2 and fi = id, i.e.

S

BiS ............................................................................................................................................................................................ ............
qi

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...............

............

qi

............
.

............
.

............
.

............
.

............
.

............
.

............
.

............
.

..............................

φ̄ ◦ φ

B1 ×M B2

BiB1 ×M B2
...................................................................................................................................................... ............

pi

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...............

............

pi

............
.

............
.

............
.

............
.

............
.

............
.........................

φ ◦ φ̄

(16.3.14)

However, there is one map (the identity map) which has these properties, and for the unique part of the universal property, this map is unique; thus φ̄ ◦ φ = id and

φ ◦ φ̄ = id which shows that S ' B1 ×M B2.

Whitney (or direct) sum

Let us consider two vector bundles E1 = (E1,M, π1,Kn1) and E2 = (E2,M, π2,Kn2) over the same base manifold M . Then we can define a new vector

bundle on M , denoted by E1 � E2 = (E1 � E2,M, π⊕,Kn1+n2), called the direct sum (or the Whitney sum) of the original vector bundles. The total

space E1 � E2 and the projection π⊕ : E1 � E2 !M are defined as

E1+2 = f(v1, v2) 2 E1 � E2, π1(v1) = π2(v2)g π⊕ (v1, v2) = π1(v1) = π2(v2) (16.3.15)

To show that it is a bundle, we construct a local trivialisation t⊕α : π−1
⊕ (Uα)! Uα �Kn1+n2 as

t⊕α (v1, v2) =
�
x, (vi1, v

a
2)
�

() t1α (v1) =
�
x, vi1

�
t2α (v2) = (x, va2) (16.3.16)

Then one has fibered coordinates (xµ, vi1, v
a
2) on E1 � E2. If the old transition functions are(

x′µ = x′µ(x)

v′i1 = (Y1)ij(x)vj1

(
x′µ = x′µ(x)

v′a2 = (Y2)ab (x)vb2
(16.3.17)

then the transition functions of the direct sum are8><
>:
x′µ = x′µ(x)

v′i1 = (Yj)
i
j(x)vj1

v′a2 = (Y2)ab (x)vb2

vA = (vi1, v
a
2)

Y A
B (x) =

�
Y1(x) 0

0 Y2(x)

�
(16.3.18)

We can define two fibered morphisms j1 : E1 ! E1 � E2 : v1 7! (v1, 0) and j2 : E2 ! E1 � E2 : v2 7! (0, v2)

M M

E1 E1 � E2

..............................................................................................................................

..............................................................................................................................

......................................................................................................... ............
j1

...................................................................................
.....
.......
.....

π1

...................................................................................
.....
.......
.....

π1+2

M M

E2 E1 � E2

..............................................................................................................................

..............................................................................................................................

......................................................................................................... ............
j2

...................................................................................
.....
.......
.....

π2

...................................................................................
.....
.......
.....

π1+2

(16.3.19)
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These morphisms satisfy the so-called universal property of direct sum: for any vector bundle (E,M, p, V ) on M and any family of vector bundle

morphisms fi : Ei ! E then there exists a unique vector bundle morphism f1 � f2 : E1 � E2 ! E such that

E

Ei E1 � E2

(f1 � f2) � ji = fi

........................................................................................................................................................... ............
ji

.......................................................................................................................................................................................................................... .........
...

fi

.............

.............

.............

.............

.......
.....
.......
.....

f1 � f2

(16.3.20)

In fact, if we denote by fi : Ei → E : vi 7→ fi(vi) the two vector bundle morphisms it is easy to check that the vector morphism f1 ⊕ f2 : E1 ⊕ E2 → E : (v1, v2) 7→
f1(v1) + f2(v2) has the required property (just because fi(0) = 0 being linear).

Moreover, let us that suppose there is another vector bundle morphism f̃ : E1 ⊕ E2 → E with the same property, then it is easy to check that

f̃(v1, v2) =f̃(v1, 0) + f̃(0, v2) = f̃ ◦ j1(v1) + f̃ ◦ j2(v2) = f1(v1) + f2(v2) =

=(f1 ⊕ f2) ◦ j1(v1) + (f1 ⊕ f2) ◦ j2(v2) = (f1 ⊕ f2)(v1, 0) + (f1 ⊕ f2)(0, v2) = (f1 ⊕ f2)(v1, v2)
(16.3.21)

so that f̃ = f1 ⊕ f2 and that map is unique.

As it is often the case with universal properties, we can show that given a vector bundle S and two maps i1 : E1 ! S, i2 : E2 ! S satisfying the

universal properties, then S ' E1 � E2 and the direct sum is essentially unique.

Suppose that both (S, ii) and (E1 ⊕ E2, ji) obey the universal property, in particular

S

Ei E1 ⊕ E2
................................................................................................................................................................... ............

ji
.......................................................................................................................................................................................................................... .........

...

ii

(16.3.22)

Then for the universal property of E1 ⊕ E2 there exists a map φ : E1 ⊕ E2 → S such that φ ◦ ji = ii, while for the universal property of S there exists a map

φ̄ : S → E1 ⊕ E2 such that φ̄ ◦ ii = ji. Thus one has

φ̄ ◦ φ ◦ ji = φ̄ ◦ ii = ji φ ◦ φ̄ ◦ ii = φ ◦ ji = ii (16.3.23)

However, there is one map (the identity map) which has these properties, and for the universal property, this map is unique; thus φ̄ ◦φ = id and φ ◦ φ̄ = id which shows

that S ' E1 ⊕ E2.

Let us remark how the universal property for direct sum is somehow dual to the universal property of product.

Tensor product
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Let us consider two vector bundles E1 = (E1,M, π1,Kn1) and E2 = (E2,M, π2,Kn2) over the same base manifold M . Then we can define a new vector

bundle on M , denoted by E1 
 E2 = (E1 
 E2,M, π⊗,Kn1·n2), called the tensor product of the original vector bundles. The total space E1 
 E2 is

defined as

E1 
 E2 :=
a
x∈M

(E1)x 
 (E2)x (16.3.24)

Accordingly, a point in E1 
 E2 is a pair (x,w) where w : (E1)∗x � (E2)∗x ! K is a bilinear map. The projection π⊗ : E1 
 E2 ! M is defined as

π⊗ (x,w) = x. From what we already know about tensor products of vector spaces, if ei and ea are basis of (E1)x and (E2)x, respectively, the most

general bilinear map is w = wiaei 
 ea and acts as w(α, β) = wiaαiβa.

Notice that the bilinear map w depends on n1 �n2 numbers, while maps in the form v1
 v2 depends on n1 +n2, only. Thus, generally, there are many

elements in E1 
 E2 which are not simply the tensor product of vectors.

To show that E1 
 E2 is a bundle, we construct a local trivialisation t⊗α : π−1
⊗ (Uα)! Uα �Kn1·n2 as

t⊗α (x,w) =
�
x,wia

�
() w = wiaei 
 ea (16.3.25)

where ei and ea are the bases associated to the local trivialisations on E1 and E2, respectively.

Then one has fibered coordinates (xµ, wia) on E1 
 E2. If the old transition functions are(
x′µ = x′µ(x)

v′i1 = Aij(x)vj1

(
x′µ = x′µ(x)

v′a2 = Ba
b (x)vb2

(16.3.26)

then the transition functions of the fibered product are(
x′µ = x′µ(x)

w′ia = Y ia
jb (x)wjb

Y ia
jb (x) = Aij(x)Ba

b (x) (16.3.27)

We can define a fibered morphisms 
 : E1 � E2 ! E1 
 E2 : (v1, v2) 7! v1 
 v2 (which is, of course, bilinear).

These morphisms satisfy the so-called universal property of tensor product (see (13.2.11)): for any vector bundle (E,M, p, V ) on M and any vector

bundle morphisms f : E1 � E2 ! E then there exists a unique vector bundle morphism f̄ : E1 
 E2 ! E such that

E

E1 � E2 E1 
 E2

f̄ � 
 = f

........................................................................................................................... ............



................................................................................................................................................................................................. .........
...

f

.............

.............

.............

.............

.......
.....
.......
.....

f̄

(16.3.28)

In fact, if we denote by f : E1 ⊕ E2 → E : (v1, v2) 7→ f(v1 ⊕ v2) = F (v1, v2) the vector bundle morphism, it is easy to check that the vector morphism f̄ : E1 ⊗ E2 →
E : v1 ⊗ v2 7→ F (v1, v2) has the required property.
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Moreover, let us that suppose there is another vector bundle morphism f̃ : E1 ⊗ E2 → E with the same property, then it is easy to check that

f̃(v1 ⊗ v2) = f̃ ◦ ⊗(v1 ⊕ v2) = f(v1 ⊕ v2) = f̄ ◦ ⊗(v1 ⊕ v2) = f̄(v1 ⊗ v2) (16.3.29)

so that f̃ = f̄ and that map is unique.

As it is often the case with universal properties, we can show that given a vector bundle S and a map � : E1 � E2 ! S satisfying the universal

properties, then S ' E1 
 E2 and the direct sum is essentially unique.

Repeat the argument for direct sum.

4. Jet prolongation

.Next SectionAnother general construction for bundles is jet prolongation.

Given a bundle B = (B,M, π, F ), one can define an equivalence relation among local sections Γx(π) defined around x 2M ,

σ � σ′ () 8f : B ! R 2 F(B), 8γ : R!M, T k0 (f � σ � γ) = T k0 (f � σ′ � γ) (16.4.1)

where again T k0 denotes the kth-degree Taylor polynomial in s = 0 of functions f � σ � γ, f � σ′ � γ : R! R. This is clearly an equivalence relation and

we can define JkxB = Γx(π)/ � and

JkB =
a
x∈M

JkxB (16.4.2)

A point in JkB is denoted by jkxσ and it corresponds to the equivalence class of the local section σ 2 Γx(π).

Let (xµ, yi) be fibered coordinates on B. The function f has local expression f(x, y), the curve γ : s 7→ xµ = γµ(s), the local section σ : xµ 7→ (xµ, yi = σi(x)). Then

the functions

f ◦ σ ◦ γ : s 7→ f(γ(s), σ(γ(s))) f ◦ σ′ ◦ γ : s 7→ f(γ(s), σ′(γ(s))) (16.4.3)

are real functions of a real variable. The corresponding Taylor polynomials for k = 1 are

T 1
0 (f(γ(s), σ(γ(s)))) = f(x, σ(x)) +

(
∂µf(x, σ(x)) + ∂if(x, σ(x))∂µσ

i(x)
)
γ̇µ(0)s

T 1
0 (f(γ(s), σ′(γ(s)))) = f(x, σ′(x)) +

(
∂µf(x, σ′(x)) + ∂if(x, σ′(x))∂µσ

′i(x)
)
γ̇µ(0)s

{
σ(x) = σ′(x)

∂µσ
i(x) = ∂µσ

′i(x)
(16.4.4)

For k = 2, one also has to have(
∂µνf(x, σ(x)) + 2∂µf(x, σ(x))∂νσ

i(x) + ∂ijf(x, σ(x))∂µσ
i(x)∂νσ

j(x) + ∂if(x, σ(x))∂µνσ
i(x)

)
γ̇µ(0)γ̇ν(0) =

=
(
∂µνf(x, σ′(x)) + 2∂µf(x, σ′(x))∂νσ

′i(x) + ∂ijf(x, σ′(x))∂µσ
′i(x)∂νσ

′j(x) + ∂if(x, σ′(x))∂µνσ
′i(x)

)
γ̇µ(0)γ̇ν(0)

(16.4.5)

which, in view of the conditions for equivalence of the case k = 1, simply requires and extra ∂µνσ
i(x) = ∂µνσ

′i(x).
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The two local sections σ and σ′ are in general equivalent iff 

σ(x) = σ′(x)

∂µσ
i(x) = ∂µσ

′i(x)

∂µνσ
i(x) = ∂µνσ

′i(x)

. . .

∂µ1...µkσ
i(x) = ∂µ1...µkσ

′i(x)

(16.4.6)

Then to identify a point in JkB, one needs xµ for the point x ∈ M , yi for the value of the section σi(x), yiµ for the value of ∂µσ
i(x), yiµν for the value of ∂µνσ

i(x)

(though yiµν are meant to be symmetric in (µν)), . . . , yiµ1...µk
for the value of ∂µ1...µkσ

i(x) (though yiµ1...µk
are meant to be symmetric in (µ1 . . . µk)).

One can cover JkB with charts of natural coordinates (xµ, yi, yiµ, y
i
µν , . . . , y

i
µ1...µk

).

We defined a chart on JkB for any fibered chart on B. However, to show that JkB is a smooth manifold we still have to check regularity of transition

functions.

Let (xµ, yi) and (x′µ, y′i) be two sets of fibered coordinates on B related by transition functions{
x′µ = x′µ(x)

y′i = Y i(x, y)
(16.4.7)

They induce first partial derivatives

y′iµ = ∂′µY
i(x, σ(x)) = J̄

ρ
µ

(
J iρ + J ijy

j
ρ

)
(16.4.8)

and second derivatives

y′iµν =J̄
ρ
µν

(
J iρ + J ijy

j
ρ

)
+ J̄

ρ
µJ̄

σ
ν

(
J iρσ + 2J ijµy

j
σ + J ijky

j
ρy
k
σ + J ijy

j
ρσ

)
=
(
J̄
ρ
µνJ

i
ρ + J̄

ρ
µJ̄

σ
νJ

i
ρσ

)
+
(
J̄
σ
µνJ

i
j + 2J̄

ρ
µJ̄

σ
νJ

i
jµ

)
yjσ +

(
J̄
ρ
µJ̄

σ
νJ

i
jk

)
yjρy

k
σ +

(
J̄
ρ
µJ̄

σ
νJ

i
j

)
yjρσ (16.4.9)

The procedure can be iterated at higher orders. Let us first notice that transition functions at any order are smooth. Accordingly, JkB is a smooth manifold. At any

order, one finds that the higher k-order derivatives enter linearly (with coefficients depending on (x, y) only), and a rest which depends on (xµ, yi, yiµ, . . . , y
i
µ1...µk−1

),

i.e. on derivatives up to order (k − 1). The transformation rules of higher order derivatives are in the form

y′iµ1...µk
= Aij

ν1...νk
µ1...µk

(x, y) yjν1...νk +Biµ1...µk
(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) (16.4.10)

Then they are affine transformations of higher order derivatives.

The other function Biµ1...µk
(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) is a polynomial of degree k on (k − 1)-derivatives.

Let us define the projections πkh for any integer 0 � h < k simply by

πkh : JkB ! JhB : (xµ, yi, yiµ, y
i
µν , . . . , y

i
µ1...µk) 7! (xµ, yi, yiµ, y

i
µν , . . . , y

i
µ1...µh) (16.4.11)

which are obviously surjective and maximal rank. Let us also set πk := π � πk0 : JkB !M .

Since transition functions of h-order derivatives just depend on derivatives of order lower than h, we have an (infinite) chain of bundles

. . .! JkB ! Jk−1B ! . . .! J2B ! J1B ! B !M (16.4.12)
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where we identified J0B and B since they are canonically isomorphic.

In view of the general form of transition functions discussed above, each Jk+1B ! JkB is an affine bundle, while for example J2B ! B is not in

general.

For the bundle π2
0 : J2B → B, one has (x, y) for base coordinates and (yiµ, y

i
µν) as coordinates along the fiber. In order for it to be affine, one should have

x′µ = x′µ(x, y)

y′i = Y i(x, y)

y′iµ = Aij
ρσ
µ (x, y) yjρσ +Bij

ρ
µ (x, y)yjρ + Ciµ(x, y)

y′iµν = Di
j
ρσ
µν(x, y) yjρσ + Eij

ρ
µν (x, y)yjρ + F iµν(x, y)

(16.4.13)

while actually, in J2B, one has somehow better behavior (namely, x′µ = x′µ(x), Aij
ρσ
µ = 0, but also worse behaviours as an extra term Gijk

ρσ
µν (x, y)yjρy

k
σ.

Contact structure

Given a section σ : M ! B, one can define a section jkσ : M ! JkB : x 7! jkxσ which is called the k-jet prolongation of the section σ.

If the section σ : M → B has local expression σ : M → B : x 7→ (x, yi = σi(x)) then the local expression of its prolongation is

σ : M → JkB : x 7→ (x, yi = σi(x), yiµ = ∂µσ
i(x), . . . , yiµ1...µk

= ∂µ1...µkσ
i(x)) (16.4.14)

The operation of prolonging a section is analogous to the tangent lift of a curve in a manifold.

Of course, sections in Γ(πk) which are the prolongation of sections σ 2 Γ(π) are a strict subset of sections on JkB. The prolongation jkσ of sections

of σ 2 Γ(π) are called holonomic sections of JkB.

A general section σ̂ in Γ(πk) is locally expressed as

σ̂ : M → JkB : x 7→ (x, yi(x), yiµ(x), yiµν(x), . . . , yiµ1...µk
(x)) (16.4.15)

for unrelated functions (yi(x), yiµ(x), yiµν(x), . . . , yiµ1...µk
(x)), while it is holonomic iff

yiµν(x) = ∂µy
i(x), . . . , yiµ1...µk

(x) = ∂µ1...µky
i(x) (16.4.16)

A p-form ! is a called a contact form iff, for any holonomic section jkσ, one has

(jkσ)∗! = 0 (16.4.17)

The set of all contact forms on JkB is an ideal of the exterior algebra and it is denoted by ΩK(JkB) � Ω(JkB).

Let us consider a 1-form ω = ωµdx
µ + ωidy

i + ωµi dy
i
µ ∈ Ω1(J1B). For it to be a contact form, one should have, for any section σ : xµ 7→ (xµ, yi(x))

(j1σ)∗ω =
(
ωµ + ωiy

i
µ + ωνi y

i
νµ

)
dxµ = 0 ⇐⇒ ωµ + ωiy

i
µ + ωνi y

i
νµ = 0 (16.4.18)
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Being the coefficients functions of (xµ, yi, yiµ), these can be satisfied by

ωµ = −ωiyiµ ωνi = 0 (16.4.19)

Thus the more general contact 1-form on J1B is ω = ωi
(
dyi − yiµdx

µ
)
. Accordingly, any contact 1-form is a linear combination of the basic contact 1-forms

ωi = dyi − yiµdx
µ.

That said, of course, any wedge product of ωi with any other form, on the left and on the right is a contact form as well. However, there are more.

Since the differential is natural, any differential of a contact form is contact as well

(j1σ)∗dω = d
(
(j1σ)∗ω

)
= 0 (16.4.20)

Thus also the 2-form −dωi = dyiµ ∧ dxµ is a contact form. Notice that this is not in the form of a product of a 1-form with ωi.

To summarise, the contact ideal ΩK(J1B) is generated by linear combinations, products on the left and on the right by any form and the differential of the basic

contact 1-forms.

On the second jet bundle J2B, one has basic contact 1-forms

ωi = dyi − yiµdx
µ ωiµ = dyiµ − yiµνdx

ν (16.4.21)

together with their differential

−dωi = dyiµ ∧ dxµ − dωiµ = dyiµν ∧ dxν (16.4.22)

Since we can write −dωi =
(
dyiµ − yiµνdx

ν
)
∧ dxµ = ωiµ ∧ dxµ, it is a product or contact 1-forms. The same cannot be done (on J2B) with dωiµ.

Thus the contact ideal ΩK(J2B) is generated by linear combinations, product on the left and on the right by any form of ωi, ωiµ, dωiµ.

This structures extends to higher orders. Thus the contact ideal ΩK(J3B) is generated by linear combinations, product on the left and on the right by any form of ωi,

ωiµ, ωiµν , dωiµν .

The contact ideal is a characteristic property of jet bundles. Among other things, the contact ideal (almost) allows to split forms on JkB into the

sum of a contact and a horizontal component.

For example, if we consider a 1-form on J1B as ! = ωµdxµ + ωidyi, it can be recast as

! = ωµdxµ + ωidyi = (ωµ + ωiy
i
µ)dxµ � ωi

�
dyi � yiµdxν

�
= (ωµ + ωiy

i
µ)dxµ � ωi!i (16.4.23)

The same happens for higher order forms as the 2-form

� =1
2

�
θµνdxµ ^ dxν +

�
2θiµ � θkiykµ

�
dyi ^ dxµ + θij!

i ^ dyj
�

=

=1
2

�
θµν + (θiµy

i
ν � θiνyiµ � θkiykµyiν)

�
dxµ ^ dxν � 1

2

�
(2θiµ + θijy

j
µ)!i ^ dxµ + θij!

i ^ !j
� (16.4.24)

However, these are not general 1-forms and 2-forms on J1B. For example, the most general 1-form on J1B also has a term ωiµdyiµ which cannot be

split on J1B.
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One would like to split it is as

ωµi dy
i
µ = ωµi ω

i
µ + ωµi y

i
µνdx

ν (16.4.25)

but this is not a splitting on J1B, since it contains second order derivatives.

In general, we can consider a p-form ! on JkB, pull it back on Jk+1B (so that (πk+1
k )∗! does not depend on the differential of the higher derivatives,

namely on dyiµ0...µk
) and then canonically split on Jk+1B into a horizontal and a contact p-form. We shall denote by !H the horizontal part and by

!K the contact part, so that we have

(πk+1
k )∗! = !H � !K (16.4.26)

Let us stress that !H , !K are p-forms on Jk+1B, though.

One can also define the horizontal differential dH which acts on forms on JkB by the ordinary differential, then taking the horizontal part of the

result.

For example, if ω = ωµdx
µ + ωidy

i is a 1-form on J0B, we can compute

dω = ∂νωµdx
ν ∧ dxµ + (∂µωi − ∂iωµ)dxµ ∧ dyi + ∂jωidy

j ∧ dyi (16.4.27)

and then take the horizontal part

dHω =
(
∂νωµ + ∂iωµy

i
ν + (∂νωi + ∂jωiy

j
ν)yiµ

)
dxν ∧ dxµ (16.4.28)

which is a horizontal 2-form on J1B.

That suggests to introduce the operator total derivative dµ = ∂µ + yiµ∂i + . . . which acts on functions on some jet, returning a function on an higher jet prolongation,

which has been differentiated as if it were evaluated on a section.

Total derivative operators

As one does in mechanics (defining the total derivatives with respect to time), one can define total derivatives dµ with respect to base coordinates xµ

of a function f(xµ, yi, yiµ, y
i
µν , . . . , y

i
µ1...µk) on JkB to be a function on Jk+1B, namely

dµf(xλ) := ∂µf(xλ)

dµf(xλ, yk) := ∂µf(xλ, yk) + ∂if(xλ, yk)yiµ

dµf(xλ, yk, ykλ) := ∂µf(xλ, yk, ykλ) + ∂if(xλ, yk, ykλ)yiµ + ∂νi f(xλ, yk, ykλ)yiνµ

. . .

dµf(xλ, yk, ykλ, . . . , y
k
λ1...λk

) := ∂µf(xλ, yk, ykλ, . . . , y
k
λ1...λk

) + ∂if(xλ, yk, ykλ, . . . , y
k
λ1...λk

)yiµ + ∂νi f(xλ, yk, ykλ, . . . , y
k
λ1...λk

)yiνµ+

+ . . .+ ∂ν1...νk
i f(xλ, yk, ykλ, . . . , y

k
λ1...λk

)yiν1...νkµ

(16.4.29)

Total derivatives for any function f 2 F(JkB) have the property

(dµf) � jk+1σ = ∂µ

�
f � jkσ

�
(16.4.30)
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As in mechanics dt takes derivatives of functions as if they were evaluated along a curve, dµ takes derivatives of functions as if they were evaluated

along a section of B.

This notation is very useful, still just a notation for us. We shall use it also by an abuse of language on local functions, e.g. along coordinate functions. For example,

in a chart, one has a local function yi : b 7→ yi(b) which gives the value of the coordinate yi of the point b. Then check that dµy
i = yiµ.

Using total derivatives, one can write transition functions on JkB in compact form8<
:
y′iµ = J̄

ρ
µdρY

i(x, y)

y′iµν = J̄
ρ
µdρ

�
J̄
σ
νdσY

i(x, y)
� (16.4.31)

and so on by iteration.

Jet functor

Let us consider two bundles B = (B,M, π, F ) and B′ = (B′,M ′, π′, F ′) and a strong fibered morphism (Φ, ϕ) : B ! B′ (i.e. with ϕ being a

diffeomorphism).

Given a section σ : M ! B, we can define σ′ := Φ � σ � ϕ−1 : M ′ ! B′ which is automatically a section.

M M ′

B B′

J1B J1B′

J2B J2B′

. . .

JkB JkB′

. . .

.......................................................................................................................................... ............
ϕ

.......................................................................................................................................... ............
Φ

............................................................................................................................. ............
J1Φ

............................................................................................................................. ............
J2Φ

........................................................................................................................... ............
JkΦ

...................................................................................
.....
.......
.....

π

...................................................................................
.....
.......
.....

π′

...................................................................................
.....
.......
.....

(π′)1
0

...................................................................................
.....
.......
.....

π1
0

...................................................................................
.....
.......
.....

(π′)2
1

...................................................................................
.....
.......
.....

π2
1

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

...................................................................................
.....
.......
.....

We have to check that π′ ◦ σ′ = idM ′ . In fact

π′ ◦ Φ ◦ σ ◦ ϕ−1 = ϕ ◦ π ◦ σ ◦ ϕ−1 = ϕ ◦ idM ◦ ϕ−1 = ϕ ◦ ϕ−1 = idM ′ (16.4.32)

Of course, the prescription to define σ′ holds also for local sections.

Then we can define a fibered morphism JkΦ : JkB ! JkB′ defined as

JkΦ : JkB ! JkB′ : jkxσ 7! jkϕ(x)σ
′ (16.4.33)

which is called the k-order jet prolongation of the map Φ.

The morphism JkΦ makes commutative the diagram shown on the side, which of course extends to the whole infinite chain of jet prolongations.

If we consider the identity fibered morphism (idB , idM ) then σ′ = σ and JkidB = idJkB .

If we consider two strong fibered morphisms (Φ, ϕ) : B → B′ and (Ψ, ψ) : B′ → B′′ one has

σ′′ = (Ψ ◦ Φ) ◦ σ ◦ (ψ ◦ ϕ)−1 = Ψ ◦ (Φ ◦ σ ◦ ϕ−1) ◦ ψ−1 = Ψ ◦ σ′ ◦ ψ−1 (16.4.34)

and

Jk(Ψ ◦ Φ) : JkB → JkB′′ : jkxσ 7→ jkψ◦ϕ(x)σ
′′ = jkψ(x′)Ψ ◦ σ

′ ◦ ψ−1 = JkΨ(jkx′σ
′) = JkΨ ◦ JkΦ(jkxσ) (16.4.35)

Then Jk(Ψ ◦ Φ) = JkΨ ◦ JkΦ.

Accordingly, Jk(�) is a covariant functor from the category FibM in itself.

:Notation: :Symbols: :AIndex: :Index:



738 Fiber bundles

Differential equations

Jet bundles are finite dimensional manifolds which account for derivatives of sections up to some (finite) order k. Then, trivially, a differential equation

for sections can be translated into an algebraic relation in the bundle which identifies a submanifold D � JkB.

Consider a manifold M = R× S2 with a metric g = −dt2 + dθ2 + sin2(θ)dφ2. The equation of Laplace for a function is

�f = δdf = ∗d ∗ (∂µfdx
µ) = ∗d(

√
g∂µfg

µαdσα) = ∗∂α(
√
g∂µfg

µα)dσ = 1√
g∂α(

√
g∂µfg

µα) = 0 (16.4.36)

which, in the specific case (
√
g = sin(θ)), becomes

∂2
t f = cos(θ)

sin(θ) ∂θf + ∂2
θf + 1

sin2(θ)
∂2
φf (16.4.37)

Let now consider the bundle F = (M × R,M, p1,R) of scalar functions on M . One can check that there is a one-to-one correspondence between functions of M and

sections of F (due to the fact that the bundle is trivial, and transition functions f(x′) = f(x) agree with glueing conditions for scalar functions).

Fibered coordinates (xµ, y) on F induces natural coordinates (xµ, y, yµ, yµν) on J2F and the Laplace differential equation reads as

y00 = cos(θ)
sin(θ) y1 + y11 + 1

sin2(θ)
y22 (16.4.38)

which defines a submanifold L ⊂ J2F which describes the Laplace equation as a geometric object. May one use other coordinates (e.g. stereographic coordinates on

the sphere) the expression of the Laplace equation would be different, still it would be a different parameterisation of the same submanifold L ⊂ J2F.

We decide to be strict on that. The two different parameterisations for us are the same equation. There are many properties of the paremetrization which are not

properties of submanifold itself. We are choosing to ignore those properties just as we decided to ignore contractions like αµβµ just because they depend on the choice

of the basis.

On the contrary, we are deciding to focus on properties which are properties of the submanifold.

A submanifold D � JkB defines a submanifolds in all jets of order k + h greater than k by taking simply (πk+h
k )−1(D) � Jk+hB. Any differential

equation of order k can be seen as an equation of higher order which does not actually depend on derivatives higher than k.

Vice versa, a differential equation D � JkB is said to be of sharp order k, if there is no lower h < k such that

(πkh)−1
�
πkh(D)

�
= D (16.4.39)

The notion of sharp order is an example of property which does not depend on coordinates and parameterisations. If a differential equation is of order

k, no matter if one changes coordinates on M or coordinates on B (which amounts to redefine the unknown function) the order will still be k.

Since the bundle πkk−1 : JkB ! Jk−1B is affine it makes sense to define quasi-linear differential equations.

A differential equation is called quasi-linear if it is linear in the higher order derivatives, i.e. in the form

Aµ1...µk
i (xλ, yk, ykλ, . . . , y

k
λ1...λk−1

)yiµ1...µk
+Q(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) = 0 (16.4.40)

Analogously, for a quasi-linear system

AAµ1...µk
i (xλ, yk, ykλ, . . . , y

k
λ1...λk−1

)yiµ1...µk
+QA(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) = 0 (16.4.41)

:Index: :AIndex: :Symbols: :Notation:



Jet prolongation 739

This makes sense since we know that higher order derivatives transform as

y′iµ1...µk
= Riν1...νkjµ1...µk

(x, y)yjν1...νk + Siµ1...µk
(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) (16.4.42)

and if a differential equation is quasi-linear in the new coordinates

A′µ1...µk
i (x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

)y′iµ1...µk
+Q′(x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

) = 0 (16.4.43)

in the old ones reads as
A′µ1...µk
i (x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

)Riν1...νkjµ1...µk
(x, y)yjν1...νk+

+A′µ1...µk
i (x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

)Siµ1...µk
(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) +Q′(x′λ, y′k, y′kλ , . . . , y
′k
λ1...λk−1

) = 0
(16.4.44)

That is again quasi-linear, if we define{
Aµ1...µk
i (xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) = A′µ1...µk
i (x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

)Riν1...νkjµ1...µk
(x, y)

Q(xλ, yk, ykλ, . . . , y
k
λ1...λk−1

) = A′µ1...µk
i (x′λ, y′k, y′kλ , . . . , y

′k
λ1...λk−1

)Siµ1...µk
(xλ, yk, ykλ, . . . , y

k
λ1...λk−1

) +Q′(x′λ, y′k, y′kλ , . . . , y
′k
λ1...λk−1

)
(16.4.45)

Let us mention that the part not depending on higher derivatives Q(xλ, yk, ykλ, . . . , y
k
λ1...λk−1

) is sometimes called the tail of quasi-linear equation.

The higher order part Aµ1...µk
i (xλ, yk, ykλ, . . . , y

k
λ1...λk−1

)yiµ1...µk
is called the principal part. (Not to be confused with principal bundles.)

Let us stress here that being quasi-linear has nothing to do with a possible linear structure (or affine structure) of fields. We did not required anything

about the bundle B, nor to be a vector bundle or an affine bundle. Quasi-linear structure is instead something related to the affine structure of jet

prolongations.

This will be particularly relevant when discussing GR. Einstein equations are written for a metric which is not a section of a vector bundle (there is no zero metric).

Still Einstein equations are quasi-linear (together with any variational system of equations).

Let us also remark that we can call degree of a quasi-linear equation the higher order derivatives appearing in the coefficients Aµ1...µk
i of the principal

part.

Since in the transformation of derivatives of order k, one has Riν1...νkjµ1...µk
= J̄

ν1
µ1
. . . J̄

νk
µk
J ij which just depends on (x, y), in general, one has that having degree 0 ≤ h < k

is also preserved by change of coordinates and it is thence an intrinsic property of the equation.

This is also particularly relevant for us since Einstein equations are quasi-linear equations of degree 0.

Notice that requiring that Aµ1...µk
i (x) would in general depend on the coordinate system (unless the bundle B is a vector bundle so that J ij(x) does not depend on y).

For similar reasons, in general, we cannot define quasi-linear equations with constant coefficients. We stress we are not claiming that one cannot have a coordinate

system in which Aµ1...µk
i (x) (or in which Aµ1...µk

i is constant). Just, for us, that is not a property of the equation, in general.

For discussing linear equations also one needs to restrict the bundle B to be a vector bundle. There is nothing like a linear equation for fields which

live in a bundle which is not linear. An equation which happens to be linear in one coordinate system would not be linear in another. On the contrary,

if the bundle B is a vector bundle then transition functions would be in the special form y′i = Aij(x)yj and one has J ij = Aij(x) which, unlike in the

general case, depends on x only.
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Then all prolongations JkB are affine bundles over any lower jet bundle (not just over the one below). Then it makes sense to define a linear differential

equation (second order to keep it simple) as one in the form

Aµνi (x)yiµν +Bµ
i (x)yiµ + Ci(x)yi +D(x) = 0 (16.4.46)

since this form is preserved by changes of coordinates allowed on vector bundles.

.Next Section
5. Connections

We already defined connections on manifolds. They are quite simple objects and still their nature is quite obscure. We shall here give a more general

and geometric definition of connection (on a bundle in general and on a principal bundle in particular). Then connections on the frame bundle L(M)

or, more or less equivalently, on the tangent bundle will specify to the connections on manifolds we already defined. On more general principal bundles,

connections are the geometric counterparts of gauge fields. The bundle framework also provides a very beautifully simple setting to discuss in general

parallel transport and holonomy which have very deep and fundamental implications in physics.

The bad news is that one should discuss at least five or six different equivalent definitions for connection. Each definition is particularly suited to

discuss a class of problems. With some effort, we try to reduce that number of definitions to two.

Definition (16.5.1): A connection on a bundle B = (B,M, π, F ) is a distribution H of subspaces Hb � TbB of rank m = dim(M) such that

Hb � Vb(π) = TbB.

A connection on a principal bundle P = (P,M, π,G), beside being a connection, has to preserve the right action on P , i.e.

TpRg(Hp) = Hp·g (16.5.2)

(in which case, it is called a principal connection, though we shall never consider connections which are not principal on a principal bundle).

Actually, one should require some sort of regularity with respect to the application point b which prevents the subspace from jumping from one position to another for

small displacements of b. The easiest way to obtain that is to require that

H(π) =
∐
b∈B

Hb (16.5.3)

is a subbundle of TB.

By using a connection H, one can split uniquely any vector w 2 TbB into the sum of a horizontal and a vertical part, w = h(w) � v(w). That is a

consequence of being the sum Hb�Vb(π) direct. Notice that even though vertical subspaces are intrinsic on a bundle while horizontal subspace depend

on the connection, nevertheless both the horizontal and vertical parts depend on the connection.

Also, given a vector ξ 2 TxM and b 2 π−1(x) � B there is a unique vector Ξ 2 TbB such that Tbπ(Ξ) = ξ and Ξ 2 Hb.
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Suppose that there are two vectors Ξ,Ξ′ ∈ TbB such that Tbπ(Ξ) = Tbπ(Ξ′) = ξ and Ξ,Ξ′ ∈ Hb. Then Ξ− Ξ′ is still horizontal and Tbπ(Ξ− Ξ′) = 0, i.e. Ξ− Ξ′ is also

vertical. But being the sum between horizontal and vertical vectors direct, that means that the only vector which is horizontal and vertical at the same time is the

zero vector. Thus Ξ = Ξ′ and the vector Ξ is unique.

The vector Ξ is called the horizontal lift of ξ at the point b with respect to the connection H. Knowing the horizontal lift ωb : TxM ! TbB at any

point of any vector is equivalent to know the connection H. In fact, one can define the distribution by setting Hb = ωb(TxM).

The horizontal lift is a family of linear maps ωb : TxM ! TbB or, equivalently, a map ω : B ! T ∗M 
 TB such that Tπ � ω = idTM ; that map is

locally described by

ω = dxµ 

�
∂µ � ωiµ(b)∂i

�
(16.5.4)

By changing fibered coordinates on B, the coefficients ωiµ transform as:

dxµ ⊗
(
∂µ − ωiµ(b)∂b

)
= dx′λ ⊗

(
∂′λ − J̄

µ
λ

(
ωiµ(b)Jji − J

j
µ

)
∂′j

)
(16.5.5)

where we used {
x′µ = x′µ(x)

y′i = Y i(x, y)
⇒

{
∂µ = Jνµ∂

′
ν + J iµ∂

′
i

∂i = Jji ∂
′
j

(16.5.6)

Hence the connection coefficients transform as

ω′jλ (x′, y′) = J̄
µ
λ

(
ωiµ(x, y)Jji − J

j
µ

)
(16.5.7)

For a principal connection, we still have to apply the behaviour with respect to the right action Rg : P ! P : [x, k]α 7! [x, k � g]α

T[x,k]αRg(∂µ) = ∂′µ T[x,k]αRg(∂a) = Rba(g)∂′b (16.5.8)

Let us then define ρA(x, k) := T aAR
b
a(k)∂b which is a right-invariant pointwise basis for vertical vectors on P

T[x,k]αRg(ρA(x, k)) = T aAR
b
a(k)T[x,k]αRg(∂b) = T aAR

c
a(k)Rbc(g)∂′b = T aAR

b
a(k · g)∂′b = ρA(x, k · g) (16.5.9)

A principal connection ω = dxµ 
 �∂µ � ωaµ(x, k)∂a
�

have to obey

T[x,k]αRg
�
dxµ 
 �∂µ � ωaµ(x, k)∂a

��
= dxµ 


�
∂′µ � ωbµ(x, k � g)∂′b

�
(16.5.10)

On the left hand, one has

T[x,k]αRg
�
dxµ 
 �∂µ � ωaµ(x, k)∂a

��
= dxµ 


�
∂′µ � ωaµ(x, k)Rba(g)∂′b

�
(16.5.11)

Thus a principal connection must have coefficients for which

ωbµ(x, k � g) = ωaµ(x, k)Rba(g) (16.5.12)
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Also in this case, condition (16.5.12) tells us that, if we knew ωaµ at a point in a fiber, e.g. at (x, I), then we would know it along the whole fiber. Set

ωaµ(x) := ωaµ(x, I) and we have

ωaµ(x, k) = ωaµ(x)Rba(k) (16.5.13)

Then the most general form for a principal connection is

ω = dxµ 

�
∂µ � ωaµ(x)Rba(k)∂b

�
= dxµ 


�
∂µ � ωaµ(x)TAa T

c
AR

b
c(k)∂b

�
= dxµ 


�
∂µ � ωAµ (x)ρA

�
(16.5.14)

where we set ωAµ := TAa ω
a
µ.

By changing fibered coordinates on P, the basis of vector fields at (x, k) changes to the basis at (x, ϕ · k) as :{
x′µ = x′µ(x)

k′ = ϕ(x) · k
⇒

{
∂µ = Jνµ∂

′
ν + ∂µϕ

a∂′a

∂a = Lba(ϕ)∂′b
⇒

{
∂µ = Jνµ∂

′
ν + ∂µϕ

aR̄Ba (ϕ)ρB(x, ϕ · k)

ρA(x, k) = adCA(ϕ)ρC(x, ϕ · k)
(16.5.15)

where we set R̄Ba (ϕ) := R̄ba(ϕ)TBb
Then

dxµ ⊗
(
∂µ − ωAµ (x)ρA

)
= dx′λ ⊗

(
∂′λ − J̄

µ
λ

(
adCA(ϕ)ωAµ (x)− ∂µϕaR̄Ca (ϕ)

)
ρ′C

)
⇒ ω′Cλ (x′) = J̄

µ
λ

(
adCA(ϕ)ωAµ (x)− R̄Ca (ϕ)∂µϕ

a
)

(16.5.16)

Once we know the local expression of a connection, one has the splitting of a vector Ξ = ξµ∂µ + ξi∂i 2 TbB as

Ξ = ξµ
�
∂µ � ωiµ(b)∂i

�
� (ξi + ξµωiµ)∂i (16.5.17)

and we can set ξiV := ξi + ξµωiµ(b) for the component of the vertical part.

Notice that ξi transforms as ξi = J ijξ
j + ξµJ iµ so that it cannot be put to zero in an intrinsic way. If it is zero in a chart, it is not in another. That is the ultimate

reason why we need connections to define horizontal vectors.

On the contrary, we have

ξ′iV := ξ′i + ξ′µω′iµ(b) = J ijξ
j + ξµJ iµ + ξµJ ijω

j
µ − ξµJ iµ = J ij

(
ξj + ξµωjµ

)
= J ijξ

j
V (16.5.18)

Then if ξjV = 0 in one chart, it is zero in any chart.

For a principal connection on P , one has the splitting of a vector Ξ = ξµ∂µ + ξAρA 2 TpP as

Ξ = ξµ
�
∂µ � ωAµ (x)ρA

�
� (ξA + ξµωAµ (x))ρA (16.5.19)

and we can set ξA(V ) := ξA + ξµωAµ for the components of the vertical part.

One should know that a connection is also in one-to-one correspondence with general sections of the bundle π1
0 : J1B → B and a splitting of the Whitney sequence of

vector bundles

0→ V (B)→ TB → TM → 0 (16.5.20)

:Index: :AIndex: :Symbols: :Notation:



Connections 743

As one should know that a principal connection is also in one-to-one correspondence with general sections of the bundle J1P/G, or that it can be described in terms

of a 1-form over P with values in the Lie algebra g.

We shall try to go along with our ignorance and live just by knowing an intrinsic and a local characterization for connections.

Associated connections

A principal connection H on P induces a connection in any associated bundle P �λ F .

In fact, at the point [p, f ]λ 2 P �λ F , we can define the subspace H[p,f ]λ = TpΦf (Hp) along the map Φf : P ! P �λ F : p 7! [p, f ]λ.

We just have to show the definition is well-posed, i.e. independent of the representative, in fact

H[p·g−1,g·f ]λ = Tp·g−1Φg·f (Hp·g−1) = Tp·g−1Φg·f ◦ TpRg−1(Hp) = Tp
(
Φg·f ◦Rg−1

)
(Hp) = TpΦf (Hp) = H[p,f ]λ (16.5.21)

where we used the fact that

Φg·f ◦Rg−1 : P → P ×λ F : p 7→ p · g−1 7→ [p · g−1, g · f ]λ = [p, f ]λ ⇒ Φg·f ◦Rg−1 = Φf (16.5.22)

The family of subspaces H[p,f ]λ is a connection on P �λ F .

Let us consider a vector Ξ̂ ∈ T[p,f ]λP ×λ F which belongs to H[p,f ]λ and V[p,f ]λ . Then one has for some Ξ ∈ Hp

Ξ̂ = TpΦf (Ξ) (16.5.23)

But Ξ̂ is also vertical, hence Tπλ(Ξ̂) = 0, then Tπλ ◦ TpΦf (Ξ) = Tp(πλ ◦ Φf )(Ξ) = 0. However, πλ ◦ Φf : P → M : p 7→ [p, f ]λ → π(p). Accordingly, Tpπ(Ξ) = 0 and

also Ξ is vertical. But if Ξ is vertical and horizontal then it is Ξ = 0, and then Ξ̂ = 0. Hence, H[p,f ]λ ⊕ V[p,f ]λ(πλ) is a direct sum.

To show that H[p,f ]λ is a connection on P ×λ F , we just have to show that a vector Ξ̂ ∈ T[p,f ]λP ×λ F can be expanded as a sum of a vertical and an horizontal vector.

Let us start by considering the horizontal vector h(Ξ̂) := TΦf ◦ ω ◦ Tπλ(Ξ̂) ∈ H[p,f ]λ where ω denotes the horizontal lift on P . We just have to show that Ξ̂− h(Ξ̂) is

vertical. For,

Tπλ(Ξ̂− h(Ξ̂)) = Tπλ(Ξ̂)− T (πλ ◦ Φf ) ◦ ω ◦ Tπλ(Ξ̂) = Tπλ(Ξ̂)− Tπ ◦ ω ◦ Tπλ(Ξ̂) = Tπλ(Ξ̂)− Tπλ(Ξ̂) = 0 (16.5.24)

Then let us denote by v(Ξ̂) := Ξ̂− h(Ξ̂) ∈ V (πλ) and one has that any Ξ̂ ∈ T[p,f ]λP ×λ F can be split as

Ξ̂ = h(Ξ̂)⊕ v(Ξ̂) (16.5.25)

The connection H[p,f ]λ defined on P �λ F is called the associated connection to the principal connection H on P.

All this is important because it shows that connections are always induced by principal connections. Remember that, in the physical applications, all

the bundles we shall consider will be somehow associated to a principal bundle and this is a safe way to characterise connections.

The general definition above, however, is quite weak when it is time to actually compute the associated connection. Thus let us collect some examples

of how connections are actually dealt with.

Connections on the frame bundle
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We already showed that the frame bundle L(M) is a principal bundle for the group GL(m) and with fibered coordinates (xµ, eµa). Transition functions

are given in the form (
x′µ = x′µ(x)

e′µa = Jµν (x)eνa
(16.5.26)

The right action of G on L(M) is given by Rα : L(M)! L(M) : ea 7! ebα
b
a.

We need a right-invariant pointwise basis of vertical vectors on L(M). Let us just consider the (local) vector fields

ρµν = eµa∂
a
ν (16.5.27)

They are vertical and independent. Then let us just check that they are right-invariant.

The tangent map of the right action is {
TRα(∂µ) = ∂µ

TRα(∂aµ) = αab∂
′b
µ

(16.5.28)

Then we have

TRα(ρµν (xλ, eλc )) = eµaTRα(∂aν ) = eµaα
a
b∂
′b
ν = e′µa ∂

′b
ν = ρµν (x′λ, e′λc ) (16.5.29)

Since we have a right-invariant basis of vertical vectors, we know that any principal connection on L(M) can be written as

ω = dxµ 

�
∂µ � Γαβµ(x)ρβα

�
(16.5.30)

Then at least principal connections are locally described by a set of coefficients Γαβµ(x) as we defined above. A crucial role is played by transformation

rules. Both coefficients of principal connections and connections on a manifold come with a transformation rule. If we want to identify principal

connections and connections on a manifold, they must come with the same transformation rule so that local descriptions glue together to become a

global identification.

Transformation rules for coefficients of a principal connection have been obtained above in general for an arbitrary connection, in an arbitrary principal

bundle. The framework we set up for that is quite complex; it encodes the specific group in a number of matrices LaA, R
a
A, adAB, . . . which depend on

the details of the group involved. Instead of specifying the result, it is probably better and simpler to get inspiration from the method and repeat the

computation from scratch.

We have to determine how Γαβµ transform under a change of fibered coordinates (16.5.26) on L(M). The basis of vectors changes as{
∂µ = Jνµ∂

′
ν + Jενµe

ν
a∂
′a
ε

∂aν = Jµν ∂
′a
µ

⇒

{
∂µ = Jνµ∂

′
ν + Jενµe

ν
a∂
′a
ε = Jνµ∂

′
ν + JενµJ̄

ν
λρ
′λ
ε

ρµν = eµa∂
a
ν = Jενe

′µ
a ∂
′a
ε = J̄

µ
λρ
′λ
ε J

ε
ν

(16.5.31)

Then the connection on L(M) transforms as

ω = dxµ ⊗
(
∂µ − Γαβµρ

β
α

)
= dx′λ ⊗

(
∂′λ −

(
JεαΓαβµJ̄

β
σJ̄

µ
λ − J̄

µ
λJ

ε
νµJ̄

ν
σ

)
ρ′σε

)
= dx′λ ⊗

(
∂′λ − Jεα

(
ΓαβµJ̄

β
σJ̄

µ
λ + J̄

α
σλ

)
ρ′σε

)
(16.5.32)
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i.e.

Γ′εσλ(x′) = Jεα

(
Γαβµ(x)J̄

β
σJ̄

µ
λ + J̄

α
σλ

)
(16.5.33)

which are exactly the transformation rules we postulated for connections on manifolds.

We can then identify connections on manifolds with principal connections on the frame bundles. This identification is not just a matter of notation

or curiosity. There are operations and structures that we defined for principal connections which in view of this identification extends as they are to

connections on manifolds.

Connections on the tangent bundle

The tangent bundle TM = L(M)�λ Rm can be defined as an associated bundle to L(M). A connection ω = dxµ 

�
∂µ � Γαβµρ

β
α

�
on L(M) induces

an associated connection ω̂ on TM . The horizontal spaces of the connection ω are

H = Span
�
∂µ � Γαβµρ

β
α

�
(16.5.34)

The map Φv : L(M)! TM : ea 7! [ea, v]λ is locally given by Φv : (xµ, eµa) 7! (xµ, vµ = eµav
a). Then its tangent map is(

TΦv(∂µ) = ∂µ

TΦv(∂
a
µ) = va∂̇µ

where we set ∂̇µ =
∂

∂vµ
(16.5.35)

Then the horizontal subspaces in TM are given by

Ĥ = Span
�
∂µ � Γαβµv

β ∂̇α

�
(16.5.36)

and the associated connection on the tangent bundle is

ω̂ = dxµ 

�
∂µ � Γαβµv

β ∂̇α

�
(16.5.37)

We can repeat the same thing on the cotangent bundle. The map Φ∗α : L(M)! T ∗M : ea 7! [ea, α]λ is locally given by Φ∗α : (xµ, eµa) 7! (xµ, αµ = αae
a
µ),

where eaµ denotes the inverse matrix of eµb .

Then its tangent map is (
TΦ∗α(∂µ) = ∂µ

TΦ∗α(∂aµ) = �αbebµeaν∂ν
where we set ∂µ =

∂

∂αµ
(16.5.38)

Then the horizontal subspaces in T ∗M are given by

Ĥ∗ = Span
�
∂µ + Γαβµαα∂

β
�

(16.5.39)

and the associated connection on the tangent bundle is

ω̂∗ = dxµ 

�
∂µ + Γαβµαα∂

β
�

(16.5.40)
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Connections induced on tensor bundles

As usual, once one knows how to deal with tangent vectors and covectors, then the extension to any tensor field is easy. For example, the tensor

bundle T 1
1 (M) of (1, 1)-tensors is also associated to L(M) with an action which comes from the transformation rules of (1, 1)-tensors, namely

λ : GL(m)� T 1
1 ! T 1

1 : (J, tab ) 7! t′ab = Jac t
c
dJ̄

d
b (16.5.41)

so that we have fibered coordinates (xµ, tµν := eµat
a
be
b
ν) on T 1

1 (M).

The map Φt : L(M)! T 1
1 (M) : ea 7! [ea, t]λ is locally given by Φt : (xµ, eµa) 7! (xµ, tµν = eµat

a
be
b
ν). Then its tangent map is(

TΦt(∂µ) = ∂µ

TΦt(∂
a
µ) = eaαt

α
ν∂

ν
µ � tρµeaν∂νρ

where we set ∂νµ =
∂

∂tµν
(16.5.42)

from which we get

TΦt(ρ
ν
µ) = tνρ∂

ρ
µ � tρµ∂νρ (16.5.43)

Then the horizontal subspaces in T 1
1 (M) are given by

Ĥ = Span
�
∂µ � Γαβµt

β
ρ∂

ρ
α + Γαβµt

ρ
α∂

β
ρ

�
(16.5.44)

and the associated connection on the tangent bundle is

ω̂ = dxµ 

�
∂µ � Γαβµt

β
ρ∂

ρ
α + Γαβµt

ρ
α∂

β
ρ

�
(16.5.45)

So one sees the usual rule appearing: one term for each index, with a sign for any up index, with the opposite sign for lower indices.

Since we are about it, let us consider a vector density fµ of weight w. Because of the weight, the map Φf : L(M) ! D1(M) is locally given by

Φf : (xµ, eµa) 7! (xµ, fµ = det−w(e)eµaf
a). Then its tangent map is8<

:
TΦf (∂µ) = ∂µ

TΦf (∂aµ) = eaαf
α ∂

∂fµ
� weaµfρ

∂

∂fρ
(16.5.46)

from which we get

TΦf (ρνµ) = fν
∂

∂fµ
� wδνµfρ

∂

∂fρ
(16.5.47)

Then the horizontal subspaces in D1(M) are given by

Ĥ = Span

�
∂

∂xµ
� Γαβµf

β ∂

∂fα
+ wΓααµf

ρ ∂

∂fρ

�
(16.5.48)

:Index: :AIndex: :Symbols: :Notation:



Connections 747

and the associated connection on D1(M) is

ω̂ = dxµ 

�

∂

∂xµ
� Γαβµf

β ∂

∂fα
+ wΓααµf

ρ ∂

∂fρ

�
(16.5.49)

from which one can see how the weight contributes by its own term.

Here the essential thing to catch is that one can compute the induced connection (and, consequently, define the covariant derivative as below) of an

object. No need to guess it. Rather on the contrary, the connection (and later the covariant derivative) is linked to the bundle in which objects live;

if one needs to add terms to the covariant derivative to make things work, that is a powerful indication that objects have been regarded as sections of

the wrong bundle.

We find many instances of this issue. When we introduced charged Klein–Gordon field, we saw that it is wise to modify the derivative to

A

∇µϕ =
∗
∇µϕ− iqAµϕ (16.5.50)

to take into account the coupling to the electromagnetic field; see (1.6.102). This is an indication that the field ϕ is not a scalar field, i.e. it is not a section of the bundle

M ×R. If it were, it would transform as a scalar field, i.e. as ϕ′(x′) = ϕ(x). While this is done to account for gauge transformations, under which the field transforms

as ϕ′ = eiqαϕ; see (1.6.101), it precisely tells us that it is not a scalar field. That is why one introduces it as a section of a bundle (P ×λ C) which is associated to a

U(1)-principal bundle P . If one considers the induced connection on (P × λC) induced by the electromagnetic field Aµ which is there regarded exactly as a connection

on P , then it would find

ω̂ = dxµ ⊗
(

∂

∂xµ
+ iqAµϕ

∂

∂ϕ
− iqAµϕ†

∂

∂ϕ†

)
(16.5.51)

which precisely accounts for the modified gauge-covariant derivative.

A similar situation happens with Vielbein, which, in fact, are not sections of L(M); compare with (2.7.62) where the covariant derivative gets an extra term from the

spin connection which would not be there if they were sections of L(M).

Covariant derivatives of sections

Given a connection ω in a bundle B = (B,M, π, F ), we have two ways of lifting base vectors.

One is the horizontal lift ωb(ξ) 2 TbB, the second is by the map Txσ : TxM ! Tσ(x)B. Then by choosing b = σ(x) we can define

rξσ = Tσ(ξ)� ω(ξ) (16.5.52)

The vector Tσ(ξ)� ω(ξ) 2 Tσ(x)B is vertical.

In fact, we have

Tπ (Tσ(ξ)− ω(ξ)) = T (π ◦ σ)(ξ)− idTxM (ξ) = idTxM (ξ)− idTxM (ξ) = 0 (16.5.53)

Then rξσ is a vertical vector field defined on the image of σ, i.e. a section of the bundle π : V (B)!M (which covers the section σ).

Locally, one has

∇ξσ = Tσ(ξ)− ω(ξ) = ξµ
(
∂µσ

i(x) + ωiµ(x, σ(x))
)
∂i (16.5.54)
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This is the most general notion of covariant derivative. It applies to any object which can be seen as a section on a bundle on which a connection

is defined. For example, tensor fields are sections of bundles which are associated to L(M). Then a connection on L(M) induces a connection on

all tensor bundles, and then the covariant derivatives of tensor fields is defined. Finally, one uses a number of coincidences which happen on tensor

bundles to obtained the covariant derivatives as we defined them above.

Let us stress that, by this framework, covariant derivatives are not defined as better behaving derivatives (as we did above). They can be computed

since they are induced by the connection on L(M).

A section X : M ! TM of the tangent bundle is a vector field locally given by X : xµ 7! (xµ, Xµ(x)). Its covariant derivatives is defined as

rξX = ξµ
�
∂µX

α + ΓαβµX
β
�
∂̇α (16.5.55)

Now, except for the fact that this is a vertical vector on TM (or, better, a section of V TM ! M) instead of being a section of TM , the local

expression rµXα = ∂µX
α + ΓαβµX

β exactly reproduces the definition we gave above.

On V TM , we can define the swap map which maps sections of V TM →M to sections of TM .

On V TM , one has coordinates (xµ, vµ, ξµ) defining a vertical vector Ξ = ξµ∂̇µ at the point (x, v) ∈ TM . By changing coordinates on M , one gets transition functions

in the form 
x′µ = x′µ(x)

v′µ = Jµν (x)vν

ξ′µ = Jµν (x)ξν

(16.5.56)

[This is obtained simply by noticing that the basis for vertical vectors changes as ∂̇µ = Jνµ ∂̇
′
ν .]

Since vµ and ξµ transform in the same way, one can define a global map which is locally represented by

swap : V TM → V TM : (xµ, vµ, ξµ) 7→ (xµ, ξµ, vµ) (16.5.57)

By denoting with τ : V TM → TM the bundle projection, one has that τ ◦ swap ◦ ∇ξX : M → TM : xµ → (xµ, ξµ
(
∂µX

α + ΓαβµX
β
)

), i.e. a vector field

τ ◦ swap ◦ ∇ξX := ξµ
(
∂µX

α + ΓαβµX
β
)
∂α (16.5.58)

which agrees with the definition given above.

Then in current notation, the covariant derivative of a vector field X defines a vector field τ ◦ swap ◦∇ξX which is also, by an abuse of notation, also denoted as ∇ξX
by understanding swap map and projection.

Similar swap maps exist in all tensor bundles and they behaves as on the tangent bundle. Then we have a fundamental notion of covariant derivative

which is defined on sections, but it is not section on the same bundle. When the swap map is there one can transform that general covariant derivative

into the usual one so that the covariant derivative of a tensor field is a tensor field of the same rank.

Parallel transport

Let P = (P,M, π,G) be a principal bundle, H be a (principal) connection on it, and γ : [0, 1]!M be a curve in the base space M .

:Index: :AIndex: :Symbols: :Notation:



Connections 749

A curve γ̂ : [0, 1]! P is called a lift of γ iff π � γ̂ = γ. Of course, for any curve γ, one has infinitely many lift curves γ̂.

A general curve is locally expressed in a trivialisation as γ̂ : [0, 1] → P : s 7→ (x(s), g(s)). That is a lift of γ : [0, 1] → M : s 7→ x = γ(s) iff x(s) = γ(s). The vertical

part of the curve, namely g(s), is completely unconstrained.

Among all possible lifts of a curve γ, we call horizontal lift the curve which has the tangent vector γ̂ that is horizontal.

The tangent vector to γ̂ is
˙̂γ(s) = (γ(s), γ̇µ(s)∂µ + ġa(s)∂a) (16.5.59)

That is horizontal iff

γ̇µ∂µ + ġa∂a = γ̇µ
(
∂µ − ωAµ (γ(s))ρA

)
⇒ ġb(s) = γ̇µ(s)ωAµ (γ(s))T aAR

b
a(g(s)) (16.5.60)

Now since, for a given curve γ(s) and a given connection ωAµ (x), one has that{
ġb(s) = γ̇µ(s)ωAµ (γ(s))RbA(g(s))

g(0) = k
(16.5.61)

is a well-posed Cauchy problem, the solution exists and it is unique.

Then any curve γ in M allows a unique horizontal lift γ̂ based at a point p = [x, k].

If γ̂ is the horizontal lift of a curve γ and γ̂(0) = [x, k]α (in the local trivialisation tα), let us consider the curve Rg ◦ γ̂. Since the right action is vertical, it is another

lift of γ and Rg ◦ γ̂(0) = [x, k · g]α. Moreover, the tangent vector to the curve Rg ◦ γ̂ is

TRg ◦ ω(γ̇(s)) (16.5.62)

But TRg ◦ ω = ω since the connection is principal. Then Rg ◦ γ̂ is a horizontal lift of γ. In view of uniqueness, it is the horizontal lift of γ bases at the point

p · g = [x, k · g]α.

In other words, the right action translates vertically horizontal lifts into horizontal lifts.

If the curve γ goes from γ(0) = x to γ(1) = x′, we set a starting point p 2 π−1(x), and denote by γ̂p the only horizontal lift of γ based at p, then we

have an isomorphism PH [γ] : π−1(x)! π−1(x′) : p 7! γ̂p(1) which is called the parallel transport along the curve γ with respect to the connection H.

The map PH [γ] : π−1(x)→ π−1(x′) is one-to-one.

One can, in fact, prove that the parallel transport PH [σ] : π−1(x′)→ π−1(x) along the curve σ(s) = γ(1− s) is the inverse to PH [γ]. For, one just need to notice that

σ̂PH [γ](p)(s) = γ̂p(1− s) is the horizontal lift of σ.

Let us just remark that, unlike the usual setting, here we are not parallelly transporting tangent vectors, but we are more generally transporting points in the fibers of

a principal bundle.

Moreover, if we know parallel transport of a point p, e.g. PH [γ](p) = p′, then we know parallel transport of the whole fiber

PH [γ] : π−1(x)! π−1(x) : p � g 7! p′ � g (16.5.63)

:Notation: :Symbols: :AIndex: :Index:



750 Fiber bundles

If Ĥ is the associated connection to H on the associated bundle P �λ F and γ̂ : [0, 1] ! P is the horizontal lift of γ based at p 2 π−1(x) then the

curve

γ̂λ : [0, 1]! P �λ F : s 7! [γ̂(s), f ]λ (16.5.64)

is the horizontal lift of γ with respect to the associated connection Ĥ based at the point [p, f ]λ 2 P �λ F .

One simply has to check that the tangent vector to γ̂λ = Φf ◦ γ̂ is horizontal.

Since γ̂ is a horizontal lift, its tangent vector v at the point p is horizontal. Then the tangent vector to γ̂λ is given by TpΦf (v) ∈ H[p,f ]λ is horizontal for the associated

connection.

Then one can define parallel transport PĤ [γ] : π−1
λ (x)! π−1

λ (x′) : γ̂λ(0) 7! γ̂λ(1) on the associated bundle as well.

A curve in TM is locally expressed as γ̂ : s 7! (γµ(s), vµ(s)) and it is a horizontal lift of the curve γ in M iff

γ̇µ∂µ + v̇α∂̇α = γ̇µ
�
∂µ � Γαβµv

β ∂̇α

�
v̇α(s) + Γαβµ(γ(s))vβ(s)γ̇µ(s) = 0 (16.5.65)

This agrees with equation which determines parallel transport of vectors v = vα∂α along a curve γ.

Holonomy

Let us stress once for all, that parallel transport of points in the fibers is by no means an element of the group G. In fact, if PH [γ](p) = p′, then

p 2 π−1(x) and p′ 2 π−1(x′) live in different fibers. The only way to define an element g 2 G from parallel transport along an open curve is using a

trivialisation. A different story is when γ is a closed curve, i.e. a loop. In that case x′ = x and γ̂(0), γ̂(1) 2 π−1(x) are in the same fiber. The parallel

transport along a loop is called holonomy and it is denoted by HH [γ] : π−1(x)! π−1(x).

First of all, one can define the group:

HH = fHH [γ] : γ : [0, 1]!M is a loopg � Diff(π−1(x)) (16.5.66)

The set HH is a subgroup of Diff(π−1(x)). The constant loop e : [0, 1]→M : s 7→ x induces the trivial homology HH [e] = id ∈ HH .

If h1 ∈ HH is induced by the loop α1 and h2 ∈ HH is induced by the loop α2, then we can define a loop α1 ∗ α2 defined by

α1 ∗ α2 : [0, 1]→M : s 7→

{
α2(2s) 0 ≤ s ≤ 1

2

α1(2s− 1) 1
2 ≤ s ≤ 1

(16.5.67)

Hence one has HH [α1 ∗ α2] = HH [α2] ◦ HH [α1] ∈ HH .

The subgroup HH is called holonomy group of the connection H based at x 2M .

We can also realize the group HH as a subgroup of G. Let us fix p 2 π−1(x), so that HH [α](p) 2 π−1(x) is again in the same fiber for any loop α.

For two points in the same fiber, we know there is one and only one element g 2 G such that HH [α](p) = p � g. We already showed that g does not

depend on the local trivialisation. It is equivalent to show that the right action on P does not. Then we can define the map jp : HH ! G : HH [γ] 7! g−1

where g is the element in G for which HH [α](p) = p � g. The image of the map jp is a subgroup of G denoted by HpH and called the holonomy group of

the connection H at the point p 2 π−1(x).
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The inverse appearing here may seem strange. It is set because one can provide the set of loops (suitably quotiented) with a group structure (with the product given

by α1 ∗ α2 defined above). The inverse in the definition is set so that the map Loop(M)→ Hp is a group homomorphism.

This is simply due to the fact that we defined the product of loops is such a way that HH [α1 ∗ α2] = HH [α2] ◦ HH [α1] ∈ HH reverses the order.

If we change the base point p to p � k, one has

HH [γ] : π−1(x)! π−1(x) : p 7! p � g HH [γ](p � k) = p � k � (k−1 � g � k) (16.5.68)

Thus, if the holonomy along the loop γ of the point p is described by g−1, the holonomy of the point p � k is described by k−1 � g−1 � k. Then

Hp·kH = k−1 � HpH � k (16.5.69)

Holonomy is the starting points for classification for connections. It allows to define quantities associated to connections which are inveriant with

respect to gauge transformations and are then associated to (and, in the end, completely classify; see [21]) gauge classes of connections.

6. The curvature of a principal connection

.Next SectionUnlike what happens with ordinary derivatives, covariant derivatives do not need to commute.

We already saw that happening for the connections on manifolds; see (14.2.46). And that happens for pretty much all tensorial objects.

For a 1-form α ∈ Ω1(M) we have

[∇µ,∇ν ]αρ =
(
∇µ(dναρ − Γλρναλ)

)
− [µν] =

(
dνµαρ − dµΓλρναλ − Γλρνdµαλ − Γλνµ∇λαρ − Γσρµ(dνασ − Γλσναλ)

)
− [µν] =

=−
(
dµΓλρν − dνΓλρµ + ΓσρµΓλσν − ΓσρνΓλσµ

)
αλ = −Rλρµναλ

(16.6.1)

For a tensor t ∈ T 1
1 (M) tensor we have:

[∇µ,∇ν ]tσρ =
(
∇µ(dνt

σ
ρ − Γλρνt

σ
λ + Γσλνt

λ
ρ)
)
− [µν] =

=

(
−dµΓλρνt

σ
λ + dµΓσλνt

λ
ρ − Γλρνdµt

σ
λ + Γσλνdµt

λ
ρ + Γσθµ(dνt

θ
ρ − Γλρνt

θ
λ + Γθλνt

λ
ρ)− Γθρµ(dνt

σ
θ − Γλθνt

σ
λ + Γσλνt

λ
θ )− Γθνµ∇νtσρ

)
− [µν] =

=
(
dµΓσλν − dνΓσλµ + ΓσθµΓθλν − ΓσθνΓθλµ

)
tλρ −

(
dµΓλρν − dνΓλρµ + ΓθρµΓλθν − ΓθρνΓλθµ

)
tσλ = Rσλµνt

λ
ρ −Rλρµνtσλ

(16.6.2)

Actually, for a general tensor, we have one term for each index with the sign depending on the position. We can also consider a vector density f ∈ D1 of weight w (see

above (14.2.19)):

[∇µ,∇ν ]fσ =
(
∇µ(dνf

σ + Γσλνf
λ − wΓλλνf

σ)
)
− [µν] =

=
(
dµΓσλνf

λ − wdµΓλλνf
σ + Γσλνdµf

λ − wΓλλνdµf
σ + Γσθµ(dνf

θ + Γθλνf
λ − wΓλλνf

θ)− wΓθθµ(dνf
σ + Γσλνf

λ − wΓλλνf
σ)
)
− [µν] =

=
(
dµΓσλν − dνΓσλµ + ΓσθµΓθλν − ΓσθνΓθλµ

)
fλ − w

(
dµΓλλν − dνΓλλµ

)
fσ − w

((
ΓσλµΓθθν − ΓσλµΓθθν

)
fλ
)
− [µν] =

=
(
dµΓσλν − dνΓσλµ + ΓσθµΓθλν − ΓσθνΓθλµ

)
fλ − w

(
dµΓλλν − dνΓλλµ + ΓλσµΓσλν − ΓλσνΓσλµ

)
fσ = Rσλµνf

λ − wRλλµνfσ

(16.6.3)
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which accounts for the contribution due to the weight w (which, of course, vanishes when one is using a Levi Civita connection).

In all tensorial cases, the non-commutation of covariant derivatives is controlled by the curvature tensor (14.2.47).

We can do pretty much the same thing for a principal connection ω = dxµ(∂µ � ωAµ (x)ρA) on a principal bundle P . The easiest way is to consider

the associated bundle P �ad g obtained from the adjoint representation ad : G � g ! g, the sections of which are in one-to-one correspondence with

sections of the bundle (V P,M, τ, g), i.e. with vertical vector fields Ξ = ξAρA (defined on a section) in P ; transition functions are(
x′µ = x′µ(x)

ξ′A = adAB(ϕ)ξB
(16.6.4)

The map Φξ : P ! P �ξ g : (x, g) 7! (x, adAB(g)ξB) defines the tangent map

TΦξ(∂µ) = ∂µ TΦξ(∂a) = ∂aadAB(e)ξB∂A () TΦξ(ρC) = RaC(e)∂aadAB(e)ξB∂A = �cABCξB∂A) (16.6.5)

where we used identity (15.1.43). Thus the induced connection is

ω = dxµ 

�
∂µ � ωCµ cACBξB∂A

�
(16.6.6)

and the corresponding covariant derivative reads as

rµξA = dµξ
A + cABCω

B
µ ξ

C (16.6.7)

The covariant derivative ∇µξA is a section of a bundle associated to P ×M L(M) and one needs also a connection Γαβµ on M to define the covariant derivative. Show

that one has

∇µ∇νξA = dµ∇νξA + cABCω
B
µ∇νξC − Γλνµ∇λξA (16.6.8)

Now we can compute the commutator

[rµ,rν ]ξA =

�
dνµξ

A
+ cABCdµω

B
ν ξ

C + cABCω
B
ν dµξ

C + cABCω
B
µ

�
dνξ

C + cCEDω
E
ν ξ

D
��
� [µν] =

=cABC

�
dµω

B
ν � dνωBµ + 2cBDEω

D
µ ω

E
ν

�
ξC +

�
cADEc

D
CB + cADBc

D
EC

�
ωBµ ω

E
ν ξ

C =

=cABC

�
dµω

B
ν � dνωBµ + 2cBDEω

D
µ ω

E
ν

�
ξC � cABC

�
cBDEω

D
µ ω

E
ν

�
ξC =

=cABC

�
dµω

B
ν � dνωBµ + cBDEω

D
µ ω

E
ν

�
ξC =: cABCF

B
µνξ

C

(16.6.9)

where we set

FA
µν := dµω

A
ν � dνωAµ + cABCω

B
µ ω

C
ν (16.6.10)

In view of ad-invariance of structure constants, this object must transform as

F ′Aµν = adAB(ϕ)FBρσJ̄
ρ
µJ̄

σ
ν (16.6.11)
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Thus we define the curvature of the principal connection ω to be the (gauge invariant) 2-form F valued in the Lie algebra g defined as

F = 1
2F

A
µνρA 
 dxµ ^ dxν (16.6.12)

Notice that, in general, the coefficients of the curvature are ad-covariant, not invariant. Thus they are not in general gauge invariant and in a gauge theory they are

not observables.

However, there are combinations of them which happens to be gauge invariant. They are called invariant polynomials, e.g. the trace (in the Lie algebra) is an ad-invariant

polynomial in matrix groups, as well as the trace of powers. In a general gauge theory, the invariant polynomials are observables, while the curvature itself is not. Of

course, in electromagnetism the gauge group U(1) is commutative, the adjoint action is trivial and the curvature is observable, though that is a special property of

electromagnetism.

We can show that one has Bianchi identities for the curvature, namely

r[λF
A
µν] = 0 (16.6.13)

The covariant derivative of the curvature is defined as

∇λFAµν =dλF
A
µν + cABCω

B
λ F

C
µν − ΓρµλF

A
ρν − ΓρνλF

A
µρ (16.6.14)

Thus one has
∇[λF

A
µν] =cABCdλω

B
µ ω

C
ν − cABCdλωBν ωCµ − cABCFBµνωCλ + cABCdµω

B
ν ω

C
λ − cABCdµωBλ ωCν − cABCFBνλωCµ +

+cABCdνω
B
λ ω

C
µ − cABCdνωBµ ωCλ − cABCFBλµωCν =

=cABC
(
dλω

B
µ − dµωBλ − FBλµ

)
ωCν + cABC

(
dνω

B
λ − dλωBν − FBνλ

)
ωCµ + cABC

(
dµω

B
ν − dνωBµ − FBµν

)
ωCλ =

=− cABCcBDE
(
ωDλ ω

E
µ ω

C
ν + ωDν ω

E
λ ω

C
µ + ωDµ ω

E
ν ω

C
λ

)
= −

(
cABCc

B
DE + cABDc

B
EC + cABEc

B
CD

)
ωDλ ω

E
µ ω

C
ν = 0

(16.6.15)

7. Lie derivatives of a section

.Next SectionOn bundles, we have the most general definition of Lie derivative (of a section) which then specialises on different bundles (e.g. on tensor bundles) to

the Lie derivative defined in differential geometry. We shall here present the most general definition which applies in general to sections of any bundle.

To obtain the classical prescriptions of differential geometry, one needs more ingredients, namely to consider natural objects, i.e. sections in a natural

bundle; see below next Chapter.

In general, let (B,M, π, F ) be a bundle, Ξ 2 X(π) be a projectable vector field which projects onto ξ 2 X(M) and σ a section of B.

We can define the Lie derivative of the section σ with respect to the vector field Ξ to be the vertical vector field defined on σ defined as

£Ξσ = Tσ(ξ)� Ξ � σ (16.7.1)
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It is a vertical vector defined on σ, in fact

Tπ ◦£Ξσ = Tπ ◦ Tσ(ξ)− Tπ ◦ Ξ ◦ σ = ξ − ξ = 0 (16.7.2)

and

£Ξσ(x) ∈ Tσ(x)B (16.7.3)

The Lie derivative is also linear with respect to Ξ.

In fibered coordinates, one has σ : M ! B : xµ 7! (xµ, yi(x)) and Ξ = ξµ(x)∂µ + ξi(x, y)∂i; accordingly, one has

£Ξσ = Tσ(ξ)� Ξ � σ =
�
dµy

i(x)ξµ(x)� ξi(x, y(x))
�
∂i (16.7.4)

Let us thus set

£Ξy
i := yiµξ

µ(x)� ξi(x, y) (16.7.5)

so that one has

£Ξσ =
�

(£Ξy
i) � j1σ

�
∂i (16.7.6)

Let us stress that this Lie derivative seems to be very different from the classical Lie derivative of differential geometry. First of all, here the Lie

derivative of a section is not a section in the same bundle but a vertical field on a section (while, of course, in differential geometry the Lie derivative

of a tensor field is a tensor field itself). Second, here the Lie derivative is computed along a vector field Ξ on the bundle, while in differential geometry

it is computed along a vector field on the base manifold M .

We shall see the relation with differential geometry in next Chapter because we need further structure to do it. However, if in differential geometry

the Lie derivative measures how much an object changes when it is dragged along the flow of the vector field ξ (on M), the definition (16.7.1) is called

Lie derivative exactly because it measures how much the section σ changes when dragged along the flow of Ξ (on B).

The flow of Ξ reads as {
x′µ = x′µs (x)

y′i = Y is (x, y)
⇐⇒

ξµ(x) =
dx′µs
ds

∣∣∣
s=0

ξi(x, y) =
dY is
ds

∣∣∣
s=0

(16.7.7)

and it defines a 1-parameter flow of sections

σs : M → B : x′µ 7→ (x′µ, Y is (x, y(x))) (16.7.8)

where we set x′µ = x′µs (x) (⇐⇒ xµ = x′µ−s(x
′)).

If we consider the curve obtained by fixing x′ and leaving s change, we have a vertical curve and its tangent vector (which is, in fact, measuring how much σs changes

when dragged) is (
d

ds
σs

)
s=0

=
(
ξi(x, y(x))− ∂µyi(x)ξµ(x)

)
∂i = −£Ξσ(x) (16.7.9)

We can also show in general that

dµ£Ξy
i = £J1Ξy

i
µ (16.7.10)
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i.e. the Lie derivative commutes with total derivatives.

We can just expand

dµ£Ξy
i =dµ

(
yiνξ

ν − ξi
)

= yiνµξ
ν + yiνdµξ

ν − dµξi = yiµνξ
ν − ξiµ = £J1Ξy

i
µ (16.7.11)

where we remembered by the lift formula for vector fields to J1B that ξiµ = dµξ
i − yiνdµξν .

This can be written more intrinsically (though somehow more obscurely, if not in view of the coordinate expressions) as

J1£Ξσ = £J1Ξj
1σ (16.7.12)

One also has

[£Ξ1
,£Ξ2

]σ = £[Ξ1,Ξ2]σ (16.7.13)

...

One could also question the right of this so general operator to be called a Lie derivative being so much different from the classical Lie derivatives of

differential geometry, with which it shares a lot of formal properties as shown above, though. Beside that, of course, that is mainly an issue about how

to select the characteristic properties of Lie derivatives, and essentially an argument about notation, still I believe the real reason why these are Lie

derivative de facto is the role they play in the definition of symmetries (1.4.3) and Noether theorem (1.4.9) for a general field theory.
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Chapter 17. Natural and gauge-natural bundles

.Next Chapter

1. Introduction

Here we come to define natural and gauge-natural objects. They are sections of natural and gauge-natural bundles, which, in general, are associated

to higher frame bundles and prolongations of principal bundles, respectively.

Roughly, speaking natural objects are geometric objects defined on a manifold, which carry an action of its diffeomorphisms. As such, they are the

most general framework in which one can even state the principle of general covariance.

Without an action of diffeomorphisms on fields, one does not even know which transformations should be symmetries for the dynamics. The Lagrangian of a system is

a horizontal form on some jet prolongation. If one has a transformation on configuration bundle, then it can be easily prolonged to the jet bundles by the jet functor

and required to be a symmetry. Unfortunately, if the configuration bundle is not natural there is no way to lift a base diffeomorphism to a transformation on the

configuration bundle.

Here the relevant issue is being able to lift base diffeomorphisms to the configuration bundle. That is possible if (and only if) the configuration bundle

is associated to some (possibly higher order) frame bundle. As a matter of fact, one can lift base diffeomorphisms to the frame bundle. Then the lift

is induced to all associated bundles.

Thus, associated bundles to some frame bundle (i.e. natural bundles) is what is needed to talk about general covariance principle.

gauge-natural objects is a (not so) slight extension of what happens when one has a gauge group around. It defines the (most general) objects for

which one has a well-defined group of gauge transformations to be required to be symmetries of the dynamics. Gauge transformations are originated by

principal automorphisms on some principal structure bundle P . The group Aut(P ) induces gauge transformations on any bundle associated to some

prolongation of P and then is prolonged to the jets of the configuration bundle. Its elements can preserve the Lagrangian and be symmetries.

Roughly speaking, one could say, that gauge transformations contains base diffeomorphisms. This would not be accurate. The group Aut(P ) projects onto Diff(M),

which is not embedded in it, as shown by the exact sequence

0→ AutV (P )→ Aut(P )→ Diff(M)→ 0 (17.1.1)
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An embedding of Diff(M)→ Aut(P ) would be a splitting of this sequence and, if it is defined, as a consequence, one would have Aut(P ) = AutV (P )×Diff(M).

However, not all exact sequences of groups split (as we discussed with spin groups). In particular, this sequence does not split, in general. It does in some particular

cases, certainly when P is trivial, see Subsection 2.7.7, but in general the splitting is not global, since it locally depends on the local trivialization.

That is manifest if one tries to define “horizontal” automorphisms on P . One would like to consider (in a fixed local trivialization) automorphisms which have “no

vertical components”, namely {
x′µ = x′µ(x)

g′ = g
(17.1.2)

However, this form is not invariant with respect to changes of local trivializations since, in a new trivialization, one has g′ = ϕ(x) · g.

Since Aut(P ) projects on Diff(M), it does not contain it, requiring that all automorphisms Aut(P ) are symmetries is more general that general

covariance. gauge-natural covariance is more general than general covariance in a precise sense. If we consider pure gauge transformations in AutV (P )

these are contained in Aut(P ). Then one can require them to be symmetries, before requiring all automorphisms to be symmetries.

Under this partial covariance principle, physical states are identified with equivalence classes of sections with respect to pure gauge transformations.

Precisely, one defines an equivalence relation among sections

σ � ρ () 9Ψ 2 AutV (P ) � Aut(C) : Ψ � σ = ρ (17.1.3)

and denote equivalence classes by [σ].

These equivalence classes are defined at the level of sections, not at the level of configuration bundle.

By that, we mean that equivalence classes are just that. They cannot be regarded, in general, as sections of some quotient bundle.

Now we can define an action of Diff(M) on classes. For a diffemorphism φ : M ! M , we choose an automorphism Φ : P ! P which projects φ and

we set

φ([σ]) = [Φ � σ � φ−1] (17.1.4)

This is well defined. If we choose another automorphism Φ′ : P → P which projects on the same φ, then Ψ = Φ′ ◦ Φ−1 : P → P is vertical, i.e. Ψ ∈ AutV (P ) and

Φ′ = Ψ ◦ Φ. Accordingly, Φ′ ◦ σ ◦ φ−1 = Ψ ◦ Φ ◦ σ ◦ φ−1, so that σ ∼ Φ ◦ σ ◦ φ−1, i.e. [Φ′ ◦ σ ◦ φ−1] = [Φ ◦ σ ◦ φ−1].

Then, whatever automorphism one selects over φ, the result is unchanged.

Then, one declares the physical state to be represented by equivalence classes of sections which are equivalent modulo Diff(M), which corresponds to

declaring equivalent sections modulo automorphisms Φ 2 Aut(P ), in the beginning.

In other words, using Aut(P ) as symmetries at once, is like imposing pure gauge symmetries and then base diffeomorphims in two steps. However, in

this way, one just works with sections of configuration bundle.

We shall first consider natural objects in Section 17.2, then gauge-natural objects in Section 17.3. Then we shall collect in Section 17.4 Lie derivatives

of some kind of fields, which are used throughout the book.
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2. Natural bundles

Let us here collect definitions and properties of natural bundles. Roughly speaking, natural bundles are defined so that eventually one can define an

action fo Diff(M) on their sections. That is something one needs to discuss general covariance principle, which, in fact, selects covariant dynamics.

We already discussed some example of natural objects, from tangent and cotangent bundle to the frame bundle. Here we want to be general. We

shall start defining the groups which are fibres of the higher order frame bundles, to the higher order frame bundles which are the principal bundles to

which natural bundles are associated.

This generality will allow us to discuss natural lifts in general and, eventually, to pin point the difference between natural and gauge-natural bundles.

Group GLk(m)

Let us start by defining an infinite dimensional group of maps α : Rm ! Rm, which fix the origine, which are locally invertible at the origin. That

means that there exists two neighbourhoods of the origine U and V , that the maps restrict to α : U � Rm ! V � Rm and one has

Nm = fα : U � Rm ! V � Rm : α(0) = 0, loc. invertibleg (17.2.1)

The map α : U ! V is required to be smooth with a smooth inverse.

That, of course, form a group by composition, unfortunately, an infinite dimensional group. As any map α : U ! V that is a local section of the

bundle (Rm � Rm, π,Rm,Rm), so we can consider jet prolongations of jk0α.

Accordingly, we have that jk0α is described by the numbers (αab , α
a
bc, . . . , α

a
b1...bk

) in

T k0 (α)(x) = αabx
b + 1

2α
a
bcx

bxc + . . .+ 1
k!α

a
b1...bk

xb1 . . . xbk (17.2.2)

Let us denote by GLk(m) the set of all classes jk0α for some α 2 Nm.

Since the jet prolongation is a functor, hence it preserves the compositions, it then induces a product on GLk(m) which makes it a group. It is finite

dimensional, thus, in fact, a Lie group.

At any order k, we can obtain the expression for the product in GLk(m). For example, for k = 2, it is easy to compute the Taylor expansion for the composition

α ◦ β ∈ Nm. In fact, we have

T 2
0 (α ◦ β)(x) = αadβ

d
bx

b + 1
2 (αadeβ

d
bβ

e
c + αadβ

d
bc)x

bxc (17.2.3)

That defines a group product on GL2(m) as

(αab , α
a
bc) ∗ (βab , β

a
bc) = (αadβ

d
b , α

a
deβ

d
bβ

e
c + αadβ

d
bc) (17.2.4)

One can check associativity, which though descends directly from associativity of composition. Moreover, the neutral element is given by (δab , 0) and the inverse can be

easily obtained as

(αab , α
a
bc)
−1 = (ᾱab ,−ᾱafα

f
deᾱ

d
b ᾱ

e
c) (17.2.5)

Of course, we have an infinite chain of groups with an infinite chain of group monomorphisms

. . .GLk(m)! GLk−1(m)! . . .! GL2(m)! GL(m) (17.2.6)
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where we canonically identified GL(m) ' GL1(m).

Higher order frame bundles

Let us now consider maps e : Rm ! M which are locally diffeomorphisms around the origin. This time we set e(0) = x 2 M and we identify maps

with the same Taylor polynomial T k0 (e). The equivalence classes are denoted by jk0 e and they form a set denoted by Lk(M), which is a manifold since

it has coordinates (eµa , e
µ
ab, . . . , e

µ
a1...ak) from the Taylor polynomial

T k0 (e)(x) = xµ + eµax
a + 1

2e
µ
abx

axb + . . .+ 1
k!e

µ
a1...akx

a1 . . . xak (17.2.7)

The coordinates on Lk(M) depend on a chart xµ chosen on M . If we change coordinates x′µ = x′µ(x) on M , then the coordinates on Lk(M) change

as 8>>>>>>><
>>>>>>>:

x′µ = x′µ(x)

e′µa = Jµν e
ν
a

e′µab = Jµαe
α
ab + Jµαβe

α
ae

β
b

e′µabc = Jµαe
α
abc + Jµαβe

α
abe

β
c + Jµαβe

α
ace

β
b + Jµαβe

α
bce

β
a

. . .

(17.2.8)

This is not a group, since maps e : Rm →M cannot be composed one with the other.

However, we can define the map πk : Lk(M)!M : jk0 e 7! e(0) = x, which, of course, does not depend on the representative selected in the equivalence

class jk0 e.

Notice also that in (17.2.8), the transformation rules for x′µ just depends on xµ, the transformation rules for e′µa just depend on (xµ, eµa) (and it

corresponds to a left product by a matrix J 2 GL(m)). Then the transformation rules for e′µab just depend on (xµ, eµa , e
µ
ab) (and it corresponds to a left

product by (Jµα , J
µ
αβ) in GL2(m), as one can see by comparing with (17.2.4)) and so on at higher orders. That shows how the coordinates we chose on

Lk(M) are fibered coordinates and we have an infinite chain of bundles

. . . Lk(M)! Lk−1(M)! . . .! L2(M)! L(M)!M (17.2.9)

where we canonically identified the first frame bundle L1(M) ' L(M) with the frame bundle.

We can naturally define a group right action of GLk(m) on Lk(M) by

jk0 e � jk0α = jk0 (e � α) (17.2.10)

which is well defined since e � α : Rm !M and it is locally invertible at the origin. It is a vertical action, transitive on the fibers, and free.

We have that e ◦ α(0) = e(0), hence the right action is vertical.
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If we consider two points jk0 e1 and jk0 e2 in the same fiber (i.e. e1(0) = x = e2(0)), then ε = e−1
1 ◦ e2 : Rm → Rm fixes the origin and it is locally invertible. Hence, we

have jk0 ε ∈ GLk(m).

We have

jk0 e2 = jk0 e1 ∗ jk0 ε (17.2.11)

and the right action is transitive on the fibers.

Freedom is trickier to prove, since, of course, there are many ε : Rm → Rm such that jk0 e2 = jk0 e1 ∗ jk0 ε. The point to prove is that they induce a single jk0 ε ∈ GLk(m).

It follows from the local expression of the right action 
x′µ = xµ

e′µa = eνbα
b
a

e′µab = eµcα
c
ab + eµcdα

c
aα

d
b

. . .

(17.2.12)

For example, at order 2, we have that if jk0 e = jk0 e ∗ jk0α, then we have{
eµa = eνbα

b
a

eµab = eµcα
c
ab + eµcdα

c
aα

d
b

⇒

{
αba = δab

eµcα
c
ab = 0 ⇒ αcab = 0

(17.2.13)

which shows the action is free.

Accordingly, Lk(M)!M are principal bundles with the group GLk(m).

Then, consider a diffeomorphism φ : M ! N . We can define the natural lift Lk(φ) : Lk(M)! Lk(N) by

Lk(φ) : Lk(M)! Lk(N) : jk0 e 7! jk0 (φ � e) (17.2.14)

which clearly projects over φ and it preserves compositions. Accordingly, Lk(�) is a covariant functor and the natural lift singles out a subgroup of

transformations Diff(M) � Aut(Lk(M)).

Natural bundles

A natural bundle is a bundle associated to some Lk(M). We already discussed that the tangent bundle, all tensor bundles, as well as tensor densities

bundles are associated to L(M). In the next Subsection we shall see that connections on manifolds are sections of a bundle which is associated to

L2(M).

Being associated to Lk(M), a natural bundle B comes which a GLk(m)-structure and with a subgroup Aut(Lk(M)) � Aut(B) of transformations

singled out. In view of the natural lift, one also have a smaller subgroup Diff(M) � Aut(Lk(M)) � Aut(B) singled out.

We shall see how the difference between natural and gauge-natural theories is precisely that in natural theories the focus is on Diff(M) ⊂ Aut(B) which defines natural

transformations, while in gauge-natural theories the focus is on Aut(Lk(M)) ⊂ Aut(B) which defines gauge transformations.

Once we have natural transformations Diff(M) � Aut(B) on the natural bundle B, the correspondence is functorial and it associates a natural

transformation Φλ : B ! B to any base diffeomorphism φ : M !M .
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Let us remark that the whole discussion may seem vague and abstract. However, the correspondence is simply given by the composition of two functors, namely Lk(M)

to lift to the frame bundle, and (·)×λ F to go on the associated bundle.

We described the two functor separately, and we gave example on how to actually compute objects through them. They encode quite a bit of details about the global

properties of the base manifold, about the transformation rules of fields (through the group action λ), as well as about the local representation of the fields (through

the choice of the standard fiber F in the associated bundle).

Funtors are there exactly to encapsulate details and provide a simple view on in abstraction from details. We shall provide a worked out example in the next Subsection,

anyway.

Natural transformations act on a section σ : M ! B as usual, namely

φ∗σ = Φλ � σ � φ−1 (17.2.15)

and they define an action of base diffeomorphisms on fields, which is just what we usually call the transformation rules of fields with respect to base

diffeomorphisms.

Being the whole construction functorial also flows are mapped into flows. Accordingly, a base vector field ξ, defines a vector field ξ̂ on the frame

bundle Lk(M), which induces a vector field (ξ̂)λ on the natural bundle. By an abuse of language, sometimes (ξ̂)λ is denoted simply by ξ̂.

On any bundle B , we can define Lie derivative of a section σ with respect to any projectable vector field Ξ on B. When B is a natural bundle, however,

we can restrict to Lie derivatives with respect to fields (ξ̂)λ which are natural lift of base vector fields. By some abuse of notation, we denote these Lie

derivatives as

£ξσ := £(ξ̂)λ
σ = Tσ(ξ)� (ξ̂)λ � σ (17.2.16)

and we say they are Lie derivatives along base transformations.

In view of functoriality, we have that

[£ξ,£ζ ]σ = £[ξ,ζ]σ (17.2.17)

Let us stress that that is obtained in two steps. First, [ξ, ζ]ˆ= [ξ̂, ζ̂], i.e. the lift is natural. Second, [£Ξ1 ,£Ξ2 ]σ = £[Ξ1,Ξ2]σ which is a general property of Lie derivatives

of bundle sections.

Let us stress once again also that, if the bundle is not natural, there is no way of defining Lie derivatives with respect to base vector fields and no way of writing down

the conditions for which a Lagrangian is covariant with respect to spacetime diffeomorphisms.

Connections as higher order natural objects

Let us here give a simple non-trivial example from scratch, showing as one can regard connections on manifold as natural objects and hence define

their Lie derivative (even though they are not tensors).

Now we have a pretty good geometric grasp on what a connection on a manifold actually is. It is a principal connection on the frame bundle L(M).

That is a beautiful intrinsic characterisation that readily justifies local representation and transformation rules. However, if it pops out in a physical

field theory (as in Palatini formalism) often all one needs to know (and knows) is that there are fields Γαβµ(x) and that they transforms as

Γ′αβµ = Jαρ

�
Γρσν J̄

σ
β J̄

ν
µ + J̄

ρ
βµ

�
(17.2.18)
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when one acts with a spacetime diffeomorphism.

As a matter of fact, these transformation rules are exactly what ensures that the object locally defined as ω = dxµ 

�
∂µ � Γαβµρ

β
α

�
is, in fact, a

global object, i.e. it is in that form in any coordinate system on L(M). However, from a field theoretical viewpoint, that information is not what one

primarily needs to set up a relativistic field theory, i.e. that fields are sections of a bundle, that they are general sections in a bundle, that spacetime

diffeomorphisms act functorially on sections, so that Lie derivatives with respect to spacetime vector fields are defined and have good properties.

Luckily enough, that is quite easy to obtain in view of transformation rules (17.2.18), see Subsection 2.1.3. All one needs to do is staring (17.2.18)

long enough to guess a Lie group action on a set which captures the local description of fields, i.e. the point of the set needs to be in one-to-one

correspondence with pointwise values of fields.

In this case, we have field values expressed as Γαβµ. If we impose the connection to be torsionless that are d := 1
2m

2(m + 1) numbers, if we allow

general connections they are d := m3 numbers. Since transformations (17.2.18) are not linear, we do not select a vector space, so we consider an affine

space A of dimension d modelled on a suitable tensor space V := T 1
2 (Rm) (symmetric in lower indices or not depending on whether we allow torsion).

Since we have Jacobians in transformation rules the group has something to do with GL(m). However, transformation rules also depend on the Hessian

J̄
ρ
βν which is not described in GL(m). Accordingly, we need to select GL2(m) as a group. At this point, we have a left group action λ : GL2(m)�A! A

defined as

λ(Jab , J
a
bc)(Γ

a
bm) = Jad

�
Γdef J̄

e
bJ̄

f
m + J̄

d
bm

�
(17.2.19)

One can check that it is a left action and that the result is still in A.

Then we can define the associated bundle Con(M) := L2(M) �λ A. It has fibered coordinates (xµ,Γαβν := eαa (Γabce
b
βe
c
ν + eaβµ)), where we used the

inverse (eµa , e
µ
ab)
−1 = (eaµ, e

a
µν := �eaαeαbcebµeνc ) which transforms as (17.2.18) under coordinate transformations on L2(M), in turn, induced by a change

of coordinates in M . We automatically have a one-to-one correspondence between sections of the bundle Con(M) and connections on M .

3. gauge-natural bundles

Now we know how to deal with natural objects. The good news is that gauge-natural objects are more or less the same, at least if one focuses on the

general procedure and forgets the details.

gauge-natural bundles are associated to a principal bundle P , which is called the structure bundle, not to a manifold, they are defined so that,

eventually, one can define an action fo Aut(P ) on their sections. That allows to deal with gauge symmetries and general covariance at once.

To describe gauge-natural bundles we follow more or less the same path we followed for natural bundles. First, we define groups, in general, then we

define gauge-natural prolongations of a principal bundle which are principal bundles themselves though with a bigger group which can accomodate

prolongations of gauge group and natural transformations.
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Once we do it, then gauge-natural bundles are bundles which are associated to some prolongation of of the structure bundle P . By defining things in

this way, we obtain configuration bundles which automatically have the structures needed in field theory. We shall finally comment on the differences

between a natural and gauge-natural theory.

Prolongation of a Lie group

Given a Lie group G, we can consider maps a : Rm ! G, declared equivalent maps which the same Taylor polynomial T r0 (a). Equivalence classes are

denoted by js0a and the quotient space by JsmG = fjs0a : a : Rm ! Gg.
By using the group product on G one can define a group product on JsmG as

js0a � js0b = js0(a � b) (17.3.1)

where we defined the map a � b : Rm ! G : x 7! a(x) � b(x).

That operation inherits associativity from the associativity in G. The neutral element is from the map e : Rm → G : x 7→ I, the inverse of js0a from the map

a−1 : Rm → G : x 7→ a(x)−1.

The group JsmG has coordinates (g, ga, gab, . . . , ga1...as) from the coefficients of the Taylor polynomials

T s0 (a)(x) = g + gax
a + 1

2gabx
axb + . . .+ 1

s!ga1...asx
a1 . . . xas (17.3.2)

which identify equivalence classes js0a.

In coordinates, the product of JsmG is defined as

(g, ga, gab, . . .) ∗ (h, ha, hab, . . .) = (g · h, ga · h+ g · ha, gab · h+ 2g(a · hb) + g · hab, . . .) (17.3.3)

When s � k, we also have a canonical right action of GLk(m) on JsmG, defined by

js0a � jk0α = js0(a � α) (17.3.4)

which is well defined every time s � k (otherwise the result depends on the representative chosen for jk0α) since a � α : Rm ! G.

In this situation, we can define the semi-direct product

W
(s,k)
m G := JsmGoGLk(m) (17.3.5)

An element in this group is a pair (js0a, j
k
0α) 2W (s,k)

m G and the product is defined as

(js0a, j
k
0α) � (js0b, j

k
0β) = (js0((a � β) � b), jk0 (α � β)) (17.3.6)

Let us notice that if s = 0 then k can be any integer. However, if s = 1, one should have at least k = 1 or greater. In a sense, if the gauge group

enters at higher order, one needs some frame (at leat at the same order) to define prolongations.
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The product can be expressed using coordinates on the prolongation group.

For example, let us consider order (1, 1). The product reads as

(a, aa, α
b
a) ∗ (b, ba, β

b
a) = (a · b, acβca · b+ a · ba, αbcβca) (17.3.7)

The neutral element is (e, 0, δba), while the inverse is

(a, aa, α
b
a)−1 = (a−1,−a−1 · acᾱca · a−1, ᾱba) (17.3.8)

which corresponds to the maps ā : Rm → G : x 7→ a(ᾱ(x))−1 and ᾱ : Rm → Rm.

Prolongation of a principal bundle

If we start from a structure bundle P , we can define the prolongation

W (s,k)P := JsP �M Lk(M) (17.3.9)

for any pair of integers (s, k) with s � k, which is called the prolongation order.

A point in W (s,k)P is a pair (jsxσ, j
k
0 e). Notice that σ is a local section, not a map Rm → G as required by the prolongation group.

On it, we can define a canonical right action of the group W
(s,k)
m G.

As for the canonical right action, it is defined as

(jsxσ, j
k
0 e) ∗ (jsxa, j

k
0α) = (jsx(σ · (a ◦ ᾱ ◦ ē)), jk0 (e ◦ α)) (17.3.10)

where we have that, in fact, σ · (a ◦ ᾱ ◦ ē) : M → P is again a section of P .

This right action is vertical, transitive on the fibers and free.

The point (jsxσ, j
k
0 e) ∈ W (s,k)P is applied to x = e(0) and the right action does not change it. Given two points in the same fiber, (jsxσ, j

k
0 e) and (jsxσ

′, jk0 e
′) one can

find one and only one group element (jsxa, j
k
0α) such that

(jsxσ
′, jk0 e

′) = (jsxσ, j
k
0 e) ∗ (jsxa, j

k
0α) = (jsx(σ · (a ◦ ᾱ ◦ ē)), jk0 (e ◦ α))

{
σ′ = σ · (a ◦ ᾱ ◦ ē)
e′ = e ◦ α

(17.3.11)

These can be solved for α (since the right action is transitive on the fibres and free on Lk(M)) and a (since the right action is transitive on the fibres and free on P ).

Hence, W (s,k)P is a principal bundle with a group W
(s,k)
m G.

Any automorphism Φ : P ! P which projects onto φ : M !M can be prolonged to W (s,k)(Φ) : W (s,k)P !W (s,k)P by simply setting

W (s,k)(Φ)(jsxσ, j
k
0 e) = (jsx(Φ � σ � φ−1, jk0 (φ � e)) (17.3.12)

which is called the gauge-natural lift of Φ. That defines a covariant prolongation functor W (s,k)(�) from principal bundles with group G to principal

bundles with group W
(s,k)
m G. That singles out a subgroup Aut(P ) � Aut(W (s,k)P ) of transformations on W (s,k)P .
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Since it is all functorial, that also sends infinitesimal generators of automorphisms (namely, right invariant vector fields) on P , to infinitesimal

generators of automorphisms of W (s,k)P .

gauge-natural bundles

gauge-natural bundles are bundles associated to some W (s,k)P . A gauge-natural bundle B, being associated to W (s,k)P comes with a W
(s,k)
m G-structure

and with a subgroup Aut(W (s,k)P ) � Aut(B) of gauge transformations singled out on it. In view of the gauge-natural lift, that has a smaller group

Aut(P ) � Aut(W (s,k)P ) � Aut(B) in it.

A natural object is associated to the principal bundle Lk(M), so in some sense it is also a (0, 0) gauge-natural bundle for the group GLk(m). In some sense, any

natural bundle can be seen as a special case of a gauge-natural bundle associated to a special principal bundle, namely some frame bundle Lk(M), so one could ask

whether one could not avoid natural bundles completely and just work with gauge-natural bundles. This is not the case. Even if natural bundles are (also) objects in

the category of gauge-natural bundles, what distinguish them are morphisms.

That is exactly the same thing that happens regarding R2 as a vector space, or as an affine space, or as a manifold, or as a bundle over R. It is always the same space

R2, though, on it, different transformations are allowed, depending on the category one chooses.

In the case of natural bundles, the two structures are distinguished only by the transformations subgroups singled out on them. As a natural bundle, natural

transformations are Diff(M) ⊂ Aut(Lk(M)) ⊂ Aut(B). As a gauge-natural bundle, gauge-natural transformations are the whole Aut(Lk(M)) ⊂ Aut(B).

When we shall define the dynamics, the Lagrangian will be required to be covariant with respect to Diff(M) in the first case, Aut(Lk(M)) in the second case. Hence

Natural theories cn be seen as gauge-natural theories which a smaller transformation group.

In general, however, let us stress once again that a gauge-natural theory on a generic structure bundle P has no natural structure (unless P itself is natural as, in

particular, when G = GLk(m)).

Once we have gauge-natural transformations Aut(P ) � Aut(B) on the natural bundle B, the correspondence is functorial and it associates a gauge-

natural transformation Φλ : B ! B to any automorphisms Φ : P ! P on the structure bundle. Again, the gauge-natural lift to B is composition of

two covariant functor W (s,k)(�) and (�)�λ F each of which has been described in details.

gauge-natural transformation then act on sections of B as

Φ∗σ = Φλ � σ � φ−1 (17.3.13)

and they define an action of automorphisms Aut(P ) of the structure bundle P on fields, which is just what we usually call the transformation rules of

fields with respect to gauge transformations.

Being the whole construction functorial also flows are mapped into flows. Accordingly, a gauge transformation generator Ξ, defines a vector field Ξ̂

on the frame bundle W (s,k)P , which induces a vector field (Ξ̂)λ on the gauge-natural bundle B. By an abuse of language, sometimes (Ξ̂)λ is denoted

simply by Ξ̂.

On any bundle B , we can define the Lie derivative of a section σ with respect to any generator Ξ on B. When B is a gauge-natural bundle, however,

we can restrict to Lie derivatives with respect to fields (Ξ̂)λ which are gauge-natural lift of gauge generators. By some abuse of notation, we denote

these Lie derivatives as

£Ξσ := £(Ξ̂)λ
σ = Tσ(ξ)� (Ξ̂)λ � σ (17.3.14)

where ξ is the base vector field on which Ξ projects, and we say they are Lie derivatives along gauge transformations.
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Connections as higher order gauge-natural objects

A principal connection is a field with coefficients ωAµ transforming as

ω′Aµ = J̄
ν
ν

�
adAB(ϕ)ωBν � R̄Aa (ϕ)ϕaν

�
(17.3.15)

The coefficients are in g
 (Rm)∗, which is parameterised by ωAa , while the transformation group is W
(1,1)
m G, which is parameterised by (Jba, g

i, gia).

Transformation rules inspire the group action

λ : W
(1,1)
m G� g
 (Rm)∗ ! g
 (Rm)∗ : (Jba, g

i, gia, ω
A
a ) 7! J̄

b
a

�
adAB(g)ωBb � R̄Ai (g)gib

�
(17.3.16)

and we define the associate bundle Con(P ) = W (1,1)P �λ (g
 (Rm)∗).

A point in the associated bundle is [x, eµa , g
i, gia, ω

A
a ]λ, which has a canonical representative [j1

xσ, ∂µ, ω
A
µ ] where σ is the section of P which defines the

trivialisation fixed on the structure bundle P and

ωAµ := ebµ

�
adAB(g)ωBb � R̄Ai (g)gib

�
(17.3.17)

The associated bundle has then coordinates (xµ, ωAµ ) which transform under a gauge transformation as in (17.3.15).

There is a one-to-one correspondence between section of the associated bundle Con(P ) and global principal connections on P , hence Con(P ) is called

the bundle of principal connections on P . That is a gauge-natural bundle of order (1, 1) and connections are hence gauge-natural objects.

4. Lie derivatives on natural and gauge-natural bundles

In natural theories, fields are natural objects and the natural lift on the configuration bundle C is expressed as a way of associating a vector field

ξ̂ = ξµ(x)∂µ + ξi(x, y)∂i 2 X(C) to a spacetime vector ξ = ξµ(x)∂µ. In other words, one can compute the components ξi(x, y) out of the components

ξµ(x) and their derivatives up to some finite order h.

Again this comes directly from transformation laws of fields.

If one has a tensor field which transforms with Jacobians, the natural lift will be written in terms of the first derivatives of ξµ.

If we have a metric gµν , the transformation laws are

g′µν(x′) = J̄
α
µgαβ(x)J̄

β
ν (17.4.1)

Let us consider a flow of spacetime transformations x′µs (x) which is generated by the vector field ξ = ξµ(x)∂µ iff

ξµ(x) :=
d

ds
(x′µs )

∣∣∣
s=0

(x) (17.4.2)
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and lift it to the bundles of metrics to get again a flow

x′µ = x′µs (x) g′µν =
∂x′α−s
∂xµ

gαβ
∂x′β−s
∂xν

(17.4.3)

That means that fixing (xµ, gµν) and letting the parameter s vary, one has a curve (x′µ, g′µν) in the configuration bundle C = Lor(M). Then by taking the derivative

of transformation laws with respect to the flow parameter at s = 0, one computes the vector tangent to the curve at (xµ, gµν)

ξ̂ = ξµ
∂

∂xµ
− (∂µξ

εgεν + gµε∂νξ
ε)

∂

∂gµν
(17.4.4)

These vectors form a projectable vector field ξ̂ on Lor(M) which is by construction the natural lift of the spacetime vector field ξ.

If one has a connection field Γαβµ, transformation laws are

Γ′αβµ = Jαρ
(
Γρσν J̄

σ
β J̄

ν
µ + J̄

ρ
βµ

)
(17.4.5)

and their derivative with respect to the parameter is

d

ds
Γ′αβµ

∣∣∣
s=0

= ∂ρξ
αΓρβµ − Γασµ∂βξ

σ − Γαβν∂µξ
ν − ∂βµξα (17.4.6)

A connection transforms with the Hessian of the spacetime transformation, it is a geometric object of order 2, it lives in a bundle which is associated to L2(M) and

the natural lift of ξ to the bundle of connections is

ξ̂ = ξµ
∂

∂xµ
+
(
∂ρξ

αΓρβµ − Γασµ∂βξ
σ − Γαβν∂µξ

ν − ∂βµξα
) ∂

∂Γαβµ
(17.4.7)

which in fact depends on the derivatives of ξµ up to order 2.

Let us stress that the natural lift is a linear map with respect to the vector field ξ and hence the natural lift to a natural bundle is a linear combination of the derivatives

of ξµ up to some finite order h, as one can check in the two examples above.

The Lie derivative £ξy
i = ξµyiµ � ξi(x, y) is a linear combination of ξµ and its derivatives up to some finite order h; which order depending on the

geometric objects we are using as fields. In other words we have

£ξy
i = Liεξ

ε + Liαε ∂αξ
ε + . . .+ Liα1...αs

ε ∂α1...αsξ
ε (17.4.8)

If one has a (torsionless) connection Γ̃ on M , we can introduce symmetrised covariant derivatives

£ξy
i = L̃iεξ

ε + L̃iαε rαξε + . . .+ L̃iα1...αs
ε rα1...αsξ

ε (17.4.9)

The Lie derivative of a metric is

£ξgµν = ξεdεgµν + ∂µξ
εgεν + gµε∂νξ

ε ⇒

{
Lµνε = dεgµν

Lαµνε = δαµgεν + gµεδ
α
ν

(17.4.10)

If one has a connection Γ̃, the expression of the Lie derivative £ξgµν can be recast as

£ξgµν =ξε
(
dεgµν − Γ̃αµεgαν − Γ̃ανεgµα

)
+
(
∂µξ

ε + Γ̃εµρξ
ρ
)
gεν + gµε

(
∂νξ

ε + Γ̃ενρξ
ρ
)

= ξε∇̃εgµν +
(
∂µξ

ε + Γ̃ερµξ
ρ + T̃ εµρξ

ρ
)
gεν + gµε

(
∂νξ

ε + Γ̃ερνξ
ρ + T̃ ενρξ

ρ
)

=

=ξε∇̃εgµν +
(
∇̃µξε + T̃ εµρξ

ρ
)
gεν + gµε

(
∇̃νξε + T̃ ενρξ

ρ
) (17.4.11)

:Notation: :Symbols: :AIndex: :Index:



768 Natural and gauge-natural bundles

where T̃ εµν denotes the torsion of the connection Γ̃. If the connection Γ̃ is torsionless, the Lie derivative reduces to

£ξgµν = ξε∇̃εgµν + ∇̃µξεgεν + gµε∇̃νξε (17.4.12)

If Γ̃ = {g} is the Levi Civita connection of the metric g, then the Lie derivative further reduces to

£ξgµν =
g

∇µξεgεν + gµε
g

∇νξε ⇒

{
L̃µνε = 0

L̃αµνε = δαµgεν + gµεδ
α
ν

(17.4.13)

Let us stress that, in general, the Lie derivative is independent of any connection. The connection is used to have expressions in which each term separately has

tensorial character, while, for example in (17.4.10), the whole Lie derivative is tensorial, but single terms are not. Hence, one is free to use any connection is convenient

in the context. In some sense, the covariant expressions are just convenient expressions and in fact, while single terms depend on the connection, the whole expression

of £ξgµν does not.

The same can be said for the Lie derivative of a connection Γ. The bundle Con(M) comes to us with an action of base diffeomorphisms on sections

which is given by the active version of (17.2.18). The Lie derivative of a connection Γ is obtained by simply taking the infinitesimal version of

transformation rules, just pretending one has a 1-parameter family of diffeomorphisms and differentiating with respect to the family parameter s at

s = 0. One has the vector field ξ̂ = ξµ∂µ + ξαβµ∂
βµ
α on Con(M) defined by

ξαβµ =
dΓ′αβµ
ds

���
s=0

= ∂ρξ
αΓρβµ � Γασµ∂βξ

σ � Γαβν∂µξ
ν � ∂βµξα (17.4.14)

Then the Lie derivative is defined as

£ξΓ =£ξΓ
α
βµ∂

βµ
α =

�
ξεdεΓ

α
βµ � ξαβµ

�
∂βµα =

�
ξεdεΓ

α
βµ � ∂ρξαΓρβµ + Γασµ∂βξ

σ + Γαβν∂µξ
ν + ∂βµξ

α
�
∂βµα (17.4.15)

In view of the theory, that is already a global vertical vector field (defined on the section Γ). However, we can rearrange terms so that each term is

covariant and we can better trace transformation rules and globality.

We have a connection Γ and we can recast derivatives as covariant derivatives with respect to that connection and obtain

£ξΓ
α
βµ =ξεdεΓ

α
βµ − (∇ρξα − Γασρξ

σ)Γρβµ + Γασµ(∇βξσ − Γσρβξ
ρ) + Γαβν(∇µξν − Γνσµξ

σ) + dβ(∇µξα − Γαρµξ
ρ) =

=ξεdεΓ
α
βµ − (∇ρξα − Γασρξ

σ)Γρβµ + Γασµ(∇βξσ − Γσεβξ
ε) + Γαβν(∇µξν − Γνεµξ

ε) + dβ∇µξα − dβΓαρµξ
ρ − Γαρµ(∇βξρ − Γρσβξ

σ) =

=
(
dεΓ

α
βµ − dβΓαεµ + ΓαρµΓρεβ − ΓασµΓσεβ + ΓαερΓ

ρ
βµ − ΓαβνΓνεµ

)
ξε −∇ρξαΓρβµ + Γαβν∇µξν +∇β∇µξα − Γαρβ∇µξρ + Γσµβ∇σξα =

=
(
dεT

α
βµ + dεΓ

α
µβ − dβTαεµ − dβΓαµε + ΓαερT

ρ
βµ + ΓαερΓ

ρ
µβ − ΓαβνT

ν
εµ − ΓαβνΓνµε

)
ξε −∇ρξαT ρβµ + Tαβρ∇µξρ +∇β∇µξα =

=
(
dεT

α
βµ + dεΓ

α
µβ − dβTαεµ − dβΓαµε + ΓαερT

ρ
βµ + TαερΓ

ρ
µβ + ΓαρεΓ

ρ
µβ − ΓαβνT

ν
εµ − TαβνΓνµε − ΓανβΓνµε

)
ξε −∇ρξαT ρβµ + Tαβρ∇µξρ +∇β∇µξα =

=
(
Rαµεβ + dεT

α
βµ − dβTαεµ + TαερT

ρ
βµ + ΓαρεT

ρ
βµ + TαερT

ρ
µβ + TαερΓ

ρ
βµ − ΓαβνT

ν
εµ − TαβνΓνµε − TανµΓνβε + TανµΓνβε

)
ξε −∇ρξαT ρβµ + Tαβρ∇µξρ +∇β∇µξα =

=

(
Rαµεβ +∇εTαβµ − dβTαεµ − TαρεT

ρ
βµ + TαρεT

ρ
βµ − T

α
ρεT

ρ
βµ + TαερΓ

ρ
µβ − T

α
ρβT

ρ
µε − ΓανβT

ν
εµ − TαρµT

ρ
εβ + TανµΓνεβ

)
ξε −∇ρξαT ρβµ + Tαβρ∇µξρ +∇β∇µξα =

=
(
Rαµεβ + 2∇[εT

α
β]µ − 3Tαρ[εT

ρ
βµ]

)
ξε −∇ρξαT ρβµ + Tαβρ∇µξρ +∇β∇µξα

(17.4.16)
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Notice that now each term is a tensor so that £ξΓ
α
βµ is a tensor in the model space T 1

2 (M).

If the connection is torsionless, its Lie derivative further simplify to

£ξΓ
α
βµ =Rαµεβξ

ε +∇β∇µξα = Rαµεβξ
ε + 1

2 (∇β∇µξα + [∇β ,∇µ]ξα +∇µ∇βξα) = (Rαµεβ + 1
2R

α
εβµ)ξε +∇βµξα =

= 1
2 (Rαµεβ +Rαµεβ +Rαεβµ)ξε +∇βµξα = − 1

2 (Rαµβε +Rαβµε)ξ
ε +∇βµξα = −Rα(µβ)εξ

ε +∇βµξα
(17.4.17)

which makes also symmetry manifest, and one has

L̃αβµε = −Rα(βµ)ε L̃αρβµε = 0 L̃αρσβµε = δαε δ
ρ
(βδ

σ
µ) (17.4.18)

Admittedly, the computation is a bit complicated. However, it is not a computation for the field theory. The Lie derivative is a property of connections

on manifolds. One should find an handy expression once and for all to be used in any theory which has a connection as a fundamental field.

Here the important issues are:

first, that the Lie derivative of any natural field can be written as a linear combination of symmetrised covariant derivatives of the generators ξµ;

second, that the expression for the Lie derivative is obtained from transformation laws as shown in the examples above.

In gauge-natural theory infinitesimal gauge transformations are generated by right-invariant vector fields on the structure bundle P , i.e. vector fields

in the form

Ξ = ξµ(x)∂µ + ξA(V )(x)ρA (17.4.19)

where ρA is a right-invariant pointwise basis of vertical vector on P . The index µ labels spacetime tensor, while the index A labels the Lie algebra g

of the gauge group G of P . The Lie derivative £Ξy
i is a linear combination of (ξµ, ξA(V )) and their derivatives up to some finite order.

The principal connection ωAµ transforms as

ω′Aµ = J̄
ν
ν

(
adAB(ϕ)ωBν − R̄Aa (ϕ)ϕaν

)
(17.4.20)

If we fix an infinitesimal gauge transformation Ξ = ξµ(x)∂µ + ξA(x)ρA on the structure bundle P , that induces on the associated bundle (Ξ)λ = ξµ(x)∂µ + ξAµ (x, ω)∂µA.

The component ξAµ (x, ω) is obtained by simply differentiate the action (17.3.15) of the gauge transformation which respect to the parameter of the flow, i.e.

ξAµ = −∂µξνωAν +
(
ξi∂iadAB(e)ωBµ − T̄Ai ∂µξi

)
= −∂µξνωAν +

(
ξiT̄Ci c

A
CBω

B
µ − T̄Ai ∂µξi

)
(17.4.21)

where we used property (15.1.40).

Then, the Lie derivative of a principal connection is expressed as:

£Ξω =£Ξω
A
µ ∂

µ
A = (ξεdεω

A
µ + ∂µξ

νωAν − ξiT̄Ci cACBωBµ + T̄Ai ∂µξ
i)∂µA (17.4.22)

That is a bit of a mess and the fact it transforms as a global vertical vector is not manifest at all. Se we can write it better as

£Ξω
A
µ =ξεdεω

A
µ + ∂µξ

νωAν − ξCcACBωBµ + ∂µξ
A = ξεdεω

A
µ + ∂µξ

νωAν − ξCcACBωBµ − ∂µ(ξA(V ) + ξεωAε ) =

=ξεdεω
A
µ + ∂µξ

νωAν − ξCcACBωBµ +∇µξA(V ) − c
A
BCω

B
µ ξ

C
(V ) − ∂µξ

εωAε − ξεdµωAε =

=ξεdεω
A
µ − ξCcACBωBµ +∇µξA(V ) − c

A
BCω

B
µ ξ

C − cABCωBµ ωCε ξε − ξεdµωAε =

=ξε
(
dεω

A
µ − dµωAε + cABCω

B
ε ω

C
µ

)
+∇µξA(V ) = ξεFAεµ +∇µξA(V )

(17.4.23)
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where we set ξC = T̄Ci ξ
i, ξC(V ) = ξC + ξµωCµ for the vertical part of Ξ with respect to ω, We also used the expression for the covariant derivative of a right invariant

vertical vector field on P that was computed in 16.6.7, as well as the expression for the curvature FAµν .

Specializing to the electromagnetic field, the gauge group is G = U(1) which is one dimensional, hence commutative, we obtain

£Ξωµ = ξεFεµ +
∗
rµζV (17.4.24)
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Branching rules

Each branch is labelled by a natural number.

If you are currently managing a branch 504, you can trace the whole dependency history from other branches. This is dome by decomposing the

branch number in prime factors: 504 = 23 � 32 � 7. Now looking at the powers, you see that there is one factor to the first power, namely 7. By reducing

each power by one, you obtain 22 � 3 = 12 which is the branch from which you spin off. Of course, branch 12 was branching off branch 2, which is the

root.

You also notice that your lowest power prime, 7, is not the first available prime after the one used in your parent branch 12. That means that someone

branched off 12 before you and (s)he has got the branch number 360 = 23 � 32 � 5. That is your sister version. You cannot know if you have younger

brothers without asking the manager of your parent branch.

If someone asks you for a new branch off yours, just add one to each power of your branch number (24 � 33 � 72) and multiply by the first available

prime after 7. Thus, for example, the branch numbers you should issue are, in order:

232848 = 24 � 33 � 72 � 11

275184 = 24 � 33 � 72 � 13

359856 = 24 � 33 � 72 � 17

. . .

Humans who cannot understand these branching rules are not allowed to manage a branch, even though I believe they are nice persons.

In your branch, you rule, you can do what you want. You can use any material from parent branch (the branch number is considered a reference to

your ancestors), cut what you do not like, add what you want. You are only bound to apply branching rules above.

Each branch should be pubblically accessible in a repository. It is considered polite to provide a link to the depository where your parent branch is

stored, as well as connect to your sons’ branches.
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To be done

To do

Done
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Log

2017/09/26 – Version 1.0.0 released

2017/10/26 – Added Section on dσµ...
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